www.libtool.com.cn



e, — e e N




www.libtool.com.cn



www.libtool.com.cn




ELEMENTARY -APPLIED MECHANICS.



www.libtool.com.cn




ELEMENTARY

APPLIED MECHANICS.
"z

BEING .

THE SIMPLER AND MORE PRACTICAL CASES OF STRESS AND STRAIN
WROUGHT OUT INDIVIDUALLY FROM FIRST" PRINCIPLES BY MEANS OF
ELEMENTARY MATHEMATICS, ILLUSTRATED BY DIAGRAMS AND GRADUATED
EXAMPLES, INTENDED AS AN EASY INTRODUCTION TO THE GENERAL TREAT-
MENT OF THE SUBJECT IN RANKINE'S APPLIED MECHANICS.

BY

: THOMAS ALEXANDER, CE,

PROFESS8OR OF CIVIL ENGINEERING IN THE IMPERIAL COLLEGE OF ENGINEERING
AT TOKEI, JAPAN.

"Eouhon:
MACMILLAN AND CO.
1880.

AU rights reserved.



-
* ’ N - -
L T L
ol oadat

s
4'-‘/// B

Emq 1880 /o)




PART FIRST.

ELASTICITY, RESILIENCE.
PURE STRAIN, SIMPLE AND COMPOUND
THE ELULIPSE OF STRESS.

APPLICATION TO EARTHWORK.



www.libtool.com.cn




PREFACE.

THis volume is the first of two on the subject of Internal
Stress and Strain which are intended to supply the felt
want of a complete and systematic set of exercises. It
" is based on the late PROFESSOR RANKINE'S treatment of
the subject in his Applied Mechanics and Civil En-
gineering, and will serve as a companion, or as an

introduction, to these volumes.

22nd July, 1879.
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ELEMENTARY
APPLIED MECHANICS.

STRESS.

ELAsTICITY is & property of matter. When dealing with
the equilibrium of a body under the action of external forces,
in order to find the relations among those external forces,
the matter of the body is considered to be perfectly rigid, or,
in other words, to have no elasticity. When external forces,
the simplest of which are stresses acting really on a .
part of the surface of a body, are considered to act at
points on the surface, it is taken for granted that the
matter of the body is infinitely strong at such points.
But after considering the equilibrium of the body as
a whole, we may consider the equi- ‘
librium of all or any of its parts. If
we take a part on which an external
stress directly acts, equilibrium is main-
tained between that external stress acting
on the free surface and the components
parallel to it, of stresses which the cut
surface of the remaining part exerts on
its cut surface.

Let MoNQP be a solid in equilibrium
under the action of the three external
uniform stresses acting on planes of its
surface at 0, P,and Q. %Jetmqbethe trace Fig. 1.
of the plane at 0 under the uniform stress A. The stresses
aaa...bbb...ccc may be represented in amount and direction

A .
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by the single forces A, B, and ¢ acting at the points o, p, and
Q, rigidly connected. We know that, by the triangle of
forces, A, B, and ¢ are proportional to the sides of a triangle
DFE drawn with its sides parallel to their directions.
Also that they are in one plane and meet at one point.
Hence we ‘infer-that'‘the"/stresses which they represent
are all parallel to the plane of the paper, and that the
planes of action of b and ¢ are at right angles to the
plane of the paper as well as that of . Thus we find
the relation among the external forces.

Let a plane mn» divide the solid
into two parts. Consider the
equilibrium of the part MNmn.
8,85, 8; ... are the stresses exerted
at all points of the cut surface
of MNmn by the cut surface .
of the other part. s is the sum of
their components parallel to the
direction of A, acting through P,
the centre of pressure. Because
there is equilibrium, 8 is equal
and opposite to A; and they act
in one straight line. Also the
remaining rectangular components
of s,,8,,8, are themselves in equi-
librium. Thus we see there is a
stress on the plane mn and know
the amount of it in one direction.

