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PREFACE

TO THE SECOND EDITION.

L ]

Ovur Common Schools have reached that stage of advance-
ment which enables them to pursue a more extended course of
studies than formerly.

A few years ago Geographical Studies were hardly known in
our Common Schools; now, every child is taught, at least, the
elements of Geography. In the same way Algebra is fast find-
ing its proper place among other branches of an elementarr
education.

In a logical point of view, there is perhaps no science so well
calculated to awaken a vigorous and rigid exercise of the reason-
ing powers as Mathematics,

Algebra and Geometry are the two great pillars of this science.
Algebra, being more nearly allied to Arithmetic, may be made
to precede the study of Geometry. Indeed, Algebra is a sort of
universal Arithmetic, and affords great assistance to a clear and
correct comprehension of the various Arithmetical rules in fre-
quent use.

It cannot, however, be expected, at present, that our Common
Schools should pursue Algebra to the same extent as pursued in
our Colleges; still they may, to good advantage, acquire the
more elementary portions of this branch of Mathematics.

‘With these views before me, I have endeavored to prepare a
clear and concise exposition of the Elements of this important
branch of Mathematics, which should be adapted to the present
waats of our Common Schools.
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The plan of this work is quite similar to that of my “ Treatise
on Algebra,” and may in some respects be regarded as an Intro-
duction to that'work:

Under Chapter VIL, I have introduced a method of ehmma-
tion by Indeterminate Multipliers. This method was first given,
I believe, by the celebrated Lacrangk, in his Mécanique Ana-
lytique. 1 have given also, under this chapter, an entirely new
method of solving three simultaneous simple equations, which,
from the peculiar process employed, may be called ZThe Chequer-
Board Method.

Under Chapter VIIL, I have also thought it not out of place
to give a few examples immediately after Permutations and Com-
binations, on the Theory of Probabilities.

Should these few Elements of Algebra be found to aid in ele-
vating the standard of our Common-School education, I shall
feel that my object in preparing this book has been accom-
plished.

Gzo. R. Perxins,

Umzca, March, 1846.



PREFACE

TO REVISED EDITION.

In the present edition we have made such additions,
explanations, and modifications, as a long use of this
book in actual class exercises, seemed to point out as
necessary. _ )

During a period of eight years the author has used
this work in the New York State Normal School. The
large number of pupils thus coming under his instruc-
tion, possessing, in a high degree, a spirit of inquisitive-
ness, as well as of close investigation, have afforded
him a rare opportunity of observing the defects, as well
as faults of his book.

He has endeavored to supply these defects, and to cor-
rect these faults; and at the same time to add much
that will be interesting,’as well as useful, to the mathe-

matical student.

Gro. R. Perxins,
Urica, March, 1854,
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ELEMENTS OF ALGEBRA.

CHAPTER I.

DEFINITIONS AND PRELIMINARY RULES.
DEFINITIONS AND SYMBOLS.

(Article 1) AvgErra is that branch of Mathematics, in which
the operations are performed by means of figures, letters, and
signs or symbols.

(2) In Algebra, quantities, whether given or required, are
usually represented by letters. The first letters of the alphabet
are, for the most part, used to represent known quantities ; and

“the final letters are used for the unknown quantities.

(3.) The symbol =, is called the sign of equality; and de-
notes that the quantities between which it is placed, are equal
or equivalent to each other. Thus, $1=100 cents, which is
read, one dollar equals one hundred cents. In the same way
a==b, is read, @ equals b; and the same for other similar ex-
pressions.

(4.) The symbol +, is called the sign of addition, or plus;
and denotes that quantities between which it is placed, are to be
added together. Thus a+4b=c¢, is read, a and b added, equals c.
Again, a-+b+c=d+-2, is read, a, b, and ¢ added, equals d and 2
added.

(56.) The symbol —, is called the sign of subtraction, or minus;
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and denotes that the quantity which is placed at the right of it
is to be subtracted from the quantity on the left. Thus, a—b=c,
is read, a diminished, by biequals-¢.

(6.) When algebraic quantities are written without any sign
prefixed, they are understood to be affected by the sign plus, and
the quantities are said to be positive or affirmative ; but quan-
tities having the sign minus prefixed, are called negative quanti-
ties, Thus, a is the same as +-a, b is the same as +-b, and each
is called a positive quantity ; while —a, —b, are called negative
quantities.

(7)) The symbol X, is called the sign of multiplication; and
denotes that the quantities between which it is placed, are to be
multiplied together. Thus, a X b=¢, is read, ¢ multiplied by &
equals c. Multiplication is also represented by placing a point
or dot between the factors, or terms to be multiplied. Thus, .5
is the same as aXd. Another method frequently employed, is
to unite the quantities in the form of a word. Thus, abc is the
same as a.b.c, or a x b Xxe.

(8.) The symbol +, is called the sign of division; and de-
notes that the quantity on the left of it is to be divided by the
quantity on the right. Thus, a+b=c, is read, a divided by b
equals ¢. Division is also indicated by placing the divisor under
the dividend, with a horizontal line between them, like a vulgar
fraction, Thus, s is the same z—+y.

(9.) When quantities are inclosed in a parenthesis, brace, or
bracket, they are to be treated as a simple quantity. Thus,
(a+b)+c, indicates that the sum of @ and b is to be divided
by c. Again, each of the expressions, (z—y)<+-2; {z—y}-z;
[#—y]+2, is read, y subtracted from z, and the remainder di-
vided by z. The aame thing may be expressed by drawing a
horizontal line, or bar, over the compound quantity, which line
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or bar is called a vinculum. Thus, z+y X2, denotes, that the
sum of z and y is to be multiplied by z.

(10.) When ‘a’quantity is-'added 'to’ itself several times, as
¢+c+c+c, we may write it but once, and prefix a number to
show how many times its value has been repeated by this addi-
tion. Thus, c4c+c is the same as 3¢ ; d+d-+d+d is the same
as 4d. The numbers thus prefixed to the quantities are called
coefficients. Thus, in the expressions 3¢, 4d, the coefficients of ¢
and d are 3 and 4 respgetively. A coefficient may consist itself
of a letter. Thus, in the expression nz, n may be regarded as
the coefficient of 2; so also may z be considered as the coeffi-
cient of 7.

When no coefficient is written, the quantity is regarded as
having 1 for its coefficient. Thus, @ i8 the same as la, and zy
i8 the same as 1zy.

(11.) The continued product of & quantity into itself is usually
denoted by writing the quantity once, and placing a number
over the quantity, a little to the right. Thus axaXa is the
same as ¢’. The number thus placed over the quantity, is called
the ezponent of the quantity, and denotes the number of equal
factors which are to be multiplied together. Also, 2 XaxaXa
is the same as @',

‘When a quantity is written without any exponent, it is under-
stood that its exponent is 1. Thus, a is the same as a', and
(z+y) X m is the same as (z+y)' X m".

(12.) The reciprocal of a quantity is the value of a unit when

divided by that quantity. Thus, % is the reciprocal of a; also %
 is the reciprocal of b.

(18.) An Algebraic expression is any combination of letters
and numbers, formed by the aid of algebraic signs, in conform-
ity with the foregoing definitions.
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An algebraic expression composed of two or more terms con-
nected by 4 or —, is called a polynomial. A polynomial com-
posed of but two\ terms, is (called al biriomial ; one composed of
three terms, is called a trinomial. .

Thus, 8a +5b 2

72*—8y* r are binomials.

8a — 2
8a*4-2b—2 %
4m+y --a } are trinomials.
5h —z +d

ADDITION.

(14.) Avprrion, in Algebra, is finding the simplest expression
for several algebraic quantities, connected by + or —.

Suppose we wish to find the sum of 3 apples, 7 apples, 4 ap-
ples, and 10 apples. From what we know of arithmetic, we
should proceed as in the following

OPERATION.
3 apples,
7 apples,
4 apples,
10 apples,
24 apples = sum of all.

If, instead of writing the word apples, we write only a, its ini-
tial letter, we shall have this second

OPERATION,

Sa
a
4a
10a

246 = sum of all the a’s,
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If a, instead of representing an apple, stands for any other
thing, then would the sum of 8a, 7, 4a, and 10a, be accurately
represented by 24a.

Frequently, in algebra, the quantities to be united or added,
are all placed in the same horizontal line. The above quanti-
ties, when placed after this method, become :

3a+"Ta+44a+10a=24a.

(15.) We may remark that in algebra the results are, in gen-
eral, true, whatever values are given to the letters. In this ex-
ample, suppose a=>5, and we shall have this

OPERATION.

3a= 3x5= 16
Ta= Tx6= 85
4a= 4X5= 20
10a=10x5= 50
24a=24 X 5=120

Again, suppose a=2, and we have this second

OPERATION.
8a= 3x2= 6
Ta= Tx2=14
da= 4X2= 8

102a=10x 2=20
24a=24 X2=48

As a second example, suppose James to play 6 successive
games at marbles. The first. game he wins 6 marbles; the seo-
ond game he loses 3 marbles; the third game he wins 10 mar-
bles; the fourth game he loses 8 marbles; the fith game he
wins 4 marbles; the sixth game he loses 5 marbles. How many
marbles will he now have, on the supposition that he had none
before playing #

It is obvious that if we subtract the sum of his losses from
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the sum of his gains, we shall obtain the number which he
finally has.

If we consider/the gainscas| positive quantities, we ought to
consider his losses as negative quantities.

The sum of his gains is found by this

OPERATION.

6m
10m
44m

20m=sum of gains,
The sum of his losses is found by the following

OPERATION.

—3m
—8m
—bm

—16m=sum of losses.

Hence, 20 —16m=4m=his final number of marbles; that
is, he had 4 marbles after playing the sixth game.

If m had represented $100, instead of one marble, then at
the end of the sixth game, James would have had 4m=4
x $100=§400.

(16.) From this we see that negative quantities are added in
the same way as positive quantities, observing to prefix the
— sign to the sum.

If we consider distances measured in a certain direction as
positive, then will distances measured in an opposite direction
be negative. Thus, calling north latitude positive, south lati-
tude must be considered as negative.

Suppose a ship, in 20 degrees north latitude, to sail 15 de-
grees south, then 6 degrees north, then 30 degrees south, then &
degrees north, and finally to go 10 degrees south. What lati-
tude is she in?
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Counting from the equator she is already 20 degrees north, to

_which adding the northings made, we have
20d4:6d+5d=81d,

for the latitude in which she would have been, provided she
had made no southing. Where it may be remarked that we use
d to represent one degree.

The sum of the southings is

—15d—380d—10d=—55d.
Dniting the sum of the northings with the sum of the south-

ings, we get
& 31d—55d=—24d.

Now since the result is —, it shows that she is south of the
equator, that is, she is in 24 degrees south latitude.

(17.) It must always be borne in mind that the office of the
negative sign is to denote a state, condition, or effect, directly
opposite to that denoted by the positive sign.

If the credits in & book account are considered as positive, the
debts must be made negative.

If the degrees of s thermometer above zero are called -, then
those below must be called —.

‘We are now prepared to give a rule corresponding to

CASE I
(18.) When the quantities are alike but have unlike signs.

RULE.
I. Find the sum of the coefficients of the positive quantities ;
and also the sum of the coefficients of the negative quantities.
II, Subtract the Less sum from the GREATER.
IIL. Prefiz the sign of the greater sum to the remainder,
and annex the common letter or letters.
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1. Find the sum of
8c—2¢c+4b6c—4c.
The sum of the coefficients of the positive terms is
+84-5=8.
The sum of the coefficients of the negative terms is
—2—4=-—86.

The difference is 2, to which, giving the sign of the greater,
annexing the common letter, we have 4-2¢, or simply 2c, for the
sum sought. (See Art. 6.)

In practice, we usually write all the different terms under each
other, as in Arithmetic. Thus,

3¢
—2¢
5¢
—4c
" 2c=sum sought.
Let this same example be wrought on the supposition that

=10, 8c= 3x10= 30
—2c=—2X%X10=—20

be= b5x10= 50
—4c=—4X10=—40

2c= 2X10= 20

‘When ¢=4 it becomes
8c= 8Xi= 1%
—2=—2X$=-—1
b= b5Xi= 2%
—4c=--4>(§=—_2
2= 2X4= 1
2. What is the sum of 7ab—8ab--2ab+5adb—10ab §
OPERATION.
ad
—8ab
2ab
5ab
—10ab

ab
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If the beginner finds the above too difficult, he may arrange
the positive and negative terms in two distinct columns as in

this second
OPERATION.

Tab— 3ab
2ab—10ab
5ab

14ab—13ab=ab

3. What is the sum of 3az—2az+4-5az—Taz44az !
Ans. 3az.
4. What is the sum of 115¢—10bc+17bc—bc?  .Ans. 17bc.
5. What is the sum of 49azy— 87azy — 10azy 4 100azy
—6Bazy+-4azy $ Ans. 100azy.
6. What is the sum of 6pg-+3pg—Tpg+8pg—pg
Ans. 9pq.
7. What is the sunx of 8mg—mg-+6mg—8mg+10mg 1
’ Ans. 10mg.
8. What is the value of 10A—£%+6h—20k -8k, when h=51
Ans. 8h=8x5=15.
9. What is the value of 4z—102+42—6z+52, when 2=41
Ans, —6z=—68X4=—24.
10. What is the value of 3ad—ad+4-6ad—12ad, when a=2,
and d=31 Ans, —4ad=—4X2X3=—24.

CASE IL
(19.) When both quantities and signs are different.
®  Suppose we wish to find the sum of 8a—5b+6a+2b—"Ta—b
+4a+-8b.
‘We first proceed to find the sum of the a’s by Case L Thus,

8o

6a
—1Ta

4a

“6a=the sum of the a's.
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To the same way we find the sum of the &'s, as follows:
—5b
2b
=%
_sb
4b=the sum of the ’s.

Connecting these two results with their proper signs, we get
6a--4b for the sum sought. 'We must keep in mind, that differ-
ent letters cannot be united into one single quantity or term.
6a and 45 cannot make either 10a or 105, any more than 6 ap-
ples and 4 butternuts can make 10 apples or 10 butternuts.

From this we see that examples under this Case may be
wrought by the following -

. RULE

1. Find the respective sums of like terms as in Case I,

II. Then write these sums one after another, with their
proper signs.

EXAMPLES,

1. What is the sum of 3az—2ab -4 42y—2az 4 3zy+Tad

—~2zy+6azt
Saz
—2ax
BGaz

7az=sum of the terms containing az.

—2ab
tab
5ab=sum of the terms containing ab.
4zy
3zy

5zy=sum of the terms containing zy.
Therefore, 7az-4-5ab- 5zy=the total sum.
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2. What is the sum of — 82—y 8z4-6y—4y—"1b4-3y—32
+10z2—y+9b—2z+3b+48b 1%

By arranging the corresponding terms' under each other, we
obtain the following ~

’

OPERATION.
b— 8z— y
~Tb+ 8z+46y
9b— 3z—4y
8b4-102+3y
8b— z— y

Ans. 1404+ 6248y

8. 4.
4a*+ ban 4am— 3am®— 6ab
—3a*— Tan —Tam+4 4am*+4 ab
2a*— 3an — 8am—10am*— 6ab
5a*4-10an am+4 am®4-20ab

Ans. 8a*4 5an Ans. —10am— 8am*+ 9ad

5. 6.
2¢'z— 8az’4 2ab 8a'*— Tab'+ 5axy
—"a*z} 4az*—~ 8ad —1a'*—2ab'— azy
—6a*2+4-10az'+12ab 8a’'4 ab'—Tazy

Ans. —1la’z+11az*+ 6ad Ans. 4a’t*—8ab*—3azy

7. What is the sum of 8ak+6am—9zy4 8ab—zy -+ 4ak
+10am—Tzy —6ab--5zy+4ak—18am § '
Ans. 11ah+-3am—12zy— 3ab.

8. What is the sum of 2'—y*+4zy—T2*+8y*—10zy+-52°
+3y+122y1 : Ans. —a2+9y*+6ay.
9. 'What is the sum of 8af—2¢*+ 72— af+-659'— 102z —4af

+ 84— Tz+h'+2—38k' ¢ Ans. —2af+6g'—8z—2k",
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10. What is the sum of 8an®— 8a’n4-5a’*n®—a’n--7an*—6a’n
+7a*n*—10an’+3a’n+8an® Ans. 8an®—10a’n+412a'%%
. 11. What 'is''the ' sum’ of '8az 4 5bz 4- Tex — az—2bz—Scz
+10az—12bar+6bz— 1lcz+44az+6bt—cz ?

Ans. 16az--3bz—8cz.

12. What is the sum of 71‘+8ry+y’—r’-—4ry+6y’—3r’
—ry+-6y*+-5r'—ry+y*—Try Ans, 8r'—16ry+413y%

18. What is the sum of 8m'—mn <4 6n'—m®+ 8mn—62®

+4mn—4m?—5n4-6m*—6mn ¢ Ans. 9m*—5n’,
14. What is the sum of 16p'+11p'g—5pg*—¢'+p*—p'q
+10pg*+ ' —17p* + 8pg*— 4p°g 1 Ans. 8p'q+13pg".

15. What is the sum of 8amz—4zy-+-5y*+9amz + 10zy
—11y'4-amz+5zy+17y*—Samz ¢
Ans. 15amz11zy+11y
16. What is the sum of 3a—4bc—zy -+ 17a—13bc—4zy
+-8bc+10a—38zy+18+4-zy ¢ Ans. 809—96c—7zy+18.
17. What is the sum of z2+y+2—"T2—324-8y—2z+44y+82
—7z—11y+12z ¢ Ans. 22+42y+22.
18. What is the sum of 3k—4l—"Tm42]—10k—m-4-101
+12k—~6+41+461% Ans. 5k+491—8m.
19. Find the sum of 16r—115—13t—17r+19s84-23t+429r
+31s+487t. Ans. 27r489s4-4't.
20. Find the sum of u—v4w—38+ 4w 50—7410u4-3w
+5v+4w. Ans. 11u-+9v+9w—10.
21, Find the sum of 1}z+3}y+5-§z+8+7x+2§y—§x—32
-2, Ans. 8z+6y-+5z2+6.
22. Find the sum of & +b‘+c’—4a’-—5c’-—7b‘+8a’+10¢‘
—12a+4-8b4-4a— 5b. Ans. 5a*~— 6b'+6c*—8a—2b.
23. Find the sum of 8ab'— 54+ 8a'6'— 8ab+10ab*+12ad
+6ab*+8a'b—a'tt. Ans. 19a%*+ 8a*h"7a%0*+44ab.
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24. Collect into one sum the following : a*b%c-}-3a"%— 5ab’c*
— 4ab’c 4 8a*b' e+ Ta"bc— 2ab’c® —ab’c* —a’be.

Ans, Batbc-+ 100" c—Bab'c*— 6ab'c’.

25. Collect into one sum the following: 44— 8y*—22'+42'

+5y°+8+162—10+2"—y*+2—38. Ans. 212 4y* 482 —5.

26. Collect into ome sum the following: 442'—38}y'—2z
+5}2 + 43— 824 2}y*—Bz+4y'— 52— 94,

Ans. 228+8y*—"Tz—85.

27. Collect into ome sum the following: Sw'zy—2wz'y

+3wzy’ 4 5w'zy + 5wzly— Twzy 48w zy — Swz'y — 6wzy'.
Ans. 16w'zy—10wzy*.

SUBTRACTION.

(20.) SusrrACTION, in Algebra, is finding the simplest expres-
sion for the difference of two algebraic expressions.

If we wish to subtract b from a, we obviously obtain a—b
(Art. 5), which is the same as the addition of @ and —b. (See
Rule under Art. 19.)

Again, if we wish to subtract b—c from a, we first subtract b
from @ and find, as above, a—b for the result. Now,itis obvi-
ous that we have subtracted too much by the quantity ¢, therefore
adding ¢ to the above result, we finally obtain a—b+-¢, which is
the same as the addition of @ and —b-c.

From this we conclude that subtracting a quantity is the same
as adding it after the signs have been changed.

Hence, for the subtraction of algebraic quantities, we have
this

RULE.

1. Write the terms to be subtracted, under the similar terms,

if there are any, of those from which they are to be subtracted.
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I1. Conceive the signs of the terms of the polynomial which
is to be subtracted, to be changed, and then proceed as in ad-
dition.

EXAMPLES,
1. From 4a+ 8b—2¢, subtract a4-2b+-c.

Actually changing the signs of the polynomial to be sub-
tracted, and then placing it undertbeotherpolynomml,and
proceeding as in addition, we have this

OPERATION.
4a+438b—2¢
—a—2b— ¢

Sa+ b—3c difference sought.

In practice we do not usually change the signs, but only con-
ceive them to be changed, before performing our addition.

2. 3.
From 826+ 3a From 6aby—3zy
Take 55+18a Take  —2aby4-2zy
Remainder 276—16a Remainder 8aby— bzy
4. 5.
From 2'+2zy4-y* From 132'y—4zy*+ o*
Take 2'—2zy+y* Take 62%y+ zy'— 3
Rem. 4zy Rem. 72%y—b6zy*+2y

6. From 17abc+ ¥ — 8bc, subtract abc— 65— 4bc.
Ans. 18abe+ 70+ be.

", From 11a*z— 13a2*+ 1752 subtract 10a’z— 15a2* — 192"
Ans, a'z42az*+86ba".

8. From 4my— 8nz-}-5mn, subtract 8my— 4nz— 5ma.
Ans., my+nz+10ma.
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9. From 9gk'—Tgy+ 5km?, subtract Sgh'+-6gy+hm’.
Ans. 6gh'—12gy+44hm®.
10 From 1la‘s’y+43az+s6adH-my— 32%, take 5zy+4a‘z'y
—6az-+9abd. Ans. 1a'2*y+9az—14ab+mg— 32y — 5zy.
11. From 3a*m— 62y*4-2zy, take 4a’m+ 62y 4 5zy.
Ans. —a'm—122"y*—3zy.
12. From3a’bc Tazy+3my-a, take a’bc+8azy + 6a— 4my.
Ans. 2a*bc—15azy+"Tmy—>5a.
13. From 4ab’—3a% -+ 5m’+-6n', take ab’+-a’b—m®+-n',
Ans. 3ab*—4a’b+6mP4-5n'.
14, From 3w'zy+ 8wa'y— Twzy®, take w'zy— wa'y— 9wzy’.
Ans. 2wzy+9wry4-2wzyt.
15. From 432*=8}y* 1412, take 132'—1}y*+ 132 +a—b.
Ans. 82°—2y*+82—a+-b.
16. From 8a% — 2ab* + 4ab — 3a't?, take 3abd - a''— %

—3ab*—m-}n. Ans. 4a*b+ab*+ab—4a''+m—n.
17. Take 2zy—38zy'+4-2z—4yz from 4zy+3zy'—az—5yz
+16. Ans. 2zy+6zy'—2zz—yz+416.

18. Take a+b*—c*+2'—y* from 7z'—8y*—a’+-3a.
Ans. 2a—b4-c* 62— Ty'—a’.

(21.) We can express the subtraction of one polynomial from
another, by writing the polynomial which is to be subtracted,
after inclosing it in a parenthesis, immediately after the other
polynomial from which it is to be subtracted, observing to place
the negative sign before the parenthesis.

Thus, ab— 6zy + 8am—(—8ab+ 2y—am), denotes that the
polynomial inclosed in the parenthesis is to be subtracted from
the one which precedes it; and since, to perform subtraction, we
must change all the signs of the terms to be subtracted, it fol-
lows that the parenthesis may be removed, provided we change

the signs of all the terms which it incloses.
B
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The above expression will thus become
. ab—6zy + 3am + 3ab—zy +am,
which, reduced by uniting terms having like letters, gives
4ab—"1zy +4am,

In the same way we have
a*b 4 zy—Tam —(mz + 6 — 132%), equivalent to
a% +zy—"Tam—mz—6 4 132",
Also, 4azy—3ay'— 72— (13a—my+-6), is the same as
4azy—3ay*'—T2*—13a +my—6.
It is also obvious that we may inclose any number of terms of
a polynomial, within a parenthesis, with a negative sign before it,
if we observe to change the signs of all the terms thus inclosed.
In this way, the polynomial
a'b + zy—"Tam—mz— 64132,
is made to take the following successive forms:
a@*b+ zy—Tam— (mz + 6 —132")
a'b+zy—(Tam+mz+ 6—132")
a'b—(—zy +Tam + mz+ 6 —132")
. a*b+-zy—"Tam—mz—(6—137%).
In a similar manner we have
22' 4+ 8y —T2—54-a*'—b',
equivalent to the following expressions :
22"+ 8y*— 12— 5—(—a'+-b%)
22+ 8y*—Tz—(5—a' +b*)
22+ 8y'— (124 5 —a'+ %)
22 —(—8y*+ T2+ 5—a'+-b).
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MULTIPLICATION.

(22.) Ir we wish to multiply @ by b, we must repeat a as
many times as there are units in 5, which, by (Art. 7), is done
by writing b immediately after . Thus, ¢ multiplied by & is ab.

Again, if we wish to multiply @ by —b&, we observe that this
is the same as to multiply —& by a; hence, we must repeat —b.
a3 many times as there are units in a. Repeating a minus quan-
tity onoe, twice, thrice, or any number of times, cannot change
it to a positive‘ quantity. Therefore, —5, multiplied by a, or,
which is the same, a multiplied by —, gives —ab.

Finally, if we wish to multiply a—% by c—d, we first multi-
ply a—b by ¢; thus, ¢ multiplied by ¢ gives ac, and —b multi-
plied by ¢ gives —bc; or the work may be written as follows:

a—b
c
ac—be=(a—?D) repeated ¢ times.

This result is evidently too great by the product of (a—b5) by
d, since it was required to repeat (a—b5) as many times as there
are units in ¢ less d.

Repeating (a—b) as many times as there are units in d, we
have

a—b
4
ad—bd=(a—b) repeated d times.

Subtracting this last result from the former, we have (Art. 21)
ac—be— (ad— bd), which becomes ac—bc—ad+bd_ (a—0b) re-
peated (c—d) times.

Hence, we see that —b, when multiplied by —d, produces ir
the product 4 &d.
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(28.) From all this, we discover that the product will have
the sign +, when both factors have like signs, and the product
will have the sign —, when the factors have contrary signs.

Perhaps the following method may assist the pupil in compre-
hending the above rule for the sign of the product of two alge-
braic factors;

‘We will multiply —7 successively by 4, 8, 2, 1, 0, —1, —2,
—38, —4; each multiplier being a unit less than the preceding

- one.

—Tx4=—28
—T%x8=—21
—TxX2=-—14
—IX1l== 1

If we now examine these results, which have been obtained
thus far without any difficulty, we shall notice that the successive
products —28, —21, —14, —7, increase regularly by 7. There
is no reason why this regular increase of successive products
should not continue, how far soever the process of multiplying
may be extended. Hence, multiplying by O, which is 1 less
than our last multiplier, we must obtain 7 more than —7, that
is, we must obtain 0.

Again, multiplying by —1, which is 1 less than 0, we must
obtain 7 more than 0, that is, +7. And when we multiply by
—2, which is 1 less than —1, we shall have 7 more than the
preceding product, 47, that is, we shall have +14.

Exhibiting the whole process in connection, we have

—7x 4= -—28

—-Ix 8=-—21
—-Ix 2=-14
—-Tx 1=-= 1
—Ix 0= 0
—fIx—=1=4+ 1T
—Tx—2= +14
—Ix—38= 421

—Tx—4= +28
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From this we see that the product is negative when one of the
factors is positive and the other negative.

The product is positive when- both factors are negative.

The product is zero when one of the factors is zero.

(24.) If we wish to multiply 3a% by 4a’F’, we observe that

(Art. 11),
3a'® —38aab

4a*t*=4aaabd.

Hence, the product of 3a*h by 44, will be

3aab X 4eaabd=12aaaaabbb=12a"b".

From which we discover that the exponent of @, in the prod-
uct, is equal to the sum of the exponents of a in the factors;
likewise, the exponent of &, in the product, is equal to the sum
of the exponents of b in the factors.

Hence, the product of several letters having different expo-

nents is equal to the product of all the letters having for expo-
nents the sums of their respective exponents in the factors.

CASE L

(25.) From what has been said, we have for multiplying to-
gether two monomials, this

RULE.

I. Multiply together the ooéﬁcients, observing to prefix the
sign + when both factors have like signs ; and the sign — when
they have contrary signs.

II. Write the letters one after another; if the same letter
occur in both factors, add their exponenits for a new exponent.
It must be recollected that when no exponent is expressed, 1 is
understood to be the exponent (Art. 11).

(26.) Asin Arithmetic, it is obvious the product will be the
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same, in whatever order the letters are placed, but it will be
found more convenient in practice, to have a uniform order for

their

arrangement!\\/ The lorder wsually adopted, is, to place them

iIphabetically

EXAMPLES,

1. Multiply 11az’y by 3a‘y’. Ans. 33a‘z'y.
2. Multiply 7ab by 3ac. Ans. 21a%:.
3. What is the product of 12zyz by 10z !

Ans. 1202%sz,

4. What is the product of 8mn by 4m'a*{

Ans. 32m*n’.

5. What is the product of —3a'y by 6ag ?

Ans, —18d’gy.

6. What is the product of 12ar by —3abc ?

Ans. —36a’ber.

7. What is the product of —6z'y by —Tzy* 1

Ans, 42297,

. 'What is the product of —10am’n! by —111¢
Ans. 110am*n*.

A What is the product of —3}azy by 8ay

Ans. —4a'zy’.
). Multiply —3az by —}ay. Ans. }a’zy.
11. Multiply —}gm by —3im* Ans. Ff5gm’.
12. Multiply }az by }az'z. Ans. Fsa'z'z.
13. Multiply 7m®n’p’ by 8mn’p’. Ans. 42m''n'%p".
14. Multiply 3z by —7zy" Ans. —212%*
15. Multiply —15abe by —2a%¢. Ans. 30a*bc'.
16. Multiply — $3my By 3azy. Ans. —}ia*mgzy.
17. Multiply $¢A by —$4°R° Ans. —33g'0,
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. CASE IL
(27.) It is obvious that polynomials may be multiplied by the
following
RULE

1. Multiply all the terms of the multiplicand, successively by
each term of the multiplier, and observe the same rules for the
signs and exponents as in Case I.

I1. When there arise several partial products alike, they
must be placed under each other and then added together in
the total product.

(28.) The total product will be the same in whatever order
we multiply by the terms of the multiplier, but for the sake of
order and uniformity, we begin with the left-hand term. By
this means we are always extending our work towards the right,
which is more natural and simple, than to commence on the
right, and extend the work towards the left, as we are compelled
to do in arithmetical multiplication.

EXAMPLES,
1. What is the product of 8a*—6az by 3a—m §

OPERATION.,
3a*~— 6ax multiplicand.
8a — o multiplier.
90’ —18a’z— 3a%m +8amz =total product.

EXPLANATION.

Having placed the multiplier under the multiplicand, we
commence with 3a, the left-hand term of the multiplier, and
multiply it into 34, the lefi-hand term of the multiplicand, and
obtain the product 9¢’, which we place for the left-hand term of
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the product. We then multiply 3a into —68az, .he sccond term
of the multiplicand, and obtain the product — 18a'z, which con-
stitutes the second term!of the (product. Having multiplied all
the terms of the multiplicand by 8a, we next multiply by —m.
Thus, —m multiplied into 34, gives —3a’m, which is the third
term of the product, and —m multiplied into —6az, gives 6amz,
which is the last term of the product.

2. What is the product of 6z*— 3y* by 2*— 2y 1

OPERATION.
62*— 3y* multiplicand.
2'— 2y multiplier.
6z'— 32" product by 2"
—122°%* 4 6y® product by — 23"
82— 152°y*+63°=total product.

8. Multiply a+b by a5,
OPERATION.
a +bd
a+4+b
a+ab
+ab+4-b*
Ans. a*+2ab+b*

4. Multiply a—b by a—b.

OPERATION. .

a— b
a— b
at—ab
—ab-0*
Ans. a*—2ab+ b

5. Multiply @ +5 by a—b.
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OPERATION,
a4 b
a—"'b
a'+-ab

—ab—-b
Ans. a* —-b

Examples 8, 4, and 5 may take the following forms :
(a+5) (a+b)=(a+by=a"+0b"+2ab.
(a—?) (a—b)=(a—b)*=a"+-b'—2ab.
(@+8) (a—b)= a'—p,
Translating these into arithmetical language, they becoms
I. The square of the sum of two numbers, is equal to W5
sum of their squares increased by twice their product,
II. The square of the difference of two numbers, is equal to
the sum of their squares diminished by twice their product.
III. The sum of two numbers multiplied by their difference,
18 equal to the difference of their squares.

Under Chapter VIL we have derived many interesting prop-
nsitions, by translating algebraic formula into common language.
6. What is the product of ¥*m—3ay by 6z—38 1
Ans. 6b'mz—18azy—3b'm + 9ay.
7. What is the product of a®+-a*+-a* by a’—11
Ans. o*—a'.
8. Multiply o* +az+2* by a*—az+ 2"
Ans. a'+a's'+ 2,
9. What is the product of 7m+y by Tm—y1 :
Ans. 49m*—y*,
16. What is the product of a+b--c by a4b+4-c?

Ans. a*+42ab+2ac+ b+ 2bc 4
B*
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11. What is the product of }ja’—38z by }6—2y ¢

13.
14,

15.
16.

17.
18.
19.
20.

21.
22.
28.
24.

ELEMENWN OF ALGEBRA.

Ans. }a’b—bz—a’y + 62y,
12. What i8' the ‘product-of «*'- 2’4 2*—z+1 by 2*+z—1%
Ans. BP—2t 222 - 22—1,

Multiply @+ @ + ab*+¥ dy a—b.

Ans. a*—1*,

‘What is the product of 22 +52—17 by 2z—31
Ans. 42 +42*—2924-21,

‘What is the product of a— b—c by a +b—c?
Ans. a*—2ac+t-c*—b'.

‘What is the product of 2’4 2zy+y* by 2*—2zy+y*4

Ans. o*—22%+

Multiply #*+2*+2z+1 by z—1. Ans. z*—1.

Multiply 2*+2*+2*+ 241 by z—1. Ans. 2°—1.

Multiply 2*+2*+2'+2'+2+1 by 2—1.  Ans. 2°—1.
Multiply 2® +2* 4 2 + ' +2'+2+1 by z—1.

Ans, 27—1.

Multiply #*—2+4-1 by z+1. Ans. 2+1.

Multiply 2*—2’+2z—1 by 2+1. Ans. z*—1.

Multiply #*—2*+2'—2+1 by 2+1. Ans. 2841,

Multiply #*—2*+2*—2*+2z—1by2z+1.  Ans. 2°—1,

DIVISION.

(29.) We know by the principles of Arithmetic, that if in
division, we multiply the divisor into the quotient, the product
will be the dividend.

Therefore, referring to what has been said under Multiplica-
tion (Art. 23), we infer that when the dividend has the sign 4,
the divisor and quotient must have the same sign; but when
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the dividend has the sign —, then the divisor and quotient must
have contrary signs.

(30.) Hence, when''the dividend and-divisor have like signs,
the quotient will have the sign 4, and when the dividend and
divisor have contrary signs, the quotient will have the sign —.

‘We have “also seen under Multiplication (Art. 24), that the
_ product of several letters of different powers is equal to the prod-
uct of all the letters having for exponents the sum of their re-
spective exponents.

(81.) Hence, if we diyide any power of a letter by a different
power of the same letter, it is obvious that the quotient will be
a power of the same letter having for an exponent the excess
of the exponent in the dividend above that of the divisor.

(82.) If we divide a*=aaaaa, continually by e, we shall ob-
tain the following results :
a® =-a=a*"' =a' —aaaa
at +a=a" ' —¢ —aaa
=aa
a® -a=a*""! =a' =a
since the divisor is equal to the divi-

dend.

@ -a=a*"! =a"'=%=reciprocal of a (Art. 12).

a —a=a"' =a® =1 {

a"+a=a""=a”=£=%= reciprocal of a*.

1 . -
a"’+a=a""‘=a"=a= -:-,: reciprocal of a.

1 1 . i
el rg=at'=at=——= 7= reciprocal of a*,

a“—:—a:a“":a“‘:-—-l—- =£,— = reciprocal of a°.
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(33.) From the above scheme, we see that whenever the expoe
nent of a quantity becomes O, the value of the quantity is re-
duced to 1.

(84.) That whenever the exponent of a quantily is negative,
the quantity is the reciprocal of what it would be were its ex-
ponent positive.

(35.) Hence, changing the sign of the exponent of a quan-
tity, is the same as taking the reciprocal of the gquantity.

CASE 1.

(36.) From what has been said, we have, for dividing one
monomial by another, this

RULE.

1. Divide the cosfficient of the dividend by that of the di-
visor, observing to prefiz to the quotient the sign 4, when the
signs of the dividend and divisor are alike; and the sign —,
when they have contrary signs.

II. Subtract the exponents of the letters in the divisor from
the expoments of the corresponding letters in the dividend ; if
letters occur in the divisor which do not in the dividend, they
may (Art. 35) be written in the quotient by changing the signs
of their exponents.

(37.) It must be recollected here, and in all cases hereafter,
that when the exponent of a letter is not written, 1 is always un-
derstood (Art, 11), and when the exponent becomes 0, the valus
of the power is 1 (Art. 83).

EXAMPLES,
1. Divide 15a% by 5abzy’.
OPERATION.
. 15a%
. Sabzy®

=38a'z"'y
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EXPLANATION.

‘We first divide 15 by 5, and obtain 3 for the quotient, which
we consider as positive, since the signs of the dividend and divi-
sor were alike, each being positive. The exponent of ¢ in the
divisor is 1 understood (Art. 87), which subtracted from 3, the
exponent of a in the dividend, gives 2 for the exponent of a in
the quotient. The exponent of b in the denominator, is the same
as the exponent of b in the numerator, each being 1; hence, the
exponent of b in the quotient is 0 ; but when the exponent of a
quantity becomes 0, its value is 1 (Art. 83) : so that b does not
appear in the quotient. Since the letters z and y do not occur
in the dividend, we write the z and y in the quotient with the
signs of their exponents changed.

This quotient is read : “ Three times the square of @ into the
reciprocal of z, into the reciprocal of the square of y.”

2. Divide 6a** by 3ab. Ans. 2a'h.
8. Divide 122y*2* by 4zyz. Ans. 32%y'2.
4, Divide 10m’22® by 5z. Ans. 2m*2.
5. Divide —14a'* by 7ab". Ans. —2a’.
6. Divide —16a‘b'c* by — 8ad*". Ans. 2a'8%
7. Divide —13a’y* by —26ay. Ans. }a%.
8. Divide 7Pm's by —3In. Ans. —3Pmt.
9. Divide 8ab*d* by 4a'bd. Ans. 2a7%d.
10. Divide 20m®a'p by 10m*r’. Ans. 2m~'n"'p.
11. Divide 85zyz by 72%y". Ans. 5z7'y %,
~ 12. Divide — 402" by 4ab'z. Ans. —10a7'67%2".
13. Divide 3zy by — 62" Ans. —3z'y.
14. Divide —4m'y by 8m". Ans. —1imty,

The results of the six preceding operations are read as follows:
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9. “Twice the reciprocal of the cube of @, into 3, into the
cube of d.”