Had we been considering the
equilibrium of the other part of
the solid, the stresses on mn would
have been acting on the other sur-
face as t,,¢,, 4, ... in opposite direc-
tions to s, 8, 8;,...and of equal
intensities. Thus on the plane mn

Fig. 3. there are pairs of actions, acting
at all points of it, as 8;,#;, at . These vary in intensity and
obliquity to m n at different points of the plane. If another
plane, as gh, dividing the solid, pass through ¢, there will be,
similarly, pairs of actions at all points ofg it, and a pair of
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definite intensity and diyection at the point q. If we know the
stress at the point ¢ in intensity and direction on all planes
passing through g, we are said to know the internal stress at
the point q of the solid. Similarly for all points of the solid.

The pairs of actions as s, ¢, act respectively on the cut
surfaces of the upper'and under parts of the solid; but mn
may be considered to be a thin layer of the solid with s, and
t; acting on its under and upper surfaces. It must be,

Fig. 4. ¥ig. 5.

however, infinitely thin, this layer of the solid; otherwise its
two surfaces would be different sections of the solid and s,
and ¢, not necessarily equal and opposite. If gh be also
considered a thin layer, and H and K ge the pair of actions
on it at the point ¢ on the two sides of it, then will the
point ¢ be a solid, in figure a parallelopiped, with a pair of
stresses acting upon its opposite pairs of faces. s;and ¢; being
equal, s is now put for each, and H is put for both & and K;
and since ¢, instead of being a point in both planes, has small
surfaces in both, though so infinitely small that the stresses
over them do not vary from the intensities at the point g, yet
surfaces, the stresses spread over which it is more convenient
to represent by sets of equal arrows sSS...,HHH....
In this way of representing the’ internal stress at q the
arallelopiped is all of the solid to be considered. It must
ge borne in mind, however, that ¢ is indefinitely thin each
way, and might be more accurately exhibited thus; which
must be understood to be such small portions of the planes
mm and gh that the stress remains constant in direction
and intensity throughout their extent.
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STATE OF SIMPLE STRAIN,

Thus we see that in a solid acted upon by external forces,
every particle exerts stress upon all those surrounding it.
Such a body is said to be in a state of strain. In solids the

AP
7 nan
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Fig. 6. . :

Fig. 1.

phenomenon is marked by an alteration of sHape, but
not necessarily of bulk.

Fig. 8.

Let AB and cD be acted upon by two
equal and opposite forces P and P in the
direction of, their length acting in A B
away from each other, and in ¢D towards
each other. If P be uniformly distri-
buted over the area A, the section of A B
perpendicular to its length, the intensity
of the stress on it is

P
p=-.
Let the prism be of unit thickness normal
to the paper; then will the line MN be
equal to the area of the section of the prism
perpendicular to its axis and

_ P
P MN

At any internal layer mm, perpendicular to the axis of
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the prism, the intensity is also p, for the equilibrium
of the parts requires it; and not only is the stress of
this same intensity at all points of one such section, but
also upon all' such sections. The solids AB and ¢D are
said to be in a state of simple, strain, in the case of AB of
extension, and in that of ¢ D of compression. It is usual to
consider the first as positive and the second as negative.

The change of dimensions due to a siwple state of strain
is an alteration of the length of the solid in the direction of
the stress with or without an accompanying alteration of its
other dimensions. Thus a piece of cork in a state of simple
compression has become shorter in the direction of the
thrust, yet with scarcely any, certainly without a cor-
responding increase of area, normal to the thrust. Again,
a piece of indiarubber grows shorter in the direction of
the thrust with an almost exactly proportionate increase
of area normal to it.

The increase of length in the case of an extension is the
augmentation, in that of a compression it is a negative
augmentation, and in either case it is the amount of strain.
The measure of the strain is the ratio of the augmentation
to the original unstrained length.

augmentation of length
length

where both are in the same name, that is, both in inches or

feet, &c. The foot being the unit of length, it is most

convenient to take both in feet; then

DeriniTION. Longitudinal strain—=

augmentation in feet
length in feet
Suppose the denominator on the right-hand side of the
equation to be unity, then
longitudinal strain — augmentation in feet of 1 foot of
the substance.
= augmentation per foot of length,
expressed in feet.