10. “Twica the reciprocal of m, intothe reciprocal of », into p.”

11. “Five times the reciprocal of z, into the reciprocal of the
square of y, into 2.”

12. “ Minus ten times the reciprocal of a, into the reciprocal
of the square of b, into the square of z, into y.”

13. “ Minus one-half of the reciprocal of z, into .”

14. “Minus one-half of the reciprocal of the square of m,
into y.?

(88) To divide one polynomial by another, we shall imitate
the arithmetical method of long division. And in the arrange-
ment of the work, we shall follow the French method of placing
the divisor at the right of the dividend. Thus, to divide

' +a'z+ab+ bz by a+z,
we proceed as follows :
: OPERATION.
Dividend =a’+-a'z+-ab + bzja +z=divisor.

@' +a'z |a?+b= quotient.

ab4- bz

ab+ bz

0

EXPLANATION.

Having placed the divisor at the right of the dividend, we
seek how many times its left-hand term is contained in the left-
hand term of the dividend, which we find to be @', which we
place directly under the divisor, and then multiply the divisor
by it, and subtract the product from the dividend ; then bringing
down the remaining terms, we again seek how many times the
left-hand term of the divisor is contained in the left-hand term
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of this remainder, which we find to be b; we then multiply the
divisor by b, and again subtracting, there remains nothing ; so
that a*+ b is the complete| guotient.

(39.) That the operation may be the most simple, it will be
necessary to arrange both dividend and divisor according to the
powers of some particular letter, commencing with the highest

power.
CASE IL

(40.) To divide one polynomial by another, we have this

RULE.

I. Arrange the dividend and divisor with reference to a cer-
tain letter ; then divide the first term on the left of the dividend
by the first term on the left of the divisor ; the result is the first
term of the quotient multiply the divisor by this term, and
subtract the product from the dividend.

II. Then divide the first term of the remainder by the first
term of the divisor, which gives the second term of the quotient ;
multiply the divisor by this second term; and subtract the
product from the result after the first operation. Continue this
process until we obtain O for remainder ; or when the division
does not terminate, whick is frequently the case, we can carry
on the above process as far as we choose, and then place the last
remainder over the divisor, forming a fraction, which must be
added to the quotient.

.

EXAMPLES.
1. What is the quotient of 2a'b+5*+2ab*+a® divided by
a4+ b +abt

Arranging the terms -according to the:powers of @, and pro-
ceeding agreeably to the above rule, we have this
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OPERATION.
Dividend =a’ + 2a% + 2ab* + b*|a® + ab+-b*=divisor,
at+lath| @b 1. (ZT F=quotient.
a4 ab*+ b
a’b+ ab*4- b
> 0

2. What is the quotient of 42* + 42'— 292+ 23 by 22—3 1

OPERATION,
47+ 4z'—29z+28|2z—3
47— 62 2

102 —29z 2£+5z—7+2,_3
102 —15z
—-1424-23
—14z421
2 =remainder.

In this example, we find 2 for remainder, which, being placed

2
57— 1o be added to

over the divisor 22— 3, gives the fraction
our quotient.
8. Divide a‘+d%'+2' by a'+-az+2*,
OPERATION.
a‘4-a'2*+2 |a'+taz4-2t
a'+4-a’z +a'2la’—az+2*

—a'z +24
—a'z —a'—azt
a’2' a2
a2 +f-at 2!
0

4. Divide a’'— 8a'-3ab'—¥* by a—b.
Anras. AN 2ab+b‘c
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5. Divide 25a'—10az+2* by 5a—z. Ans. 5a—z.
6. Divide 8a‘—96 by 3a—86. Ans. 2a*+4a*+-8a--186.
7. Divide 32 --262°y—142y* 4 872" by 84*—bzy+2y"

Ans. 2'—zy.

8. Divide #*+2xy+y* by z+¥. Ans. z+4y.
9. Divide #*—42°y -+ 62'y*—4ay*+y* by 2'—2zy+9*

Ans. 2*—2zy+y*

10, Divide 64m'n®—25m™s® by 8m'n*-+5mn'.
Ans, 8m*n*—5mnl,
11. Divide m*—1 by m+-1.
Ans. mP—m'+mP—mP+4m—1.

12. Divide y*—2* by y+2. Ans. P—y2tyt—2
13. Divide #*—y* by 2—y.  Ans. 2'+2'y+ 2%y +zy'+y4
14. Divide a*—b* by ¢*+ a’b+ab®+4 b* Ans. a—b.
15. Divide 1 by 14-5.
b v
Ans. 1—my=1- b+1+b_1 —b+P—
7 — —_—he
=1—b4b"—b +1+b—&c

This division will never terminate, however far it is extended.
Each result is the true quotient, as may be readily proved by
multiplying it by the divisor, 14+b. The product will in each
case be 1, the dividend.

‘We have something analogous to this, in the operation of con
verting many of our vulgar fractions into their equivalent deci
wal values. Thus, for instance,

%:0‘3}:0'33%:0‘333*:&(‘“
16. Divide 1+b by 1—b.
Ans. 1+—-=1+2b+ ._1+2b+2b’+—£—&c
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17. Divide 1—b by 1+.
26 26’
18. Divide a*—2ac+c*—¥* by a—b—c.
Ans. a+b—c.
19. Divide 42°+4 42 —292--24 by 2z—3.

Ans, 2z'+5:—7+~2—z—§.



CHAPTER II.

ALGEBRAIC FRACTIONS.

(41.) Ix our operations upon algebraic fractions, we shall fol-
low the corresponding operations upon numerical fraetlons, 80
far as the nature of the subject will admit.

CASE L

To reduce a monomial fraction to its lowest term, we have this

RULE.
I. Find the greatest common measure of the coefficients of the
numerator and denominator. (See Arithmetic.)

II. Then, to this greatest’ common measure, annex the letters
which are common to both numerator and denominator ; give to
these letters the lowest exponent which they have, whether in the
numerator or denominator. The result will be the greatest com-
mon measure of both numerator and denominator.

II1. Divide both numerator and denominator by this greatest

common measure (by rule under Art. 36), and the resulting frac-
tion will be in the lowest terms.

EXAMPLES.

875a'ba:y
1. Reduce 15ab’zy‘ to its lowest terms.

The greatest common measure of 375 and 15 is 15, to which
annexing abzy, we have 15abzy for the greatest common meas-
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ure of both numerator and denominator. _ Dividing the numera-
tor by 15abzy, we find
8'16a"bzy--~16abry=25a".

In the same way we find
h 15ab'zy* = 15abzy =by*;
hence, we have
875a'%zy _ 25a'
15ab'zy ~ by’
which, by Rule under Art. 36, becomes
25a*
=25a%%"'yt
W vy

This is read, “ Twenty-five times the square of &, divided by &
times the square of y, equals twenty-five times the square of a,
into the reciprocal of b, into the reciprocal of the square of y.”
42aztys*
3527

In this example, the greatest common measure of the numera-
tor and denominator is 7zyz'; hence, dividing both numerator
and denominator of our fraction by 7zyz*, we find

42azyz* 6a2'?
8bzy’? by
which is in its lowest terms

2. Reduce to its lowest terms.

—18mna'y* | . —n
8. Reduce —W to its lowest terms. Ans. w.
2
4. What is the simplest form of T zy‘ Ans. 2
. . 108ab%ed’
5. What is the simplest form of W? Ans. 94,
27abed cd

6. What is the simplest form of ————1 ns.

108a%'m
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7. What is the simplest form of =5 ‘3/' Ans. 2-%,—,

8. What is the simplest form of 3;:’:‘ 1 Ans. 3—;—""

9. Reduce ?20041’__?_:;3/ to the simplest form. Ans. %5
10. Reduce 83 a'II:’ to the simplest form. Ans. ﬁ
11. Reduce 2o 55 o tothe simplest form. Ans, %
12. Reduce 4;:; to lowest terms. Ans. -:—-:.
18. Reduce I?ZZ to lowest terms. Ans. 8£
14, Reduce 5 m,m lowest terms. Ans. -”%;
15. Reduce ii :‘1{: to lowest terms. Ans. %'
18. Reduce z 2 10 lowest terms. Ans. _32771.5:

(42.) To obtain a general rule for reducing a fraction whose
numerator, or denominator, or both, are polynomials, it would be
necessary to show how to find the greatest common measure of
two polynomials, a process which is too complicated and dif-
ficult for this place.

There are, however, many polynomial fractions, of which the
common measure of their respective numerators and denomina-
tors are at once obvious, and of course they are then readily re-
duced. We will illustrate this by a few
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EXAMPLES.

Szy+-zz
1. Reduce ——— o

In this example, we see that z will divide both the numerator
and denominator. Hence,
Szyt+zz_ 8y+te
ax+bz a+b

to its simplest form.

2. Reduce 722 bc by Y to its simplest form.

In this example, the greatest measure of the numerator and
denominator is obviously ¢+ . Henee,

ac+ay
Betby b
abz+4az 41
8. Reduce P v tmts simplest form. Ans. =T
: z'-—b’a: z(z+b) (z=8), . .
4.' Reduce P e Ll o e , to its simplest form.
4 2'—bx
ns. m.
mt—n? (m+4-n) (m—n) o .
5. Reduce i Zmn = (mofm) (mn) to its simplest
form. Ans. 22
. . e
az+bz _ (atd)e
6. Reduce ayathys— @+ , to its simplest form. .
Ans. ;z—.

OASE IL.
(48.) To reduce a mixed quantity to the form of a fraction.

RULE.
Multiply the integral part by the denominator of the fraction,
to which product add the numerator, and under the result place
the given denominator.
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EXAMPLES.

1. Reduce llz+ Y to the form of a fraction.

In this example, the mtegral part is 112, which multiplied by
the denominator 7z, gives 772% to which, adding the numerator
z+y, we have 77z'42z+4y for the numerator of the fraction
sought, under which, placing the denominator 7z, we finally obtain

'_I&;Z‘ﬂ for the reduced form of 11::+ +y

. bz+x'

2. Reduce z— to the form of a fraction.

Ang, TE—be—2
: m
to the form of a fraction.

8y+9z+ay+3az—86
Ans. 5ta

v to the form of a fraction.

. 6
3. B.educe y+38z— 5Ta

a'—
4. Reduce z— p
2—a'4-8

z

Ans.

5. Reduce 3a'—-6+6:—;’ to the form of a fraction.
21a’—36—3aly+6y—2*
H—y :

~ Ans.

8. Reduce 9+3z’—8c‘
a—2*

to the form of a ﬁacﬁom
9a—6z'—8¢*
Am. _—a-;z'— .

7. Reduce a+b+a—iz to the form of a fraction.
@—b+4

a—b

Ans.




48 ELEMENTS OF ALGEBRA. -

8. Reduce s—m—z to the form of a fraction.
n+tp )

Sm—nz—pz
Ang, ———M—=—,
n+p
9. Reduce ——— 4+7 —5& to the form of a fraction.
Ta—46
Ans. o
10. Reduce 4z —8 to the form of a fraction.
8y+z
' 4z—24y—8z
8y+z
11. Baduce + +z—1 to the form of a fraction.
r—z
. Tzl
12. Reduce fpg_?»q_’_p to the form of a fraction.

CASE IIL

(44.) To reduce a fraction to an integral, or mixed quantity.

RULE
Divide the numerator by the denominator ; the quotient will
be the integral part: if there i3 a remainder, place it over the
denominator for the fractional part.
EXAMPLES,
9a— 62'—8¢"
-2
Dividing the numerator by the denominator, we find this

1. Reduce to & mixed quantity.
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FIRST OPERATION.
9a—62'—8cfla—2'
9a—92*\\/\/\/[g 2 integral part!

32— 8c‘=- numerator of fractional part.

Therefore the quantxty sought is 9+8_z'___8_c‘

—2
‘We will now change the order of the terms of the numerator
and denominator by placing the 2* first ; we thus find this

SECOND OPERATION.

—62'+9a—8c| —2*+a

—62'+-6a 6= integral part.
8a— 8¢'= numerator of fractional part.
8a—8¢*

Therefore, the quantity sought is 8+——s

These two results are equivalent, but under different forms.

2. Reduce z—

2 to an integral quantitf. Ans. a—z.

62'—az 22+az
8. Reduce ——— Frne to a mixed quantity. .A4ns. 22 S

4, Reduce =
m

:y‘ to an integral quantity.
y Ans. m*4-my+y*.

'—
5. Roduce 204 —10a+6

to a mixed quantity.
6
Ans. 4a—2 + 5—‘".

_ 2
6. Reduce w.z

oy to a mixed quantity.

2,
Ans. y*—2 +§?.
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4m'— .
7. Reduce 1_"’7_'”& to a mixed quantity
Ans 9m'—§2

m

122 — 6244

8. Reduce
6z

to a mixed quantit,

L., 228 —1 +;2;
a*—3a*b-+}-3ab*—b*

a3—2ab4-b*
a'—2ab4-b*
a—b
14m*—"Tm 41
7

9. Reduce

to an integral quantity.
Ans. a—b,

10. Reduce to an integral quantity.  Anms. 1—b.

11. Reduce to a mixed quantity.

Ans. 2m‘—n‘+;.
8 =8y’ +2 to a mixed quantity.

3
Ans. 22—y + -;:

12. Reduce

CASE 1V.
(45.) To reduce frffttions to a common denominator.

RULE.

Multiply successively each numerator into all the denomina-
tors, except its own, for new numeralors, and all the denomira-
tors together for a common denominator.

EXAMPLES.

b . : N
1 Reduce; 2 ey to equivalent fractions having a commecu

] 2) '77""’
denominator.
a X 2 X Ta=14a® —new numerator of first fraction.
b X 2 X Ta="Tabx =new numerator of second fraction.
eXZX2 =2z =new numerator of third fraction.
and z X 2 X Ta=14az=common denominator.
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140’ 'Tabz 2cz

Therefore, —— Tias’ Tdaz’ Tiaz ™ the equivalent fractions

sought.

3m 2b
2. Redu uce o 5 — and y, to fractions having a common de-
nominator. Ans, 2% Imz ﬂ 6azy
6az ' 6az’ 6az’
2
8. Reduce ;, a;, aaiz’ to equivalent fractions having a com-
mon denominator. Ans. 8a+3z 2ar'427 6a’+6z’
6a+6z’ 6a+-6z i 6a+6z
.—

4. Reduce -3%, 65—’:-', =z dz” to fractions having a common de-
nominator. Ans 5cdz  18bdz* 15a*bc—15bca*

lﬁbcd’ 15bcd i 15bcd
5. Reduce = a b 4, a,nd & to fractions having a common dé-

29
nominator. Ans, 120 72a 480 36c  24d
144 144 144 144"
b
8. Reduce — o5 1 6 d’ to fmchons having a common “denom-
inator. Ans 24acd 120°d  8bc
* 48bcd ’ 4860(1 48bed *
7. Reduce ‘—1-, bl % to fractions having a common denominator.
4 be ac ab
ns. Jc’ a—b—c, abc'
8. Reduce ?Ta, 5—:—, '%a’ to fractions having a common denom-
inator. ' 4 45a_ 100a  84a
™ 80 60 ' 60
9. Reduce 6::“, 5T+b ° , to fractions having a common de
nominator. 72412a T04+14d 42¢
Ans. H

84 ' 84 ' 84
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6 4 . .
10. Reduce Py (g 1) to fractions having a common de-
nominator. g 6—6  dz+4 ar’—a

‘2-1" 21" £-1°

CASE V.
(46.) To add fractional quantities.
RULE.

Reduce the fractions to a common denominator ; then add the
numeralors, and place their sum over the common denominator.

EXAMPLES,

1. Whatlsthesumof— -5 7?

These fractions, when reduced to a common denominator, be-
me 21z 2la 9ay
632’ 630’ 63a’
+9ay; placmg this over the common denominator, we find

2lx+21a+9ay Tz+Ta+8ay
63a 21a )

adding their numerators, we have 212+4-21a

_..+ +_

2. What is the sum of 3:c+25—z and x—%? Ans. 8z+24i:.

2z Tz 2z+41 49z4-12
3 4, 5 ——1 Ans. 22+ 50

4.
4, Whatlsthesumofsf :5:?

Ane, 45z+i%x+ 50z, + gsx_z_

3 ‘What is the sum of —

a+b a—b

- Ans. a.

5, What is the sum of ——
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2 2 __
6. What is the sum of 2 +2a54¥ o 2ab+b"

4 ' 4 .
Ans. @+¥
2 .
bc+ac+ ad

7. Whatlsthesumof—,b,—? Ans. o
zzz2 z
8. Whatmthesumofagzai Am.z+z_
abec 8a+4b+43¢
Whatmthesumoé-gz? Am'_—l_f_
. a b a'+4-5
10. What is the sum of s m? Ans, pe
11, What s the sum of _——, 1 . 2

CASE VI,

(47.) To subtract one fraction from another.

RULE

Reduce the fractions to a common denominator ; then subtract
the numerator of the subtrahend from the numerator of the
minuend, and place the difference over the common denominator.

EXAMPLES,

1. From 3’:“ subtract 2:':;“.

These fractions, when reduced to a common denominator, be-

come 9::;;3:: and 831_24(‘. Subtracting the numerators, we.
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have 9z-3a— (82—4e)=2+"7a; placing this over the common |
denominator 12, we find

824-al Vi2z—aUl 241 a

¢ 3 12
2. From bm+y subtract —— m+y . Ans. Eﬂ
b 20
8. From 3y+§ subtract y— y_—:_a.. . 2 +ﬁ‘}='/———-i
4. From 2ty z—2-y. Ans. y
, —
5. From f’i2_a:_y+_y subtract f‘ﬂﬁ Ans. 1.
4z 4y
6. From T % subtract a+ 8+y. Ans, 2—a— 3x-|‘;2y.
1 1 2y
7. Fl‘OlIl m subtract z—g. Ans. z,-—'_—.
8. From } subtract -1- Ans. b—a‘
b : ab
9. From —-;;— subtract aTb Ans. b.
CASE VIL

(48.) To multiply fractional quantities together.

RULE.

If any of the quantities to be multiplied are mized, they must,
by Case IT., be reduced to a fractional form ; then mulliply
together all the numerators for a numerator, and all the denom-
snators together for a’ denominator.
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EXAMPLES,
:c_+_b
5o
The product of the numerators will be
(z+a) x (z+b)=2"+az+bz+abd;
and the product of the denominators is 2 X 3=6.
z+a xz+b z’+aa:+b:c+ab

1. Multiply a:+a

by

Hence, —— 3 8
[ a:’+b’ 2—b
8. What is the contmued product of «u, 4T_+z’ and i;!
Ans. 36-—32:—33'-
98
. - .
4. What s the product of SF0 by 2201 ne. T3 ®
-—d b 1
5. What is the continued product of —, —:c— - and ;:—?
s, gbhz—-%dz‘
cmrz—cmz
¥ + 1
6. What is the product of ¥ +=—— bv b
by'—by+y'—
25 '
7. What is the mductof—Lmd-—l—! Ans !
. P 7 2Ty =
. : z z 6z+2*
8. What is the product of 3+5 and -?;? Ans. oy

9. What is the product of?——z-—y, ;,—__2—3,,, anl z4y1!
- Ans. 1.



56 ELEMENTS OF ALGEBRA.,
CASE VII.
(49.) To divide one fraction by another.
RULE.

If there are any mized quantities, reduce them to a fractiona.
Jorm, by Case II. Then invert the divisor, and multiply as tn

Case VII.
EXAMPLES.

sz+7 4z—1
by '—5—.

If we invert the divisor, and then multiply, we have
3z+7_ 5 152435

1. Divide

T =i 16—k for the quotient.

2— 3/’ z'+y’ Zy—y’
2. Divid Ans. ———
vide ——— pearipme

7a y“ 4ay’ 85a
8. Divide y 5m. Ans. Tm—’y..
... y=—b. 8cy y—b
4. Divide W by o Ans. oy
6. What is the quotient of T dvided by § Ans. ;_2_—1
6. Dmdea: = by 4 — . Ans. 2z+42y.
i .. @ 4a
7. Divide §by T Ans. 35
- 8. Divide T2 48 3, 2=y, ans, BN,
84z 154-bz
9. Divide - by —5—. Ans. 287y
T—y, 4+y Ty—-y'

10. Divide T by ——

An. .
y ™ frtzy
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CHAPTER IIL
SIMPLE-EQUATIONS,

(60.) Ax EQUATION is an expression of two equal quantities
with the sign of equality placed between them.

The terms or quantities on the left-hand side of the sign of
equality constitute the first member of the equation, these on the
right constitute the second member. Thus,

z+42=a, (1)

z

5 1=}, (2)
8z+T=¢, (3)

are equations. 'The first is read, “ # increased by 2 equals a.”
The second is read, “one-half of z diminished by 1 equals 5.”
The third is'read, “ three times « increased by 7 equals ¢.”

(51.) Nearly all the operations of Algebra are performed by
the aid of equations. The relations of a question or problem
are first to be expressed by an equation containing known quan-
tities as well as the unknown quantity. Afterwards we must
make such transformations upon this equation as to bring the
unknown quantity by itself on one side of the equation, by which
means it becomes known.

(52.) An equation of the first degree, or a simple equation,
is one, in which the unknown quantity has no power above the
first degree.

(53.) A quadratic equation is an equation of the second de-
gree; that is, the unknown quantity is involved to the second

power, and to no greater power.
c*
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(54.) An equation of the third, fourth, &c., deérees, is one
which contains the unknown quantity to the third, fourth, &e.,
degrees ; but tono/superior degree;

(55.) The following axioms will enable us to make many
transformations upon the terms of an equation without destroying
their equality. -

AXIOMS, .

I. If equal quantities be added to both members of an equation,
the equality of the members will not be destroyed.

I1. If equal quantities be subtracted from both members of an
equation, the equality of the members will not be destroyed.

III. If both members of an equation be multiplied by the same
quantity, the equality will not be destroyed.

IV. If both members of an equation be divided by the same
quantity, the equality will not be destroyed.

CLEARING EQUATIONS OF FRACTIONS.

(56.) When some of the terms of an equation are fractional,
it is necessary to so transform it as to cause the denominators to
disappear, which process is called clearing of fractions.

Let it be required to clear of fractions the following equation :

1+§+§-—§=z. (1)

Now, by Axiom IIL, we can multiply all the terms of this
equation by any number we please, without destroying the equal-
ity. If we multiply by a multiple of all the denominators, it is
evident they will disappear.

If we choose the least multiple of the denominators as a mul-
tiplier, it is plain that the labor of multiplying will be the least

possible.
Thus, in the above example, multiplying all the terms of both
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sides of the equation by 6, which is the least multiple of 2, 3,

and 6, we have
684-3z422—2=02. (2)

This equation is now free of fractions.
(57.) Hence, to clear an equation of fractions, we deduce,
from what has been said, this
RULE

Multiply all the terms of the equation by any multiple of
their denominators. If we choose the least common multiple of
the denominators for our multiplier, the terms, when cleared of
Jractions, will be in their simplest form.

EXAMPLES,
z—a 2z+0 1

1. Clear of fractions, the equatio =7

In this example, the least common multiple of the denomina-
tors 5, 2, and 7 is 70. Hence, multiplying all the terms of our
equation by 70, we find

14z—14a=35z435b—10,

for the equation when cleared of fractions.

z24+a 2z-b z
e il st

Our multiplier will, in t.lns example, be 16. We proceed by
saying, 16 times one-eighth of any quantity is twice that quan-
tity ; hence, 16 times the first fraction is the same as twice the
numerator, that is, 22—4. Again, 16 times one-fourth of any
quantity is 4 times that quantity; hence, 18 times the second
fraction is the same as 4 times the numerator, that is, 424-4a.
In the same way 16 times the third fraction is the same as 8
times its numerator; and since this fraction has the negative sign,
it is required to be subtracted, which is effected by changing the

2. Clear of fmctions
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signs of the terms constituting the numerator (Art. 20). Hence,
this third fraction, when cleared of its denominator, and the signs
properly changed, givés|-84--8b:) Multiplying each term of
the second member of the equation by 16, we have 16z--=.
The equation when thus cleared becomes

2¢—4+4zx+4a—8z+48b=1624z.

(58.) We must observe that when a fraction has the sign —,
its value is required to be subtracted, so that, if it is written with-
out the denominator, when cleared of fractions, all the signs of
its numerator must be changed.

z+1 2—3 c
S 1 —othow

Ans. 422—42+4282+428—2124-63=84a+4-84b—12¢.

3. Clear of fractions :5—2'—1 +

4, Clear the equaﬁon, ; + ; + ; +§ + % = 251, of fractions.

Ans. 80z+4202+15241224102=15060.
2
5. Clear the equation, a; + ,% + % =g, of fractions.
Ans. a*dm+bdz+cmz=dgma.

6. Clear the equation, x—'s_—l - w—;‘-'= f—z—b —4, of fractions.

Ans. 6z—8—2z-+2a=3z-}3b—~T2.

7. Clear the equation, f—}“~+ f:—b =2=° of fractions.
Ans. cdz—acd + bdz—b'd=bcx—bc®.
b .
-4- —

8. Clear the equation, ; +§ + %, of fractions.

Ans. 6z+44a+43b=2¢c.
1 2—2 2—8 =z

9. Clear the equation, z;— + 5 + =5 of fractions,

Ans. 302—30+4202—40+152—45=122.
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10. Clear the equation, ‘-;+ ; = g, of fractions.
Ans. 12a492=10z.

11. Clear the equation, % + c;+g= %’ of fractions.

’ Ans. az+4be4-bd=0bm.

TRANSPOSITION OF THE TERMS OF AN EQUATION.,

(59.) The next thing to be attended to, after clearing the
equation of fractions, is to transform it so that all the terms con-
taining the unknown quantity may constitute one member of the

equation.
If we take the equation —_
a 1 b
772 + 3 =8, (6]
we have, when cleared of fractions,
6a—3z-}-2bz=48z. (2 .

If we add to both members of this equation 3z—2bz (Axiom
L), it becomes
6a—38z+42bz+ 32— 2br=48z4-3z—2bz. (3)

All the terms of the left-hand member cancel each other, ex-
cept. 6a.

Therefore, we have

6a=48z+ 32— 2bz, )
in which all the terms of the right-hand member contain z.

If we compare equation (4) with (2), we shall discover that
the terms — 3z--2bz, which are on the left side of equation (2),
are on the right side of equation (4) with their signs changed.

Hence, we conclude that the terms of an equation may change
sides, provided they change signs at the same time.
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(60.) To transpose a term from one side of an equation to the
other, we must observe this

RULE.

Any term may be transposed from ome side of an egquation
to the other, by changing its sign.

- EXAMPLES.

1. Clear the equation %9+26=35+2 of fractions, and

transpose the terms so that all those containing z may constitute
the right-hand member.
First, clearing the above equation of fractions, by Rule under
Art. 57, we have
2z+4+124104=>5248.
Secondly, transposing 2z from the left member to the right
member, and 8 from the right member to the left, we have

N 12 4104 —8=>5z~ 2z, for the result required.

2. Clear the equation -;—;— a;;—:_v= 7% of fractions, and trans-
pose the terms. Ans. 82—2x=45+2a

3. Clear of fractions the equation %-8§+§ =-:- + 2, and
transpose the terms. Ans. 14z+4-832z—22=2364680.

4. Clear of fractions and transpose the terms of the equation,
z 242 [4

a—_b-—- -&:-'_-—b = :lT:-b’. Ans. az+bz—ax+bx=c+2a—2b.

(61.) We are now prepared to find the value of the unknown
quantity. If we take the answer to the last example, it may be
written thus,

(a+b—a+d) 2=c+2a—2b.
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Uniting the like terms within the parenthesis, it becomes
2bz=c+2a—2b.
Dividing both sides of thisequation by' 25 (Axiom IV.), we find
o=’ +2a—2b
=
Hence, the value of 2 is now known, since it is equal to the ex-
pression
c+2a—2b -
2

(62.) It is obvious that the terms of an equation may be so
transposed as to cause all the terms to constitute but one mem-
ber of the equation, and then the other member will be zero.

Thus, if 2+6-—a=38—2z,
then will z+4224+6—~3—a=0.

If we so transpose the terms of this last equation, as to make
them constitute the right-hand member, we shall have

=—2—22—6+438 +a.

In the higher parts of Analysis, equations are frequently re-
duced to this form, so that the positive and negative quantities
cancel each other.

‘We may change the signs of all the terms of both members of
an equation, without transposing them. Thus, the equation

c—~32—2a+2+b=m—4z+ta,
with signs changed, becomes
—c+382+20—2—~b= —m+4z—a.

This result would have been obtained by multiplying each

term by —1 (Axiom IIL).

(63.) From what has been dene, we discover that an equation
of the first degree may be resolved by the following general
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-

RULE
I. If any of the terms of the equation are fractional, the equa-
tion must be cleared of fractions, by' Rule under Art. 57.

II. The terms must then be so transposed that all those con-
taining the unknown quantity may constitute one side or member
of the equation, by Rule under Art. 60.

II1. Then divide the algebraic sum of those terms on that
side of the equation whick are independent of the unknown quan-
tity, by the algebraic sum of the coefficients of the terms contain-
ing the unknown quantity, and the quotient will be the valuse
of the unknown quantity. .

EXAMPLES,
1. In the equation §+;=z-10, what is the value of z1

This cleared of fractions becomes
4z432=122—120.
‘When the terms are transposed and united, we have

. 120=5z.
Dividing by 5, we get
24=z,
2. What is the value ofzinz—%:l =z-|4-3 ? -
Ans. z=13.
8. Given N—38z_ w:G— 53+1, to find z.
8 9 4
Ans. z=3.

4. Find z from the equation 3a:::+c§z —8=bz—a.
6—3a

Ans. x=m.
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5. Gwen”—;-s—’+ 22237, to find 2. Ans. z=6.

. 8cz \2bz £ __afm+-4am

6. vaenT——”T—4_j; to find z. Ans. z-m.
7. Find z from the equation Bm;l b —29_4 b—-

56+9b— e

Ans. z-T.

8. leen — +z+1 =8z—12, to find 2. Ans. z=86.

az- 5 4z—2

9. Given e——5 +T=z- 1, to find 2.  Ans. 2=6.
10. Given 247 tofind 2.  Ans. 2=2.
11. Given 3:7—2 + 3;‘141-2 =z—1, to find . Ans. z=38.

.z =z
12. Given 3 te=1lto find 2. Ans, 2=955%.
z z4+2 =«
13. Given 2”5 =18 to find 2. Ans. z=6,

The true value of the unknown quantity, substituted for its
representative, will cause the two members of the given equation
to become identical.

In the last example, if we write 6 for z, the equation will be-

come
6 642 .6
§_o8+2_ e 8 —24 =4, where each member becomes §.

This method of verifying the solution of simple equations,
should be used until thé student becomes perfectly familiar with it.
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z+5
4 + 10
This value/of 2. |causes Jedch member of the equation to be-
come 2. .

14. Given —_—=8— toﬁnd z. Ans. 2=5

. £—8 11—z z+6
15. Given 3 =3 —1, to find 2.

Ans, z=1.

This value of z causes each member of the equation to be-
come —1.
z2—8 z—5 2—2

16. Given = + =35 , to find 2. Ans. z=4.

This value of # causes each side of the equation to become .
. 4 6

17. Given Py el to find 2. Ans, z=1.

This value of # causes each member of the equation to be-
come 2.

18. Given z—2-a _z;—b == ° to find z.
Ans. 2—=4b+3c—6a.
19. Given z—1 +:c—2 _==3 =z~—25, to find =.
2 3 4
Ans. z=11.
20. Given 223 _ 422 _,_ 19, to find .
7 5
Ans. z=12.
21, Given Ate _§_-;-a.:_6_¥_1’ to find z
’ Ans. z=1
22. Given 2:"'-_4=--+ to find z. Ans. z=4

. —_ -3 2
28. Given 435 1_a:4 =5z-;— , to find . Ans. 3=4,
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24. Given "2'1 + 22022 1t fnd 2.
Ans., z=13.
25. Given Fta + z+b = z-l-c’ to find z.
2 4 3 4c—6a—3b
Ans, z= —
26. Given 21 +ﬂ;-2-=c, o find .
a abc—2a—b
Ans. z= (}
a+bd
. ?—a z+a =z 2a
27. Given 5 +—-';3— =p to find 2. Ans. z= 5

QUESTIONS, THE SOLUTIONS OF WHICH REQUIRE EQUATIONS OF
THE FIRST DEGREE.

(64.) In the solution of questions, by the aid of Algebra, the
most difficult part is to obtain the proper equation which shall
include all the necessary relations of the question. 'When once
this equation of condition is properly found, the value of the un-
known quantity is readily obtained by the Rule under Art. 63.

Suppose we wish to solve, by Algebra, the following question :

1. What number is that, whose half increased by its third part
and one more, shall equal itself?

Xf we suppose  to bo the number sought, its half will be 2,
which, increased by its third part, becomes ; + g, and this in-

creased by one, becomes g+-§+l, which by the question must
equal the number. :
Therefore, we have ; + ‘-;- + 1=z for the equation of condition.

Solving this by Rule under Art. 63, we have z=86.
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VERIFICATION.

z

S=}of6=2
1 =1

Therefore, §+§ +1=86, which shows that 6 is

truly the number sought.

Again, let us endeavor to solve this question :

2. What number is that whose third part exceeds its fourth
part by 5 ¢

Suppose  to be the number, then will its third part =§;
its fourth part = ;

Therefore, the excess of its third part over its fourth part is
expressed by g-— Z, which, by the question, must equal 5.

Hence, we have the following equation, g— ; =5.

This solved, gives 2=60; the third part of which is 20, and
its fourth part is 15, so that its third part exceeds its fourth part
by 6 hence, this is the number sought.

(65.) The method of forming an equation from the conditions
of a question, is of such a nature as not to admit of any one
simple rule, but must be in a measure left to the ingenuity of the
student.

It will, however, be of assistance to pay attention to the fol-
lowing

RULE.
Having denoted the quantity sought by x, or some other letter,



SIMPLE EQUATIONS. 69

we must indicate by algebraic symbols, the same operations as
it would be necessary to perform upon the true number, in order
to verify the conditions\of/thel question.

8. Out of a cask of wine which had leaked away a third part,
21 gallons were afterwards drawn, and the cask was then found
to be half full. How much did it hold ?

Suppose z to be the number of gallons which the cask held.

Then the part leaked away must be g

And the part leaked awa§, together with the quantity drawn
off, must be £ +21.

Now, by the question, the cask is still half full, so that what
has leaked out, together with what has i)een drawn off, m'f:st be ;.

Hence, we have this equation, ;: ;- +21,

which, cleared of fractions, becomes 3z=2z+126.

Transposing and uniting terms, we have z=126.

4. There are two numbers which are to each other as 6 to 5,
and whose difference is 40. 'What are the numbers {

Suppose the numbers to be denoted by 6z and 52, which are
obviously as 6 to 5 for all values of z. By the question, the dif-
ference of these numbers is 40. Therefore, we have 82— 5z=40,
that is, z=40.
62x=6 X 40=240
52=5x40=200

5. A farmer had two flocks of sheep, each containing the
same number. Having sold from one of these 39, and from the
other 93, he finds twice as many remaining in the one as in the
other. How many did each flock originally contain ?

Hence, } the numbers sought.
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Suppose the number in each flock to be denoted by z.

Then the flock from which he sold 39 will have remaining
z—389.

And the one from which he'sold 93 will have remaining 2—93

Hence, by the question, we have

2 X (z—98)=xz—89, or 22—186=r—39.
Transposing and uniting terms, z=1417.

6. Divide the number 36 into three such parts, that 4 of the
first, § of the second, } of the third, shall be respectively equal to
each other.

If we denote the three parts by 2z, 32, 4z, it is plain that 4 of
the first, 4 of the second,  of the third, will be equal for all val-
ues of . .

Now by the question, the sum of these three parts must equal 86.

Therefore, 224324 42=386.
Uniting terms, we have 92=36.
Dividing by 9, we obtain z= 4.

Consequently, 2z=2Xx4= 8
8r=8x4=12 }the parts sought.
4r=4x4=16

7. Two pieces of cloth are of the same price by the yard, but
of different lengths: the one cost 5, the other $64. If each
piece had been 10 yards longer, their lengths would have been
as 5 t0 6. 'What was the length of each piece %

Since the price per yard was the same for both pieces, their
lengths must have been to each other the same as the number
of dollars which they cost, or as 5 to 64, or, which is the same,
as 10 to 13. \

Therefore, we will denote their lengths, in yards, by 10z and
18z,
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These become, when increased by 10,
102410 and 13z+10,
which, by the question, must:beas-5, to 6.
Hence, 6 (10z+10)=>5 (13z+10).
Expanding,  60z-+60=65z+ 50.
Transposing and uniting terms, we get 10=>5z, and 2=2.

Therefore, 102=10%2=20 th
e len, sought.
132=13 x2=26} gths soug

8. A person engaged a workman for 50 days. For each day
that he labored he received 8 shillings, and for each day that he
was idle he paid 5 shillings for his board. At the end of the
50 days the account was settled, when the laborer received 10
pounds 18 shillings. Required the number of working days,
and the number of idle days

Let z equal the number of days he worked. Then will 50—z
equal the number of days he was idle.

Also, 8z equals amount, in shillings, which he earned, and
(50—2) X 5=250—5z equals amount of his board bill

Therefore, he must receive 8z — (250—52) = 18z—250,
which, by the question, must equal £10 18s.—=218s. .

Hence, we have this condition,

132—250=218.

This readily gives #=86=—=number of days he worked, and
50—z=>50—86=14= number of idle days.

9. Divide the number 287 into two such parts, that the one
may be contained in the other 1} times. 'What are these parts?

I z equals the smaller part, then the larger part will be
5z -
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Adding both parts together, we get
5z
z+ T = 2317.

This solved, gives 2—=105%, and congequently

b5z
< =1813.

So that the parts are 1053 and 131§.

Had we put 4= the smaller part, then the larger part would
have been 5z.

Now taking the sum of the parts, we get

42+ 52=28"1.

This solved, gives 2=26}.

Consequently, 4z=1054 and 52=131§.

10. Three persons, A., B,, and C., draw prizes in a lottery.
A. draws $200 ; B. draws as much as A., together with a third
of what C. draws ; and C. draws as much as A. and B. together.
‘What is the amount of the prizes ?

Let z=the number of dollars which C. drew.

A. drew $200, and B, drew $200+ g.

Since C.'s equals the sum of A.'s and B.s, we have this con-
dition :

2=200+200+3.

Consequently, #=600=C.’s money.
Themfore, Ak= $200
Bls= 400
Cls= 600

Sum of the prizes =$1200

11. Two capitalists calculate their fortunes, and it appears that
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one is twice as rich as the other, and that together they possess
$38700. What is the capital of each?
Ans. The one had $12900, the other $25800.

12. The sum of $2500 is to be divided between two brothers,
so that one receives $4 as often as the other receives §1. How
much does each receive ¢

Ans. The one receives $500, the other $2000.

13. Two friends met a horse-dealer leading a horse, which
they resolved to buy jointly. When they had agreed as to the
price, they found that the one was able to pay only the fifth part
of the price, and the other only the seventh part, which together
amounted to $48. What was the price of the horse ?

Ans. $140.

14. A fortress has a garrison of 2600 men; among whom
there are nine times as many foot-soldiers, and three times as
many artillery soldiers as cavalry. How many are there of each
kind ¢ Ans, 200 cavalry, 600 artillery, and 1800 foot.

15. Find a number, such, that being multiplied by 7, and the
product increased by 3, and this sum divided by 2, and 4 being
subtracted from the quotient, we shall obtain 15. Ans. 5.

16. One of my acquaintances is now 40 years old, his son is 9
years old. In how many years will this man, who is now more
than 4 times as old as his son, be only twice as old as he is?

Ans. In 22 years,

17. A cook receives from his master $114, which he is to ex-
pend for the same number of chickens, ducks, and geese. Each
chicken cost } of a dollar, each duck 3 of a dollar, and each
goose % of a dollar. How many did he buy of each kind #

Ars. 10,

18. A gentleman spent % of his fortune in Holland, } in
France, 3 in England, and } in Italy. He has now but 8975
left. How much money had he at first ? Ans. £8000.

D



14 ELEMENTS OF ALGEBRA.

19. The sum of two numbers is fifty ; but when the greater is
multiplied by 6, and the smaller by 5, the sum of the two prod-
ucts is 276. 'What are the two numbers{ Ans. 26 and 24.

20. A person was desirous of giving 8 cents apiece to some
beggars, but found he had not money enough by 8 cents; he
therefore gave them 2 cents apiece, and had 3 cents remaining,
‘What was the number of beggars ? Ans. 11 beggars,

21. Two persons, A. and B,, lay out equal sums of money in
trade: A. gains $126, and B. loses $87, and A’s money is now
double of B’s. 'What did each lay out ? Ans. $300.

22. The sum of $1200 is to be divided between two persons,
A. and B, so that A.’s share shall be to B.’s share as 2 to 7.
How much ought each to receive ¢

‘ Ans. A. $2663, B. $933}.

28. Divide the number 46 into two unequal parts, so that the
greater divided by 7, and the less by 3, the quotients together
may amount to 10. 'What are these parts?  Ans. 28 and 18.

24. In a company of 266 persons, consisting of officers, mer-
chants, and students, there were four times as many merchants,
and twice as many officers as students. How many were there
of each class ¢

Ans. 38 students, 152 merchants, and 76 officers.

25. A field of 864 square rods is to be divided among three
farmers, A., B., and C,, so that-A.s part shall be to B.’s as 5 to
11, and C. may receive as much as A. and B. toget.her How
much ought each to receive

Ans. A. 185, B. 297, C. 432 square rods.

26. Divide 1520 among three persons, A, B, C, so that B.
may receive $100 more than A.; and C. $270 more than B
How much ought each to receive ?

Ans. A. $350, B. $450, C. $720.
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27. A certain sum of money is to be divided among three
persons, A, B,, C,, as follows: A, shall receive $3000 less than
the half of it, B. $1000 Zess than the third part, and C. is to re-
ceive $800 more than the fourth part of the whole sum. What
is the sum to be divided ¥ and what does each receive ?

Ans. The whole sum is $38400. A. receives $16200,
B. $11800, C. $10400.

28. A mason, 12 journeymen, and 4 assistants receive togeth-
er $72 wages for a certain time. The mason receives $1 daily,
each journeyman $}, and each assistant $}. How many days
must they have worked for this money ¢ Ans. 9 days.

29. A servant receives from his master $40 wages, yearly, and
a suit of livery. After he had served 5 months he asked for his
discharge, and received for this time the livery, together with
$61 in money. How much did the livery cost?  Ans. $18.

80. Find a number, such, that § thereof increased by £ of the
same, shall be equal to § of it if increased by 85. . Ans. 84.

31. A gentleman spends 2 of his yearly income in board and
lodging, 4 of the remainder in clothes, and lays by £20 a year.
What is his income ? Ans. £180.

82. A gentleman bought a chaise, horse, and harness for $360.
The horse cost twice as much as the harness, and the chaise cost
twice as much as the harness and horse together. What was
the price of each ¢ The harness cost $40.

! Ans. % The horse cost $80.
The chaise cost $240.

33. 1f a reservoir can be exhausted by one engine in 7 hours,
by another in 8 hours, and by a third in 9 hours, in what time
will it be exhausted, if they are all worked together ?

Ans. In 2334 bours.

34. In an orchard of fruit trees, 4 of them bear apples, $ of
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them pears, 3 of them peaches, 7 trees bear cherries, 3 plums, -
and 2 quinces. How many trees are there in the orchard ¢
: Ans. 96 trees.

(66.) It would be a very pleasant exercise, and at the same
time a very useful one, for the student to give analytical solutions
to all the foregoing questions of simple equations. As an illus-
tration of the kind of analysis required, the student is referred to
Chapter XII., Higher Arithmetic.

‘We here give, in full, the analysis of a few of the foregoing
problems,

Problem 11.

Since the one is twice as rich as the other, the wealth which
they together possess is three times as much as that possessed by
the poorer one. But they together possessed $38700; hence,
one-third of this, $12900, is what the poorer one possessed, and
twice $12900=4825800, is what the other possessed.

Problem 12.

Since one receives $4 as often as the other receives $1, the
one must receive 4 of the whole, and the other  of it. $ of
$2500=%$2000, } of $2500=$500. Hence, $2000 and $500
are their respective shares. :

Problem 13.

One-fifth and one-seventh, added, make }#, which is $48. If
43 is $48, 7 is $48+12=4§4; and the whole is $4 X 35=§140,
the price of the horse.

Problem 14. .

Since there arc 9 times as many foot-soldiers, and 3 times as
many artillery soldiers as cavalry, the whole number must be 13

times as many as the cavalry. But the whole number is 2600 ;
hence, 2600+ 13 =200, is the number of cavalry, 200 X 9=1800,
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is the number of foot-soldiers, and 200 X 3 =600, is the number
of artillery. '

Problem 15,

If we commence with the result and reverse the successive
operations, we shall evidently obtain the number sought. Thus,
if 4 had not been subtracted, the result would have been
154-4=19. If the division had not been performed, the result
would have been 19X 2=38. Again, if 3 had not been added,
the result must have been 88 —8=385. This, divided by 7, gives
5 for the number sought.

Problem 16.

‘When the son was born the father must have been 40 —9=31
years of age. Hence, when the son reaches the age of 31, the
father will be twice 31, that is, 62; but he is now 40, and in
62—40=22 years more, he will be twice as old as his son.

Problem 11.

If he buys one of each kind, they will cost $+3+4+4=% of
a dollar. Now, he wishes to lay out 11} dollars, which is
(11}+$=10) ten times § of a dollar; consequently he must
purchase 10 of each kind.

(67.) We will now proceed to show how problems may bo
generalized, that is, made to embrace all problems of a similar
kind.

Problems 11 and 12, generalized, become as follows :

85. Find two numbers, such that the one may be m times as
great as the other, and that their sum may equal @. 'What are
these numbers ¢

If z represent the smaller number, then will ma represent the

larger.
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a ma
And z+4mz=a, consequently 2= e and mz= T
, a ma
Yo that the\two numbers are T and R

In order that these general results may agree with Prob. 11,
we must have a=$38700, m=2.
Using these values, we have

0
a__ 8587 0=$12900. The results correspond

itm™ 142
;I'b-a 2><-;38700 with Ans. to Prob.
T¥m=  1+2 =$25800. 11.
Tf a=$2500, and m =4, we shall find
a  $2500
I—H,—m—tsoo.
ma _ 4Xx$2500
i¥m - 1+4 =$2000.

These results correspond with the answers to Prob. 12.
Prob. 18 generalized, becomes as follows :
- 86. Find a number, such, that when it is divided by m and

by », and the quotients afterwards added, the sum shall be a.
What is this number ¢

If z denote the number sought, we shall have this condition :
z <+ z =a.
m n

mna

m+n’

If we take a =848, m=>5, n="1, we shall have

mna _ 5XTx$48
m+n 547
which agrees with Prob. 13.

This immediately gives z=

=§140.
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The generalization of Problems 14 and 24 may be made as
follows :

387. Divide the'number 'alinto thrée| parts, such that the sec-
ond may be m times, and the third % times as great as the first.
‘What are these parts %

Let z represent the first part.

Then will 7z represent the second part.

And nz will represent the third part.

Now, since the three parts make a, we have this condition:

z4+mz+nzr=a.

This readily gives
. a
z—m—ﬁrst Pam
ma
—_— “
mz 1+m_'_n....:second
na
——e— — 1 3
e i third
If we take a=2600 men, m=3, and n=9, we shall have -
a 2600 men
Timin= 1379 — 200 men, for cavalry.
ma 8 X 2600 men .
Tomin— 14349 = 600 men, for artillery.
na _9)(2600 men

1800 men, for foot-soldiers,

1+4m+n~ 14+3+9 i
These results agree with answers to Problem 14.

If we take a=266 persons, m=2, and n=4, we shall find

a 266 °
TEmTn =13254 = 38 for number of students.
ma 2X 266
TImin—Ttotd=— 76 for number of officers.
na 4%266 A

=152 for number of merchants.

T+mtn 1+2+4
These results agree with Problem 24.
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Problem 23 may be generalized as follows :

38. Divide the number a into two such parts, that the sum
of the quotients, which |are ~obtained, when the one part is di-
vided by m and the other by %, may be equal to the number b.
‘What are these parts?

If 2 represent one of the parts of @, the other part will be rep-
resented by a—2. And we shall have this condition :

2 ez,
m n
From this we immediately find

_ ma— —mnb
m—

nh—
o M, second part.
—n

, first part.

Q—2T=

If we take a=46, m=", n=3, and b=10, we.shall have
ma—mnb TX46—T7x3X%x10

= =2
m—mn "—3 8
mnb—na TX38%X10—3 x40
= =18.
m—n - 7—38

These results agree with Problem 23.

(68.) We will add a few more Problems, giving both the par-
ticular and general form.
39. Divide 200 into two such parts, that the difference of
their squares may be 400. 'What are the parts?
Ans. 99 and 101.
40. Divide a into two such parts, that the difference of their
squares may be b. 'What are the parts ¢ —b a*+b
, Ans, ——, ——.
2a 2a
41. Find two numbers whose difference is 4, and the differ-
ence of whose squares is 80. Ans. 12 and 8.
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42. Find two numbers whose difference is @, and the differ-
ence of whose squares is b. Ans. b+at and Ii_—_a"
2a 2a
43. A courier who had started from a certain place 10 days.
ago, is pursued by another from the same place, and by the same
way. The first goes 4 miles every day, the other 9. How
many days will be required for the second to overtake the first #
Ans. 8 days,
44. A courier left this place n days ago, and makes & miles
daily, He is pursued by another making b miles daily. How
many days will be required for the second to overtake the first ¢

Ans.

b—a’

EQUATIONS CONTAINING TWO OR MORE UNKNOWN QUANTITIES.

(69.) In this case, we must endeavor to deduce from the given
equations, one single equation containing only one unknown
quantity ; that is, we must cause all the unknown quantities, ex-
cept one, to disappear, which process is called Elimination.

FIRST METHOD.

ELIMINATION BY ADDITION AND SUBTRACTION.

1. Suppose we have given the two equations,
z+y=19,
z—y=11,
Taking the sum of these two equations, we shall eliminate y,
and find
2z==30,
or, z=15.
Subtracting the second from the first, we shall eliminate z,
and obtain
2y=3§,
or, y=4.
D¥*
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2. We have given the two equations

st i=%

Ty

6 T16=>
to find the value of z and y.

@)
(2)

‘We will clear these equations of fractions, by multiplying the

first by 12, and the second by 48 ; we thus obtain

4z+3y= 96,
8z-4-3y=144.

Subtracting (8) from (4), we eliminate y, and obtain

4x—=48.
Dividing by 4, we find
r=12.

®)
O

®

Subtracting (5) from (3), we shall eliminate #, and find

Sy=48.

Dividing by 8, we find

y=186.

8. If we have given the two equations
2z2—3y= 4,
82—6y=40,

to find z and y, we proceed as follows :

Dividing (2) by 2, it becomes

©)

(1)
@

®
4

4z—38y=20.

Subtracting (1) from (3), we shall eliminate y, and obtain
22=186.

Consequently, z= 8.

Subtracting (1) from (4), we shall eliminate 2, and obtain

Sy=12.
Consequently, y= 4.
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From what has been done, we discover that an unknown quan-
tity may be eliminated from two equations by the following

RULE.

Opcrate upon the two given equations, by multiplication or
division, 80 that the coefficients of the quantity to be eliminated,
may become the same in both equations ; then add the two equa-
tions, or subtract ome from the other, as may be necessary, to
cause these two terms to disappear.

EXAMPLES.

4. Given, to find # and y, the two equations,

8z— y=3, (1)
y+22=". (2)
If we add the two equations, we have
5z=10. .
Therefore, z=2. (3)
Again, multiplying (3) by 2, we get
2z=4. (4)
Subtracting (4) from (2), we obtain -
y=38.
5. Given, to find # and y, the two equations,
z
. S+i=s, @)
z
§+§=e§. (@)

.. Clearing these equations' of fractions, by multiplying each by

8, they become » ‘
3z+42y=36, (3)
2243y =39. 4)
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Multiplying (3) by 3, and (4) by 2, they become

9z+46y=108, (5)
4248y="18. (8)
Subtracting (6) from (5), we get .
5z2=30,
and z=6. (7)
Multiplying (7) by 2, it becomes
2z=12. ®)
Subtracting (8) from (4), we find
8y=2".

Therefore, y=9.

6. Suppose we wish to find z, y, and 2, from the three equations,
5z—6y+4-4z=15, (1)
Tz+44y—3z=19, (2)
2z+ y+6z=46. (3)

‘We will first eliminate y; for this purpose multiply (3) first
by 4 and then by 6, and we shall obtain

8z-+4y+24z=184, 4)
12z+46y+362=276. (5)

Add (1) to (5), and subtract (2) from (4), and we have
172+ 402=291, (6)
z+4272=1865. ()

‘We have now the two equations (6) and (7), and but two un-
known quantities, z and .

Hence, when we have three equations containing three un-
knowns, we must eliminate one of the unknowns, so as to obtain
two new equations, containing only two unknowns.

In the case of four unknowns, we could eliminate one of

these, and thus obtain three mew equations, containing thres
unknowns.
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‘We will now continue our solution as follows:
Multiply (7) by 17, and it will become

124459522805/ (8)
Subtracting (6) from (8) we obtain
4192=2514. (9)
Dividing (9) by 419, we find
2=6. (10)
Multiplying (10) by 27, we find
272=162. (11)
Subtracting (11) from (7), we get ‘
r=3. ‘(12)

Multiplying (10) by 6, and (12) by 2, and then taking their
sum, we find
62+422=42. (18)
Subtracting (13) from (3), we get
y=4.

(70.) We will now repeat the solution of this last questien,
adopting a simple and easy method of indicating the successive
steps in the operations.

The method which we propose to make use of, is to indicate
by algebraic signs, the same operations upon the respective num-
bers of the different equations, as we wish to have performed upon
the equations themselves. Thus,

hows, that equation (6) is obtained by mul-
8)=(4)x 3 { *roTy it &q : ¥
©)=)x { tiplying equation (4) by 3.
hows, that equation (10) is obtained by
10)=(7)+(1 {’ s d
(10)=(n+1) adding equations (7) and (1).
shows, that equation (11) is obtained by
=(6)—(3
(11)=(8)—( ){ subtracting equation (3) from ().
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_ . o { shows, that equation (15) is obtained by di-
(15)=(14)+3 { viding equation (14) gy 3. ’
And so on for other combinations,

This kind of notation will become familiar by a little practice.
‘We will now resume our equations of last example.
b5z—6y+42=15, (1)
Given { 12+ 4y—382=19, (2) }fo find z, ¥, and 2
224 y+62=46, (8)

82+ 4y+ 24z= 184, (4)= (3)x4
12z4 6y+ 36z= 276, (5)= (8)x6
172+ 40z= 291, (6)= (1)+(5)
z4 27z= 165, (T)= (4)—(2)
17244592=2805, (8)= (7)x 17
4192=2514, (9)= (8)—(6)
z=6, (10)= (9)=419
272=162, (11)=(10) x 27
z=8, (12)= (1)~(11)
6z=36, (13)=(10)x6
22=6, (14)=(12)x2
6z+4-22=42, (15)=(13)+(14)
y=4. (18)= (8)—(15)
Collecting equations (12), (16), and (10), we have
=3, (12)
Ans. { y=4, (16)
z2=86, (10)

The foregoing method of indicating the successive steps of
algebraic operations will be found convenient in blackboard work
in class exercises. It presents at once, the precise steps employed.
by the pupil, and obviates the necessity of inquiring by what
process any particular result has been obtained.
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SECOND METHOD.
(71.) LIMINATION | BY-'SUBSTITUTION.

1. Suppose we have given the two equations,

524-2y=45, (1)
. e+ y=383. (@)
From the first we find
45—5z
y=—m— (3)
Substituting this value of y in (2), we have
4z+45;5”’=33. )
Equation (4), when cleared of fractions, becomes
8z+445—5r=66. (5)
This gives z=".
Substituting this value of # in (3), we find
y=>b.

2. Again, suppose we have given, to find z, y, and 2, the three
equations,

2z+4y—32=22, 1)
42—2y+52=18, (2)
6z4-Ty— 2z=63. (8)

From equation (3) we obtain
=6z+4"Ty—63. (4)

Bubstituting this value of z, in (1) and (2), they will be-
come
22+ 4y—3(6z+Ty—63) =22, (5)
4z—2y +5(8z+Ty— 68)=18. (6)

14
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Equations (5) and (6) become, after expanding, transposing,
and uniting terms,

16z4-17y=167, (7
34z+33y=333. (8)
Equation (7) gives
_1671—17y
=1 ®)

This value of 2, substituted in (8), gives
34(167—17y)

16 +83y=3833. (10)

Equation (10), when solved as a simple equat:lon of one un
known quantity, gives
y= 70 .
Substituting this value of ¥ in (9), we find
z=38.
Using these values of z and y in (4), we obtair
z=4.

This method of eliminating may be comprehended in the fol-
lowing
RULE

Having found the value of one of the unknown quantities,
JSrom either of the given equations, in terms of the other un-
known quantities ; substitute it for that unknown gquantity in
the remaining equations, and we skall thus obtain a new system
of equations one less in number than those given. Operate with
these new equations as with the first, and so continue until we
find one single equation with but one unknown quantity, whick
will then become known. '
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EXAMPLES,
z—w= 50, (1)
8y — =120,

8. Given
9z —y =120,

Sw—z =195, (4)

From (1) we find
) w=z—>50.

This value of w, substituted in (4), gives

3(z—50)—2z=195, or 8z—2z=345.

Equation (6) gives
z2=38z—345.

This value of z, substituted in (8), giv;es
2(82—845)—y =120, or 6z—y=810.
Equation (8) gives
y=6z—810.
This value of y, substituted in (2), gives
8(6z—810)—z=120,

or 172=2550.

Therefore, 2=150.

This value of 2, causes (9) to become
y=90.

Using the value of 2 in (7), we find
2=105.

Finally, using the value of z in (5), we find
w=100.

z+dy=a, (1)

4. Given { y+3z=a, (2) } to find z, y, and 2.

z+tz=a, (8)

' g; to find w, 2, y, and 2.

O

(®
M

(8)
®)

(10)
(1)

89
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Equation (3) gives
da—2z
4 " (4)
This value of 2, substituted in (2), we have
4da—2z
¥+ 12 =a. (5)
Clearing of fractions and uniting terms, (5) becomes
12y—z=8a. (6)
From (6) we find
z=12y—8a. )
This value of 2, substituted in (1), gives

12y—8a+%=a. ®)

Equation (8) gives
25y=18a. (9)

Therefore, =25
This value of y, substituted in (7), gives

r= '-2—5—. .
Substituting for z, in (4), its value just found, we have
' 2la

=725

. Hence, collecting values, we have
z=}kfa,
y=43q, }
z=4%}a.
‘We may obeerve that if @ is any multiple of 25, the above
value of 2, ¥, and 2z, will be integers.
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Thus calling a=25, we have
‘ 2=16, y=18, and 2=21.
If a=50, we shall have
2=382, y=386, und z2=42.

THIRD METHOD.

ELIMINATION BY COMPARISON.

(72.) There is still another method of elimination.
‘We may also eliminate one of the unknown quantities of two
equations, by the following process:

1. Take the two equations,
by—3z=—14, (1
3y+4z=38. (2)

If we, for a moment, consider ¥ as a known quantity, we may

then, from each of these equations, find the value of z by Rule
under Art. 68.

We thus find
1445
=3 ®)
_ 38—3y
=—0 (4)
Putting these two values of z equal to each other, we have
1445y  38—3y
B ®)
Clearing (5) of fractions, it becomes

56 +20y=114—0y. (8)
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Transposing and uniting terms, we find
29y=>58;
Therefore, y=2) .

2. As a second example we will take three equations, with
three unknowns, as follows:

z+4-2y+32=43, 1)
8z— y+22=24, (2)
bz+48y—4z=14. (3)

Considering z and y as known quantities, we readily deduce
. from these equations,

o B2y ®
3
24— -
z2= _’;'x-l- ,1/, (5)
T o

Putting the first value of z equal to each of the other values,
we have these two equations :

43—2—2y  24—38z+ y

. 3 e 2 ki (7)
48 —2~2y —144-5z+3y
= : . (8)

Equations (7) and (8), being cleared of fractions and properly
transposed, give
Te— Ty=—14, (9)
1924-17Ty= 214. (10)

The rest of the labor of solution is similar to the first example,
inasmuch as we have two equations and two unknowns, z and y ;
the z having been eliminated.
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From (9) and (10) we find

1447
Y= -;- x=2+a:, (11)

214—19z
=220 12
y T (12)

Equating these values of y, we shall eliminate y, and thus
find

214—19z
Clearing of fractions, and transposing, we have
362=180;
Consequently z=5.

If we substitute this value of z in (11) we shall find
y=242=245=".

Again, substituting the values of both 2 and y, in (4), we
shall find
r— 43—z—2y 43—5-—14 —s

3 3

The foregoing method of elimination is comprised in the fol-

lowing
RULE.

I. Find from each of the given equations, the value of one of
the unknown. quantities, by Rule under Art. 83, on the supposi-
tion that the other quantities are known.

II. Then equate these different expressions of the value of the .
unknown, thus found, and we shall thus lhave @ number of
equations one less than were first given; and they will alse
contain a number of unknown gquantities one less than at first.

III. Operating with these new equations, as was done with
the given equations, we can again reduce their number one ; and
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continuing this process, we shall finally have but one equation
containing but one unknown gquantity, which will then become
known.

EXAMPLES.

1z 45y+22= 19, (1)
8. Given ; 8z4-Ty+92=122, (2) } to find 2, y, and 2.
z+4-4y+5z= 55, (3)
By Rule under Art. 63, we find, by using (1), (2), and (3),
N9 —b5y—2z

= )
= &_Z}’;"’, )
2= 55—4y—bz. (6)
Equating (4) and (6), and (5) and (6), we have
19—-%” 2 o 5—4y—bz, "
122_;’-" O 55—dy—b5z. ()

‘When cleared of fractions, (7) and (8) become
79—5y—2z=3885—28y—385z,
122 —Ty—92=440—32y—40z.

Transposing and uniting terms, we have

23y--332=38086, (9)
26y+312=318. (10)
Equations (9) and (10) give
3086—33z
y=—s3 (11)
3818—31z
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Equating (11) and (12), we have

306—33z 318—31z
2310100 .25 ./ (13)

which reduced, gives
z=3.

This value of z substituted in (11), gives
y=9.

And these values of z and y, substituted in (68), give
r=4.

{ $z+1y+1z=62, }
4. Given<{ }z+3y-+32=47, ¢ tofind 2, y, and 2.
tz+3y+3§2=38,
These equations, when cleared of fractions, become

82+ 4y+ Sz= 44, (1)
20z+15y+12=2820, - (@)
152412y +4-102=2280. (3)
From (1), (2), and (8), we find
T44—62—4
z=——8——y, (4)
2820—202—15
z=———1§——y, : (5)
2280—152— 12y
= (6)

- Equating (4) with (5), and (4) with (68), we have
744—6z—4y  2820—20z—15y

T = 1o : (1
744—6z—4y 2280—152—12
= L
Equations (7) and (8), when reduced, become
dz+ y=156, ()

15244y =600. (10)
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Equations (9) and (10) give

y=156— 4z, 11)
600—15z
y=——— (12)
Equating (11) and (12), we have
156—4z=@;ﬁ. (13)
This reduced, gives
r=24.
Having found z, we readily find y and z to be
y=60; 2=120.

All equations of the first degree, containing any number of
unknown quantities, can be solved by either of the Rules under
Articles 69, 71, and 72, or by a combination of the same.

* The student must exercise his own judgment, as to the choice
of the above Rules. In very many cases, he will discover many
short processes, which depend upon the particular equations given.

(73.) We will now solve a few equations, and shall endeavor
to effect their solution in the simplest manner possible.
6z+45y=128,
3z+4y= 88,

Adding the two equations, and dividing the sum by 9, we find

z4y=24. . (l)
Multiplying (1) by 3, and subtracting the result from the sec-
ond of the given equations, we have
Y= 16. (2)
Subtraction (2) from (1), we get
z=8.
z+y=a, (1)
2. Given{ y+2z=b, (2) ptofind z,y, and 2.
ztz=c, (3)

1. Given { } to find the values of z and ¥.
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Dividing the sum of these three equations by 2, we find
a+b+c
+2+. @
From (4) subtracting, successively, (2), (3), and (1), we find
_a+c—=b
=—F
y =“ 2¢+b’ ) (A)
_—a+bic |-
=

Equations (1), (2), and (3), of this last example are so related
that if in (1) we change z to y, ¥ to 2, and a to b, it will corre-
spond with (2). Again, if in (2) we change y to 2, z to 2, and
b to ¢, it will correspond with (8). Also, if in (3) we change z
to z,z to y,and ¢ to a, it will give (1), from which we first
started. In each change we have advanced the letters one place
lower in the alphabetical scale, observing that when we wish to
change the last letters of the series, as z or ¢, we must change
them respectively to # and a, the first of the series.

Since the above changes can be made with the primitive equa-
tions (1), (2), (8), without altering the conditions of the question,
it follows that the same changes can be made in any of the equa-
tions derived, from those. Thus, executing those changes in
equations (A), we find that the first is changed into the second,
the second into the third, and the third in turn is changed into
the first.

z+y+z=

1 1
; +§—G, (l)
8. Given 31/ +;.=b, (2) } to find z, %, and 2.
1 1
; +; =¢, (3)
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If we take the sum of these three equations, we shall obtain
2 2 2

;+;+;=a+b+c. (4)
Now, subtracting twice (2) from (4), we have

2

;=a+c—b. (5)

In a similar manner subtracting twice (8) and (1), succes-
gively, from (4), we find,

2
2 a—cts, 6
v a—c+ ( )
2
s=—atbte . (7)
Equations (5), (8), and (7), readily give .
2

z=a+c—b’

- ®)
y_atc-}-_b’
g 2

T —a+4b4c

The letters in this example will admit of the same changes as
those pointed out in the last.example. Indeed, the only differ
ence between the two examples is, that the unknown quantities
in the one example are the reciprocals of those in the other.
Consequently the expressions for z, y, and 2, as given by equa-
tions (B), ought to be the reciprocals of those given by equa-
tions (A), which we find to be really the case.

u +:c+y=i3, (1)
utz+2=17, (2)
uty+z=18, (3)
z+y+z=21, (4)

4. Given to find %, #, y, and 2.
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Dividing the sum of these four equations by 3, we obtain
u+z+y+2=23. (5)
From (5), subtracting successively, '(4), (8), (2), and (1), we
find

u= 2,
z= 5,
y= 6,
z2=10.

5. A man left a sum of money which was divided among 4
children, so that the share of the first was § the sum of the
shares of the other three; the share of the second } of the sum
of the other three; and the share of the third } of the sum of
the other three ; and it was also found that the share of the first
exceeded that of the last by 87 (a). What was the share of
each child ?

Let u, 2, y, and 2 represent respectively their shares.

Then by the question we have these four conditions :

weZtE ®
= ‘lﬁ%ﬂ’ (2)
utz+2z
= yu (3)
u—a=z. (4)
* These equations, cleared of fractions, become
2u=z+y+z, 5)
3z=u+y+tz, (8)
dy=u+tz+2, O]
u—a=2z. (8)

If we add u to (5), z to (8), y to (7), their right-hand mein
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bers will each become % +z--y+2z; consequently, their left-hand
members will be equal, and we shall have

Su=4z,
Su=35y. } ®)
Therefore,
= 3u ~ 3u
=1 ¥=

Which value causes (5) to become

3u  3u
fu=F+ 4 (10)
This gives
13u
= —27. (1 1)
Substituting this value of 2 in (8), we find *
_ 200
==

This value of % readily makes known the value of the other
letters. Collecting the values we have

u_20a z_15a
== =
v__12a z_lsa
=5 =5

Now, it is obvious that the least value which can be given to
a 50 as to avoid fractions is 7. It is also obvious that ¢ being
any multiple of 7, the values of ¥, z, y, and 2, will be integral.
‘When a=", we find
) u=20,
z=15,
y=12,
g=18.



SIMPLE EQUATIONS. 101

And, in all cases, the values are in the ratio of these last
values.

From what has been, said and done, the student will be able
to solve the following problems without any serious difficulty.

6. Given { 8z+2y=118, } to find z and ¥.

z+5y=191, Ans. { z=16.

y=350

7. A. and B. possess together a fortune of $570. If Als
fortune were 3 times, and B.s five times as great as each really
is, then they would have together $2850. How much had
each ? Ans. A. $250, B. $320.

8. Find two numbers of the following properties: When the
first is multiplied by 2, the other by 5, and both products added
together, the sum is=31; on the other hand, if the first be
multiplied by 7, and the second by 4, and both products added
together, we shall obtain 68,

Ans, The first is 8, and the second is 3.

9. A. owes $1200, B. $2550; but neither has enough to pay
his debts. Lend me, said A.to B, 3 of your fortune, and I
shall be enabled to pay my debts. B. answered, I can discharge
my debts if you will lend me } of yours. 'What was the fortiine
of each ¢ Ans. A.s fortune is $900, and that of B.s $2400.

10. There is a fraction, such, that if 1 be added to the nu-
merator, its value =1, and if 1 be added to the denominator, its
value=}. 'What fraction is it ? Ans. ¢

11. A, B, C, owe together $2190, and neither of them can
alone pay this sum ; but when they unite, it can be done in the
following ways: first, by BJs putting 3 of his property to all of
AJs; secondly, by C’s putting § of his property to all of Bs;
or thirdly, by A.s adding # of his property to C’s, How much
did each possess ? Ans. A. $1530, B. $1540, and C $1170
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12. Three masons, A,, B, C,, are to build a wall. A. and B,
jointly, could build this wall in 12 days; B. and C. could ac-
complish it in/\20,days;) AL and C:jcould do it in 15 days.
‘What time would each take to do it alonein? And in what
time will they finish it if all three work together

Ans. { A. requires 20 days, B. 30, and C. 60;
all three together require 10 days.

18. If A. and B, with C. working half time, can build a wall
in 21 days; B. and C., with D. working half time, in 24 days;
C. and D., with A. working half time, in 28 days; D. and A,
with B. working half time, in 82 days; in what time would it
be built by all together, and by each alone

All would require 16 days.
A« 4« 5o} «

Ans. {B. « « 513}«
D “ “ 280 “

14. A cistern containing 210 buckets, may be filled by 2
pipes. By an experiment, in which the first was open 4, and
the second 5 hours, 90 buckets of water were obtained. By
another experiment, when the first was open 7, and the other 8}
hours, 126 buckets were obtained. How many buckets does
each pipe discharge in an hour? And in what time will the
cistern be full, when the water flows from both pipes at once

The first pipe discharges 15, and the
Ans. { second, 8 buckets; it will require 10
hours for them to fill the cistern.

15. According to Vitruvius, Hiero’s crown weighed 20 lbs,
and lost 1} Ibs, nearly, in water. Let it be assumed that it con-
sisted of gold and silver only, and that 20 Ibs. of gold lose 1 Ib.
in water, and 10 Ibs. of silver, in like manner, lose 1 Ib. How
much gold, and how much silver did this crown contain #

Ans. 15 lbs. of gold, and 5 lbs. of silver.
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16. A person has two large pieces of iron whose weights are
required. It is known that 3 of the first piece weighs 96 lbe.
less than § of the other piece; and that § of the other piece
weighs exactly as much as § of the first. How much did each
of these pieces weigh

Ans. The first weighs 720, the second 512 Ibs.

17. Two persons, A. and B., were eating apples. Says A. to

- B, if you give me 2 of yours, I shall have as many as you. If
you give me 2 of yours, answered B., I shall have twice as many
as you. How many had eachf  4ns. A. had 10, and B. 14.

18. It is required to find three numbers, such, that } of the
first, 4 of the second, and £ of the third, shall together make 46 ;
} of the first,  of the second, and } of the third, shall together
make 35 ; and  of the first, } of the second, and } of the third,
shall together make 28%. Ans. 12, 60, and 80.

19. A person expends 30 cents in apples and pedrs, giving a
cent for four apples, and a cent for five pears. He afterwards
parts with half his apples, and one-third of his pears, the cost of
which was thirteen cents. How many did he buy of each

Ans. 72 apples, and 60 pears,

20. The ages of three men, A., B, and C, are such, that 4 of
Als, } of B's, and } of C.'s make 80 years; § of A’s, } of Bs,
and 4 of C’s make 78 years; and § of A.'s, 3 of B’s, and } of
C.’s make 35 years. Regquired the age of each.

Als age was 60 years.
Ans { B.’s age was 80 years.
C.’s age was 90 years.

21. A wine me:chant has two kinds of wine : the first kind is
worth $2 per bottle, the.second is $14. He wishes to make a
mixture of 120 bottles, which shall be worth $1% per bottle
How many bottles must he take of each kind

Ans. { 40 bottles of first kind.
80 bottles of second kind.
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22. The fortunes of four persons, A., B,, C,, and D., are deter-
mined by the following conditions: A. and B. have together
$1000; C. and D. $1200; A’s fortune is double that of Cs,
and D.’s three times that of B.s.” How much had each ¢

A. had $720.
B. had $280.
410, had $360.
D. had $840.

23. A man, who undertook to transport some porcelain vases
of three different sizes, contracted that he would pay as much
for each vessel that he broke, as he received for those which he
delivered safe.

He had committed to him 2 small vases, 4 of a middle size,
and 9 large ones : he broke the middle-sized ones, delivered all
the others safe, and received 28 cents.

There were afterwards committed to him 7 small vases, 8 of
the middle size, and 5 of the large ones: this time he broke the
large ones, delivered the others, and received only 8 cents.

Lastly, he took charge of 9 small vases, 10 middle-sized ones,
and 11 large ones ; this time he also.broke the large ones, and
delivered the others, and received only 4 cents.

How much was paid for carrying a vase of each kind ¢

He received 2 cents for carrying a small one.
Ans. { “ 3 « “ a middle-sized one.
“ 4 « “ a large one.

24. Find four numbers, so that the first together with half the
second, may be 857 ; the second with one-third of the third, may
be 476 ; the third with one-fourth of the fourth, may be 595 ;
and the fourth with one-fifth of the first, may be 714.

' The fist =190.
The second =334.
The third =426.
The fourth =676.

Ans. -
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(74.) PROBLEMS GENERALIZED.

Problem 10 is/susceptible)of .4 beautiful generalization, as fol-
lows : :
25. % There is a fraction, such, that if a be added to the nu-

merator, its value becomes f'%, but if @ were added to the denom-

inator its value would be % What is this fraction "

Let z denote its numerator, and y its denominator.
Then by the conditions we shall have

z+a _ l
y m
e _1

yta n

These equations readily give

z=a_(i_w‘
n—m

_m(n4-a)

=

Hence, the fraction is found, by dividing « by ¥, to be

_ a(m4-1)

“ m(nta)

That this result may agree with Prob. 10, we must take a=1,
m=3, and n=4. Substituting these values in the above gen-
eral result, we find Fraction=y%.

Problem 12 may be generalized as follows :

26. “Three agents, A., B, C., are employed on a certain work.
A. and B. jointly could do this work in @ days; B. and C. could
doitin 4 days; C.and A. could do it in ¢ days. What time

E*

@
@

z = Fraction
Yy
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would each alone require to doit? And in what time will they
finish it if all three work together §”

If z, y, 2 denloté/the number. of days'it will require for A., B,
C., respectively, to perform the work, then will %, 5, % denote

the fractional parts performed by each respectively in one day.
Hence, the fractional part performed by A. and B. jointly is

i-}-;. But since they together perform the whole work in @
days, they will perform in one day the fractional part denoted
by .. Reasoning in & similar way in reference to B. aud C.

jointly, and C. and A. jointly, we shall have the following con- -
- ditions :

i o)
AR ®
i ®

. Half the sum of these three equations is
Lepeiatinae @

This expresses the fractional part of the work performed by
all in one day; consequently, the time required for all to do the
work is the reciprocal of this expression, that is, they will all
require & number of days denoted by

2abe

m = time for all,

Subtracting successively (2), (3), and (1) from (4), we find .
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1 ab+4bc—ca

Z= " gab ®)
1 1bc+ca—ab

; 2abc (6)
1_

H4

ca+ab-—bc

The reciprocals of these give
F=——uvw— = As time
ca

__ 2abe
y “bet-ca—ab
_ 2abe
~cat-ab—be
That these general results may agree with Problem 12, we
must take =12, 5=20, and ¢=15. Using these values, we find
2abe
- ab+-bc+-ca
2abe
ab+4-bc—ca
2abe
be4-ca—ab
2abe
ca-4-ab—be
Before dismissing this Problem, we remark that equations (1),
(2), (8), of Problem 8, will agree with this, if we change a, 3, ¢
into their reciprocals. Then it follows that changing a, 3, ¢ into
their reciprocals in the values of #, y, and 2, of Prob. 3, they must
agree with the values of z, ¥, and z of this Problem. Let us
actually make these changes :*
2 2 2abe
becomes o pT v—
b

= B/Js time.

= C.'s time.

=10, number of da-ys for all.
=20’ “ [ 13 A‘
=80, % « « B,

=60’ “ [ “ C.

c+a-—-b 1
stas
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2abe

1=
c

bet-ca—ad’

2abe

2

aTb—c becomes I N 1
a b

2 2

b re—a becomes 1.1
b ¢

_l=ca+ab—bc'

‘We will also generalize Problem 18, as follows :

27. “If A. and B,, with C. working half time, can do a piece
of work in a days; B. and C, with D. working half time, in &
days; C. and D., with A. working half time, in ¢ days; D. and
A, with B. working half time, in d days; how many would all

require, and how many for each separately §”

If we denote by w, z, y, and 2z the number of days respec-
tively for each alone to perform the work, we may, by a process
of reasoning similar to that employed in the last Problem, obtain

the following conditions:

ot tn=p
i
i
Ll

®
@
®
@

Dividing the sum of these four equations by §, we find
3+1+1+1=;¢(1+1+3+1) )
w' 'z y' 2 a b ¢ d)
which expresses the fractional part performed by all in one day.
Consequently, they would together require a number of days

denoted by

g of (l+%+c +d

a

1 l) = 2bed+2cda+2dab+ 2abe’
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Subtracting (2) from (1), we have

T B0 Da b ©
To (6) adding the half of (3), we find
5 1 1 1
it w M

Dividing by %, we find

1, 1 1,1
:;—v°f(;—z+'2‘c)’ .
which denotes the fractional part performed by A. in one day.
Consequently A. would require a number of days denoted by

1 _ babe
1 1, 1)  2ab+44bc—4ca’
tor -5+ ) .
The other expressions for B., C., and D. may be deduced from
this by simply permuting the letters, as was explained under
Problems 2 and 3. Making such permutations, we shall obtain
Sabe
2ab+4bc—4ca
5bed
2bc4-4cd —4db
scda
2cd+-4da—4ac
5dab
2da+4ab—4bd
For still further illustrations of this important subject of Genere
alization of Problems, see Chapter VIL

= As time.
= B.’s time.
= (C.’s time.

= D.’s time.



CHAPTER 1V,

INVOLUTION, EVOLUTION, IRRATIONAL AND
TMAGINARY QUANTITIES,

INVOLUTION.

(75.) TeE process of raising a quantity to any proposed
power, is called InvoLuTION.

‘When the quantity is a single letter, it may be involved by
placing the number denoting the power above it a little to the
right. (Art. 11.)

After the same manner we may represent the power of any
quantity, by inclosing it within a parenthesis, and then treating
it as a single letter. Thus,

The second power of mz=(mz)*,
The third power of a+b=(a+b)’,
The fourth power of 83m+y=(3m+y)*,
&e. &e.
OASE L
(78.) To involve & monomial, we obviously have this

RULE.
1. Rasise the coefficient to the required power, by actual mul-
tiplication.

. II_‘ Kaise the different letters to the required power by mul-
;':g'f'ﬂ the expoments, which they already have, by the number
1 i i‘l":a"“f’:;”"; observing that if no exponent is written, then
mﬁm;w understood.  To this power prefiz the pover of the
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Norz—If the quantity to be involved is negative, the signs of the
cven powers must be positive, and the signs of the odd powers nega-
tive. (Art. 28.)

EXAMPLES,

1. What is the square of 3az*{
Here the square of 3 equals
8'=3Xx3=9.
Considering the exponent of @, in the expression az?, as 1, we
find a%? for the square of az’.
Therefore we have
(3az*)*=9a'2"
2. What is the fifth power of —2ab*
Ans. (—2ab')*=—382a'b",

8. What is the fourth power of — Jay*1
dns, (—yoy =y,

. . 2
which by Art. 82, is the same as G

4. What is the seventh power of —a et

o
Ans. —a 32" = — —.,

5
2
7

. . .
5. What is the third power of 2%y~ ¢ dns. Pyt

6. What is the nth power of —227%*{
Ans, oy 2%"

49

.o o g
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8. What is the third power of — J2'y~*1

1 " 2
AT 105 185y
9, What is the seventh power of — Pl
Ans. -m';'a:’z 7

10. What is the fourth power of — §n~*1 Ans. }§$n "

11. What is the square of ~3a*{ Ans. 9a',
12. What is the cube of — 4a32*1
Ans, —64ad2t,
13. What is the fifth power of a}b*c* | Ans. a'fbg'c*.
14. What is the cube of —a™" ¢ Ans. —a":—-(l:,.
i —a?
15. What is the fourth power of —a=4 1 Ans. a-'— %'
. 8a~* 9~ 9
16. 'What is the square ofﬁ—? Ans. 167 = Todt"
17. What is the eleventh power of a~'b¢™*1 W
Ans. a Ve B = &lbl—
. 8z 278 212y
18. =z 2l _2lzy
‘What is the cube of 43/_‘? Ans, =6
10. What is the cube of Z=m%¥ 1 Ans, Emta,
20. What is the square of :!:a}b“'} ? Ana. a*b’* =q_§_' i
%4
21. What is the square of—b‘ra"*? Ans, 18
* ' 25a’

22. What is the fifth power of — 2a%* ! Ans. —382a'%".
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CASE IL

(771.) To involve a Polynomial.

At present we'will ‘content” ourselves by involving compound
expressions, by actual multiplication, according to Rule under
Art. 27.

EXAMPLES,

1. Find the second power of z+y—2.

z+y—:z
z+y—z

2+ zy— 22
+ay 4y
— 2z — yz+2

Ans. =2*4-2zy—2zz+y*—2yz+2°.
2. Find the fifth power of a5, as well as the lower powers
of the same.
(a+d)'=a+d.
a+b
a*+ad
+ab+4-8*
(a+b)*=a*+2ab+-b
a+b

a*+2a’b4-ab?
a’b+2ab'+-5°
(a+b)’=0a*+ 3a%b+ 3ab*+ b
a +b -
a'4-8a’b+ 8a’b*+4 ab®
a*b+ 3a'b*+ 3ab*+4-b*
(a+b)'=a'+4a’®+ 6a0*+4ab’+-b.
a+b

a’+-4a'b+ 6a’b*+ 4a0’+ adt
a'b4 44’6+ 6a’D’+ 4ab'4-b*
(a+b)*=a* + 5a'b+10a°6*+10a%6* 4 5ab* + &,
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3. Find the fifth power of a—b.
(a—b)'=a—b.
a—b

at—ab
—ab4-b*

(a—Db)*=0a"—2ab+-b"

a—b

a’—2a%b+-ab*
—a*h42ab*—b*

(a—b)*=a*—8a" 4 3ab*—b".
a—b

a'—3a’b4-3a%h* — ab’
— a’b+43a’"—3ab’4-b*

(a—0b)'=a'—4a’h+ 6a’t*—4ab’--b%
a—b

a*—4a'b4 6a’*— 4a’t’+-ab'
— a'b+ 40— 6a*b*+-4abt—b*

(a—d)*=a*—5ab+10a’s* — 10a°b*+ 5ab*—b°.
4. What is the cube of a—z ¢ Ans. a®—3a’z}3az*—2*

5. What is the square of m +n—=z?
Ans. m*42mn—2mz+4n*—2nz4-2*
6. What is the fourth power of 3z—2y1
Ans. 81A—2162°y+2162%"—062y*+ 16y%,
7. What is the square of a5 Ans. a*+-2ab+-b.

8. What is the square of a+b-4c?
Ans, a*+2ab+42ac4-0*+4-2bc4-¢.

9. What the square of 2* 42z ¢ Ans, 242242
10. What is the square of z*+2+1 ¢

Ans. 422432422+ 1.
11. What is the square of a*-}-bh Ans. u+2a}b*+b.
12. What is the square of §a— bt  Ans. }a*—}ab+-30".
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18. What is the cube of z—y?  Ans. 2*—38a'y+48zy'—y*.
14. What is the 4th power of a—a™" 1

Anps; af—4a'+6—4a""+a™,
15. 'What is the square of a¥—a}y Ans, a7'—~2 +a.
16. What is the square of a'==a™*1{ Ans. a**24-a7*,

1%7. What is the cube of a¥—a~¥1 o1
Ans. a—8a3+48a S —a™.

EVOLUTION.

(78.) Evorurron is the extracting of roots, or the reverse pro-
cess of Involution.

‘When the quantity whose root is to be found is a single letter,
the operation is denoted by giving it a fractional exponent, the
denominator of which denotes the degree of the root.

And in the same manner we may denote the extraction of a
root of any quantity or expression, by inclosing it in a parenthe-
sis, and then treating it as a single letter. Thus,

The second root of my=(my)'},
The third root of z+y=(z+)?,
The fourth root of 2z—8y=(22—3y)*,
The nth root ofa—b:(a—b)l;,
&e. &e.

CABE I.

(79.) To extract a root of a monomial, we obviously have
the following :
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RULE.

I. Ezxtract the required root of the coefficient by the wusual
arithmetical rule. (See Arithmetic.) = When the root cannot be
accuralely obtained, it may be denoted by means of a fractional
exponent, the same as in the case of a letter.

I1. Eztract the required root of the different letters, by mul-
tiplying the expoments which they already have by the fractional
exponent denoting the required root.  To this root prefiz the root
of the coefficient.

Nore.—Since the even powers of all quantities, whether positive or
negative, are positive, it follows that an even root of a negative quan-
tity is impossible, and an even root of a positive quantity is either posi-
tive or negative. We also infer that an odd root of any quantity has
the same sign as the quantity itself.

EXAMPLES.,

1. What is the square root of 84a%*z® §

In this example, the square root of the coefficient, 64, is =8,
which is read, 48, or —8.

And,
(@b —ab2.
Therefore, (64a’b‘:¢°)*= =+=8ab'%.

2. What ig the cube root of 84a%?%1 Ans. 4az’,

3. What is the fifth root of —322y*% Ans. —228y8.
4. What is the seventh root of —az™*%

ot

Ans. — }z";= -3

®

5. What is the square root of —4a's"? Ans. Impossible,
6. What is the cube root of 27a%' § Ans. 3ab’,
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/1. What is the fourth root of 18—z 1 _}
PR [ B S

alzt
8. What is the cube root of —8a%5'" 1 Ans, —2a7%",
9. What is the cube root of 27ab’* 1 Ans. 3a§'b?‘c.

10. What is the fourth root of 64a%—" ¢
Ans. :I:4ab“*= :!:2

b
11. What is the square root of —4a'*?  Ans. Impossible.
12. What is the square root of 92" Ans. :Izszy%.
13. What is the 5th root of a'%bzy— ¢ Ans, a’b*x{t/’*.
14. What is the 6th root of 64a%2'1 s, Z2ab¥at,
15. What is the 6th root of —a®? Ans, Impossible.

(80.) By comparing the operations of this rule with those of
the rule under Art. 76, we see that involution and evolution of
monomials may both be performed by this general

RULE

Multiply the exponents of the respective letters by the ezponmt
denoting the power or root.

EXAMPLES,
1. What is the cube root of the second power of 8a%" 1
If we first raise 8a%° to the second power, it will become
(8a8°)*=64a%b".
Extracting the third root, we find
(8405} — 4a%8s,
for the result required.
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Again, first extracting the cube root of 8a'’, it becomes .«
a8y} =24t
Raising this to the second power, it becomes

(2ab’)' =4a"t’,
the same as before.

(81.) Hence the cube root of the square of a quantity is the
same as the square of the cube root of the same quantity.

And, in general, the nth root of the mth power of a quantity s
the same as the mth power of the nth root of the same quantity.

Therefore, ot may be read, the fourth power of the fifth root
of a, or the fifth root of the fourth power of a.

And in the same way, (a+b)'} is read, the third power of the
square root of the sum of @ and b, or the square root of the third
power of the sum of @ and b.

Surd quantities may be made to assume several equivalent
forms, which require to be read differently. As an example, the

surd o—% may be written six different ways, as follows :

1. ((a‘)%)bl; 2. ((ai)')_l; 3. ( (a-.n)%)';
4. ((“i‘)—l),; 5. ((a“)s)é : 8. ((a’)")%,

These six expressions are read as follows :

. The reciprocal of the fifth root of the third power of a.
. The reciprocal of the third power of the fifth root of a.
The third power of the fifth root of the reciprogal of a.
. The third power of the reciprocal of the fifth root of a.
The fifth root of the third power of the reciprocal of a.
. The fifth root of the reciprocal of the third power of @, . "

o ok 0N
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Since an algebraic expression is simply an indication of cer-
tain operations to be performed, it follows that they should be
read in a reverse order of the successive operations if actually
performed ; that is, the first operation to be performed must be
the last read, and the second operation required to be performed
must be read next to the last, and so on in a reverse order. Thus,
in our 6th expression, we are first to cube a, then reciprocate it,
and then to take the fifth root. Now it is read in the reverse
order.

The student will find great assistance in reading complex al-
gebraio expressions by paying attention to this principle. As a
still further elucidation of this subject, we will give the reading
of the following examples :

1. Y3 (a+d) ) 2. } (Va+ vb).
5. 1x {(*’ﬂ)’}‘, s (V3a7)'
8 2

1. The square root, of one-half, of the sum, of ¢ and &.

2. One-half, of the sum, of the square roots, of a and &.

8. Onefifth, of the fourth power, of one-eighth, of the cube
root, of the square root, of three times a. '

4. One-balf, of the fourth power, of the cube root, of three
times the reciprocal of a.

2. What is the value of (—3as%%) 1 Ans. s3adtda,
8. What is the value of (a3 1 Ans. 32a~5%27,
4. What is the value of (9a’b‘)7s! | Ans, £=27a%"
5. What is the value of (8a°x)§? Ans. 4023,

6. What is the value of (64%%2")3 1  Ans. ==5120%2",
7. What is the value of (64a%%2")% 1 Ans, 16a%5'2",
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8. What is the value of (8aby ¥t , .\ g, 3 1

. ' 4a§b§.
9. What is the value of (16a%%)7 1 Ans, 642155,
10. What is the value of (8’831 Ans. 4a%.

CASE II

(82.) To extract any root of a polynomial, we have the fol-
lowing general

RULE.

I. Having arranged the polynomial according to the powers
of some ome of the letters, so that the highest power shall stand
JSirst, extract the required root of the first term, which will be
the first term of the root sought.

II. Subtract the power of this first term of the root from the
polynomial, and divide the first term of the remainder by the
first term of the root involved to the next inferior power, and
multiplied by the number denoting the root ; the quotient will be
the second term of the root.

IIT. Subtract the power of the terms already found from the
polynomial ; and using the same divisor, proceed as before.

This rule obviously verifies itself, since, whenever a new term
is added to the root, the whole is raised to the given power, and
the result is subtracted from the given polynomial. And when
we thus find a power equal to the given polynomial, it is evident
that the true root has been found.

1. What is the fifth root of
a*+5a'b+410as* +10a'6*4-5abt - 5* ¢
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_ OPERATION. ROOT.
a*+45a'b+10a*6*+10a'b* + 5ab*+ b (a+-5.

al

5a')  5a%
(a+b)*=0a*+5a'd+10a’*'+10a%b* -+ 5ab'+ b*.
No remainder.

EXPLANATION,

‘We first found the fifth root of the first term af, to be @, which
we placed to the right of the polynomial for the first term of the
root. Raising @ to the fifth power and subtracting it from the
polynomial, we have 5a'b for the first term of the remainder.

Since the number denoting the root is 5, we raise the first
term of the root, a, to the fourth power, which thus becomes a*;
this multiplied by 5, the number denoting the root, gives 5a* for
our divisor.

Now, dividing 5a‘d by 5a*, we get b, which we write for the
second term of the root.

Involving this root a+b to the fifth power by actual multipli-
cation, as was done in Ex. 2, Art. 77, we have

(a+b)*=a*+5a'b+10a’t*+10a"* 4 5ab* -V,
which subtracted from the given polynomial leaves no remainder,
so that we know that a4-b is the true root.
2. What is the square root of 4z*—162'4-242*— 162441

OPERATION. ROOT.
42— 162"+ 242" — 162+ 4(22'— 4242,

(22%)'=42

4a%) —162

(22'—42)*=42'—162°+ 162
42*) 8z*
(22" —42+2)' =42 —162"+ 242" — 162+ 4
F
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8. What is the square root of
162*-}-242° + 892 + 6024100 ¢
Ans, 422+ 3z+10.
4. 'What is the cube root of
a®+3a*—8a‘—11a’+}6a*+12a—8 §
Ans. a*4a—2.
5. What is the sixth root of
a®—6a’b+15a't* —20a*h® 4 15a%b* — 6ad®4-5° ¢
Ans. a—b.
6. What is the fourth root of -
a'—4a'b 4 6a*t*—4ab® b ¢ Ans. a—b.
7. What is the seventh root of
m 4 Tmn+21m*n? 4 35m'n® 4 85m*nt 421 m*ns -+ Tmns 40"
Ans. m+n.

(83.) If we carefully observe the law by which a polynomial
is raised to the second power, we shall, by reversing the process,
be enabled to deduce a rule for the extraction of the square root
of a polynomial, which will be more simple than the above gen-
eral rule, and of more interest, since the arithmetical rule is de-
duced from it.

By actual multiplication, we find

(a+d)'=a’+2ab+ 5",
(a+b+c)=a'42ab+b*+2(a+-b)c+,
(@a+d+c+d)
=a'+ 2ab+b*+2(a + b)e+*+2(a+-b+c)d+d,
(a+b+c+d+e)
a*4-2ab+b'+2(a+-b)c+-c*
= { +2(a+bd+c)d+d+2(a+b+c+d)e+6 }
&c. &,
From the above we discover, that

(84.) The square of any polynomial is equél to the square of
the first term, plus twice the first term into the second, plus the
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square of the second ; plus twice the sum of the first two into the
third, plus the square of the third; plus twice the sum of the
Jirst three into thefourth, plus| the)square of the fourth ; and
80 on.

(85.) Hence, the square root of a polynomial can be found by

the following
RULE.

I. After arranging the polynomial according to the powers of
some one of the letters, take the root of the first term for the
JSirst term of the required root, and subtract its square from the
polynomial,

II. Bring down the next two terms for a dividend. Divide
it by twice the root just found, and add the quotient both to the
root and to the divisor. Mulliply the divisor thus tncreased,
tnto the term last placed in the root, and subtract the product
from the dividend.

III. Bring down two or three additional terms, and proceed
as before.

EXAMPLES.
1. What is the square root of
a’+2ab+b’+2(a+b)c+c’+2(a+b+c)d+d‘!
OPERATION. ROOT.
::+2ab+b’+ 2(a+d)e+c'+2(a+b+c)d+d'[a+-b+c+d.

2ab+4-b*
2ab+ b
2(a+d)+c 2(a+b)c+c*
2(a+td)c+*
2(a+b+c)+d 2(a+d+c)d+d
2(a+b+-c)d4-d
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2. What is the square root of

42841228 4 52— 228+ T — 22+ 1 §
operATION. CIT EOOT.
428412254520~ 222 + 7::‘—-2z+1(2z'+8z’—z+l.
428
42'4-32* 122° 4- 52*
122° 4 92*
422+ 62—z —4z'—22 12
—42r—6224 2
42+ 62— 2241 4+ 65 —2z+1
42 4-62'—2z-4+1
0

Since the square of a minus quantity is the same as the square
of the same quantity with the plus sign, it follows that the square
root of any quantity, or of a polynomial, as well as of a mono-
mial, is either plus or minus; that is, the root is affected with the
double sign 2=, The same is true of any even root.

Thus, if we change all the signs of the terms of the root just
found, we shall have —22°—82*+2z—1. If this is squared, we
shall find that it will produce the primitive polynomial, whose
root we have just extracted.

8. What is the square root of

7' —22%—22 + '+ 25+ 11
Ans, E(2—y*—1).
4. What is the square root of
. 92"y’ — 302"y +252%" §
Ans. ==(32%*—5zy).
5. What is the square root of
a4 2ab—2ac+ b —2bc4-c* ¢
Ans, E(a+b—c).
6. What is the square root of
4m'—36mn-4-81n'? Ans. £(2m—9n).
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7. What is the square root of
P20 2 4220220+ 11
Ans, E£(+a*+1)
8. What is the square root of
24225+ 32 4+ 42+ 82' 422+ 1 1
Ans. (P42 +2+1)
9. What is the square root of
4:6’—123% + 133—0::*-]-1 ¢
Ans, :|:(2z—8:¢%+1).
10. What is the square root of
9::’—122:%-]—103:%—1032-{- 54:*— 2z*+ 11
Ans, (32— 2z§+z*-— 1).
11. What is the square root of
2—382'+ 38} —14z+} 1
Ans, =(2*—14z+13).
12. What is the square root of
*ai_%a!b_'_%ab’ + éb‘ ’
Ans. (3o gab—30).

- IRRATIONAL OR SURD QUANTITIES.

(86.) AN IrrRATIONAL QUANTITY, OR SURD, i a quantity af
fected with a fractional exponent or radical, without which *
cannot be accurately expressed. Thus,

+/8 is a surd, since the square root of 3 cannot be accurately
found ; also 8*, 4*, V4, V5, &c., are surd quantities.
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REDUCTION OF SURDS.

OASE) L.

(87.) To reduce a rational quantity to the form of a surd, we

have this
RULE.

Raise the quantity to a power denoted by the root of the re-
quired surd ; then the corresponding root of this power, ez-
pressed by means of a radical sign or fractional expoment, will
express the quantity under the proposed form.

EXAMPLES,

1. Reduce 5a to the form of the cube root.
Raising 5a to the third power, we have

(5a)'=1254";
piracting the cube root, it becomes
5a=V125a’=(125a’)*.
2. Reduce -; to the form of the fifth root.
2 (/7 (2 3

3. Reduce % to the form of the fourth root.

' ]
4. Reduce % to the form of the nth root. .

5. Reduce _a; to the form of the third root.
b
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6. Reduce —— +§ to the form of the square root.
sne ((z+y)’)*_ (Gtzvsy )*
“\G@=y)) T \P—2ay+47)
OASE IL
88. To reduce surds expressing different roots to equivalent
ones expressing the same root.

RULE.

Reduce the dzfermt tndices or exponents to common denomi-
nators ; raise each quantity to a power denoted by the numera-
tor of its respective index or exponent; and then take the root
denoted by the common denominator.

EXAMPLES,

1. Reduce v/3,¥/4, and ¥/5, to surds expressing the same
root.

Changing the radicals into fractional exponents, they become
4, 4, 4, which reduced to a common denominator, are v, v, ¥
Now, raising the quantities, 3, 4, and 5, to the powers denoted
respectively by 6, 4, and 3, we find 8%, 4% 5% or which is the
same, 729, 256,125. Taking the 12th root of these results,
they become : :
(129)T7, (256)T7, (125)T¥.

2. Roduce o} and o8 to surds expressing the same root.

.Anc.{ L—(a’)*

3_ (,‘)}
3. Reduoe z'g', ? ’} to surds expressing the same root.

A=(a8,

4ns. 3 g¥= (s},

m¥ =(m)?,
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4. Reduce ¥/2, V/3, ¥/4, to surds expressing the same root.
2= (2)%0
Ans. V3=(3l5)‘616’
Vi=(4 “)316.
1
5. Reduce a*, b’}, ¢%, to surds expressing the same root.
@,
Ans. (b‘)llf’
@y,
6. Reduce (22)¥, (39)}, to the form of the sixth root.

Ans. { (83')%)
@)%,
CASE I
(89.) To reduce surds to their simplest form. Whenever a
surd can be separated into two factors, one of which is a perfect
power, it can be simplified by this
RULE

Having separated the surd into two factors, one of which is a
perfect power, take the root of the factor which i3 a perfect power,
and multiply it by the surd of the other factor.

EXAMPLES.

1. Reduce V288 to its simplest form.
‘We can separate 288 into the factors 144 X 2, of which 144
is a perfect square, whose root is 12 ; therefore

Vegs=vT4d4x 2=V 144 X v2=12v2.
2. Reduce VZy—a’2 to its simplest form.
Ans. VPy—a2 =V ([y—)=2Vy 4\,
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8. Reduce ¥ —=324% to its simplest form.
Ans. Y 324 =—2a¥/b,

4. Reduce (a’y-‘z‘)} to its simplest form.

Ans. @y =asty 2 =2

5. Reduoe (m* z‘y’)‘} to its simplest form.
Ans. may(nay)}.
(90.) When a surd is in the form of a fraction, it may be
simplified by the following

RULE

Multiply both numerator and denominator by such a quantity
28 will render the denominator a perfect power.

EXAMPLES.
L. Reduco 4/ to ts simplest form.

Mulﬁplying both numerator and denominator by 11, we have
‘v 12 =4 1)(22—-11\/22

2. Reduce 1/ — to its simplest form.
3
4 /b ab’z 1

458
3. Reduce ( %-)} to its simplest form.
B\t b 1
Ans. (_‘f_) = —(a'¥'2'y")".
s (5) =5 @y
—17—2
4. Reduce ( a_‘_cb_)i to its simplest form.

Ans. (a‘:—')§‘= (;%)*= ‘%z(a’ba:')*.

 adl
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ADDITION AND SUBTRACTION OF SURDS.

RULE.

(91.) Reduce the surds to their simplest form ; then, if the
surd part is the same in botk, add or subtract the rational parts,
and annex the common surd part to the result ; but when tie
surd parts are different, they can only be added or subtracted
by the aid of the signs +- or —.

EXAMPLES,

1. What is the sum of +/54 and /24 ¢ Also, what is the
difference of the same surds
By reduction we have
V54=v/9x6=38V6.
V24= ‘/I;(—G=2_\/2.
Therefore,  +/54+ v/24 =5v86.
And, Vb4—y24 = V8.
2. What is the sum and difference of ¥/a‘b and {/ab*?
Ans. { The sum =(a+b)¥abd.
The &iff. =(a—b)Vab.

8. What is the sum of (86:'.1/)* and (253/)} {

' Ans. (6z+5)Vy.
4. What is the sum of (82)}, (z3)}, and (2729¥ 1

Ans. (24 3z+y" V2.

5. What is the sum of (ab'2*)? and (m'y)} 1
Ans. 2(abz)t +yi(mot

i 23 3

6. What is the sum of (162)* and (9::)‘41:8‘ 42*-]-8:: _nd

Y. What is the value of (272)¥ —(82)} 1
( () Ans. 8z}—2z =z*.
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MULTIPLICATION AND DIVISION OF SURDS.

RULE

(02.) Reduce the surds to equivalent ones expressing the same
root (Case IL., Art. 88), then multiply or divide as required.

EXAMPLES.
1. What is the product of v'8 by ¥/16 {

By Case ]1, we find \/8=(8')*= (512)*,

v16=(16Y¢ =(256)?.
Therefore, Vv8xV18=(512 x 256)*:4&/32.
2. Divide 4¥/32 by V/16.
4v82=2'x V2= x 28 =2 ¥
Vie=y2i=2¥ =t
o' Lot—o¥—o¥— 4ns vs.
8. What is the product of 4 %/ab by 3 vby }

Ans. 12 Vaw.
4. Divide V@B by Vaab. _ 4ns. o(16a2%.
5. Divide va'zy by Vaz. Ans. Va'zy,
6. Divide (ad)} by (ab)T". Ans. (aB)T.

7. Multiply (a+8)} by (2+)T%. '
ply (a+8)° by (2+9) An, [(a+b)’x(z+.'/)]‘l‘-
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TO FIND MULTIPLIERS WHICH WILL CAUSE SURDS TO
BECOME RATIONAL.

CASE 1.

(93.) When the surd consists of but ome term, we can pro-
ceed as follows :

1 m—1
Suppose the given surd is 2™ ; if we nmultiply this by z = , by
1 "1
rule under Art. 92, we shall have 2™ x z ™ =2,a rational quantity.
Hence, to cause a surd to become rational by multiplication,
we have this

RULE.
Multiply the surd by the same quantity, having such an ezpo-

nent as, when added to the exponent of the given surd, shall make
a unit.

EXAMPLES.

1. How can the surd 2% be made rational by multiplication ¢
In this example, § added to the exponent }, gives 1 ; therefore

we must multiply by a8, Performing the operation, we have
z'}xz ==z
2. Multiply 2% 80 that it shall become rational.
Ans. 2% Xz®=z.
8. Multiply 57 so that it shall become rational.
Ans. z"}x:cv—_—z.
4. What factor will make 6% rational Ans. a¥et,
5. What factor will make z*y'} rational ¢ Ans. a:'}y*,
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CASE IL

(94.) When the surd) consists of two terms, or is a binomial
surd.

Suppose it is required to multiply v/ a+ /b 80 as to produce
a rational product ; we find that

(Va+ v X(vVa— vb)=a—b.

Hence, to cause a binomial surd to become rational by multi-

plication, we have this
RULE.

Change the signs which connect the two terms of the binomial
surd, from + to —, or from — to -]-, and this result, multi-
plied by the binomial surd, will give a rational product.

EXAMPLES.
1. Multiply v/ 38— /2 s0 as to obtain a rational product.
Ans. (vV8—v2)x(V3+v2)=3—2x1,
2. Multiply 4+ /5 so that the result shall be rational.
Ans. (44 v/5) X (4= v/5)=11.

3. How can va+b—Va—b be made rational by muli
plication ?

Ans. (Vatb—Va—b)x(Vatb+Ya—b)=2b.

4. How can' v/7—1 become rational by multiplication 1

Ans. (V1—-1)x(v'T4+1)=86.

(95.) If the surd consists of three or more terms of the square
root, connected by the signs plus and minus, it will require two
or more successive multiplications.

EXAMPLES.

1. If it is required to make +/5— v/ 3+ +/2 rational by mul-
tiplication, we should first multiply by 5+ v 34 v2, by
which means we obtain
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vVi— V3+ V2
vé+ V3+ V2

5/ 154D/ 10=3+ /18
+V15+ V10 —v6+2

b +2+/10-3 +2=2v104-4.
=2x(v10+2).

The irrational factor, +/104-2, of this expression will become
rational if we multiply it by +/10—2. Hence, multiplying
241044 by +/10—2, we have 12 for the rational product.

Bince our original polynomial +'5— +/3+ v/ 2 was first mul-
tiplied by v/5+4 v/3+ /2, and the result afterwards multiplied
by +/10~—2, it follows that the product of v/5+4 v'3+ v2 and
v/10—2 will give one single factor or multiplier, which would
makev/ 5— +/34 /2 rational. Actually taking the product of
v5++v/3+ /2 and v10—2, we have

vV 5+v 3+v 2
V10— 2
V504 v30+ vV20—2v5—2v/8—2V2.
Since v50=5+2, and +/20=2+5, the above becomes,
v 80—2v38+438+/2. This result being used as a multiplier will
at once make v/5— «/34 /2 rational. Actually multiplying,
we have,
Vi— v 84+ Vv 2
V30-2y 848V 2
V150— V904 60
—2v1564+6—2v6
+6—8v6+3V10

V150— 90+ +60—2/15+412—5/6+83/10
Observing that +/150=5 v'8; v90=38+4/10; v60=2V15,

we see that the above product is reduced to the rational part 12
2. Multiply 24 +/8— +/2 so that it shall become rational.
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FIRST OPERATION.

24+ V38— v2
24+ V384Vv2

44+2v/8—2v24+3—V6
+2v3+2v2  +v6-—2

4+4v3 +3 —2=4v3845.

SECOND OPERATION,
4V3+5
4435
48 420438
—20v/3—25
48 —25=23.
8. Multiply v'5+ v 2— v/ 341 so that its product shall be
rational.

FIRST OPERATION.
vi+ v2— Vv3+ 1
Vi— V24 V3+ 1

5+ v10—V16+ V6+ V6—V2+ V38
—2— V104 v15+ V54 V64 vV2—V3

-3
1
1 +2v5+2v6.
SEOOND OPERATION.
142v56542v6
1—2v5+2v6

142v542v/6—44/380
—20—-2v5+2v644v80
24

3 +4v86.
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THIRD OPERATION.
44645
4v6—5

96 42046
—20+/6-—25
96 —25="71.

(96.) To reduce fractions having polynomial surds for a nu-
merator, or denominator, or both, so that either the numerator
or denominator may be free from radicals,

Suppose we wish to transform the fraction

1 ,
v3+v2+1
into an equivalent fraction having a rational denominator.

Tt is evident that this transformation can be effected, provided
we multiply both numerator and denominator by such a quan-
tity as will cause the denominator to become free of radicals, so

+ that the operation is reduced to the finding of & multiplier which
will make

v/ 8+ v/2 +1 rational.
‘We will first multiply by —+/ 84 v/ 2+1.
OPERATION.
vi+ve+1
— V384 v2+1
~ 8—=y6—v3+ V2
+ 2+v6+V3+ V2
+ 1

2ve.
Hence, if we multiply both the numerator and denominator of

by — v8+ v2+1, it will beoome}—-!-—;j/—j-—;—\-/—?

1
v3+v2+1
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Again, multiplying both numerator and denominator of

1+ v2—v3 V2—V6+2
by v2, we fimlly have Y—— =",

The denominator is now rational.

(97.) Hence, to transform a fraction, having surds in its nu-
merator or denominator, or both, into an equivalent fraction, in
which the numerator or denominator may be free of surds, we
have this

RULE.

Multiply the numerator and denominator by such a quantity
as will cause the numerator or denominator, as the required case
may be, to become rational.

EXAMPLES,
54+ v38
4

Multiplying both numerator and denominator by §— /3,
we have
5+v3_(5+v8) (5—v3) 22
4 T 45—v3) < 20—4v3
Vi1—+/5

1+v2

tional denominator. Ans V14— /10— V14 V5
3 i .

1. Reduce

to a fraction having a rational numerator.

2. Reduce to an equivalent fraction having a ra-

8. Reduce to an equivalent fraction having a

1
V3—+v2+1

tional i 3 -
rational denominator. Ans. 22— i-{- v 6'

va+t vz

4. Reduce m,

first to a fraction having a rational de-
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nominator, and then to a fraction having a rational numer-

ator. vat+vz vab— az+ \/bz—z
Vb Va: b—z
Ans.
va+4 s/z___ a—2z

Vbt vz~ Jab+ Var— Jbz—z

IMAGINARY QUANTITIES.

(98.) We have already shown, that (see Note to the Rule
under Art. 76) an even root of a negative quantity is impossible.
Such expressions are called imaginary.

v=a
vV—a . . "
— are each imaginary quantities.

" a

Surd quantities, though their values cannot be accuramly
found, can, nevertheless, be approximately obtained; but ima-
ginary quantities cannot have their values expressed by any
means, either accurately or approximately. They must, there-
fore, be regarded merely as symbolical expressions.

(99.) We will confine ourselves to the imaginary expressions
arising from taking the square root of a negative quantity.
The general form of imaginaries of this kind, is

vV—a=vax(—1)=ve.V -1
Replacing the surd quantity +/a, by b, we have
vV —a=bv —1.
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So that all imaginary quantities arising from extracting the
square root of a minus quantity are of the form

VL
Where b is a real quantity, either rational or a surd.

(100.) If we put v/ —1=c, we shall always have
f=—1
d=—v-1
=41
c’=+1/—_1.
And in general,

=41

dmH=14v—1
=—1

ot _ /71

m being any positive integer whatever.

(101.) From which we easily deduce the following principles :
. (FV=a)X(+V—a)=— Va'=—a.

. (—V=a)X(—V—=a)=—vad'=—a.

. (FV =) X (— VYV —a)=+Va'=+a.
 (+V @)X (+V—B)=—vab.

. (—V—=a)x(—V—=b)=—Vab.

. (+V—=a)X(—V=b)=+ Vab.

The above is in accordance with the usual rules for the multi-
plication of algebraic quantities, and must be considered as a
definition of this symbol, and of the method of using it, and not
as a demonstration of its properties.

[ S - S

(=]

(102.) The student must not infer from what has been said,
that imaginary quantities are useless, So far from being useless,
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they have lent their aid in the solution of questions which re-
quired the most refined and delicate analysis.
(108.) Before'closing this ‘chapter, we will show the interpre-
+ tation of the following symbols :
0 4 0
4 00
We know from the nature of multiplication, that O multiplied
"by a finite quantity, that is, O repeated a finite number of times,
must still remain equal to 0 ; hence, we have this condition,

0xX A=0. 1)
Dividing both members of (1) by 4, we find
0
0=-Z. A (2)

Therefore the symbol %, will always be equal to 0, as long
as A4 is a finite quantity

(104.) Since the quotient arising from .dividing one quantity
by another, becomes greater in proportion as the divisor is di-
minished, it follows that when the divisor becomes less than any
assignable quantity, then the quotient will exceed any assignable

quantity. Hence, it is usual for mathematicians to say, that %

is the representatioﬁ of an infinite quantity. The symbol em-
ployed to represent infinity is =, so that we have

4 (3)

—_— 0,
(105.) Dividing both members of (1) by 0, we find
0 -
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This beiﬁg true for all values of 4, shows thatg is the symbol
of an indeterminate guantity.
To illustrate this last symbol, we will take several

EXAMPLES,

. . 2*—a
1. What is the value of the fraction te—ab’

Substituting a for 2, our fraction will become

— ’——
{;T:;T = :T—%b =2 an indeterminate quantity,

when 2=at

If, before substituting & for 2, we divide both numerator and
denominator of the given fraction by 2—a (Art. 42), we find

2?—a’ _zta
bz—ab b .

Now, substituting @ for 2, in this reduced form, we find

z+a_a+a 2a
b *T‘T‘

l
Therefore, -b— is the true value of ab , When z=a.

. .z’-—az
2. What is the value of e J prap when z=a

Substituting a for 2, we find
2—az a—at 0
P—2azta  A—2a+a

If we reduce this fraction by dividing both numerator and de-
nominator by z—a, we find

’'—az ’z
P—2zta  z—a
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Now, writing a for # in this reduced form, we find

z =-—a—-=g= ®, (Al'tv 104.)

T—a'l-a—a

_ YRS |
i—&;%?—a, when z2=at

‘When a is substituted for z, we have

7'—38az’4-8a'z—a' _ a'—3da’'+ 8a*—a® 0

bz—ab - ab—ab 0

Reducing, by dividing numerator and denominator by 2—a, we
find

8. What is the value of

2 —8az*+ 8alzr—a’ __ 2—2az+a*
bx—ab - [) *

‘Writing a for 2, we have

_ 20,31 1
ka 2‘:"*‘“’ =4 2‘;‘*‘“ =:-=o. (Art. 108)

(106.) From the above, we conclude that whenever an alge-
braic fraction is reduced to the form g there exists a factor com-

mon to both numerator and denominator.

If we reduce the fraction, by dividing both numerator and
denominator by this common factor, it will become of one of the
following forms :

]

a finite quantity.
0= no value. ,

= o =an infinite quantity.

o|lh hlo ik
Il



CHAPTER V.
QUADRATIC EQUATIONS.

(107.) We have already (Art. 53) defined a quadratic equa-
tion to be, an equation in which the unknown quantity does not
exceed the second degree.

The most general form of a quadratic equation of one un-
known quantity is

az’+-br=c. (l)
Dividing each of the terms of (1) by @ (Axiom IV.), we find
b ¢
dtoe=-, (2)

where, if we assume A= g, and B= 2’ we shall have

‘24 Az=B. (3)
Equation (3) is as general a form for quadratics as equation (1).
In (8), 4 and B can have any values either positive or nega-
tive.

(108.) When A=0, equation (8) will become
#'=B, i 4 .
which is called an incomplete quadratic equation, since one of
the terms in the general forms (1) and (8) is wanting.
(109.) When B=0, equation (3) will become

. 2+ A2=0,
which divided by z is reduced to
z+4+A=0,

which is no longer a quadratic equation, but a simple equation.
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(110.) If A=0 and B=0 at the same time, equation (3)
will become
=0,

which can only be satisfied by taking 2=0.

INCOMPLETE QUADRATIC EQUATIONS.

(111,) We have just seen that the general form of an incom-
plete quadratic equation is
2*=B8. (1)
If we extract the square root of both members of this equation,
we shall (Art. 79) have
2= VB, ' ()
Equation (a) may be regarded as a general solution of incom-
plete quadratic equations.

(112.) To find the value of the unknown, when the equation
which involves it leads to an incomplete quadratic equation, we
have this '

RULE.

I. Clear the equation of fractions by the same rule as for
simple equations.

II. Then transpose and unite the like terms, if necessary, ob-
serving the rule under Art. 60, and we skall thus obtain, after
dividing by the coefficient of 2*, an equation of the form of 2*=B.
Eztracting the squore root of both members, we shall find
2= B.

Norz.—If B is negative, the value 4+/B, of z, will be imaginary.

1

EXAMPLES,
1. Given 2%84-7:9, to find the values of z.

This, when cleared of fractions, by multiplying by 19, becomes
24241338=171.



QUADRATIC EQUATIONS. 145

Transposing and uniting terms, we find #*==36. If we compare
this with our general form, we shall see that B=36. Extract-
ing the square rooty we, have @=: =6, oras it may be better ex-
pressed, =6, or z=—86.

‘We must be careful to interpret the double sign ==, correctly,
the meaning of which is, that the quantity before which it is
placed may be either plus, or it may be minus. It does not
mean that the quantity can be both plus and minus at the same
time.

346
2. Given m, + = 356’ to find the values of 2.
This cleared of fractions, becomes

14748432'=3462".
Transposing and uniting terms,  8z°=147.
Dividing by 3, =49,
Extracting the square root, we find z==£".

252*

8. Given 2*— —_44 to find the values of z.
Ans. z=:=%12,
4. Given 8+5£’——+4z’+28 to find the values of z.
Ans., z==%5.
5. Given 2+—-—7— 2 418, to find the values of z.
Ans, =19,
6. Find the values of # from the equation
22— 35= so+15"”' Ans, z==£",
%7, Find the values of  from the equation
e+3’(’+1)_7+3”_ Ans. z===1.

@
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8. Find the values of z from the equation
2 472+17__3+=z
35 ool .cBm
9. Find the values of  from the equation
z(z'+1)
20 ¢
10, Find the values of z from the equation
z(z4+38) 241 4

9 —T——9-+1. Ans. 2==34.

11 Given 946— 1711:’ 87—4 , to find the values of 2.

43 2
Ans, z==%1.

Am. T= d‘-ga

Ans, z==18.

2'—8z+- 80

12. Given )

=82*—4z, to find the values of z.
Ans. z=:4.

18. Given z‘+x= 48+ 52— 1, to find the values of z.

20
4 Ans, z=£y/—1,
Both values being imaginary.

82:‘+ 85z +80_z‘+4z

14. Given

+2z, to find the values of z.
Ans. z==%15,

15. Given 3 + 3 -1%— ﬁ—r+2x, to find .
Ans, 2=ty —4=42v—1,
which are imaginary values.
16. Given —-+ _i-?]-_z_g, to find 2. Ans, z==1.
(118.) If an equation involving one unknown quantity can be
reduced to the form z*=1X, the value of z can be found by sim-

ply extracting the nth root of both members ; thus,
$=VM
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(114.) Where it must be observed (Art. 79), that when n is
an even number, the value of z will be either plus or minus for
all positive values/of WV ; |but for négative values of N the value
of z will be impossible. When 7 is an odd number, the value
of z will have the same sign that V has.

1

(115)) If the equation can be reduced to the form z*=0N,
then z can be found by raising both members to the mth power,
thus:

z=N™

‘Where # will be positive for all values of &V, provided m is an
even number; but when m is an odd number, then z will have
the same sign as V.

(118.) Finally, when the equation can be.reduced to the form
=N,
we must first involve both members to the mth power, and
then extract the nth root, or else we may first extract the nmth
root, and then involve to the mth power (Art. 81).

Thus, z=N~.
EXAMPLES,
. vz+28 2438
1. Given Vit = Vite , to find 2.

This, when cleared of fractions, becomes
2434V 24+168=2+42V2+152.
Transposing and uniting terms, we have
8vz=186.
Dividing by 8, vVz=2.
Raising to the second power, z=4.
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2. Given vz+Vatz= to find z.

2a
This equation] When: '¢léaréd of fractions, by multiplying by
Va+z, becomes -
Vazr+2+a+z=2a,

o, Vartr=a—2z.
Squaring both members,
ar+2'=a'—2az -7,
or, Saz=a’,
_a
or, —-5.

8. Given 8+425="1, to find the values of z.  Ans. z==k8.

4. Given (y"—B)} =a—d, to find the values of y.
Ans. y={(a—d)*+b }-l-.
5. Given Vz—82=18— /z, to find the value of 2.
Ans. z=81.
to find the values of z.
Ans. w=c(20 4 2ab+5)

a+b

o

6. Given (x+a)'}=

Vz—
7. Given vatve—l_ 4 , to find the values of z.
Vz—Vz—1 z—1

If we multiply the numerator and denominator of the left-
hand member by the numerator, it will become

(Vo + v:fy=r“l.

Extracting the square root, we find
Vz+Vi—1= *2
T Vz—1

This readily gives =%, or z=—14.
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8. Given (Z—16)3=", to find . Ans. =4,
9. Given (z*— 7)*:3, to find the values of =.

Ans, =2,
10. Given (z% 1)*=49, to find 2. Ans. z=186.
11. Given Vel a8 ——— to find z. Ans. z=381,

vVz+5~ JVz+4

COMPLETE QUADRATIC EQUATIONS,

(117.) We have already seen, that
az*+ bz=c, (4)
is the most general form of a quadratic equation, where

a = the coefficient of the first term,
b = the coefficient of the second term,
¢ = the term independent of 2.

Since « enters into this equation in the second power, we
must extract the square root before we can find its value. We
cannot extract the square root of the left-hand member as it now
is, unless a, the coefficient of 2% is a square number. If we mul-
tiply both members of this general form by a, it will become

a’7+-abz =ac. 1)

‘We will now attempt to extract the square root of the left-
hand member by the Rule under Art. 84.

a's* - abz (az+ g
a’z?
abz B

)
2a0+ 2 abz+r
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From tha operation, thus far extended, we see that the root
of the left-hand member would be az+§, provided the lefi-hand

member had an additional term of % ‘We will therefore add

to both members of (1), % It will thus become

. R
o'z +abz +-Z- = —4— +ac.

The left-hand member is now a perfect square. If we multi-
ply it by any square number, the result will still remain a per-
fect square. Multiplying by the square number 4, the fractions
will disappear, and the resulting equation will become

40’2+ 4abz4-b'="0" + 4ac. (2)

Now extracting the square root’ of both members of (2), we

shall obtain

2az4-b= Vb 4 4ac. (3)
By transposition, (3) gives
2az=—b=t Vb 4-4ac. (4)

Dividing (4) by 2a, we get
—bk vVt dac
= (®)

Formula (B) may be regarded as a general solution of all
complete quadratic equations.

If we translate it into common language, we shall obtain a
rule for‘solving complete quadratics.

Hence, to find the value of an unknown quantity, when given
by a quadratic equation, we have this

RULE
Having reduced the equation to the general form az'-+bz=c,
we can find z, by taking the coefficient of the second term with
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its sign changed, plus or minus the square root of the square of
the coefficient of the second term increased by four times the co-
efficient of the first/term)\into the' term 'independent of 2 ; and
dividing the whole by twice the coefficient of the first term.

EXAMPLES,

86m@=46, to find the values of z.

d. Given 42—

This, when cleared of fractions, becomes

42'—36 +r=46z

Transposing and uniting terms, we have
42'—452=36.

This compared with the general form
azr’+bz=c,

gives a=4; b=—45; c=36.

The square of the coefficient of the second term is

(—45)'=2025.

Four times the coefficient of the first term into the term inde-

pendent of z, is
4Xx4X36=>576.

Therefore, taking the square root of the square of the coeffi-
cient of the second term increased by four times the coefficient
of the first term into the term independent of z, we get

+V'20254576==2V 2601 ==51.
This added to the coefficient of the second term with the sign

changed, gives ,
4551,

which must be divided by twice the coefficient of the first term.
Hence,

4551
8
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If we take the upper sign, we get

1
= 45:5 =12.

If we take the lower sign, we find

45—51
z= 3 =—3

Therefore, z=12, or —3.

Either of which values of # will verify the equation

8z—4
z—4
This, when reduced to the general form, becomes

2'—182=—"12.

2. Given 222 —9— 2=, to find the values uf =,

Squaring 18, we get
(18)'=324.
Four times the first coefficient multiplied into —72, gives
4 X —"72=—288,
which added to 324, gives 86, the square root of which is 6.
Therefore, r= EBT:’:6= 12,0r 6.

8. Given V3z—5= _____i'h;-i-"i&r, to find the values of 2.

Squaring both members, we have
12*+ 862
pe
This, cleared of fractions, becomes
82'—52="12-36.

32—b5=
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_Transposing and uniting terms, we have
 8'—12z=86.
This, divided by '8, gives

r—42=12.

4= V{ayFax12 _ 48
2 2
e tErn= — 27 o find the values of 2
This, by reduction, becomes
92'—Tz=1186,

\/'-8 =+
&S +l‘;x9x116_7 = 65_4 or—33.

Therefore, 2= =6, or —2.

4. Given ——

Therefore, 2=

z'+12 z

5. Given += _4:5, to find the values of z.

This reduced, becomes
2=lz==12,
7i~’7’-;4x —12 =7=;=1 —4,0r3,
(118.) An equation of the form
az™+-bz*=c, (A)

can be solved by the above rule, which indeed will agree with
the form under consideration in the particular case of n=1.
If, in the above equation, we write y for #*, and consequently
y* for z*, it will become
a.’/. +b.'l=0,
which is precisely of the form of (A), Art. 117. Consequently,

—b V5 Fdac
2a

Therefore, 2=

-
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Resubstituting 2* for y, we have
—bx V¥t 4ac
2a ’

And, z={id—=—‘;;ﬁ@}%- (B)

This value of # must hold for all values of the constants n, a,
b, and ¢, whether positive or negative, integral or fractional.

1. Given 2*4-az*=), to find 2.
This becomes y*+ay=>4, when for z' we write .

—atVatah

Therefore, y= Lz—a-l-ib =",
—axVaTo) ¥
Hence, == { -a—igf‘—-'-—“ } .
2. Given 32— 22"=8, to find z.
210

= T =2.

Therefore, z="%/2.

8. Given 2(142—2")— VI1Fo—2=—4, to find
If, for 14+2—a2*, we put *, our equation will become

2y'—y=—1%,
or, 18y'—9y=—1.
Therefore, = 2§=:—3 =4 0r}
Hence, y'=3}, or 4.

Resubstituting 1422, for 3%, we have, when we take the
first value of y*,
142—2° =},

" or, 92— 9z=8,
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_9k3v4l

Therefom, z_—l—s—-— =}+*V41, or *-i V41.
‘When we take the othervalue of yt) we have
1+z—:¢'=,l‘,
or, 36z'—362=385.
Therefore, z= 3_36_*-'27‘;_&1_ =}4+3v1l,0r 4—¢ V11
Collecting these four values of z, we find
z=}+} V41,
r=3—3}v4],
z=}+}v1],
z=3—3}V1L

4. Given 2'—252"=—144, to find the four values of .
Let 2=y, and the above equation will become
¥ —25y=—144.
_ Hence, y=186, or y=9.
Consequently, z=4-4, or —4; or else z=+3, or —8.
5. Given #*—T2'=8, to find the four values of 2.
Assume #*=y, and we find
y'—"Ty=8.

This solved, gives
_y=8,0r y=—1.

‘When y=8, we find
z== /8.

But when y=—1, we find .
z==%v—1.
These two last values are impossible.
6. Given 2z—"7v/2=99, to find 2.

If we let v/ 2=y, we shall have
2y*—Ty=99.
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Hence, y=9,ory=—%.
If we take 9 for the value of ¥, we find
=81,

But if we take — 3} for the value of y, we find z=141,

7. Given 22°+v22°+1=11, to find the four values of z.
Adding 1 to both members of the equation, we have
22 +14- V2 +1=12.

Assume 22 4-1=y,
and we obtain y+y=12.
This gives . y=38,or y=—4.

Hence we have these two equations,
27 41=9,
22'+1=16.

The first of these gives

=2, or z=—2.
The second gives
=}v80, or z=—}V30.
8. Given 2®—82'=513, to find one of the values of =.
Ans. z=3,
9. Given 7'+ 42°=12, to find two values of .
Ans, 2==2%/2.

10. Given 2% — *:2, to find the valuesof z. Ans. z=1, 0r 64.

11, Given z§'+z =20, to find the values of z.
Ans, z==:k8, or £5v —5.

(119.) When in the general form for quadratics =1, the
Rule under Art. 117 is susceptible of considerable modification.
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If we substitute 1 for @ in formulas (A) and (B), Art. 117,
they will become

» 2 b =el (C)
— b=V +4c b b\ ‘
R P

Therefore, when the coefficient of 2* is a unit, the value of z
can be found from formula (D).

All quadratic equations may be put under the form of (C), by
dividing all the terms by the coefficient of % so that the expres-
sion of (D) for z must be as general as that of (B), Art. 117.

Hence, for the solution of quadratic equations, we have this
second

RULE.

Having reduced the equation to the form 2* 4 bz =c, we
can find z, by taking half the coefficient of the second term, with
its sign changed, plus or minus the square root of the square of
the half of the coefficient of the second term increased by the term
independent of 2.

EXAMPLES,

1. Given 2'—10z=—24, to find z.

In this example, half the coefficient of the second term is 5,
which squared and added to —24, the term independent of z,
is 1. Extracting the square root of 1, we have ==1.

Therefore, 2=5z1=86, or 4.

. z 7
2. Given m(—) —'3—5:—5',

This, cleared of fractions, becomes
87— br="T24420.

to find z.
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Transposing and uniting terms, we have
820 —122=420.
Dividing by 3, we have
2'—42=140.
Therefore, e=2312=14, or —10.

z412 z

z+12 toﬁndz

Ans. z=38, or —185,

8. Given ——

L

Given 82°4-422'=3321, to find 2.
Ans, =3, or (-41)*.

Ot

. Given z(z-l)——- (5—x)(1+-)+1 to find z.

Ans, z=—2, or +3.

Given ’-?-i-ams—;, tofind z  Ans. 2=2, or —8.

e

7. Given 2’—8z=—117, to find the values of 2.
Ans. z=44vV=1,0or 4—V—1.

Given 2'—62=186, to find the values of z.
Ans. 2=8, or —2,

®

9. Given 62 —52=—1, to find the values of z.
Ans. z=1%, or §.
10. Given -:—:—- gbf:’ - %, to find the value of z.
Ans, z=-‘;—'.

11. Given 22'—52=—2, to find the values of z.
Ans. z=2, or .

12. Given '~ (a+b)z= —ab, to find the values of z.
Ans. z=a, or b
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18. Given az'+ (a’+1)2=—a, to find the values of z.
‘ Ans. z=—a, or —(—1;.

14. Given 102'—101z=—10, to find the values of z. °
Ans. =10, or ¢,

(120.) EQUATIONS CONTAINING TWO OR MORE UNENOWN QUAN-
TITIES, WHICH INVOLVE IN THEIR SOLUTION QUAD-
* RATIC EQUATIONS.

) EXAMPLES,
1. Given { z+y=10, (1) } ,tofind z and y.
zy=186, @
The square of (1) is
2 4+ 22y 44 =100. (®)
Subtracting 4 times the second from the (3), we get
2'—2zy4y*=86. (4)
The square root of (4) ie
z—y==:=k6. (5)
Half the sum of (1) and (5), gives
z=8, or 2.
Half the difference of (1) and (5), gives
y=2, or 8.
In this example, it will be seen that if z and y are inter
changed, the two equations will in no respect be altered. Hence,
the values of z and y, when found, ought to be interchangeable

one with the other: and this we see is really the case; since
when z is 8 then y is 2, but when # is 2 then y is 8.

. z 4y =a, (1)
2. Given { Byt @ } , to find # and y.
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Squaring (1), we have
242zy+y*=a'. ®)
Subtracting (2) from: (3) we get
2zy=a'—d. (4)
Subtracting (4) from (2), we find
2'—2zy+y'=2b—a". (3)
Extracting the square root of (5), we get
z—y=::vV2b—d'. (8)

Taking half the sum of (1) and (8), we get
o= VId. 0
Subtracting (7) from (1), we find
a 1 j—=—s
==V 2 _—g}
y=3F3 2b—a'.

In this example, as in the preceding one, we see that the values
of z and y are interchangeable.

‘When r= g- + % (2b—a')§,
then y'=12' - % (25...“!)!“’
but when =2~ @—ath,
then will y= g + %(2b—a')‘}.

#(y+2)=a, (1) y

8. Given { y(z+2)=b, (2) s to find z, y, and 2.
sz+y)=¢ (3)

Before proceeding to the solution of these equations, we will

remark, that they are symmetrical, and consequently all the de -
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rived equations will either contain all the letters similarly com-
bined, or else they will appear in systems of three equations
each, which can be deduced fron ceachjother by simply per-
muting (Art. 73).

If we take the sum of (1), (2), and (8), after expanding them,
we shall have

2zy+2yz+222=a+b+c. 4)

In this equation all the letters enter symmetrically; therefore
it will not give rise to any new equation by permutation.

If we subtract twice (3) from (4), we gej

2zy=a+b—ec. (5)
By permutation, we derive from (5) these two equations,
2yz=b+c—a, (6)
2z2=c+a—b. (7
Equations (5), (6), and (7) readily give
b—
=20, ®)
b4-c—a
=— 9)
w=ttIt (10)

Taking the continued product of (8), (9), and (10), we shall
have

arom (52 (45) (457).

This equation containing all the letters symmeﬁ'ically combined, -
can give no new condition by permutation.
Dividing (11) by the square of (9), we shall have

a+b—c)(c+a—b
2=t 2(b+£c—-a) ) (12)




162 . ELEMENTS OF ALGEBRA.

By permuting, we derive from (12) these two equations:
V= (b+c—a) (a+b—rc)

2(cka-=b) ' (13)
(c+a—b) (b+c—a)
#= 2(a+b—c) (14)

Taking t.he square roots of (12), (13), and (14), we find
— { (a+bd—c) (c+a—>) } 1

2(b+c—a) (15)
—a) (a+b—c }

y== {“’""2 - _l)_g_";;’ ) } . (16)
c+a—>) (b+c—a) 3

sma { A O] ()

This example is a good illustration of the beautiful method of
deriving one quantity from another, of a similar nature, by sim-
ply permuting.

245 =0,
4. Given 1 to find z and y.
y+ ; =b’ a a
é* ~F
Ans. b’ 5
y: - :h T -— ;

The two equations of this example are also symmetrical, and
consequently allow of permutation.

5. Given { :'y-l-_y;=a, } to find the values of z and y.
hanshd |

- 3 o=t}(a+2b) £} (a—25)}.
" y=%4@+ 28t Ei(a—20)h.
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The equations of this example allow of an 1nterchange of z
and y.

. 24yt rty=a,

6. Given {z‘—y’+z—y=b,

Ana. ; 2= —}}(1+22+28)}.

y=—3=}(1+2a—28)}.

} to'find z and y.

2 4y'=a,
7. Given { zz=0), to find 2, y, and 2.

yz=c, r - a
=Y pra
Ans. { y—c/ 2
ns., < y=c b‘+c'
zZ2= b’+¢’.

L a

The above are not symmetrical, still they allow of the inter-
change of z and y, and of b and ¢. But z and a must remain
unchanged.

(121.) QUESTIONS WHICH REQUIRE FOR THEIR SOLUTION A
ENOWLEDGE OF QUADRATIO EQUATIONS.

1. A widow possessed 13000 dollars, which she divided into
two parts, and placed them at interest, in such a manner that
the incomes from them were equal. If she had put out the
first portion at the same rate as the second, she would have
drawn for this part 360 dollars interest; and if she had
placed the second out at the same rate as the first, she would
have drawn for it 490 dollars interest. 'What were the two
rates of interest {

Let z = the rate per cent. of the first part.
Let y = the rate per cent. of the second part.
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Now, since the incomes of the two parts were equal, they
must have been to each other reciprocally as z to y.

‘We must therefore divide| $13000 into two parts which shall
v
z+y
of the whole.

be to each other as y to ; that is, the first part must be

z
x4ty

of the whole, and the second part must be

13000y
z+y
180002
z+y
. The interest on these parts, at y and z per cent., respectively, is
130y* . 1802 .
z+y  zt+y '
Hence, by the conditions of the question, we have
180y*
z+y
1302*
Tty =490. (2)
Dividing (2) by (1), we get
2 49
?- =35 (3)
Extracting the square root of (8), we have

Subtracting (1) from (2), we have

Therefore, =the first part.

=the second part.

=360. 4))

130(z'—y") _
=10 (5)

Dividing both numerator and denominator of the left-hand
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member of (5) by #+y, and also dividing both members by
180, we get

z—+y=1} 6)
Dividing (8) by y, we find
z 1
C—1==, 7
Y y M
Subtracting (7) from (4), we have
71
=—— 8
vy ®
Clearing (8) of fractions, we obtain
. 6y="Ty—86. 9)
Therefore, , y=6. (10)
Adding (10) and (6), we get
z=1,

Therefore, the rate per cent. of the first part was 7, and that
of the second part was 6.

2. A certain capital is on interest at 4 per cent.; if we mul-
tiply the number of dollars in the capital, by the number of dol-
lars in the interest for 5 months, we obtain $1170413. What
is the capital ¢ Ans. $2650,

8. There are two numbers, one of which is greater than the
other by 8, and whose product is 240. 'What numbers are they §
Ans. 12 and 20.

4. The sum of two numbers is =a, their product =b. What
numbers are they a+ v (a'—4b) a— / (a*—4D)
Ans, S , g

5. It is required to find a number, such, that if we multiply
its third part by its fourth, and to the product add five times the
number required, the sum exceeds the number 200 by as much
as the number sought is less than 280. Ans, 48.
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6. A person being asked his age, answered, “ My mother was
20 years old when I was born, and her age, multiplied by mine,
exceeds our united, ages by 25007, (What was his age ?

Ans, 42 years,

7. Determine the fortunes of three persons, A., B, C., from
the following data : For every $5 which A. possesses B. has $9,
" and C. $10. Farther, if we multiply A.'s money (expressed in
dollars, and considered merely as a number) by B.’s; and B.’s
money by C.s, and add both products to the united fortunes of
all three, we shall have 8832. How much had each $

Ans. A. 840, B. 872, C. $80.

8. A person buys some pieces of cloth, at equal prices, for $60.
Had he received three more pieces for the same sum, each piece
would have cost him $1 less. How many pieces did he buy ?

Ars. 12 pieces.

9. Two travellers, A. and B,, set out at the same time, from
two different places, C. and D.; A. from C. to D.; and B. from
D. to C. On the way they met, and it then appears that A. had
already gone 30 miles more than B., and, according to the rate
at which they travel, A. calculates that he can reach the place
D. in 4 days, and that B. can arrive at the place C.in 9 days.
‘What is the distance between C. and D.?  Ans. 150 miles.

10. Divide the number 60 into two such parts, that their prod-
uct may be to the sum of their squares, in the ratio of 2 to 5.

Ans. 20 and 40.

11. A grazier bought as many sheep as cost him $150, and
after reserving 15 out of the number, he sold the remainder for
$135, and gained $} a head. How many sheep did he buy ¢

Ans. 15 sheep.

12. What number is that, which, when divided by the product
of its two digits, the quotient is 8; and if 18 be added to it, the
digits will be inverted ? Ans. 24.
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13. Two partners, A. and B. gained $140 by trade; A.s
money was 3 months in trade, and his gain was $60 less than
his stock; and B.'s/money, which was 50 more than A.’s, was
in trade 5 months. 'What was A.’s stock ¢ Ans. $100.

14, It is required to divide the number 24 into two such parts,
that their product may be equal to 35 times their difference.
‘What are the parts? Ans. 10 and 14.

15. A company at a tavern had $60 to pay for their reckon-
ing; but, before the bill was settled, two of them left the room,
and then those who remained had $1 apiece more to pay than
before. How many were there in the company ¥  A4ns. 12.

16. There are two numbers whose difference is 15, and half
their product is equal to the cube of the less number. What
are those numbers $ Ans. 3 and 18.

17. A erchant bought a certain number of pieses of cloth
for $200, which he sold again at $10% per piece, and gained by
the bargain as much as one piece cost him. What was the
number of pieces ¢ Ans.. 20 pieces.

18. Divide 16 into two such parts, so that the product of the
two parts added to the sum of their squares may equal 208.

Ans. The parts are 4 and 12.

19. Find two numbers which shall be to each other as m to
n, and the sum of their squares equal to a.

Ans. mx( ’+n’)é; nX (;n—’aTrF)%

20. Find two numbers which shall be to each other as m to
n, and the difference of their squares equal to a.

Ans. mX ( n’)]’. nx ("T:?)’}
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21. The sum of the squares of two numbers is equal to a, and
the difference of their squares is equal to . Find these numbers.

dns. '(oa+20)% ; J(2a—20)h.

22. Find a number, such, that its square diminished by $ may
equal § of itself. Ans. 1, or —3.

23. What numbers are they, whose sum, product, and differ-
ence of their squares are all equal to one another?
Ans. 3(8k=v'5); 3(1£ v5).

24. A. and B. together, agree to dig 100 rods of ditch for
$100. That part of the ditch on which A. was employed was
more difficult of excavation than the part on which B. was em-
ployed. It was therefore agreed that A. should receive for each
rod 25 cents more than B. received for each rod which he dug.
How many rods must each dig, and at what prices, so that each
may receive just $50 ¢

Let z=number of dollars received by B. for each rod which
he dug. Then will 2+ } =the number of dollars received by A.
for each rod which he dug. Since 50 is the number of dollars
which each received, we have

50 200

7T —fotl =number of rods dug by A.,
N §2 — “ 3 “ B.
z

These added must give the whole number of rods. Hence we
have this condition,
200 50
e + = 100.
Clearing of fractions and transposing, &c., we find
82'—62=1; or, 2'—32=}.

Hence, C z=3EvIn.
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Since $ V17 is greater than §, we must reject the negative
value of this surd, otherwise we should have a negative value of
z; that is, B. would'receive 'a hégative price for his work, which
would be absurd.

Using only the plus sign of the surd, we have

$=%+«g \/17:-}(3'}' \/17)
for the number of dollars which B. received per rod ;
e+i=1+3+3vIT=§(56+ V1Y)
for the number of dollars which A. received per rod.
‘We also find

400
50-3(5+v17)= SEIT =50(5— v'17)
for the number of rods dug by A ;
and 5038+ v1T)= 5_%1_7 =50(v/17—3)
for the number of rods dug by B.

PROPERTIES OF THE ROOTS OF QUADRATIC EQUATIONS.
(122.) We have seen that all quadratic equations can be re-
duced to this general form,
2L+az=b. (l)
This, when solved b} the Rule under Art. 118, gives

a a?
Therefore the two values of z are

a l/a‘
_§+ ';""'bv (3

a a?
-5— T+ b (4)

: . he
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2 L
(123.) Now, since —Z—: (g) is always positive for all real

values of g, it £6110ws thit the sign 'of 'the expression %’ + b, de-
pends upon the value of .
(124.) When b is positive, or when b is negative and less than
a then will 2 +b be positive, and consequently 1/ E—-i-—b will
4’ 4 4
be real. \
(125.) When & is negative and numerically greater than %—,

2
then% +b will be negative, and consequently 1/ %’— +b will be

tmaginary.
OASE L

When % +b ts real.

1. If @ is positive, and g is numerically greater than 4/ ; +3b,
then will both values of z be real and negative.
2. When a is either positive or negative, and g is numerically

N .
less than ‘/ %- +5, then will both values of 2 be real, the one
positive, and the other negative.

3. When a is negative and ‘-;— is numerically greater than

2 .
4/ % +b, then both values of z wil be real and positive.

CASE II

2
When 4/ I+ is imaginary.
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In this case both values of = are imaginary for all values of a.

]
(126.) When,p,is negative and-numerically equal to %, then
both values of # become = —

(1217.) If we add together the two values of z, we have
a at a | / a*
If we multiply them, we find )

a a a ' / at
(—§+ T+b)x(—§— -Z-*-b):—b.

From which we see,

That the sum of the roots of the quadratic equation 2* + az=>b
18 equal to —a.

And the product of the roots is equal to —b.

(128.) We have seen that every quadratic equation, when
solved, gives two values for the unknown quantity. These
values will both satisfy the algebraic conditions, and sometimes
they will both satisfy the particular conditions of the problem,
but in most cases but one value of the unknown is applicable to
the problem; and the value to be used must be determined
from the nature of the question.

‘We will illustrate this principle by the solution of some par-
ticular questions.

1. Find a number, such, that its square being subtracted from
five times the number, shall give 6 for remainder.

Let z=the number sought.
Then, by the conditions of the question, we have
5z2—2'=6. (1)
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Changing all the signs of (1), it becomes
2—5z=—6, (¢)]
which, when solved by the rule for quadratics, gives
o= -523- =38, or 2.

Taking the first value, =3, we find its square to be 9.
Five times this value of z is 5 X 8=15.
And 16~9=6 ; therefore the number 3 satisfies the question.

The number 2 will satisfy it equally well, since its square=4,
which subtracted from five times 2=10, gives for the remain-
der 6.

2. Find a number, such, that when added to 6, and the sum”
multiplied by the number, the product will equal the number

diminished by 6.
Let z=the number sought; then by the conditions of the
question we have.
(z+68)z=2—6. (1)
Expanding and collecting terms, we find
224 52=—6. (2)
. . —5=£1
This solved, gives z= g =3, or—2.
Here, as in the last question, we find that both values of z
will satisfy our question.

If we take the first value, z—=— 8, we find that the number
—8 added to 6 gives 3, which multiplied by —8 gives —9 ; and
this is the same as —8 diminished by 6.

If we take the second value, z—= —2, we find that the number
—2 added to 6 gives 4, which multiplied by —2 gives —8;
and this is the same as —2 diminished by 6.

3. Find a number which subtracted from its square shall give
6 for remainder. N
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Let z—=the number ; then we have

2—2=6,
- 1%+
This gives z= —2—5=3, or —2,

If we take 3 for the number, its square is 9, from which sub-
tracting 3, we have 6.

Again, taking —2 for the number, its square is 4, from which
subtracting —2, we have 6.

So that both values of z satisfy the conditions of the question.

(129.) We will now add a couple of examples for the pur-
pose of illustrating the case in which the roots are imaginary.

1. Find two numbers whose sum is 8, and whose product
iu 17,

Let z=the less number, then will 8 —z=the greater number.

The product is (8 —z)z=8z—2", which by the conditions of
the question is 17.

Therefore we have this equation of condition,

2 —8z=—11.

This, solved by the usual rules for quadratics, gives

z=4= v =1, for the less number,

. 8nd 8— (4= V' =T)=45 V=1, for the greater number. '
4V T,
4V,
both of which are imaginary; we are therefore authorized to
conclude that it is ¢mpossible to find two numbers whose sum is
8, and product 17.

‘We may also satisfy ourselves of this as follows: Since the

sum of two numbers is 8, they must average just 4 ; hence the
greater must exceed 4 just as much as the less falls short of 4.

Therefore, the numbers are {
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Therefore, any two numbers whose sum is 8, may be repre-

sented by i
zl
4—2z,

Taking their product, we have
(4+42) (4—2)=16—2"
Now, since 2* is positive for all real values of , it follows that

the product 16 —2* is always less than 16 ; that is, no fwo real
numbers whose sum i3 8 can be found, .mch that their product

can equal 17.
If we put the expression for the product, which we have just

found equal to 17, we shall have
16—2*=11.
Conséquently, z=%V 1,
And, 44z=4%+v =1 } the same values as found by the first
4—z=4x V=1 method.

These values, although they are imaginary, will satisfy the al-
gebraic conditions of the question ; that is, their sum is

(4E£V=1)+(4xV—1)=8,
and their product is _
@EV=)x(d4xv-1D=11.

2. Find two numbers whose sum is 2, and sum of their recip-
rocals 1.

Denoting the numbers by z and y, we have the following re-
lations :

z+y=2,
} @

1,1
=1
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These, solved by the ordinary rules, give
z2=1%xvV 7,
o @
Yy=1FV=1
Both these values are imaginary, consequently the conditions of
the question are absurd.

‘We may also show the impossibility of this question as fol-
lows : The sum being 2, the numbers may be denoted by 142
and 1—z.

Taking the sum of their reciprocals, we have

1,1
1+z  1—2
which, when reduced to a common denominator, becomes
2
1—2*

The denominator of this expression being always less than 1,
for all real values of #, the expression must exceed 2. Therefore,
it is impossible to find two numbers whose sums shall equal 2,
and the sum of their reciprocals equal 1.

(130.) From what has been said, we conclude that, when in
the course of the solution of an algebraic problem, we fall upon
imaginary quantities, there must be conditions in the problem
which are incompatible.



CHAPTER VI.
RATIO AND PROGRESSION.

(131.) By Ratio of two quantities, we mean their relation.
‘When we compare quantities by seeing how much greater one
is than another, we obtain arithmetical ratio. Thus, the arith-
metical ratio of 6 to 4 is 2, since 6 exceeds 4 by 2 ; in the same
way the arithmetical ratio of 11 to 7 is 4.

In the relation a—c=r, (1)
r is the arithmetical ratio of a to c.

The first of the two terms which are compared is called the
antecedent ; the second is called the consequent. Thus referring
to (1), we have

@ = antecedent,
¢ = consequent,
r = ratio.

From (1), we get by transposition,
a=c+r, 2)
c=a—r. (3)
Equation (2) shows, that in an arithmetical ratio the anteeedent
18 equal to the consequent increased by the ratio.
Equation (8) in like manner shows, that the consequent is equal
to the antecedent diminished by the ratio.

(182.) When the arithmetical ratio of any two terms is the
same as the ratio of any other two terms, the four terms togethet
form an arithmetical proportion.
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Thus if a=c=7; and a’—¢’=r, then will
a—c=a’'~c, (4)
which relation is an arithmetical proportion, and is read thus:
a i8 as much greater than c, as a’ is greater than ¢'.

Of the four quantities constituting an arithmetical proportion,
the first and fourth are called the eztremes, the second and third
are called the means.

The first and second, together, constitute the first couplet ; the
third and fourth constitute the second couplet.

From equation (4), we get by transposing :

atc=a’+c, (5)
Which shows, that the sum of the extremes, of an arithmetical
proportion, is equal to the sum of the means.

If c=a’, then (4) becomes

a—a’=a’'—¢, (6)
which changes (5) into
a+t-c’'=2a’. (7)

So that if three terms constitule an arithmetical proportion,

the sum of the extremes will equal twice the mean.

(133.) A series of quantities which increase or decrease by
a constant difference, form an arithmetical progression. When
the series is increasing, it is called an ascending progression ;
when decreasing, it is called a descending progression.

Thus, of the two series,
1,3,5 109,11, & (8)
21, 28, 19, 15, 11, 7, &e. (9)
the first is an ascending progression, whose ratio or common dif
Jerence is 2 ; the second is a descending progression, whose com-
mon difference is 4.
(134.) If a = the first term of an ascending arithmetical pro-
-
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gression, whose common difference = d, the successive terms
will he
a=first term,
a-+d=second term,
a+2d=third term,
a+3d=fourth term, (10)

essssescrecces .

If we denote the last or ath term by 7, we shall have

l=a+(n—1)d. S (1)
From (11) we readily deduce .
a=l—(n—1)d, (12)
l—a
=T (13)
l—a
n= 7 +1. (14)

When the progression is descending, we must write —d for d
in the above formulas.

Since each term of an arithmetical progression is greater by d
than its preceding term, it follows that the term next to the last
is a3 much smaller than the last, as the second term is greater
than the first term. Hence, the sum of the second term and the
term next to the last is the same as the sum of the first and the
last term ; and in general, The sum of any two terms equidistant
from the extremes is equal to the sum of the extremes, so that
the terms will average half the sum of the extremes; conse-
quently, the sum of all the terms equals half the sum of the ex-
tremes multiplied by the number of terms.

Representing the sum of n terms by s, we have
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From (15), we easily obtain
‘ 28
a=——I1.
n

28
=———a.
”—2_8
“a+l
Any three of the quantities,
a=first term,
d=common difference,
n=number of terms,
{ =last term,
s=sum of all the terms,

179

(16)
(a7)
(18)

being given, the remaining two can be found, which must give
rise to 20 different formulas, as given in the following table for

ArrTEMETICAL PROGRESSION.

‘We have not deemed it necessary to exhibit the particular
process of finding each distinct formula of the following table,
since they were all derived from the two fundamental ones (11)
and (15), by the usual operations of equations not exceeding the

second degree.
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No. | Given. | Bequ- Formulas, Corr.
1|a,dn c{l=at(n—1)d 17
2 |ad, s I=-hd+Y2ds+(a—3d) |19

2
a,n- 8| [ =——a 20
s (n—1)d
4 \d,n, ¢ l—n+ 3 18
5|adyn s=4n[2a+4(n—1)d] 8
__l+a (I4-a)(i—a)
M R e
7lamn, 1 8= }n(a+1)
8 |dn 1 = §n[2l—(n—1)d] 5
l—a
9 =
4 m ¢ d n—1
28— 2an
10 = 12
G e d d n(n—1)
(l+a)(l—a)
e s A=
2nl—2s
12 n, l, 8 —-m—) 10
13 |a,d, I n=l_“+1
d—2a '/ 2a—d
14 a.,d,s n ﬂ——'2—d—+ d+( ) 16
28
15 |a, I, 8 ”—Z_+a
_2l4d 2l+d\' 2s

161d, 1, s =27~ (—27)-7 14

17 |d, n, 1 a=l—(n—1)d 1
s (n—1)d

18 d, n, 8 . ‘_; (—-2—) 4

19 |d, 7, s e=}d+V([I+3d)—2ds 2
23
20 n, I, 8 a=7—l 8
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(185.) From the nature of an arithmetical progression, we
discover that if we subtract the common difference from the last
term, we shall obtain/\the térm) next/to.the last ; if we subtract
from the last term twice the common difference, we obtain the
second term from the last. Hence the terms of an arithmetical
progression will be reversed if we interchange the values of a and
{, and at the same time change the sign of d. Thus, the general
form of an arithmetical progression is

a,a+d, a+2d,...... vod=2d,1—d, L
Changing a to /, I to a, and changing the sign of d, we have
ll—d,l—2d,........ a+2d, a+d, a,

which is precisely the same progression as the first, with the
terms arranged in a reverse order. The above change has, of
course, no effect upon the number of terms, nor upon the sum of
all the terms.

Therefore, in any of the formulas of the preceding table we
are at liberty to make the above-named changes. As an exam-
ple, we will take from the table formula 2, which is

I=—}d+ vV2ds+(a—3d).
Now, changing ! to a, @ to /, and changing the sign of d, it

becomes
a=}d+ V(I + 1d)*—2ds,
which is formula 19.

In the same way, formulas 14 and 16 may be deduced from
each other. Such formulas as may be derived from each other
by the above changes we shall call correlative formulas, It is
evident that some of the formulas of the table have no correlative.
Thus, formulas 13 and 15 are not altered by the above changes.
Those formulas which have correlative formulas have them fe-
ferred to in the table, under column headed Corr.
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EXAMPLES.

1. The first term of an arithmetical progression is 7, the com-
mon difference is 4, and'the number of terms is 16. What is
the last term ¢ ’

To solve this we take formula 1 from our table, which is

l=a+(n—1)d.
Substituting the above given values for a, d, and n, we find
I=T7+}(16—~1)=102.
2. The first term of an arithmetical progression is §, the com-
mon difference is 4, and the last term is 3%. 'What is the num-

ber of terms
In this example we take formula 13.

I—
n="g +1;
which in this present case becomes

n= ﬂ-——%-{-l =286.
1
8. One hundred stones being placed on the ground in a
straight line, at the distance of 2 yards from each other, how far
will a person travel who shall bring them one by one to a bas-
ket, placed at 2 yards from the first stone
In this example a=4; d=4; n=100, which values being
substituted in formula 5, give
8="50(8-+99 X 4)=20200 yards.

which, divided by 1760, the number of yards in one mile, we
get ‘
8=11 miles, 840 yards.

« 4. What is the sum of n terms of the progression
‘ 1,835,179 ....1 Ans. s=nt,
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5. What is the sum of n terms of the progression :
1,2,8,4,5,....1 Ans. s=n("'2|-l).
6. A man I‘uys 10 sheep, giving $1 for the first, $3 for the
second, $5 for the third, and so increasing in arithmetical pro-
gression. 'What will the last sheep cost at that rate ? '
By formula 1. Ans. $19.

7. A person travels 25 days, going 11 miles the first day, and
185 the last day; the miles which he travelled in the successive
days form an arithmetical progression. How far did he go in
the 25 days? By formula 7. Ans. 1825 miles.

8. A note becomes due in annual instalments, which are in
arithmetical progression, whose common difference is 3; the
first payment is 7 dollars, the last payment is 49 dollars, What
is the number of instalments ? By formula 18. Ans. 15.

9. In a triangular field of corn, the number of hills in the
successive rows are in arithmetical progression : in the first row
there is but one hill, in the last row there are 81 hills; and the
whole number of hills in the field is 1681. How many rows
are there? By formula 15. Ans. 41.

GEOMETRICAL RATIO.

(136) When we compare quantities by seeing how many
times greater one is than another, we obtain geometrical ratio.
Thus, the geometrical ratio of 8 to 4 is 2, since 8 is 2 times as
great as 4. Again, the geometrical ratio of 15 to 8 is 5.

In the relation, g=r, (1)

r is the geometrical ratio of @ to .

As in arithmetical ratio,
a=antecedent.
c=consequent.
r=ratio.
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From (1), we get by reduction, -

a=cr, 2)
c= g. 0 (3)

Equation (2) shows, that in a geometrical ratio the antecedent
18 equal to the consequent multiplied by the ratio.

Equation (3) shows, that the consequent s equal to the antece-
dent divided by the ratio.

(137.) When the geometrical ratio of any two terms is the
same as the ratio of any other two terms, the four terms together
form a geometrical proportion.

Thus if (—:.—..r; and %:r, then will

a
=2 )
which relation is a geometrical proportion, and is generally writ-
ten thus:
a:c:iia i (5)
which is read as follows: a 8 fo ¢, as a’ is to ¢’.

Of the four quantities which constitute a geometrical propor-
tion, as in arithmetical proportion, the first and fourth are called
the extremes, the second and third are called the means.

The first and second constitute the first couplet; the third
and fourth constitute the second couplet.

From equation (5), or its dquivalent (4), we find

ac’ =a’c. (6)
Which shows, that the product of the extremes of w geometrical

proportion is equal to the product of the means.
If c=a’ then (5) becomes

a:a a1 ¢, (U]
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which changes (6) into
ac'=a", (8)
so that, if three terms constitute a|geometrical proportion, the
product of the egtremes will equal the square of the mean.
(188.) Quantities are said to be in proportion by énversion, or
nversely, when the consequents are taken as antecedents, and
the antecedents as consequents.
From (5), or its equivalent (4), which is
2 2
we have by inverting both terms
L
e o
Therefore, by Art. 137,
ciai:cd . (10)
Which shows, that if four quantities are in proportion, they will
be in proportion by tnversion.
(139.) Quantities are in proportion by alternation, or alternate-
ly, when the antecedents form one of the couplets, and the con-

sequents form the other.
Resuming (4),

=

al&
]IR

(1)

Multiplying both terms of (11) by %, it will become

a
a’

| o

Il

|\

Therefore, by Art. 187,
a:a iic:c. (12)

Which shows, that if four quantities are in proporti will
be so by alternation, ™ o they
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(140.) Quantities are in proportion by composition, when the
sum of the antecedent and consequent is compared either with
antecedent or consequent.

Resuming (4), v

If to (13), we add the terms of the following equation, g- =%,

ol

each of whose members is equal to unity, we have
ate_o'+¢
¢c "

Therefore, by Art. 137,
atc:ic i a’4c ;. (14)
Whick shows, that if four quantities are in proportum, they will
be o by composition.
(141.) Quantities are said to be in proportion by dévision,

when the difference of the antecedent and consequent is com-
pared with either antecedent or consequent.

Tf we subtract the equation %: %:-, each member of which is

equal to 1, from equation (4), we find

a—c a'—c¢
- = (15)
Therefore, by Art. 137, we have
a~cic::a—c :¢. (15)

Which shows, that if four quantities are in proportion, they will
be o by division. ‘
Equation (4) is

ala .
I
8 R
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Raising each member to the nth power, we have

@ _a*

ey
Therefore, since the above equation is true for all values of n, by
Art. 137, we have

a:ctiati ™ (16)

Which shows, that if four quantities are in proportion, like
powers or roots of these quantities will also be in proportion.

If we have
a:c::a :¢,
azc::a’ ¢ (17)
a:c::a’:c",
&e.  &e.

we have, by alternation, Art. 139,

a:a ::c¢c:c,
a:a’ :ec:¢"

a:a"” ::¢:¢",

&e. &e.
Therefore, by inversion, Art. 138, we have
@_d )
a ¢’
aII cl'
=
alll-_ cIll . (18)
a ¢’
&e. &e.
‘We also have a_c
a ¢ J

Taking the sum of equations (18), we have
a+a'+a”+a”+&c. _ c4c/+’+c” +&e.
a - ¢

(19)
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Therefore, we have
ata’+a’+a”’+&c. :a :: c+c'+c”+c"’+&c: HA
Which shows) that/if any number of Quantities are proportional,
the sum of all the antecedents will be to any one antecedent, as
the sum of all the consequents is to its corresponding consequent
(142.) If we have

a:c::ad ¢,
all : cl' aIII - clll
then we find
a al -
n "
a' a

Multiplying together the equations (21) and (22), we have
axa” a'xa'

X IR (23)
Therefore, by Art. 187, we have
axa" :exe’ i a'xa" : ¢! xc”, (24)

Which shows, that if there be two sets of proportional quantities,
the products of the corresponding terms will be proportional.

(143.) A series of quantities which increase or decrease by a
constant multiplier, form a geometrical progression. When the
series is increasing, that is, when the constant multiplier exceeds
a unit, it is called an ascending progression ; when decreasing,
or when the constant multiplier is less than a unit, then it is
called a descending progression.

Thus, of the two series,
1,3, 9, 27, 81, 243, &e., (25)
256, 128, 64, 82, 16, 8, &c., (26)

the first is an ascending progression, whose constant multiplier
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or ratio is 3 ; the second is a descending progression, whose
ratio is §.
(144.) If a is the'first term of & gedmetrical progression, whose
ratio =7, the successive terms will be
a=first term,
ar=second term,
ar*=third term,
ar'=fourth term, p (27)

eseccscesssene

ar*~'=nth term.
If we denote the last or nth term by [, we shall have
l=ar. (28)
If we represent the sum of » terms of a geometrical progression
by s, we shall have
s=a+tar+ar*+tar+....+er" far~l (29)
Multiplying all the terms of (29) by the ratio , we have
rs=ar+ar*+ar’+ar'+.... 4ar'+ar”  (30)
Subtracting (29) from (30), we get
(r—1)s=a(r*—1). (81)

r—1
s=a { T } , (32)
Any three of the quantities

a=first term,

r=ratio,

n=number of terms,

!=last term,

s=sum of all the terms,
being given, the remaining two can be found, which, as in arith-
metical progression, must give rise to 20 different formulas, as
given in the following table for GEomMeTRICAL PROGRESSION.

' Therefore,
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No. | Given. Rm." Formulas. Core.
llann l=ar*! 9
2fans R u

!
Slame [(s=2p-'—a(s—a)y'=0 12
— 1
4|rme ==l 1
1
_a(i“—l)
6|lanrn 8= — 8
6|arnl ‘=rl—a
r—1
¢ LA S
—_—ar!
1| anl =t
=
(m—1)
8|(nmn i =(f_—1__)"_l 5
]

[ REX W e=_ 1
10| r,ne a a=.(£.-_+z.- 4
1|1l s a=rl—(r—1)s 2
12 | nl 8 a(s—a)y*! =Y s—1)*—1=0 8

1
18 | a,n,1 ,=(£).—_1
a
14| an ,a..:_,‘+"'_“—o 16
r
15| a,, 8 =2
]
IR
16 [ n, 0 ¢ r"-——:-r‘-‘-}—l=0 14
_logl—loga
17 a, 7, l n_T+l
_log [a+(r—1)s]—log a
18 | a, 1, 8 n Tog v 20
log I-log a +
i b “log (-—a)—log (:=7) '
2 |ris loc log I—log [rl—(r—l)a] 18
T logr
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(145.) All the formulas of the above table are easily drawn
from the conditions of (28) and (32), which conditions corre-
spond with formulas'/(1)l land’(5)Jexcept the last four, which
involve logarithms.

If in a geometrical progression we change a to /,  to @, and

r to r’1=;, the progression will remain the same as before,

taken in a reverse order. These changes being made in the
formulas of the preceding table, we shall discover that some of
the formulas, as in arithmetical progression, have correlative
formulas. Those having correlative formulas have them referred
to in the table, under column headed Corr.

EXAMPLES.

1. The first term of a geometrical progression is 5, the ratio 4,
the number of terms is 9. 'What is the last term 9
Formula (1), which is l=ar® , gives
1=5 x 4°=321680.

2. The first term of a geometrical progression is 4, the ratio is
8, the number of terms is 10, What is the sum of all the
terms ¢

Formula (5), which s =21, gives

0__
8= —4(—32—1) =1180986.

8. The last term of a geometrical progression is 108$93, the
ratio is 3, the number of terms 8. 'What is the first term ¢

.

Formula (9), which is a e, gives

a== % =
@ —oF
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" (146,) When the progression is descending, the ratio is less
than one, and if we suppose the series extended to an infinite
number of terms, the last term may be taken /=0, which causes
formula (6) to become

a
Which shows that the sum of an infinite number of terms of a

descending geometrical progression i3 equal to its first term,
divided by one diminished by the ratio.

EXAMPLES.
1. What is the sum of the infinite progression
1+4+3+3+ g+ &e.t
In this example a=1, r=4, and (83) becomes
1
&= m =2.
2. What is the value of 0.33333 &c., or which is the same
thing, of the infinite series Y+ 3+ 1o+ &c ¢
Here a=y%, r=y%, and (338) gives
3
8= 1 'T-wllo‘ = g:%—
8. What is the value of 0.12121212 &c., or which is the
same, of Y% +yddhs +roddsoa + e !
In this example a= ¢, r=}q, and (33) gives
8= 11!012-‘%-6 =H=§‘I’
4. What is the sum of the infinite series
14343+ A+ et Ans. 3.
5. What is the sum of the infinite series
P+ +1ds &e.f Ans. 3.
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6. A person sowed a peck of wheat, and used the whole crop
for seed the following year; the produce of the 2d year again
for seed the 3d year;and so)on)| Iy imthe last year his crop is
1048576 pecks, how many pecks did he raise in all, allowing
the increase to have been in a four-fold ratio ?

By formula 6. Ans. 1398101 pecks.

7. A king in India, named Sheran, wished, according to the
Arabic author Asephad, that Sessa, the inventor of chess, should
himself choose a reward. He requested the grains of wheat
which arise when 1 is calculated for the first square of the
board, 2 for the second square, 4 for the third, and so on ; reck-
oning for each of the 64 squares of the board, twice as many
grains as for the preceding. 'When it was calculated, to the as-
tonishment of the king, it was found to be an enormous number.
‘What was it? By formula 5.

Ans. 18446744073709551615 grains,

HARMONICAL PROPORTION.

(1477)) Three quantities are in harmonical proportion, when
the first has the same ratio to the third, as the difference be- "
tween' the first and second has to the difference between the
second and third.

Four quantities are in harmonical proportion, when the first
has the same ratio to the fourth, as the* difference between the
first and second has to the difference between the third and
fourth. Thus, if

a:c::a—b:b—g (2)
then will the three quantities @, b, ¢, be in harmonical propor-
tion. If

a:d::a=b:c—d (2)
then also will the four quanl:mesa,b c, and d be in harmo
nical proportiom:
I
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Multiplying means and extremes of (1), we have

ab—ac=ac—be, 3)
which by transposition becomes .
ab+be=2ac. (4)
In a similar way equation (2) gives
ac+bd =2ad. S ()]

Suppoee a, b, ¢, d, e, &c., to be in harmonical progression; then

from (4) we have
be+-ab=2ac

cd + bc=2bd
de+ cd=2ce (©)

Dividing the first of (6) by abe, the second by bed, and the third
by cde, &c., we find

1 1 27
ate=3
1.1 2
3ta=% T 0]
1,12
c e d
&e. )
. :.11111 . . .
From which we see that—, 5, ~, -, ~, &c., are in arithmetical
@b cd e

progression,

Hence, the reciprocals of any number of terms in harmonicat
progression are in arithmetical progression ; and conversely, the
reciprocals of the terms of any arithmetical progression must be
n harmonical progression. :

The reciprocals of the arithmetical series 1, 2, 8, 4, 5, 6, are
4 4, 4 1 3, 3, whose numerators, when reduced to a common
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denominator, are 60, 80, 20, 15, 12, 10, which by the above
property must be in harmonical progression.

If six musical/strings) ofeequabtension and thickness, have
their lengths in proportion to the above numbers, they will, when
sounded together, produce more perfect harmony than could be
produced by strings of different lengths; and hence we see the
propriety of calling this kind of relation harmonical or musical
proportion.

If ‘'we take the arithmetical mean, the geometrical mean, and
the harmonical mean, of any two numbers, these three means
will be in geometrical proportion.

Let a and b be any two numbers, then will

_4(a 4 b)=their arithmetical mean,
Vab= % geometrical ¢

2ab « .
P barmonical ¢
And we evidently have
2ab
i(a+b) H \/ab H '\/ab . a——-_i_b.

That is,

The geometrical mean, between the arithmetical mean and the
harmonical mean of two quantities, is the same as the geometrical
mean of the quantities themselves.



CHAPTER ' VII.
PROBLEMS GENERALIZED.

(148.) Under Articles 67 and 74 we have given a few cases
of the method of generalizing the solution of problems. We
Propose now to continue this subject.

Thus far, in most cases, we have made use of numerical values
to represent the known quantities. Now it is obvious that if we
use letters to represent these known quantities, our operations
will be general, and of course applicable to all questions involv-
ing similar conditions.

Under this point of view, we see that Algebra furnishes us
with concise and easy methods for determining general proposi-
tions and rules of operation.

To illustrate this, we will deduce some propositions involving
two unknown quantities, z and y.

Putting s =their sum, and d=their difference, we have

r4y=s. : 1) .

z—y=d. (2)
Adding (2) to (1), we get

2z=3+d, (3)
Subtracting (2) from (1), we get

2y=s—d. (4)

Dividing each member of (3) and (4) by 2, we obtain

2d, or z=-§ + g =greater number.

y= ”;d, ory=2— 4 less number.

2 2
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Translating these results into common language, we have the
following
PROPOSITION!
Half the difference of two quantities, added to half their sum,
18 equal to the greater.
Half the difference of two quantities, subtracted from half
their sum, is equal to the less.

Again, if we take the squares of (1) and (2), we shall have

420y +yi=+, ()
2 —2zy+y'=d", ’ ()
These give the following
PROPOSITIONS.

I. The square of the sum of two quantities is equivalent to
the square of the greater, plus twice the product of both, plus the
square of the less.

II. The square of the difference of two quantities is equiva-
lent to the square of the greater, minus twice the product of both,
plus the square of the less.

These two propositions have already been noticed under
Art. 27.

Subtracting (6) from (5), we find

4ry=5"—d"
This result translated into common language gives this

PROPOSITION.
Four times the product of any two m)mbera, 18 equal to the
square of their sum, diminished by the square of their difference.
Again, equations (5) and (6) by transposition give
2 4y =s =22y, (1)
2+ Y =d*+22y. (8)
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Equations (7) and (8) are equivalent respectively to these two

PROPOSITIONS,

I. The sum of the squares of two quantities, is equal lo the
square of their sum, diminished by twice their product.

II. The sum of the squares of two quantities, is equal to the
square of their difference, increased by twice their product.

Example 4, Art. 44; examples 6 and 11, Art. 46 ; example 7,
Art. 47; and example 4, Art. 48, give the following expres-
sions :

3_
1) ,:z—;/f =mi+y'+my.
@) (a-|2-b)’+ (a—2—b)‘= a‘-;—b’.
@) w—ly +w-l1-y =z’?—z1/"
@ zly B z-:-y =z‘-2-yy"
_ 3__ 72
) a-;bxa2b=a 4b

If we translate these five expressions, we shall obtain the fol-

lowing general
PROPOBITIONS.

I. The difference~of the cubes of two quantities, divided by
their difference, is equal to the sum of their squares, increased by
their product.

II. The square of half the sum of two quantities, increased
by the square of half their difference, is equal to half the sum
of their squares.

III. The reciprocal of the difference of two quantities, in-
creased by the reciprocal of their sum, is equal to twice the
greater quantity divided by the difference of their squares.
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IV. The reciprocal of the difference of two quantities, dimin-
tshed by the reciprocal of their sum, is equal to twice the smaller
quantity divided by the|difference of their squares.

V. Half the sum of two quantities, multiplied by half their
difference, is equal to one-fourth of the difference of their squares.

(149.) From this we conclude that equations are only concise
expressions for general propositions.

We will now generalize a few examples, for the purpose of de-
ducing the Arithmetical Rule for Fellowship.

EXAMPLES,

1. Divide the number @ into two such parts, that the first
shall be to the second as m to n.

Let { z } represent the two parts, which are obviously in

ratio of m to n.
Hence we have this condition,

me+nr=a.
Dividing both members by (m-x), we find
_a
- m+n
Therefore, mr= mm:“ =m¢n a,
na n

n= = a.
m+n m-+n

2. Divide the number & into three parts, which shall be to
each other respectively as m, », and p.
mz
Assume, { nz } for the parts.
pz
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Taking the sum, we have
me+-nz-t-pr=a,
a

and r= m.

Consequently,
. ma  0m
me= m+n+p ~ mtntp x
na n
ne= m-+n+p = m+n+pxa
pa r
pr= m+n+p=m+n+pxa'

From these examples we readily discover how o proceed for
a greater number of parts.

The above leads to the following example :

8. To divide a number into three parts, which shall be to
each other in the ratio of three numbers.

. RULE

Form three fractions having for their numerators the respec-
tive numbers, and a common denominalor equal to their sum.
These fractions multiplied by the given number will give the
respective parts sought,

As an example, let us solve this question:

4. A, B, and C. enter into partnership. A. furnished $180,
B. $240, and C. $480. They gained $300. What is each
one's part of the gain ¢

180+4-2404-480=900 =the common denominator.

180

a

500 %

240 equal to the fractional parts of the gain which
900 —T5 [ each receives.

480

900 1%
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Hence, A. must have } of $300= $60
B. ¢ ¢ fof$300= $80
C. % WV%/\y% bf8300=:8$160

$300 verificatio

’

From this we discover that these general solutions lead im-
mediately to the arithmetical rule for Fellowship.

(150.) We will now proceed to show how easy a thing it is
to deduce the usual rules of simple interest by means of algebraic

operations.
In our operations we shall use the following notation :

p=the principal.
r=the rate per cent., or the interest of §1 for one year.
n=the number of years the principal is on interest.
a=the amount.
Then it is obvious that we shall have
rp=the interest of $p for one year at  per cent. (1)
nrp=the interest of $p for n years at » per cent.  (2)
Hence we have this condition,
p+nrp=a. )
Dividing both members of (3) by 1-4-nr, we have

a
=i ()

Equ;ﬁon (3) also readily gives

=2=P
=22, ®

n=""P, ()

Remarx.—When the time is not an even number of years, we must

reduce the months and days, if any, to the proper fractional part of &
™
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year. Thus, 8 years and 8 monthsis the same as as 34 years. 3 years
8 months and 3 days, is the same as (8+} + 11y)=38%y years. And
so on for other fractional parts of a year.

The rate per cent. is always a decimal.

Thus at 8 per cent. » becomes 0.08,
[ 4 [ « 3 0.04,
“ 5 “ [ 113 0.05’
& 6 “ [ 3 0.06’
“ g« e« 00

‘We will now translate these equations.

EQUATION (1).

The interest of a given sum for one year is equal to the prin-

eipal multiplied by the rate per cent.
EQUATION (2).

The interest of a given sum for any given lime is equal lo the

tnterest for one year multiplied by the number of years.
EQUATION (3).

The amount of a given sum: for a given time at a given rals

per cent. ts equal to the interest added to the principal.
EQUATION (4).

The principal is equal to the amount divided by the amount

of 81 for the same time and at the.same rate per cent.
EQUATION (5).

The rate per cent. i8 equal to the interest of the given princi-
pal for the given time and the rate per cent., divided by the in-
terest of the same principal for the same time at one per cent.

EQUATION (6).
The number of years i3 equal to the interest of the given prin-
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cipal for the given time and rate per cent., divided by the inier-
est of the same principal at the same rate per cent. for one year.

(151.) The/néxt\twolexamples |givée! several symmetrieal ex-
pressions possessing considerable interest.

5. A cistern can be filled by three pipes; the first can fill it
in @ hours, the second in & hours, the third in ¢ hours. In what
time will the cistern be filled when all three pipes are open at
once ¢

Let #=the time sought.

Now since the first can fill it in ¢ hours, it can ﬁllé part in
one hour.

In the same way we see that the second can ﬁll%partin 1 hour.
The third can fill cl part in one hour.
All together will fill G +zl + -cl-) part in one hour.

But by supposition they can all fill % part in one hour.
Hence, we have this condition,
1.1 1 1

atste=z @

That is, The reciprocal of the joint time is equal to the sum
of the reciprocals of the individual times,
This equation readily gives
1
z =-]_.-l_—l+-—l. (2)
a b ¢

Hence the joint time is equal to the reciprocal of the sum of
the reciprocals of the individual times.
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Condition (2) readily takes this form,
abe
$=m. (8)
Translating this expreasion, it becomes,
Divide the continued product of the respective times which
each alone requires, by the sum of their products taken two at
a lime, and the quotient will give the joint time.

Rxuarx.—If one of the pipes, the first for example, instead of aesist-
ing the others to fill the cistern, was constantly drawing off from it,
then all that would be necessary to do, so that formula (2) should be
true, would be to change the sign of a. Making this change in (2),
we get

=TT “)

When > is les than = + 2, the value of z is povitive,
When%iagreaterthan-;—+§, the value of z is negative.

When %=%+ %, the value of # is infinite. That is, in thus
last case the first pipe discharges just as fast as the two others
supply. Consequently, the cistern can never become full.

By using a negative exponent to denote the reciprocal, Art.
84, equation (1) becomes

Fr=a b e )
Similarly, (4) becomes
peTEEE ©

We will take another example of symmetrical equations, the
solution of which will be found to- bear much likeness to the sc-
lution of Prob. 3, Art. 120.
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zyz
z+y
6. Given { Y2 =b;
y+e
rye =,
24z .
Taking the reciprocals of each member of these equations, we
have

=aq,

to'find = y, and 2.

ety _1
zyz @
y+z 1
’5’
_z+z__ 1
zyz ¢
Dividing the numerator and denominator of the left-hand
members of each, we finally obtain
1 1 1 .
wte=a o
1 1 1
=Ty~ @)
1 .1 1 *
Taking half the sum of these three equations, we have
1.1
steta=tiit) W
Subtracting from (4) successively (1), (2), and (3), we find
1 1 1
=*(“+‘ +2) ©)
1 1
__%( b 313 c +;)’ ©)

=i-cta) o
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Taking the continued product of (5), (6), and (7), we have
1 1,1,1 1,1 1\y/ 111
w=t(—atate) (Garira) (mivins) ©
Dividing (8) by the square of (6), we have

1 1 1 1 1 1
I *(‘;+;+z)(“;+5+zX

i 1 11 (©)
“ptete
Reciprocating (9), and extracting the square root, we find
[ 1 1 1-
“5tote }
=< . (10)

1 1 1 1. 1 1
~%(—z+;+z)(—;+z+;)
By permuting, we find from (10), -
y== 4 T c] e bl ) -, (11)
#(=3+5+7) (=5+:+3)

of 1,11 3
—;+5+c— 1

¢=i < 1 1 1 1 1 1 > o (12)
(=5+id) (54545
Reducing these to the ordinary form, we have
9abe(ab4-be—ca) } 3
(ab—bc+-ca) (bc+ca—abd)
. { 9bca(be -+ ca—ab) } 3
Y= Be=catab) (catab—bc) § °

2eab(catrab—be) |}
Gt @15 |

z=:!:{

z=i{
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Referring to equations (8), (9), and (10), of Prob. 8, Art. 120,
we see that if all the letters g, b, ¢, #, ¥, and 2, are reciprocated,
they will agree with'equations (5), (6), and (7), of this Problem.

Having discovered this elation, we could at once deduce the
final expressions for 2, y, and 2, from those given in the Prob-
lem already referred to.

Before taking leave of this beautiful Problem, we will unite
equations (5), (6), and (7), by the aid of the negative exponent.
They become as follows :

gy =27 (—a b7 +cY),
Yl =2"(—b"14 " a),
zr—lz—l - 2—l(—'0_| + a—l _'_‘b—l).

This same method of denoting a reciprocal might be used in
other similar circumstances, as in equations (1), (2), (8), and
in (4), &c.

‘We will add one more example, which will be useful to illus-
trate the negative sign.

7. A.’sagelsayears,B’sage is b years, When will A. be
twice as old as Bt

Let z = the time sought.

At the end of  years,

A. will be a4z years old.

B. will be 6+ years old.

Hence, we must have this condition,

at+z=2(b+2). (1)
This reduced, gives :
=a—2b. (2)
From this we see that A’s age must, at this present time, ex-
ceed twice B/s age, in order that # may be positive.
If A's age is now less than twice B.s age, then z will be
negative, and the time sought is not future, but past time.
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As an illustration, suppose A. is now 30 years old, and B. is
ten years old. In this case,
2:=a=20=305-20==10.
which shows that 10 years from now A. will be twice as old as B.
If A. is now 30 years old, and B. is 20 years old, then
z2=a—2b=80—40=-10,
which shows that 10 years ago A. was twice as old as B.
was then.

ELIMINATION- BY INDETERMINATE MULTIPLIERS.

(152.) Suppose we wish to find # and y from the equations

2z4-8y=183, (1)
5z-4y=22. 2)
Multiplying (1) by m, we find .
2mz+3my=13m. 3)
Adding (2) and (8), we have
(2m+ 5‘)z+ (8m-+4)y=18m+22. (4)

This expression must be true for any value of m. If the co-
efficient of y, 3m+-4, be assumed equal to zero, y will disappear
from (4), and we shall have 8m--4=0, or m=—%. And
equation (4) will give

_ 18m4-22
2m+b6
Again, if we had assumed 2m-5=0, which would have given
== %; (5)
then equation (4) would have become

_ 1sm422
T ©)
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Now, returning to our former equations, we will subtract (2)
from (8) ; we thus obtain

(2m—>5)z+ (8m—4)y=13m —22. (7)
Assume 8m—4=0, which gives
This value of m causes (7) to become
) 13m—22
= om—p ®

Again, assume 2m— 5=0, which gives

m= 5
m=4.
This causes (7) to become

183m—22
= =8, (10)

These values of # and y are the same as just found.

It is evident that had we multiplied (2) by m and then added,
or subtracted the result from (1), we should then have found, in
a similar manner, the same values for z and y.

(153.) We will now apply this method to the two literal
equations,

Xz+ Ky =Al’ (1)
X+ Yy=A4, (2)

In these equations the capital letters are supposed to be
known, and their subscript numerals indicate the equation to
which they belong. Thus,

Xj is the coefficient of # in the second equation.

Y, is the coefficient of ¥ in the first equation.

A, is the absolute term, or the term mdependent of z and 3
in the seoond equation.

~
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Returning to our equations, we will wmultiply (1) by m and
add the result to (2) ; we thus obtain
(Xim+ X)eH(Ximr N)y=Am+4,  (3)
Now, assume ¥,m+ ¥,=0, which gives

m-—-——-l;. , (4)
This causes (8) to become
(Xim+ X)r=Am-+ 4, ®)
which gives immediately
Alm‘l'Al A, Y,— AI-YI. (6)
T Xm+X, X7Y,—XY,
Assume X\m+-X,=0, which gives

m=—=. 7

This value of m causes (3) to become

Alm+-A9 — A’XI—AIX; (8)
Y= Fmi 7, XT-XY,

Hence, the values of z and y are

_AY— A.Yl
_ X —AX,
T XN-XY

These values of z and y may be considered as comprising the
solution of all simple equations combining only two unknown
quantities.

By carefully examining these general expressions, in connec-
tion with the primitive equations, we see that the values of # and
y appear in a fractional form, having a common denominator,
which denominator consists of the product of the coefficient of z,
in the first equation, into the coefficient of y, in the second
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equation ; diminished by the product of the coefficient of z, in
the second equation, into the coefficient of y, in the first
equation.

That the numerator of the expression for the value of z is de-
rived from the common denominator, by changing the coefficients
of z into the absolute terms.

The numerator of the expression for the value of y, is derived
from the common denominator, by changing the coefficients of y
into the absolute terms.

Hence, the solution of two simple equations may be obtained

«by the following

RULE.

The values of z and y will take a fractional form, having a
common denominalor, which common denominator may be found
by multiplying the coefficient of z, in the first equation, into the
coefficient of y, in the second equation ; and subtracting the pro-
duct of the coefficient of z, in the second egquation, into the co-
efficient of y, in the first equation. If we conceive the absolute
terms to occupy the places of the coefficients of z, and then re-
peat the above operation, we shall obtain the numerator for the
value of z.

For the numerator of the value of y, we must conceive the ab-
solute terms to occupy the places of the coefficients of y, and then
multiply as before.

EXAMPLES,
L | 3e4oy=12,
* | 4e+5y=23.

8X 5— 4X 2= 7=common denominator,
- ' 12X 5—28X 2=I14=numerator of z,
8X28— 4x12=21= « “ 9.
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Hence, z=4'=2,
y=?=3.
8z+—by= b,
{ 4z—2y=16.
83X — 2— 4% —5=14=common denominator.
§X — 2—16 X —b5="70=numerator of 2,

8x 16— 4X 5=28= “ “y.
Hence, z=3}=5,
y=§=2 i
3 —4z4-5y= 1, .
2z—3y=—>.
—4X —8—  2X5=2=common denominator,
7 X —8—(—5) X 5=4=numerator of 2,
—4X—5— 2XxT=6= “ Gy
Hence, z=4%=2,
y:g—:s.
{ —4z4-5y= 28,
92— 3y=—18.
—4x— 83— 2X 5= 2=common denominator
28X — 3—(—18)X 5=—4=numerator of z,
—4x—18—  2x28= 6= ¢« “g
Hence, z="t==2,
y=%=
4z—3y= 5§ z=2,
{ 8z4+4y=10 } : Ans. 3 1.
6z—5y=138 =3,
6. {5x+'6y=21 } : Ans. 3 1.
z+3y= 17 z=4,
7. {3‘_ y=11 } . Ans. {y:l.
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-8 z4ay=c o c—ad

) {bw+ y=d}’ “1=a¥
Ans,

_ d—b

(Y= 1=t

0 { z+ay=1} ([ 1—a

b =1" T 1—al’

z+ Y Ans. 4 1—ab

_1-8

Ly— 1—abd

(154.) As a still farther illustration of the method of elimina~
tion by means of indeterminate multipliers, we will proceed to
the solution of three simultaneous simple equations, involving
three unknown quantities, #, ¥, and 2.

And we will continue to make use of the notation by the as-
sistance of subscript numbers.

Let the equations be as follows:

Xiz+ Y+ Z 2= A4, 1)
X+ Y+ Zz=A,, @)
X+ Yiy+Ze=4A, (3)

In these aquations, as in those of the last example, the capital
letters X, ¥, Z, are the coefficients of their corresponding small
letters. The small numerals placed at the base of these coeffi-
cients correspond to the particular equation to which they be-
long. Thus X, is the coefficient of z in the second equation;
Y, is the coefficient of y in the third equation; Z, is the co-
efficient of 2 in the first equation, and so for the other coeffi-
cients. The letter A is used to denote the right-hand members
of the equations, or the absolute terms; the subscript numbers
in this case also denote the equation to which they belong.

This kind of notation, by use of subscript numbers, is very
natural and simple, and combines many advantages over the or
dinary methods.
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Having -explained this method of notation, we will now pro-
ceed to the solution of our equations.
If we multiply/ (1))byn,@nd (2) by n, and then add the re-
sults, we shall obtain
(Xim+Xn)a+(¥im+ Yyn)y }
+(Zm+Zn)z=Am+ A,
From (4) subtracting (3), we find
(Xim+Xin—X)a+ (Y im+Yin— Yy)y } %)
+(Zm+Zin—Zy)z=Am+ An— A,
In order to cause y and z to vanish from this equation, we will
assume

@

Yot Ve, (6)
Zm+-Zin=2, (7
This assumption causes (5) to become
(Xim+4Xn— s)$=Alm+Aa""“Ax- (®)
_ Am+Am— A4,
Therefore, xT= m. (9)

By Rule under Art. 153, we obtain, from (8) and (7), the
values of m and n as follows:

_NZ-YZ
m= YZ,—7V2Z (10)
_¥Z,-Y.Z
b o A ()

Substituting these values of m and = in (9), we find, after a
little reduction,
g1 YoZa— 4, ViZst 4, Y 2, — A, Y2+ A, Vo2 — A, Y2y (12)
X, Y Z,— X, Y2t X, Y, 2,— X Y Z,+ X, Vo2, — X, 12,
If we change the signs of all the terms of the numerator and de-
nominator, and make a slight change in their arrangement, we
shall have :
AYZA AV 2+ A X2~ A, Y 2 — AV 2 — A, Vo2,
YYZ+X V2t XY= X Vo2~ X, Y 2y — X, Yol

(18)
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By a similar process we shall find the values of y and 2, as below :

X}AgZS-FX,A,Z,-]-xY,A,Z,—XIA,Z,—X,A,Z,—A’,A,Z_l (] 4)
V= XY Z A X, Yol X Y i X, Yol Yo Ta— X, YoZ,
= B TAA LT AA LY A= D VA= DTy =XV,
XY, A XY, XV 2, — X, YT — X,V 2y — X, Vo2,

(155.) We will now proceed to point out some remarkable
relations in the combinations of the subscript numbers, as given
by equations (18), (14), and (15).

L The denominator, which is common to the three expres-
sions, is composed of six distinct products, each consisting of
three independent factors. Three of these products are positive,
and three are negative.

II. The letters forming the different products of this common
denominator being always arranged in alphabetical order, X, ¥,
Z, we remark that the subscript numbers of the first product are
1,2,8. Now, if we add a unit to each of these numbers, ob-

serving that when the sum becomes 4 to substitute 1, we shall

obtain 2, 8, 1, which are the subscript numbers of the second
product. Again, increasing each of these by 1, observing as
before to write 1 when the sum becomes 4, we find 3, 1, 2,
which are the subscript nambers of the third product. If we
increase each of these last numbers by 1, observing the same
law, we shall obtain 1, 2, 8, which are the subscript numbers
belonging to the first product. A similar method of changing
has already. been noticed under Art. 74.

‘What we have said in regard to the:subscript numbers of the
positive products, applies equally well in respect to the negative
products,

III. The numerator of the expression for #, may be derived
from the common denominator by simply substituting .4 for X,
observing to retain the same subscript numbers.

The numerator of the expression for y may be derived from
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the common denominator by substituting 4 for ¥, observing to
retain the same subscript numbers.

In the same\way maythé numerator of the expression for z be
found by changing Z of the denominator into .4, retaining the
same subscript numbers.

(156.) We will now proceed to show how these expressions,
for 2, y, and 2, can be obtained by a very simple and novel pro-
cess, which i8 easily retained in the memory, and which is ap-
plicable to all simple equations involving only three unknown
quantities.

‘Writing the coefficients and the absolute terms in the same
order as they are now placed in equations (1), (2), (3), we have

X Z, = 4,
X, Y, Z, = 4, (4)
X, ¥, Z, = 4,) .

Now all the products of the common denominator can be
found by multiplying together by threes, the coefficients which
are found by passing obliquely from the left to the right, observ-
ing that if the products obtained by passing obliquely downwards,
are taken positively, then those formed by passing obliquely up-
wards must be taken negatively, and cohversely. This is in
accordance with the property of the negative sign. (See Art.
17.) In the present case the products formed by passing oblique-
ly downwards, are taken positive.

In this sort of checker-board movement, we must observe that
when we run out at the bottom of any column, we must pass to
the top of the same column ; and when we run out at the top,
we must pass to the bottom of the same column.

This method is most readily performed upon the -blackboard,
by drawing oblique lines connectmg the successive factors of the
different products,

‘We will trace out this sort of oblique movement.
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Commencing with X, we pass obliquely downwards to ¥,
and thence to Z;, and thus obtain the positive product of
X, Y,Z,.

Commencing with X, we pass obliquely downwards to ¥ ;
and since we have now run out with the column of Z’s at the
bottom, we pass to Z,, at the top of the column, and thus obtain
the positive product X, ¥,Z,.

Again, commencing with X,, we pass to ¥,, and thence
obliquely downwards to Z, and find the positive product
X, Y\Z,

Now, for the negative products we make similar movements
obliquely upwards.

Thus, commencing with X, we pass to ¥, and thence oblique-
ly upwards to Z;, and find the negative product X, ¥;Z,.

Commencing with X;, we pass obliquely upwards to Y, and
thence to Z,, and find the negative product X,¥,Z,.

Again, commencing with X;, we pass obliquely upwards to Y, »
and thence to Z,, and thus obtain the negative product X,Y,Z,.

Having thus obtained the denominator which is common to
the values of #, y, z, we may find the numerator of the value of
z, by supposing the A’ to take the place of the X’s, and then
to repeat our checker-board movement. By changing the ¥’s
into the A’s, we shall find the numerator of the value of y; and
by changing the Z’s into A’s, we shall find the numerator of
the value of 2.

(157.) We will now illustrate this method of solving simple
equations containing only three unknown quantities, by a few
examples,

2z+43y+-42=186,

1. Given{ 8245y +72=26, } to find 2, y, and =z

4z +2y+32=19,

‘We will first find the common denominator.

K
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POBITIVE PRODUOTS.

NEGATIVE PRODUCTS,

2X5X3=80 2X2XT=—28
3X2X4=24 3X3X3=—27
4% 8X7=84 4X5X4=—80
138 —185

—-185

3 =common denominator.

‘We have for the numerator of z the following operation :

POSITIVE PRODUCTS.

NEGATIVE PRODUCTS.

16 X5 X 3=240 16 X2XT=—224
26X 2X4=208 26X 3X3=—234
19X 38X 7=3899 19X 565X 4=—3880
847 —838

—838

9 —numerator, for z.
To find the numerator for y, we have

POSITIVE PRODUOTS. NEGATIVE PRODUCTS.

2X26 X3=156 2X19 X '1=—266
3x19Xx4=228 8xX16X3=—144
4X16X7=448 4 %26 xX4=—416
832 —826

—826

=numerator, for y.
To find the numerator for z we have

POSITIVE PRODUCTS. NEGATIVE PRODUCTS.

2x5x19=190 2X2x26=-—104
3x2x16= 96 3X3x19=—1171
4x8x26=312 4Xx5x16=—3820
598 —595

—595

8 =numerator, for z.
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HBDOG, T =

‘When some of the coefficients are negative, we must observe
the rule for the multiplication of signs.

2z 4y—32=22,
2. Given g 42—2y+52=18, } to find 2, y, and 2.
6z+Ty— 2=63,
To find the common denominator, we have
POSITIVE PRODUCTS, NEGATIVE PRODUCTS.
2xX—2X—1= 4 2x Tx b5=-170
4xX Tx—8=-—84 4xX 4x—1= 16
6x 4x b= 120 68X —2X—3=-—36
40 —90
—90

—50=common denominator.

For the numerator of 2, we have

POSITIVE PRODUCTS. NEGATIVE PRODUCTS.
22X —2X—1= 44 22X 1x 5=-—170
18X 7Tx-—8=-—3"78 18X 4x—1= 172
63X 4x 5= 1260 63x —2X —3=—3"8
926 —1076

—1076

— 150 =numerator, for z

Hence 2= _1500=8.

Proceeding in a similar way we find the values of y and 2.

8. Given { y+4z=a, ) to find z, ¥, and =.
z+ir=a
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‘We will arrange the coefficients, omitting the unknown quan-
tities, observing also to write O for such terms as are wanting.

This arrangement /Being made, ‘we have

1 3 0=a
01 % = a
$ 0 1=a i
POSITIVE PRODUCTS. NEGATIVE PRODUCTS.
1X1x1=1 : 1x0x31=0
0X0x0=0 0X§~X1=0
Ixdxd=f 1x1x0=0
4% =common denominator. 0

For the numerator of 2, we have

POSITIVE PRODUCTS. NEGATIVE PRODUCTS.
aXlxl=a ax0x}i= 0
aX0x0= 0 ax}ixl=—1a
axixi=4a ax1lx0= 0

(o —3a
_%a
' 2a=numerator, for z.

Hence, ’ z=3a+35=1%3a.

By a similar process is the value of ¥ and 2z found.
z+a(y+z)=m,

4, Given{ y+b(z+z)=n, ; to find #, ¥, and 2.
z+c(z+y)=p,

These coefficients, being properly arranged, give

l a a = m
b 1 b = n
¢c ¢ 1 =

r
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POSITIVE PRODUCTS. NEGATIVE PRODUCTS.
IX1X1= 1 I1XeXb=—bc
Ve X a=abe : bXaXl=—ab
cXaXb=ab: ceX1lXa=—ac

14 2abe —ab—ac—bc
—ab—ac—be

1+ 2abc—ab—ac—bc=common denominator.

For the numerator of z, we have

POBITIVE PRODUCTS. NEGATIVE PRODUCTS.

mX1X1l= m mYeXb=—bem

n XecXa=acn nXaXl=— an

p XaXb=abp P X1Xa=— ap

m-+acn+abp —bem—an—ap
—~bem—an—ap

m+acn+abp—bem —an— ap =numerator of z.
__m-acn+abp—bem—an—ap
Hence, 2= 1+2abc—ab—ac—be

In a similar way may the values of ¥ and z be found. Or, the
values of y and z may be at once drawn from this value of z
by permutation, since the primitive equations are symmetrical,
Art. 73.

This solution is much shorter than by the ordinary methods
of elimination.

5. A, B, and C. owe together () $2190, and none of them
can alone pay this sum ; but when they unite, it can be done in
the following ways : first, by B’s putting § of his property to
all of A’s; secondly, by C’s putting § of his property to all of
BJs; or by A.’s putting § of his property to all of C’s. How
much was each worth ?



2922 ELEMENTS OF ALGEBRA.

Let 2, y, and z represent what A., B,, and C. were respective-
ly worth.

Then we shall have thesé’conditions :
z-l--}y:a,
y+iz=q,
z4+fz=a.
Clearing these of fractions, and arranging the coefficients, we have
7 8 0 = 7a
0 9 6 = 9a
2 0 3 = 3a
POSITIVE PRODUCTS. NEGATIVE PRODUCTS.
7Tx9x3=189 ITxX0x5=0
O0XxX0x0= O 0xX3X3=0
2X3x5= 380 2X9X0=0 -
219 =common denominator. 0
For the numerator of z, we have
POSITIVE PRODUCTS. NEGATIVE PRODUCTS.
Tax9x3=189%a Tax0xb= O
9axX0x0= 0 9a X3 X3=—8la
3aX3X5= 45a 3ax9xX0= 0.
234a —8la

—8la

153a=numerator of z.

158¢ 1538 x 2190
Hence, z= 210 = 21d =1530.
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For the numerator of y, we find

POSITIVE PRODUCTS. NEGATIVE PRODUOCTS.
7X%9axX3=189a TX8aX5=—105a
. 0X3ax0= 0 0XT7ax8= 0
2XTaxX5= T0a 2X 92X 0= (1]
259a —~105a
—105a
154a=—numerator of y.
154a

For the numerator of z, we have

POSITIVE PRODUCTS. NEGATIVE PRODUCTS
7X9X8a=189%a TX0X9%= 0
0X0xX7a= O 0X3X3a= 0
2X8X9%= 54a 2X9XT7a=—126a

243a —126a
—126a
117a=numerator of z.
117a
Hence 2z = W_II’ZO.
Collecting the results, we find that
A. was worth $1530.

B. “ $1540.
C. “ $1170.

. The student will find, after a little practice in this method,

that it is much mo:e simple than would at first sight seem.

‘Whenever some of the coefficients are zeros, as in the 3d and
5th examples, the work is much abridged, as in this case some

of the products must become zero.



CHAPTER VIII.

MISCELLANEOUS SUBJECTS.

PROPERTIES OF NUMBERS.

(158.) Suppose the number IV to be of the following form:
N=aytar+ar*+ar+......+ar™ (4)

If in this formula we suppose r=10, and each of the numbers
@, Gy, 8y, Oy oo v oo . a, tobe less than =10, then the above num-
ber will be expressed according to our decimal system of notation.

Thus the above formula, when adapted to the number 87854,

ves
g 37854=4+5.1048.10"+7.10°48.10%

In this way all whole numbers may be represented by formula
(A), where r denotes the base of the particular system of nota-
tion, and a,, @, @y, @y, .. .. @, are the respective digits, counting
from the right hand towards the left.

(159.) We will make use of the symbol S, to denote the sum
of all the digits; we will also represent the sum of the digits
occupying the odd places, counting from the right hand towards
the left, by S., and the sum of the even digits by S,

Our formula (A} is readily changed into

N=_8;+a,(r—1)+a(r*—1)+a(r*—1)....a,("—1).

Now each of the expressions r—1, ¥*—1, ¥*—1, and r"—1,
is divisible by »—1. Hence, if the sum of the digits is divisible
by r—1, then will the number be divisible by »—1; and what-

ever remainder is found by dividing S, the same remainder will
be found by dividing N.
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If we take the number 8458, expressed in the decimal scale,
we find §,=20, which divided by 9 will give 2 remainder, and
this is the same remsinder| as found by dividing 3458 by 9.

If we take the number 8456, we find that S;=18 is divisible
by 9, and consequently 3456 is also divisible by 9. The same
is true of the 24 numbers found by permuting these four digits;
thus,

3456 ; 3465 ; 3546; 3564 ; 3645 ; 3654.
4356 ; 4365; 4536 ; 4563 ; 4635; 4653.
5346 ; 5364 ; 5436; 5463 ; 5634 ; 5643.
6345 ; 6354 ; 6435; 6453 ; 6534 ; 6543.

(160.) Hence, in general, whatever remainder i found by di-
viding the sum of the digits of any number by 9, the same re-
mainder will be found by dividing the number itself by 9.

(161.) If two numbers are composed of the same digits taken
in a different order, their difference will always be divisible by 9.

For the divisibility of any number by 9, we have seen, de-
pends upon the divisibility of the sum of its digits. Hence the
difference of two numbers composed of the same digits must of
necessity be divisible by 9.

(162.) What has been said in reference to the digit 9, is ap-
plicable to the digit 3, since 3 is a divisor of 9.

(163.) Fotmula (4) can readily be made to assume this form :

N=280s—Sputai(r+1)+as(r'—1) +a,(r + 1)+, &e.

Now each of the expressions »+1, ¥*—1, 41, &c., is divisi-
ble by »+1.

Hence, in the,decimal notation, we know that if S,z3— 8., I8
divisible by 11, then will the number be divisible by 11.

Thus, in the number 968341, we have S,,;,=10, S,,,.=21;
consequently S,3—S,a=-—11. Therefore the number 968341
is divisible by 11.

k* -
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(164.) From the generality of formula (4), we see that there
are analogous properties for each system of notation.

(165.) Suppose we wish to transform any given number ex-
pressed in the common arithmetical scale, into another number
of the same value, having for the radix r, and having a,, a,, a, @,
&c., for digits ; that is, let it be required to put NV into the par-
ticular form as expressed by formula (4).

If we divide each member of (4) by r, we shall obtain the re-
mainder @, ; that is, ¥ divided by r will give the remainder a,,
dividing again by r, and we get the remainder a,; again, di~
viding by », we find a, for remairder, and so on. Hence we
have this

. RULE.

Divide the number by the base of the new scale, and write the
remainder as the unit's digit sought ; divide the quotient by the
base again, and write the remainder as the digit next the unit's
place ; proceed in this way till a quotient is obtained less than
the base: this quotient is the digit of the highest order in the
number in its new form. Whenever there is no remainder, O is

the corresponding digit.

EXAMPLES,
1. Represent the number 2931 in the scale whose base is 8.
Following the rule, we have this
OPERATION.
8 293_1_
8| 866 - - - - 3=first remainder=a,,
8! 45 - - - - 6=second remainder=a,
ay=>5 - - - - 5=third remainder=a;.

Hence, 2931=5.8"+5.84+6.8+3.
Now, if it be understood that the digits increase in an eight-
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fold ratio from the right hand towards the left, it may be writ-
ten 5563.

2. Convert 3714 into an equivalent number having 4 for the

base. .
OPERATION.
4| 8714
4 —9—25 - - - - 2=first remainder=a,,
4| 282 - - - - 0=second remainder=a,
4 58 - - - - 0=third remainder=a,,
4| 14 - - - - 2=fourth remainder=a,,
;=38 - - - - 2=fifth remainder=a,.

Hence, if we consider the digits as increasing in a four-fold
ratio, our number will become .

822002.

(166.) To reduce a number from any other scale into the de-
cimal, we have this

RULE.

Multiply the digit farthest to the left by the base of the scale
tn which the number is expressed, and add the nezt digit to the
product ; multiply the sum again by the base, and add the third
digit ; proceed in this way till the wnit's digit is added :” the
result i8 the number in the decimal scale. This rule is evidently
the converse of the last rule.

EXAMPLE,

Let 3465 be a number expressed in the scale whose base is
9 : it is required to express it in the decimal scale.
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OPERATION.

3465
9

31 =3X9+4,
9

285 =31X9+6,
9

2570=285X 9+5.
Hence, 2570 is the number sought.

CONVERSION OF REPETENDS INTO VULGAR FRACTIONS.

(167.) We will commence with simple repetends.

And we will denote the successive figures which constitute
the repetend by a,, ay, ay,. . . .G,
The general form of a repetend will be
0.0,050;3. « « - Q0005 « . . Gy, &C.
If we denote this value by s, we shall have
8=0.2,042;. . . .Q,2,050. . . . @, & m

In this case we have supposed the number of figures in the
repetend to be n.

If we multiply (1) by 10, we shall have
810" =a,a,a,. . . .,.2,850;. . . . a,, &c. (2)

The right-hand member of (1) was multiplied by 10* by re-
. moving the decimal point n places towards the right; we thus
cause the decimal figures in (2) to occur after the point in pre-
cisely the same order as they occurred in (1).
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Subtracting (1) from (2), observing that the decimal parts will
cancel each other, we have

(10* = )sLaiay;. . - a,. 3)
Consequently, s=c%;_°i'—a‘-‘. (4)

The denominator of formula (4) will consist of a succession of
9's, as many in number as there are figures in the repetend.

EXAMPLES,
1. What is the value of 0.3333, &c.? Ans, =3=4.
2. What is the value of 0.128123128, &e.
s={3f=1%%

8. What is the value of 0.142857142857, &c. ¢

Ans. s=}33381=4%.
(168.) When the repetend is compound.

Let a = the repeating period.

n = the number of figures in a period.

b = the non-repeating number.

m= the number of decimal figures in b.
& = the value of the compound repetend.

Also, denote the successive figures which constitute the non-
repeating part by b, by, b;. . . .0,
Then the general form of our compound repetend will be
8=0.b,bed; . . . . 0a21048;. . . . A, 010405. . . . @, &e. (1)
The value of the non-repeating part is evidently
b,bbs. .. .0, ‘
it ®

Did the part which repeats commence immediately after the
decimal point, then its value could be found at once by formula
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(4), Art. 167. But there are m decimals before the repetend
commences, consequently its value is 1—;; part of the value ob-

tained by formula (4). Hence for the repeating part we find
000, .. .4
10~(10*—1)
Hence, the entire value of (1) is
_ b,b;bs. . . 0505 . . @y
o 10-' 10%(10*—1)°’
or whlch is the same thing,
b(lO"—l)+a

EXAMPLES,
1. What is the value of 0.017857142 1
In this example n=6; m=38; a=857142; b=17. These
values, substituted in formula (.B), give
= A=
2. What is the value of 0.0416.
41 X 9+6

INEQUALITIES,

(169:) When two quantities or expressions are equal, as the
two members of an equation, this equality is denoted by the
symbol =

In a similar way the symbol >, placed between two quanti-
ties or expressions, indicates that they are unequal, and the sym-
bol is so placed as to open towards the greater quantity. Thus,
m>n shows that = is greater than n; a<b shows that a is Jess
than b.
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In the theory of inequalities, negative quantities sve conmsid-
ered as less than zero. And of two negative quantities, the one
which has the \gréatest | numerical valuél is considered the less.
Thus,

0>—4,and —5>—8.

Nearly all the principles of equations will hold good in re:
spect to inequalities, by considering the quantities separated by
the symbol >, as the two members of the inequality.

An inequality is said to continue in the same sense, when that
member which was greater previous to a particular operation,
remains so after the operation has been performed. And two
inequalities are said to exist in the same sense in regard to each
other, when the larger members both correspond with the left-
hand members, or with the right-hand members. Thus, a>b
and m>n exist in the same sense; so also do z<y and r<p.
But e >b and <z are inequalities existing in opposite senses.

I. The same quantity may be added or subtracted from boih
members of an inequality, and the inequality will remain in the
same sense as before.

Thus, if 6>>2, and we add 8 to both members, we shall have
843>2+3; thatis, 9>>5. Again, if —3> —5, and to both
members we add 2, we shall have —3+42>—5--2; or, what
is the same thing, —1> —38; again, adding 1 to both mem-
bers of this last inequality, we have 0> —2.

Hence, we may transpose any term of an inequality from one
member to another, observing to change its sign.

Thus, suppose we have

3z4+18>88—uz,
we have by transposition,
8z+2>88—18,

or 42> 20.
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II. The corresponding members of two or more inequalities
exisiing in the same sense tn respect to eack other, may be added,
and the resulting/inequalityCwill ézistlin the same sense as the
given inequalities.

III, But if the corresponding members of two inequalities,
existing in the same sense, be subtracted from each other, the re-
sulting inequality will not always exist in the same sense as the
given inequality.

In the two inequalities,
16>15, 6))
14> 8, )
if we subtract the second from the first, we find
2<12. (3)

This resulting inequality exists in a contrary sense to the first
and second.

IV. We can multiply or divide each member of an inequality
by any positive quantity, without changing the sense of the in-
equality.

V. But if each member be multiplied or divided by a negative
quantity, the resulting inequality will take an opposite sense.

V1. If both members of an inequality are posilive, they may
be raised to the same power without changing fhe sense of the
inequality.

VII. But, when both members are not positive, they may,
when raised to the same power, have the sense of their inequality
changed.

(170.) We will give a fow exaﬁxples involving the principles
of inequalities.
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EXAMPLES.

1. Find the limit of the value of z in the inequality
4229510 Ans, >3,
2. Find the limit of  in the inequality
3242<12+2. Ans. z<5.

2
% +oz—ab>Z
3. Given . ¢t find the value of .
. ——az+ab<—,
n n
Ans. { z>a,and 2<b; that is, any value between
a and b will satisfy the conditions.

4. A boy being asked how many apples he had, replied, “I
have more than three score, and half my number diminished by
13 is less than a score.” How many had he ?

These conditions expressed in symbols, are

z>60,
2 —13<20.
2

This second condition gives
< 66.
Hence, any number between 60 and 66, exclusive, will satisfy
the above conditions.

PERMUTATIONS,

(171.) The different orders in which quantities may be ar
ranged, are called their permutations.

In our investigations we shall use the same letter, with differ-
ent subscript numbers, to denote the quantities to be permuted.
Thus, let the » quantities to be permuted, be represented by
@y Tgy O3y Bgy Csye o o o Cpe
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(172.) We will now proceed to determine the expressions for
the number of permutations of n different things, when taken
one and one, tyoand two;three-and, three, . ...r and r together,
where r is any positive integer not greater than n.

The number of permutations of » things taken separately, or
one by one, is evidently equal to the number of things, or to n.

The number of permutations of n things, taken two and two
together, is n(n—1).

For a, may be placed successively before ay, ay, a4, Gsyo o o oy
and thus form (n— 1) permutations taken two and two together;
a, may be placed successively before ay, a,, a,, ay,....q,, and
thus form (n—1) permutations different from the former ; and the
same may be done with each of the quantities a;, a,, @;....a,,
and we shall thus obtain (n—1) permutations two and two to-
gether, repeated as many times as there are individual things, or
n times. Hence, the total number of permutations of » things
taken two and two is n(n—1).

The number of permutations of n things taken three and three
together, is equal to n(n—1)(n—2).

For we have just shown that the number of permutations of
n things two by two is n(n—1), therefore the number of permu-
tations of ay, ay, a,, ;... .a,, taken two and two, is found by
diminishing n by a unit in the expression n(n—1), which thus
becomes (n—1)(n—2). Now, writing @, before each of these
permutations, we shall find (n—1)(n—2) permutations of three
by three, all commencing with @,. It is obvious the same thing
may be done with all the other letters, ay, a;, a,, as....a,
Therefore, the total number of permutations of n things taken
three by three is n(n—1)(n—2).

By a similar process we should be able to show that the num-
ber of permutations of # things taken four and four is

n(n—1)(n—2)(n—8).
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(178.) By this method of induction, we infer that the number
of permutations of n things taken r and r together, will be given
by the continued product of the natural numbers descending from
n, until as many factors are used as there are things in each
permutation.

The general expression will be
n(n—1)n—2)(n—3)....(n—r41).  (4)
If we suppose r=n, then all the different things will be found
in each permutation, and formula (A4) will become, where the
order of its factors is reversed,

~ 1X2X3X4X5....(n—1)n, (B)
which is the product of all the natural numbers as far as n.

EXAMPLES,

1. How many permutations can be made of six individual
things, all being taken at a time ?
Ans. 1X2X3x4x5Xx6="1720.

2. In how many different ways may 15 persons sit at table ¢
Ans. 1X2X3X4X5X6XTX8X9x10x11x12
x 18X 14 X 15=1307674368000.

3. How many changes can be rung on 8 bells ?
Ans. 1X2x8X4X5X6X"7TxX8=40320.

(174.) Let us endeavor to find the number of permutations of
n things, when any assigned number of them become identical.

Thus let us find an expression for the number of permutations
of n things, r of which are identical with each other. ‘

‘We have already found the number of permutations of n
things all taken together, supposing them all different from each
ather, to be

n(n—1)....8.2.1
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If r of these.quantities become identical, the permutations
which arise by their interchange with each other, or from their
perticular permutations which)are“1/x 2 X 8....r in number,
Jor any assigned position of the other letters, are reduced to one.
The number of permutations, therefore, when all the letters are
different from each other, is 1X2X3....r times as great as
when r of them become identical. Or, in other words,

n(n—1)X....2X1
1X2X....r '
is the expression for the number of permutations under the cir-
cumstances supposed.

If, in addition to r quantities, which become identical, there
are & others, which, though different from the former, are still
identical with each other, then there are 1 X2X83X ....8 per-
mutations corresponding to their interchange with each other,
which are reduced to one, for any given position of the other
quantities. The expression for the number of permutations, un-
der these circumstances, becomes

n(n—1)x....2X1
I1X2X....rX1X2X....8

The same reasoning obviously applies to any number of classes
of letters or things which become identical with each other; and
consequently if, of # quantities, 7, are of one kind, 7, of another,
r; of a third, and so on, as far as r, of the mth class, then
their whole number of permutations will be expressed by

n(n—1)(n—2)x....3x2x1
1X2....mX1X2....3X1X2....5%X....1Xx2....r,

(175.) We will illustrate this formula by a few

EXAMPLES.

1. Find the number of permutahons () of the letiers in the
word Algebra.

~
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Tn this case n=", and the letter a appears twice; consequently,

7.6.5.4.8.2.4
——1.2——2520'

2. Find the number of permutations (p) of the letters in the
word perseverance.

In this case n=12, and the letter ¢ appears four times, and »
twice. Therefore, )

_12.11.10.9.8.7.6.5.4.3.2.1

1.2.8.4%1.2 =9979200.

8. In how many different ways may three maple-trees, five
ash-trees, and two elm-trees, be set out in a single row ¢
Ans. 2520,

COMBINATIONS.

(178.) By combinations of different letters or quantities, we
mean the different collections which can be made of any assign-
ed number of them, without reference to the order of their ar-
rangement. Thus, aya, a,a,, and a;a,;, are the onmly different
combinations of the three letters a,, as, a;, taken two and two
together, which form siz different permutations. There is only
one combination of the same three letters, taken all together,
though they form siz different permutations.

(177.) We will now proceed to determine the number of
combinations of n things, taken  and r together, when # is less
than . .

The number of combinations of n things, taken separately or
one and one together, is clearly ».

The number of combinations of n things, taken two and two
n(n—1)

1.2

together, is
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For the number of permutations of n things taken two and
two together, is n(n—1), Art. 172 ; and there are two permuta-
tions (@,as, a;@,), corresponding to one combination ; the number
of combinations will be found, therefore, by dividing the num-
ber_of permutations by 2, or 1.2.

The number of combinations of 7 things taken three and three
together, is

n(n—1)(n—2)-
1.2.8 '

For the number of permutations of % things, taken three and
three together, is n(n—1)(n—2), Art.172,and there are 1.2.3
permutations for one combination of three things. The number
of combinations will therefore be found by dividing the number
of permutations by 1.2.8.

By the same reasoning we might show that the number of
combinations of n things taken 7 and » together, is

n(n—1)(n—2)....(n—r41)
1.2.8....7 :

@)
(178.) We will illustrate this formula by a few simple

EXAMPLES,

1. How many lottery tickets, each having three numbers, can
be formed out of 60 numbers? Ans 60x50x58=34220.

1Xx2x3

2. How many diagonals can be drawn in a polygon of n
sides ?

It is evident that the whole number of lines which can be
drawn by joining the corners of the polygon is equal to the
number of combinations of n things, taken two and two, since a
line can be drawn from any point to any other pomnt.
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Hence, the whole number of lines thus drawn is

n(n—1)
1.2

But n of these lines must be required to form the sides of the
polygon. Therefore the number of diagonals is
n(n—1) _ n(n—3)
1.e "= g -

8. How many different triangles can be formed by joining the
corners of a polygon of n sides, counting only such triangles as
have their vertices corresponding with the corners of the poly-
gont

Now, as three points will determine the position of a triangle,
it is evident there must be as many triangles as the number
of combinations of n things taken three and three together,
which is

n(n—1) (n—2) ..
1.2.3 °

PROBABILITIES,

(179.) There is scarcely any subject which admits of a greater
variety of instructive illustrations than the Z%heory of Combina-
tions. For it is by the aid of this theory that many nice calcu-
lations are made in reference to chances and probabilities, We
will for this reason make a few remarks, in this place, concern-
ing the method of applying algebra to the calculation of proba-
bilities.

(180.) I a expreases the number of favorable events or cases,
and. b the number of those which are unfavorable, the chance
of the favorable event or of the required case existing, is ex-

pressed by
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e
a+bd
while the ckance of 'an 'unfavorable 'event or of the required case
not existing, is expressed by
b
atbd’

(181.) From this mode of representation, it will follow that
certainty, which supposes all the events favorable, in the first
case, when 5=0; or all of them unfavorable, in the second case,
when a=0, will be expréased by 1. The ratio, therefore, of the
chances to certainty, or of the degree of probability to certainty,
will be the ratio which the fraction, by which it is denoted, bears
to unity, or the ratio of its numerator to its denominator.

(182.) The ratio of the chances of success to that of failure, or
the ratio of the odds for or against, as expressed in popular lan-
guage, will be that of a to b, or of b to a, which are the numera-

tors® of the fractions by which the respective chances are de-_

noted.

(183.) The following are examples of the representation of
simple chances:

1. What is the chance of throwing an ace with a single
die? :

There is only one face which can be uppermost; that is, there
is but one favorable case, while there are five unfavorable cases.
The chance, therefore, that this face is the ace, is 3. The chance
that this face is not the ace is §, for there are five out of six
equally possible ways, which are favorable to this last case.

The chance that the face thrown is either an ace or a deuce, is
4 or 4. For there are here two favorable cases out of six which
are equally likely to happen. The chance that it is neither an
ace nor a deuce is §=§.

If the die had been a regular tetrahedron, whose faces were

o
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marked with the numbers 1, 2, 8, 4, the chance of its resting
upon an ace would be }, the chance of its not doing so would
be 3.

The chance of drawing the ace of spades from a pack of 52
cards is g%. The chance of drawing any one of the four aces
is g% =1l ; for there are four favorable cases out of fifty-two
which are both favorable and unfavorable, and all of them are
equally likely to happen.

(184.) If 14 white and 6 black balls be thrown into an urn,
the chance of drawing a white ball out of it, at one trial, is
314=1y%. The chance of failure, or of drawing a black ball, is
H=rs

In the preceding, and in all other cases, the chances of suc-
cess and failure of the same event are supplemental to each
other, their sum being equal to 1, which is the measure of cer-
tainty. The knowledge of one, therefore, necessarily determines
the other.

(185.) The following are some examples of compound chances :

To find the chance of throwing an ace twice in succession
with a single die. .

There are six cases which are equally likely to ocour at the
first throw, and the same number at the second. These may be
combined or permuted together in 6 6=36 different ways
which are equally likely to happen, and only one of them is
Jfavorable. The chance is therefore 4.

The chance of throwing fwo aces at one contemporaneous
throw with two dice, is equally 5% ; for the succession of time
makes no difference whatever in the number of favorable and
unfavorable permutations.

The chance of throwing an ace at the first throw, and a deucs
at the second, is also 4% ; for there is only one favorable permu-
tation out of 36.

L
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The chance of throwing an ace at one throw, and a deuce at
the other, without reference to their order of succession, is vy :
for in this case there lafe{two permutstions forming one combi-
pation, (1, 2 and 2, 1), which are favorable to the hypothesis
made, and two only out of the whole 36.

(186.) The chance of an event contingent upon other events,
is the continued product of the chances of the separate events.

Let the several chances be

4 4, & % .
a+b " at+b ' ay+b ' T a8,
where a,, ay, a,,. . . .q,, represent the numbers of cases which are

favorable, and b,, &,, &;,. . ..b, the numbers of cases which are
unfavorable, to the particular hypothesis made in each separate
event, whether of success or failure.

‘We will consider, in the first instance, the chance which is
dependent upon the two separate chances

@

a,
and ——-.
a+5 )

Every case in a;4-b, may be combined with every case in
ay+4-b,, and thus form (a,+b,) (a;+5;) combinations of cases,
which are equally likely to happen.

The favorable cases in the first (a,) may be combined several-
ly with the favorable cases in the second (), and thus form
a, X ay combinations of case favorable to the compound event.

The compound chance is therefore denoted by

X0y
(a148y) (aa+50)
which is the product of the separate chances.

We will now consider the chance of the event contingent
upon three other events, whose respective chances are
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L TR |
ar+b " ag+bs’ aytby

The several/combinations' of Vall (the cases in the two last
chances, which are by the last case, (a;4b,) (as-+b;) in number,
may be severally combined with the a,+-b, different cases both .
favorable and unfavorable, of the third chance, and thus form
(@1+8,) (234 b,) (25+bs) combinations which are equally likely
to happen.

The favorable cases in the two first chances," which are a, X a,
in number, may be combined severally with the a, favorable
cases of the third chance, and thus form a, X a; X @; cases which
are favorable to the compound event.

The chance, therefore, of the compound event is

a; X asXas
(@ 4-5y) (@3 +bs) (22+b)’

which is the product of the simple chances.

It is obvious that the chance of a compound event depending
upon a greater number of simple events may be found in the
same way. .

This is a most important proposition in the Doctrine of
Chances, and makes the calculation of the chance of any com-
pound event dependent upon the separate and simple chances
of the several events, in their assigned order, upon which it is
dependent.

(187.) We will add some cases of compound chances.

1. What is the chance of throwing an ace in the first only
of two successive throws?

The first simple chance is .

The second simple chance is §; for an ace must not be thrown
the second time, and there are five favorable cases for its failure,

The compound chance is therefoe 3 X §=147.
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2. What is the chance of drawing the four aces from a pack
of cards in four successive trials ¢ N

The first simple chande-isz%.

The second simple chance is &%

. For if an ace be drawn the first time, there will remain only 3

aces and 51 cards.

The third simple chance is 4.

For if two aces be drawn the two first times, there will re-
main only two aces and 50 cards.

The fourth simple chance is, by the above reasoning, J.

The compound chance required is, therefore,

4321 1
52.51.50.49 ~ 270725’
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SERIES OF READING BOOKS
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COMPRISING
PRIMARY READING BOOK. 1vollémo. . . Price, $0 1¢
SECOND READER. 1 vol 16mo. . . . . n-
THIRD READER. 1voL16mo. . . . . . % 25
FOURTH READER. 1 vol 12mo. . . “ 88
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ELEMENTS OF READING AND ORATORY. 1 vol large
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Great pains have been taken to make these books superior to any
other reading-books in use, by reducing them to a complete practical
system, founded on the nature of the language, by which the proper
dellvery of all sentences may be determined, and Reading elevated to
the rank of a science. The proper and thorough use of these books
places it in the power of every pupil to become an accomplished reader.
The selections will be found to contain some of the finest gems in the
language, which cannot fail of interesting the pupil, and cultivate a
literary taste.

TaE First AND SEcoNp READERS introduce successively the different
parts of speech, and are designed to combine a knowledge of their
grammatieal functions with the meaning and pronunciation of words.

Tae Tamp AND FourtE READERS commence with a series of exercises
on articulation and modulation, containing numerous examples for
practice on the elementary sounds (including errors to be corrected)
and on the different movements of the voice produced by sentential
structure, by emphasis, and by the passions.

Tak Courst oF READING comprises three parts: the first part con-
taining a more elaborate description of elementary sounds and of the
parts of speech grammatically considered, than was deemed necessary
in the preceding works; part second, a complete classification and
description of every sentence to be foeund in the English, or in any
other language; part third, paragraphs ; or sentences in their conneo
tion unfolding general thoughts, as in the common reading-books.

The ELEMENTS oF READING AND ORATORY closes the series with an
exbitition of the whole theory and art of Elocution exclusive of ges-
ture. It contains, besides the classification of sentences, the laws of
punctuation and delivery deduced from it, the whole followed by
sarefully selected pieces for sentential analysis and vocal practice
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RECOMMENDATIONS OF MANDEVILLES SERIES OF READERS

That the series is eminently practical and highly approved is shown
by the following ‘testimonials, selected from the thousands that have
been received from public educators, who have tested them by thorough
examination or actual use.

From WavLtesn BArxy, Supl Public Schools, Fourth Districh, New Orleanas,
May 24th, 1852,

%1 have examined, with much care and interest, Professor Mandeville's series of
Readers, and am much gratified to observe that he has reduced the subject of pnneuu-
tion and delivery to a complete system; and they p such superior ad
vver any others that I havo ever examined, that I have adopted them as text-books in
the public schools under my supervision.”

*.,* In July, 1852, Mandeville’s Reading books were adopted and introduced in all

_the Public Schools of New Orleans,

The following Resolution was unanimously adopted by the Board of Education
of St. Eouis, October, 12th, 1852.

Resolved, That Prof: Mandeville's Series of Readers be substituted as text-books

Cor Swan’s Readers in the Public Schools of this city.”
Fromthe lats 8. L. HoLnes, City Superintendent of Schools, Brooklyn.

“Mandeville's Reading Books are used in all of the Public 8chools of Brooklyn, and
with great satisfaction and profit, both to teacher and pupil As mere reading books
fhey are probably unsurpassed either in matter or system; but as a means of disclosing
tho true structure of our language, and pointing out the proper mode of parsing it, this
serios 18 believed to be altogether unequalled.”

Pror. MANDEVILLE'S LecrurEs.—“The Committee to whom was intrusted the

tion of an expression of the sentiments of the Teachers of the Public, Ward,

Corporata and Prlvahs Schools of the City of New York, who have attended Prof,
Mandeville's Lectures, in his course on Elocution, respectfully report the following
resolutions : .

“ Resolved, That the course of Lectures on Elocution, by Prof. Mandeville, which
we have attended, has been to us a source of much gratification and profit,

“ Resolved, That his system, based upon sound Philosophical principles, 1s an easy,
progressive, natural, and eminently original method of atlaining a knowledge of the
classification and structure of every kind of sentence in the English language, with it
appropriate punctusation and delivery; and we are happy to say unhesitatingly, that
our opinion, his course, if faithfully carried out by teachers as he ds, is bettes
calculated to make good readers than any other with which we have been acquainted.”

The following is signed by all the Principles of the Syraouss Public Schools,

except one,

“We, the undersigned, Principals of Public Schools in the City of Syracuse, having
formed some acquaintance with Mandeville's SBystem of Reading and Oratory, take
occasion cheerfully to express our unfeigned approval and admiration of the same, as
the only truly Scientific System known to us, and our belief that its universal introdue

tion into the Public Schools of eur country, would provea very valuable acocesion to
the present oducational facilities.”
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This work is prepared-expressly for'the ‘use of Classes in schools and
the reading circle, and contains a Collection of the most ap
proved Plays of Shakspears, carefully revised, with introductorvy
and explanatory notes.

“This is & very handsome volume, and it will prove, we bolleve, a véry popular one.
Probably no man living 18 botter qualified for the task of preparing a work of this kind
than Prof. Hows, who has long been & teacher of elocution, and from his lectures on
Bhakspeare, has acquired a high reputation for his masterly analysis of the great dra~
matist. The only fault that we find with his book is that he has left out the comie
parts, and hasgiven nothing of Falstaff. But his reasons for the omission are sound and
wscriminating."—Naw York Mirror.

PTRIMARY SPELLER AND READER.
BY ALBERT D. WRIGHT.
Price 12} Centa.

This little volume of 144 pages combines a Primary Spelling-book
and Reader, happily illustrated with numerous cuts, intended to attract
the attention of the young, and to suggest thought for oral instruction
and conversation. )

It is confidently believed, that the proper use of this little book will
obviate most of the difficulties experienced at the commencement of a
child’s education.

As fast as the letters are learned, an application is immediately
made of them.

No word is given in which a letter occurs that has not been pre-
viouslys learned.

The capital letters are taught one at a time, and by review in read-
ing lessons.

The words are systematically presented, being classified by their
vowel sounds and terminating consonants; and generally, at the end
of each class, they are arranged-into little spelling lessons.

The learner is immediately initiated into reading lessons, composed
of words of two or three letters, and is then led progressively into more
difficult words.

“This is an excellent little book for children, and an improvement on all other Pri-
wmary Lessons "—XN, Y. Observer.

“We most heartily commend it to the favorable regard of teachers and parents,"—
Yoachers’ Advocate. s
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CLASS-BOOK OF POETRY.
BY ELIZA ROBBINS. ‘

Oontaining a judicious, beautiful, and interesting Collection of Poetry
for the Tse of Children|in-Schools; and private reading. 12mo.
16mo. 252 pages. Price 75 cents.

Eztract from the Author's Preface.

“In no way is a graceful and refined style of speech so naturally
formed as by poetic language made thoroughly familiar to the young,
‘I do not like poetry; I cannot understand it,’ often say half-taught
children. Give them the poetry of good writers, with a little necessary
comment, and you will remove all obscurity from the most instructive
snd effective poetry, and all distaste to it. I have endeavored to do
this in the following collection, and I trust that while it exhibits ‘only
things pure,’ ‘lovely, and of good report,” it may also give much plea
sure, and be serviceable accordingly.”

GUIDE TO KNOWLEDGE.
By Euiza Roeexs.  16mo. 400 pages. Price 63 cente.

This contains a large amount of useful information, communicated 1m
an entertaining and easy style of familiar questions and answers on
every-day subjects, such as children are constantly asking questions
about.

“The basis of this work is the ‘Chfld’s Guide to Knowledge—an elementary book
which has becn much used in England for many years, and is particularly adapted te
our own country and nation. It with questions and answers on those ele-
mentary topics which occupy the attention of the young mind, and ranges over the
complete circle of useful knowledge, It is a storehouse of various information for the
young. We know of no elementary book, that with the nocessary aid of judicious in
structors, and suitable {llustrative helps, can be made more useful to youth. Accom
panying, is a dictionary of techniocal terma. We cordially recommend it to the notice
of teachers."—Journal and Messenger.

CLASS-BOOK OF ZOOLOGY.

By Pror. B. Jagaer. 18mo. Price 42 centa.

This work is designed to afford to pupils in hools and academies & know-
ledge of the Animal Kingdom, not by making it a tiresome study, overloaded with
incomprehensible technical terms taken from Latin and Greek, but as a scientifio,
amausing, instructive, and useful occupation for the juvenile mind, imparting a taste for
collecting and preserviag zoological specimens, and furnishing subjects for Intoresting
and elevated observation.
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THE CHILD’S FIRST HISTORY OF ROME.
BY MISS E. M. SEWELL.
18moy, 265(pagesPrice 50 Cents.

In the preparation of this work for the use of children, the authgresa
has drawn her materials from the most reliable sources, and incorporated
them into a narrative at once unostentatious, perspicuous, and graphie,
aiming to be understood by those for whom she wrote, and to impress
deeply and permanently on their minds the historical facts contained
in the book. The entire work is clothed in a style at once pleasing and
comprehensible to the juvenile mind.

“The author of this work has been very successful in her style of narration, as well
as gone to the best sources accessible for her facts. While there is nothing light and
trivial in her manner, there is all the vivacity of the most lively fireside story-teller;
and these things, “ of which it is a shame to speak,” she gets over with great judgment,
delicacy and tact. While it is eminently a child’s book, we greatly misjudge if 1t
should not prove a favorite with adults, especially that class who cannot command time
to read protracted histories.”—Christian Mirror.

A FIRST HISTORY OF GREECE.
BY MISS E. M. SEWELL.
18mo, 855 pages. Price 63 Centa.

This work is designed to impart to young people a more clear and
anderstandable knowledge of Grecian history than is attainable through
any of the numerous works on that subject that have been accumulat-
ing during the last century. By selecting and presenting clearly and
concisely only prominent characters and events, and not overloading
and rendering their perusal irksome by a mass of minor details, the
suthoress has rendered an essential service to the youth of our country.

“ Miss Sewell is eminently ful in this attempt to set forth the history of Greece
in a manner suited to the instructlon of the young. The chronology is lucid, the evenw
are well selected, and the narrative 1s perspicuous and stmple. The facts and the me
thod of presenting them are taken mainly from the work of Bishop Thirlwall, an ex-
cellent authority, and the work as a whole 1s the best with which we are acquainted
for the use of chiidren in their ] of Grecian History, whether in the school-roome
or the famtily circle."—Providencs Journal.

% Bhe has faithfully condensed her subject, from the Siege of Troy, B. o. 1184, to the
destruction of Corinth, and the annexation of Greece, as a province to the Roman
Empire, B. c. 141; forming a most excellent outline, to be filled up by the future scqui
sitions of the reader. The chronological table of cotemporary events attached is a
valuable addition —Cincinnati Daily Times.

]
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MANUAL OF GRECIAN AND ROMAN ANTIQUITIES.
BY DR E F. BOJESEN.
WITH NOTES AND QUESTIONS BY REV. THOMAS K. ARNOLD.

1 Vol. 12mo. 209 pages. Price $1 00.

The present Manuals of Greek and Roman Antiquities are far supe-
rior to any thing on the same topics as yet offered to the American
publie. A principal Review of Germany says of the Roman Manual:
‘Small as the compass of it is, we may confidently affirm that it is a
great improvement on all preceding works of the kind. We no longer
meet with the wretched old method, in which subjeets essentially dis-
tinet are herded together, and connected subjects disconnected, but
have a simple, systematic arrangement, by which the reader readily
receives a clear representation of Roman life. We no longer stumble
against countless errors in detail, which, though long ago assailed and
extirpated by Neibuhr and others, have found their last place of refuge
m our manuals,”

HISTORY OF ENGLAND.
BY MRS. MARKHAM. REVISED BY ELIZA ROBBINS.
12mo. 887 pages. Price 75 Centa

This work govers a period from the Invasion of Julius Cmsar to the
Reign of Victoria, containing questions adapted to the use of schools
in this country.

“Mrs. Markham’s History was used by that model for all teachers,
the late Dr. Arnold, master of the great English school at Rugby, and
agrees in its character with his enlightened and pious views of teach-
1ng history. It is now several years since I adapted this history to the
form and price acceptable in the schools in the United States. I have
recently revised it, and trust that it may be extensively serviceable in
edacation.

“The principal alterations from the original are a new and more
eonvenient division of paragraphs, and entire omission of the conver
sations annexed to the chapters. In the place of these I have affixed
questions to every page that may at once facilitate the work of the
teacher and the pupil. The rational and moral features of this book
first commended itself to me, and I have used it successfully with my
own scholara.”—Eztract from the American Editor's Preface.

.
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MANUAL OF ANCIENT GEOGRAPHY AND HISTORY
12mo. 896 pages. Price $1 00.

This work was originally prepared by Wilhelm Piitz, an eminent
German scholar)/and/\transldtéd dnd/edited in England by Rev. T. K.
Arnold, and is now revised and introduced to the American public in a
well-written preface, by Mr. George W. Greene, teacher of modern
languages in Brown University.

As a text-book on Ancient History for Colleges and advanced Aca-
demies, this volume is believed to be one of the best compends pub

- lished.

HAND-BOOK OF MEDLEVAL GEOGRAPHY & HISTORY
BY WILHELM PUTZ
TRANSLATED BY REV. R. B. PAUL, M. A

1 Vol. 211 pages. 12mo. Price 75 Cents.

The characteristics of this volume are: precision, condensation, and
luminous arrangement. It is precisely what it pretends to be—a
manual, a sure and conscientious guide for the student through the
crooks and tangles of Medizval History. All the great principles of
this extensive period are carefully laid down, and the most important
facts skilfully grouped around them. .

MANUAL OF MODERN GEOGRAPHY AND HISTORY.
BY WILHELM PUTZ
TRANSLATED BY REV. R. B. PAUL, M. A.
12mo. 836 pages. Price $1 00.

This volume completes the series of the author’s works on geography
and history. Every important fact of the period, comprehensive as it
is both in geography and history, is presented in a concise yet clear
aud connected manner, 8o as to be of value, not only as a text-book for
students, but to the general reader for reference. Although the facts
are greatly condensed, as of necessity they must be, yet they are pre
sented with so much distinctness as to produce a fixed impression on
the mind. It is also reliable as the work of an indefatigable German
scholar, for correct information relating to the progress and shanges of
states and nations—literature, the sciences and the arts—and all that
oombines in modern civilization.
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A DIGEST OF THE LAWS, CUSTOMS, MANNERS AND
INSTITUTIONS OF THE ANCIENT AND MODERN
NATIONS.

BY THOMAS DEW.

Lats President of ths Collage of Welliam and Mary,
1Vol. 8vo. 662 pages. Price $2 00.

On examination, it will be found that more than ordinary labor has
been expended upon this work, and that the author has proceeded upon
higher prineciples, and has had higher aims in view than historical com-
pilers ordinarily propose to themselves. Instead of being a mere cata-
logue of events, chronologically arranged, it is a careful, labonoua, and
instructive digest of the laws, customs, manners, institutions, and eivi
lization of the ancient and modern nations.

The department of modern history in particular has been prepared
with unusual care and industry. .

From Jonx J. OWEN, Professor in New York Fres Academy.
“I bave examined with much pleasure Prof. Dew's ‘Digest of the Laws, Manners,
&c., of Anclent and Modern Nationa’ It furnishes a desideratam in the
study of history which I have long desired to see. The manner in which history is
generally studied in our institutions of learning, is, in my judgment, very defective.
The great central points or epochs of history are not made to stand out with sufficient .
prominence. Events of minor importance are made to embarrass the memory by the
oconfused method of their presentation to the mind ; history is studied by pages and not
by subjects. In the wilderness of events through which the student is groping his way,
he soon b lost and p d. The past is as obscure as the futare. His lesson
soon becomes an irksome task. The memory is wearied with the monotonous task of
striving to retain the multitudinons events of each daily lesson.

%This evil appears to be remedied in a great degree by Prof. Dew’s admirable ar-
rangement. Around the great points of history he has grouped those of subordinate
tmportance. Each section is introduced by a caption, in which the subject 1s briefly
stated, and 80 as to be easily remembered. Thus the stndent having mastered the lead-
ing events, will find little or no difficulty in treasuring up the minor points in their
order and connection. I trust the book will be adopted in our higher institutions of
learning. I greatly prefer it to any history for the use of achools which I have seen.”

g
. HISTORY OF GERMANY.
BY FREDERICH KOHLRAUSCH.
1 Vol 500 pages. 8vo. Price $1 50.
This history extends from the earliest period to the present time
and has been translated from the latest German edition by James D

Hass.

#We recommend it strongly to those of our readers who desire a lucid, comprehea
stve, and impartial histery of the rise, yrogress, and condition of the Germanic Smpire.
—Kvening Gaselte.
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HISTORICAL AND MISCELLANEOUS QUESTIONS.

BY RICHARD MAGNALL, REVISED BY MRS, LAURENCE.
i2mo. | | 896-pages. Price $1 00.

The American suthoress of this excellent book has made it pecu.
darly well adapted to the schools of this country by adding to it a
shapter on the history and constitntion of the United States, and by
large additions on the elements of mythology, astronomy, architecture,
heraldry, &c., &e. This edition is embellished by numerous cuts, a
large portion of the work is devoted to judicious questions and answers
on ancient and modern history, which must be very serviceable to
teachers and pupils.

*-This is an admirable work to ald both teachers and parents in instructing chitdren
and youth, and there is no work of the kind that we bave seen that is so well caleulat
ed to ‘awaken a spirit of laudable curivsity in young minds,’ and to satisfy that curiosity
when awakened.”—Commercial Advertiser.

HISTORY OF THE MIDDLE AGES.

* . BY GEO. W. GREENE.
1Vol. 12mo. 450 pages. Price $1 00.

This work will be found to contain a clear and satisfactory exposi
tion of the revolutions of the middle ages, with such general views of
literature, society, and manners, as are required to explain the pnaugel
from ancient to modern history.

Instead of a single list of sovereigns, the author has given ful
genealogical tables, which are much clearer and infinitely more satis

factory.

GENERAL HISTORY OF CIVILIZATION IN EUROPE.
BY M. @U1ZOT
1 Vol. 3816 pages. 12mo. Price $1 00.

This work embraces a period from the fall of the Roman empire t
the French revolution, and has been edited from the second English
edition, by Prof C. 8. Henry, who has added a few notes. The whole
work is made attractive by the elen.r and lively style of theanthor.
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HISTORY OF ROME.
BY DR. THOMAS ARNOLD,

Three Volumes in One. ~8yvo. 870 pages. $& 00

Arnold’s History of Rome is a well-known standard work, as fall
and accurate as Niebuhr, but much more readable and attractive;
more copious and exact than Keightley or Schmitz, and more reliable
than Michelet, it has assumed a rank second to none in value and im
portance. Its style is admirable, and it is every where imbued with
the truth-loving spirit for which Dr. Arnold was pre-eminent. For
Colleges and Schools this history is invaluable; and for private, as well
as public libraries, it is indispensable.

LECTURES ON MODERN HISTORY.
BY DR. THOMAS ARNOLD.
Large 12mo. 428 pages. Price $1 25.

Edited from the second London edition, with a preface and notes
of Henry Reed, M. A., Professor of English Literatyre in the Umverslty

of Pennsylvania.

“These lectures, eight in number, furnish the best possible introduction to a philo-
sophical stady of modern history. Prof. Beed has added greatly to the worth and in-
terest of the volume, by appending to each lecture such extracts from Dr. Arnold’s
other writings as would more fully illustrato its prominent points. The notes and ap
pendix which he has thus farnished are cxceedingly valuable."—Evening Post.

MANUAL OF ANCIENT AND MODERN HISTORY.
BY W. . TAYLOR, LL. D, M. R A. 8.

Part IL.—Containing the Political History, Geographical Position,
and Social State of the Principal Nations of Antiquity, carefully digested
from the Ancient Writers, and illustrated by the discoveries of Modern
Soholars and Travellers.

Part IL—Containing the Rise and Progress of the Principal Euro
pean Nations, their Political History, and the Changes in their Socia
Condition ; with a History of the Colonies founded by Europeans. Re

vised by C. S. Taylor, D. D. 8vo. $2 50.
10
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PHILOSOPHY OF SIR WM. HAMILTON.
EDITED BY O. W. WIGHT.
1 vol ) /8vd.i 530 pages; Price §1 50.

This handsome octavo volume is issued in a beautiful style, and is
designed to be used as a text-book in schools and colleges. It em
braces all the metaphysical writings of Sir Wm. Hamiltor, one of the
most noted philosophers and logicians of the day, whose writings de-
serve the attention and consideration of those who have charge of our
seminaries of learning.

“With the severest logic, and & power of analysis that is well nigh matchless, he
unites the most perspicuous and exact style, expressing tho nicest shades of thought,
with undeviating accuracy. And his writings display remarkable erndition as well as
discrimination ; he shows himself perfectly familiar with the theorios and arguamonts of
all who have gone before him, whether in earlier or lates days ; and while he renders
due honor to each, he knows no such thing as being in bondage to a great name.”—
Puritan Recorder.

HISTORY OF MODERN PHILOSOPHY.
BY M. VIOTOR COUBIN.
TRANSLATED BY 0. W, WIGHT,

2 vola. 8vo. 891 pages. Price $3 00.

This is the ablest and most popular of all Cousin’s works. It con-
tains a full exposition of Eclecticism, by its founder and ablest sup-
porter; gives a collected account of the history of philosophy from the
earliest times; makes a distinct classification of systems; affords brief
yet intelligible glimpses into the interior of almost every school,
whether ancient or modern; and a detailed analysis of Locke, which
unanswerably refutes a sensualistic theory that has borne so many
bitter fruits of irreligion and atheism.

“M. Coustn is the grestest philosopher of France."—8ir William Humsiton.

“ A writcr, whose pointcd periods have touched the chords of modorn soclety, and

thrilled through the minds o{t.hounnds in almost every quarter of the civilized world.”
—Edinburgh Review,

“ As regards that part of this work—its translation—which has fallen to Mr. Wight,
we must say that it has the air of being well performed. We have not the original at
hand to compare the two, but the flowing style of the English version demonstrates the
translator’s familiarity with the foreign language."— Western Lit. Gasetts.

1
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BOOK OF ORATORY.

BY EDWARD C. MARSHALL, A M
One Volume,  12mo,, of 500, pages. Price §1 00,

FIRST BOOK OF ORATORY,
AN ABRIDGMENT OF THE ABOVE
One Volume. 12mo., of 237 pages. Price 62 Cents.

These works contain a larger number of elegant extracts than auny
similar ones, from the first American and English authors, among whom
are Webster, Clay, Everett, Calhoun, Wirt, Randolph, Prentiss, Chan-
ning, Dewey, Burke, Brougham, Shakspeare, Byron, Scott, Hood,
Bryant, and Longfellow, together with a complete digest of specimens
of the oratory and poetry of all parts of the Union.

“ A large and admirablo solection of pieces for declamation, copious and varied, and
well chosen with reference to speaking. The range of selection is almost universal, at
least among modern writers in prose, verse and drama. They make a spirited collec-
tion of thought and rhetoric. The oditor is & practical teacher of elocution, and evi-
dently has a wide acquaintsnce with literature. Itis as good a work of the kind as we
ever }aw."—Evangelist.

“ 1t is an admirable collection of pleces for declamation, taken principally from emi-
nent American orators."— Zrfbune,

THE MYTHOLOGY OF ANCIENT GREECE AND ITALY.
BY THOMAS KEIGHTLEY.

18mo. 232 pages. Price 42 Cents.

As mythology is closely connected with History and Philosophy, it
is believed that its elements can be advantageously taught in our
primary schools.

The present work is an abridgment of the author’s larger treatise,
and will be found well adapted to young persona.

The well-known reputation of the author is sufficient guaranty
that the pupil who gets his first ideas of mythology from this book
will not have any thing to unlearn.

“This is precisely the volume which has long been wanted in schools. As an iniro-
duoctory 1, it contains information relative to the gods and heroes of antiquity;
and not an expression occurs which could offend the delicacy of the most sorupulous
female.”—Christian Remembrancer.
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FIRST LESSONS IN ENGLISH COMPOSITION.

BY Q. P. QUACKENBOS, A, M.
12mo. Price 45 Cents

These * First Lessons” are intended for beginners in Grammar and
Composition, and should be placed in their hands at whatever age it
may be deemed best for them to commence these branches—say from
nine to twelve years. In the first fifty pages, by means of lessons on
the inductive system, and copious exercises under each, the pupil is
made familiar with the nature and uss of the different parts of speech,
s0 as to be able to recognize them at once. He is then led to consider
the different kinds of clauses and sentences, and is thus prepared for
Punctuation, on which subject he is furnished with well considered
rules, arranged on a new and simple plan. Directions for the use of
capital letters follow. Next come rules, explanations and examples,
for the purpose of enabling the pupil to form and spell correctly such
derivative words as having, debarring, pinning, and the like, which are
not to be found in ordinary dictionaries, and regarding which the pupii
is apt to be led astray by the fact that a change is made in the primi-
tive word before the addition of the suffix. This done, the scholar is
prepared to express thoughts in his own language, and is now re
quired to write sentences of every kind, a word being given to suggest
an idea for each; he is taught to vary them by means of different ar-
rangements and modes of expression; to analyze compound sentences
into simple ones, and to combine simple ones into compound. Several
lessons are then devoted to Stiyle. The essential properties, purity,
propriety, precision, clearness, strength, harmony, and unity, are next
treated, examples for correction being presented under each. The
different kinds of composition follow ; and, specimens having been
first given, the pupil is required to compose successively letters, de-
scriptions, narrations, biographical sketches, essays, and argumenta-
tive discourses. After this, the principal figures receive attention;
and the work closes with a list of subjects carefully selected, arranged
under their proper heads, and in such a way that the increase in dif
ficulty is very gradual. The work has received the universal apprcval
nf Teachers and the Press throughout the Union.

QUACKENBOS’
ADVANCED LESSONS IN COMPOSITION AND RHETORIQ

(NEARLY READY.)
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A DIGEST OF ENGLISH GRAMMAR.
BY L. T. COVELL.
12mo. Price 50 Cents.

This work, which is just published, is designed as a Text-Book fos
the use of Schools and Academies; it is the result of long experience,
of an eminently successful Teacher, and will be found to possess many
peculiar merits.

A$ a regular meeting of the Board of Education of Rochester, held June 18, 1888,
the following resolution was imously adopted :
“ Resolved, That Covell's Digest of English Grammar be substituted for ‘Wells'
@rammar, as 8 Text-Book in the public schools of this city, to take effect atthe come
mencement of the next school year.”

Eatract from the Minutes of a Regular Meeting of the Board of Education of
Troy, May 81st, 1858.

“Mr. Jones, from Committee on text-books, and school librarias, moved, that Bal-
Hon's English Grammar be stricken from the list of text-books, and Covell's be substi-
tated. —~Passed.”

From forty-four Teachers qf Public Schools, Pitisburg, Pa.

“The undersigned have examined ¢ Covell's Digest of English Grammar,’ and are o1
opinfon that in the justness of its g 1 views, the 11 of its style, the brevity, ac-
curacy, and perspicuity of its definitions and rules, the numerous examples and illustra-
tions, the adaption of its synthetical exercises, the simplicity of its method of analysis,
and in the plan of its arrangement, this work surpasses any other grammar now before
the public; and that in all respects it is most admirably adapted to the use of schools
and scademies.”

From all the Teachers of Public Schools of the COity of AUeghany, Pa.

“We, the undersigned, Teachers of Alleghany city, having carefully examined Mr.

Covell's Digest of English Grammar,’ and impartially compared it with other gram-
mars now in use, are fully satisfied that, while it is in no respect inferior to others, it is
fn very many respects much superior. While it possesses all that is necessary for the ad-
vanoed student, and much that is not found in other grammars, it is so simplified as to
adapt it to the capacity of the youngest k ‘We are confident that much time and
labor will be saved, and greater improvement secured to our pupils in the study of this
science, by its introduction into our schools; hence we earnestly recommend to the Boards
of Directors of this city, its adoption as a uniform text-book upon this science in the
sohools under thoir direction.”

From Joux J. Wovroort, A. M., Pr. and Supt. 9th Ward School, Piitsburg, Pa.

“ ¢ Covell’s Digest of English Grammar® not only evinces the most unceasing labor, the
most extensive research, the most unrelaxing effort, and the most devoted self-sacrificing
stady of its author, but it is the most complete, the most perfect, and, to me, the most
Satisfactory exposition of English G that has come to my notice. It appears to
we that every youth aspiring to become master of the English language, from the radi-
mental principles to the full, round, beautiful, faultless, perfect period. will make this val

ame his * vade mecum.’ » .
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EXPOSITION OF THE GRAMMATICAL STRUCTURE OF

THE ENGLISH LANGUAGE.
BY JOHN MULLIGAN, A- M.
Large 12mo. 574 pages. $1 50

This work is a comprehensive and complete system o English
Grammar, embracing not only all that has been developed by the later

« philologists, but also the results of years of study and research on the

part of its author. One great advantage of this book is its admirable
arrangement. Instead of proceeding at once to the dry details which
are distasteful and discouraging to the pupil, Mr. M. commences by
viewing the sentence as a whole, analyzing it into its proper parts, and
exhibiting their connection ; and, after having thus parsed the sentence
logically, proceeds to consider the individual words that compose it, in
all their grammatical relations. This is the natural order; and expe-
rience proves that the arrangement here followed not only imparts
additional interest to the subject, but gives the pupil a much clearer
insight into it, and greatly facilitates his progress,

From Dr. Jauzs W, ALEXANDER,

«] thank you for the opportunity of perusing your work on the structure of tne
English language. Itstrikes me as being one of the most valuable contributions to this
important branch of literatura. The mode of investigation is so unlike what appears
In our ordinary compilations, the reasoning is so sound, and the results are so satisfac~
tory and so conformable to the genius and great suthorities of our mother tongue, that
I propose to recur to it again and again.”

Ewtract from aletier from E. O. Bexepior, Esq,, President of the Board of Educa-
tion of the City of New York.

“1 have often thought our language needed some work in which the principles of
grammatical sclence and of the structure of the L ge, philosophically 1dered,
‘were developed and applied to influence and control the uua and omuedo of Honoe
and Quintilian, which seem to me to have been too often the principal source of sole-
cisms, irregularity and corruption. In this point of view, I consider your work a valu-
able and appropriate addition to the works on the language.”

From Wu. Horacs WEHsTER, Presidont of the Free Academy, New York.

- “The exposition of the grammatical structure of the English language by Professor
Mulligan, of this city, is a work, in my opinion, of great merit, and well calculated to
tmpart a thorongh and critical knowledge of the grammar of the English ianguage,

“No earnest English student can fafl to profit by the study of this treatise, yet it s
designed more particulary for minds somewhat maturer, and for pupils who are capable
and have a doeire, to coraprehend the principles and learn the philosophy of their own
tongue.” ®

.
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DICTIONARY OF THE ENGLISH LANGUAGE
BY ALEXANDER REID, A. M,
12mo. 572 pages. Price $1 00.

This work, which is designed for schools, contains the ProNuncraTION
and Explanation of all English words authorized by eminent writers.
A Vocabulary of the roots of English words.
An Accented List of GrEEK, LaTiN, and Scerrrore proper names.
An Appendix, showing the pronunciation of nearly 8,000 of the,
moet important GEOGRAPHIOAL names.
It is printed on fine paper, in clear type, strongly bound.
And is unquestionably one of the best dictionaries for the school-
room extant.
From C.8. Hxxry, Professor of Philsosophy, History, and Belles-Letires, in the
University of the City of New York.
“Reld's Dictionary of the Engllah Language s an admirable book for the wse of
hools. Its plan bines & gr ber of desirable condittons for such a work,
than any with which I am aoqn.ﬂntod and it seems to me to be executed in genera
with great judgment, fidelity, and accuracy.”
From Nzxey Reen, Professor of English Literature in the University of Pennsyl-
vania.
“ Reid’s Dictionary of the English Language appears to have been compiled upon
cound principles, aud with judgment and acouracy. It has the merit, too, of combining
much more than js usually looked for in dictionaries cf small size, and will, I believe,

be found excellert as a convenient manual for general reference, and aiso for verious
purposes of educstion.”

GRAHAM’S ENGLISH SYNONYMS,
CLASSIFIED AND EXPLAINED;

WITE PRACTICAL EXERCISES., DESIGNED FOR S8CHOOLS8 AND PRIVATE TURION
WITH AN INTRODUCTION AND ILLUSTRATIVE AUTHORITIES.

BY HENRY REED, LL D.
1 Vol 12mo. Price $1 00.

Thus is one of the best books published in the department of lan
guage, and will do much to arrest the evil of making too eommon use
of inappropriate words. The work is well arranged for classes, and
can be made a branch of common school study.

Tt is admirably arranged. The Synonyms are treated with reference
to their character, as generic and specific; as active and paseive; na
positive and negative; and as miecelllt:neoun synonyms.
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HAND-BOOK OF THE ENGLISH LANGUAGE.
' BY G. B. LATHAM, M. D, F.R. 8.
12mo)/\/400 [ pages.. C(Price $1 25.

This work is designed for the use of students in the University and
High Schools.

“His work is rigidly sclentific, and he! ossesses a rare value. With the wide-
spreading growth of the Anglo-Saxon di the immense present and prospective
power of those with whom this is their ¢ mother tongue,’ such & tretﬂse maust be counted
slike interesting and useful.”— Watchman and Reflector.

“A work of great research, much learning, and to every thinking scholar it will be s
ook of stndy The Germanic origin of the English language, the affinities of the Eng-
Ish with other languages, a sketch of the alphabet, a minute investigation of the etymo-
ogy of the language, &., of great value to every philologist."—Observer.

’

HISTORY OF ENGLISH LITERATURE.
BY WILLIAM SPALDING, A. M.
PROFESSOR OF LOGIC, RHETORIC, AND METAPHYSIOS, IN THR UNIVERSITY OF OT. ANDEEWS

12mo. 413 pages. Price $1 00.

The above work, which is just published, is offered as a Text-book
for the use of advanced Schools and Academies. Ittraces the literary
progress of the nation from its dawn in Anglo-Saxon times, down to
the present day. Commencing at this early period, it is so constructed
a8 to introduce the reader gradually and easily to studies of this kind.
Comparatively little speculation is presented, and those literary monu-
ments of the earlier dates, which were thought most worthy of atten
tion, are described with considerable fulness and in an attractive
manner. In the subsequent pages, more frequent and sustained efforts
are made to arouse reflection, both by occasional remarks on the rela-
tions between intellectual culture and the other elements of society,
and by hints as to the theoretical laws on which criticism should be
founded. The characteristics of the most celebrated modern works are
analyzed at considerable length.

The manner of the author is remarkably plain and interesting,
almost compalling the reader to linger over his pages with unwearied

sttention. .
b1 4
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CLASS-BOOK OF CHEMISTRY.
BY EDWARD L. YOUMANS,
12mo. | | 340 Pages.) |Price 75 Cents.

Every page of this book bears evidence of the author’s superior
ability of perfectly conforming his style to the capacity of youth. Thia
is a merit rarely possessed by authors of scientific school-books,
and will be appreciated by everytiscriminating teacher. It is espe-
cially commended by the eminently practical manner in which each
subject is presented. Its illustrations are drawn largely from the phe-
nomena of daily experience, and the interest of the pupil is speedily
awakened by the consideration that Chemistry is not a matter belong-
ing exclusively to physicians and professors.

From Pror. Wi H. Biaxrow, Princépal of Clinton Strest Academy.

“The eminontly practical character of the Class-Book treating of the familiar ap-
plications of the sclence, is in my opinion its chief excellence, and gives it a vaice faz
superior to any other work now before the public.”

From Davip Brxe, A. M., formerly Principal of the Mathematical Depariment,
and Lecturer in Natural Philosophy, Chemistry and Physiology, én Columbia Col.

“Mg. Youmans: DrAr 81r,—I have carefully examined your Class-Book on Chem-
Sstry, and, in my opinion, it is better adapted for use in schools and academies than any
other work on the subject that has fallen under my observation.

“I hope that the success of your Class-Book will be proportionato to its merits, and
that your efforts to diffuse the knowledge of Chemistry will be duly appreciated by the
friends of education.”

“Either for Schools or for general reading, we know of no elementary work om
Chomistry which in svery respeot pleases us so much as this,”—Com. Advertiser.

CHART OF CHEMISTRY.

BY EDWARD L. YOUMANS.

“Youmans' Chart of Chemistry” accomplishes for the first fame, for
chemistry, what maps and charts have for geography, astronomy, geo-
logy, and the other natural sciences, by presenting a new and admir-
able method of illustrating this highly interesting and beautiful science.
Its plan is to represent chemical compositions to the eye by colored
diagrams, the areas of which express proportional quantities.

ABOVE, IN ATLAS FORM, Nxzarry REapy.
18
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CLASS-BOOK OF PHYSIOLOGY.
BY B. N. COMINGS, M. D.
12mo. 270 pages. Price 90 Cents.

This volume, which'is’ well'adapted’'to-the wants of schools and
scademies, has been prepared from the “Principles of Physiology,”
by Comings and Comstock, and is brought out in its present form at
the urgent request of numerous friends of education who have highly
eommended that work, which was found too expenswe for general use
in the school-room. -

It will be found to explain and illustrate fully and clearly as many
principles of physiology as can be expected in a work of ita limit.
That human physiology can be made more easy of comprehension, more
profitable, and more attractive to the beginner of the study, by appro-
priate references to the comparative physiology of the inferior animals,
than by any other method,is an established fact in the mind of the
author, which he has made eminently available in the preparation of
this work, thus giving to this work peculiar claims to the attention of
teachers.

The work is illustrated by 24 plates and numerous wood-engrav-
ings, comprising in all over 200 figuves. .

COMPANION TO ABOVE. (Ix Paess)) Containing illustrations
and Questions.

CO.MMON SCHOOL PHYSIOLOGY. Dr. Comings. (NEarLY READY.)

From ABRABRAX POWELSON, Jr., Teacher, No. 204 Schermerkorn Sireet, Brooklyn,
New York.

“ After a very careful examination of the Class-Book of Physiology, by Comings, I
can freely say that 1 consider it a performance of superior excellence. It embodies a
fund of information surpassing in importance aund variety that of any other work of the
kind which has come under my notice.”

From AxprEw J. WELLES, Glastonbury, Conn.

“It appears to me to be admirably adapted to the purpose for which it was designed,
and I think will readily be admitted into our schools.”

“ The {llustrations are more complete, and in & style superior to any I have ever
seen in 8 school-book, making it really attractive to the eye.”

From W, D. Bmeuax, Kast Haddam, Ot

“Please accept my thanks for a copy of your ¢ Class-Book of Physiology, by Dr
Comings.’ I have given the work a somewhat careful examination, and am very strongl
tmpressed with its value as an elementary work for schools and families. It contabws
o simple and lucid exhibition of the subject upon which it treats, and fllustrates the
olences by a great amount of instructive and curious information, which cannot fail te
aake it an attractive book for ingenious young persons.”

19
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MANUAL OF ELEMENTARY GEOLOGY

BY SIR CHARLES LYELL, M. A, F.R. 8,
1 Vol. 8vo. 512 pages. Price $1 75.

This is & reprfnt. of the fourth London edition of a worl.: of distin-
guished r@putation, beautifully illustrated by Five Hunprep Woobncurs,
Being the production of a writer who stands at the head of the depart-
ment of knowledge which he has undertaken to explain, is sufficient
guaranty for the invaluable character of the work for the scientifio
reader and, observer, a8 well as for general use in our seminaries of
learning.

“Thero is no branch of natural sclence where there is a more quickly recurring ne-
cessity for new editions of elementary books, than Geology. It is itself but the germ of
a science, daily gathering fresh facts and extending its jurisliction over new flelds of obe
servation. What was a satisfactory account of its discoveries a few years ago, is now ob-
solete. And among the scholars and observers who have done most to advance the
science, and are most petent to elucidate its p t condition, is the author of the
volume before us.”—Charieston Merowry.

PRINCIPLES OF GEOLOGY.

BY SIR OHABLEB Lmla, A.M, F.R.B
1 Vol. 8vo. 834 pages. Price $2 26.

%This is a noblo volume of over 800 pages, 8vo., on fair paper, in clear type, and
abundantly illustrated with maps, engravings and woodcuts—an honor to the publlshen
who have issued it, and spesking well for the progress in sclentifto studies in this odun-
try—inasmuch as it would not be re-published, without a fair prospect of a remunerat-
ing sale. It is a book that we cannot pretend to review; but we take pleasure in an-
nouncing its appearance as a work which those of our readers interested in the growing,
and in many respects very practical science of geology, will be glad tosee. The author
stands among the foremost of those who have devoted themselves to reading the history
of the earth as written in and upon its own bosom.”—Christian Register.

“It will only be necessary to aunounce this new and handsome edition of Lyell's
standard work on geology, to induce all lovers of this most instructive science, to secare
& eopy of the work, if possible ; for every aueeeulve edition of such a work has a value
which none of #s pred had, 1 h as new discoveries are being constantly
ntade by the actlve author, and other distingnished geologists, which illustrate topics
discussed in the work,"—Boston Traveller.

GREEN’'S BOTANY.
QUARTO. BEATIFULLY ILLUSTRATED:.
Designed for the Use of Schools.

(NearLY READY.)
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Educational Text-Books.

GREEK AND LATIN—Continued.

BEZA'S Latin Testament. 12mo.......... seseecsesretsteatterrsssannetsantunen
CXESAR’'S Commentaries. Notes by Spencer 120, . 00enueeesorternsaecnsanns
mmsnmmwmpnmnmarmm 12m0-n e
CICERO De Officiis. Notes' by 'Thatcher.12mo. . ovi i cvieirencrsesssesnncons
———— Beleot Orations, Notes by Johnson. 12mo....ceevtninecenrcsrcssnoces
HERODOTUS, with Notes, by Prof. Johnson. 12mo...
HORACE. With Notes, &c., by Lincoln. 12mo.
KENDRICK'S Gmkoncnm 12mo........ .
TACITUS' Histories, Notes by Tyler. 12mo0..cceene.vneriececerosenssceancnns
Germania an d Agricola. Notes by do. mmo. tetestcascscccananas
XENOPHON'S Momorabilia, Notes by Robbins. New rev. edit. 12mo.........
SALLUST, with Notes by Prof. Butler, 12M0....ccccertermecssnnscncenss

nr%mm's Elemen! Gnmm By Edwurds and Taylor.........
©

w improved editioh. 12wo.. seersssasane 4esesattictcstttesesrtancens
LIVY, With Notes, &c., byl.mcoln l2mo Map..ciiceeiitiiieitiittansianies
Qmmcmnmmmmdudummm

Edited and illustrated, with English Notes, by Professor Crosby. 12mo.........
Oedipus Tyrannus, With English Notes, by Howard

Croaby. 12MO...c.ceiveerneernrecioniereeaenuriersassncesssesnsssossasecnces

FRENCH.
nmowsozmmmrrmhm to learn English 1 vol. 12mo............
$0 @0.+rertrrimerienanriniiiaiinans

cnouqmsmcunmum and Dialogues, lamo............. tennee
———————— Young Ladies’ Guide to French Composition. 12mo.............
COLLOT'S Dramatic French Beader, 12MO0......eecueroreassenrecsenescnranes
COUTAN, A., Choix do Poesies. 12mo..............
DE FIVA'S Elementary French Reader. 16mo...
—————— Classioc do 12mo...aeees esecsseane
FENELON'S TELEMAQUE. Edited by Surenne. 1 vol.
——————————0rbound in 2VoI8.18MO0.. .. cciiactnnriiiitiiiitnnetseieninnnns
Lo Nouveau Testament, Par J. F. Ostervald. 32m0. ...cvvvveenenennnnnes
OLLENDORFY¥'S NW Method otl’.urnmg French. Edlled by J. L. Jeweu.

*sesacesscsctecrsrncanes

12mo....cvene F sressesseiranns
——e lothnd o{ht.mmg Frmh. By V. Value. 13m0n.-.rsrs
KEY to each vol.... . ctestseitasttetstnneestainsaanes aeee

- First Mmmmh. By G. W. Greene 1°mo . .
COMPANION to Ollendorff’s French Grammar, By G. W. Greene. 12mo......
ommsemmwawmm By Simonne. 12mo.
ROEMER'S First French Reader. 12mo.. Ceettieeatecteriaietensanes
——————— Second do. Bmo....... cessens Seeesteetisaiiannae
ROWAN'S Modern French Reader., 12Mmo........cccsvieiienrerrenenrennnnnes
SIMONNE'S Treatise on French Verbs, lvol............. [EETITTITY
SPIERS’ and Surenne’s Complete French and English, l.udlnglhh uul
French Dictionary. With Pronunciation, &c., &¢. One large 8vo. volume,
of 1490 PP.cocincniinninnnnns theeesrnnae sessercsnsssnrssrasarsasess..Sheep,
SPIERS AND MENNE'B Standard Pron oftho !rmh
and English hngnmg, (School Ednmm PP- 12mo. new

and large type....cc.iveiiininiinciennanans Cesressensrasaranas cereseeans
sumnrsgamuehmxngm andnngli:hand!ronchmctimuy.
16mo. 4 T L ceeren

—————— French Manual and Traveller's Oomptnim. leo IYTTPPIITN
"TTAIRE'S Histoire de Charles XII., Par Surenne. 18mo0.........ecvvvesens
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GERDMAN,
ADLER'S Progressive German Reader. 12mo..........cc.cccvvvinninnes oonns
German and English and English and German Dictionary.
piled from the best authorities. 1 vol., large 8vo. Half Russia.............
Abridged German and English and English and German Dic-
tionary. 12mo. 840 PP...cc.erietieteiiiiiiiiiiinireeninninnss Half Russia, 150
ADLER’S Hand-Book of) German |Literature;/1)12mo................ peeeeee 150
BRYA 75
EICH 100
OEHL - 100
OLLE 100
otiE HARVARD COLLEGE y
B LIBRARY 10
-BAR1
8n 760
FORE 100
MEA] 150
- OLLE 150
75
OLLE 50
BUTL 50
DON ' 125
DE V 100
o THE ESSEX INSTITUTE »
MAR! TEXT-BOOK COLLECTION 150
OLLE
an . . e 100
. 75
OI.I.;?.’
|
GIFT OF 2%
OIJJ:! 200
smm ~ GEORGE ARTHUR PLIMPTON 5
SEOA' OF NEW YORK 7
™ JANUARY 25, 1924 s
TOLO) 63
VELA 125
33
FIRS: oo 50
HEBREW. -
GESENIUS'S Hebrew Grammar., Edited by Riédiger. Translated from the best
German edition, by Conant. 8vo................ tesees Cerseteetteintnenananns 2 00
SYRIAC.

8 Syriac Grammar, Translated from the German. By knoch 3 50

EMANN’
Hutchinson. 1"vol. 8vo,
e -]
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