Hence the total augmentation or amount of straim in feet
equals the length in feet multiplied by the strain.

longitudinal strain =
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If the augmentation equal the length, that is, if the piece
be stretched to double its original length or compressed to
nothing, then from the definition

strain = unity.

Ezamples.

In the following questions the weight of the material is
neglected.

1. A tie rod in a roof, whose length is 142 feet, stretches
1 inch when bearing its proper stress. What strain is it

subjected to ?
augmentation = 1 in.
unstrained length = 1704 in.

augmentation _ 1 )
Tength 1704 °* 0006

2. How much will a tie rod 100 feet long stretch when
subjected to "001 of strain ?
augmentation
length
.". augmentation = strain X length =001 x 100 ft. ="1 ft.

straln =

= strain.

3. A cast-ixon pillar 18 feet high shrinks to 17-99 feet
when loaded. What is the strain ?

augmentation of length = — 01 ft.

augmentation _ —-01ft. _ 1 .
Tength 18R 1800 O 0005

4. Two wire cables, whose lengths are 100 and 90 fathoms
respectively, while mooring a eﬁ’nip are stretched, the first
© 8 inches and the second 2:75 inches. What strains do they
sustain? Which sustains the greater? Give the ratio of
the strains.

For the 100-fathom cable

augmentation _ 8in. _ |
length 7200 in. 000417.

strain =

strain =
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For the 90 fathom cable v
augmentation _ 2:75in. _ |
length  ~ 6480 in. 000422,

The 90-fathom cable is the more strained.
Ratio of these strains|is 417 to 1422

5. A 30-feet suspension rod stretches 7% inch under its
load. Find the strain upon it.

strain = ‘00014.

6. How much does another of them, which is 23 feet long,
stretch when equally strained ?

asugmentation = ‘039 inches.

7. A submarine cable is tested with a strain of ‘0002.
How much did it stretch per 100 fathoms ?

aug. per 100 fathoms = 144 in.

8. What is the strain upon a wooden strut 60 feet long
when compressed to 59:97 feet ?

strain = — 0005,

9. A violin string 10 inches long is stretched to 10}
inches. What is the strain upon it ?

strain = &, = ‘025.
10. An indiarubber string 6 inches in length is stretched
till it is a foot long. Find the strain.
strain = 1.

strain =

11. A cast-iron pillar bears a strain of '001; its original
length was 10 feet. Find its altered length.

augmentation — — -12 inches,
altered length = 119-88 ,

12. A pillar 40 feet high, designed to prop up a beam
already supported at the ends, fits exactly into its place. If
the greatest strain to which it is safe to subject the pillar
be ‘0004, what thickness of wedge ought to be driven
between the beam and its top ?
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The thickness is the same as the contraction which the
pillar must undergo to produce the necessary strain.

thickness —=— aug. = 192 in.

This is upon the supposition that the beam does not rise up
when the wedgeis driven.

ErasTICITY.

The FElasticity of a solid is the tendency it has when
strained to regain its original shape. If two equal and
similar prisms of different matter be strained similarly and
to an equal degree, that which required the greater stress is
the more elastic—e.g.,, a copper wire 1,000 inches long was
stretched an inch by a weight of 680 lbs, while an iron
wire of the same section and length required 1,000 lbs. to
stretch it an inch. Hence iron is more elastic than copper.
If they be strained by equal stresses, that which is the more
strained is the less elastic—e.g., the same copper wire is
stretched as before 1 inch by a weight of 680 lbs., while the
iron one is only stretched a }3th part of an inch by 680 lbs.

Hence the elasticities of different substances are propor-
tional to the stresses applied, and inversely proportional to
the accompanying strains.

If similar rods of steel and indiarubber be subjected to
the same stress, the indiarubber experiences an immensely
greater strain, so that steel is very much more elastic than
indiarubber.

If two similar rods of the same matter, or the one rod
successively, be strained by different stresses, the corre-
sponding strains are proportional to the stresses. Thus, if a
480 Ib. stress stretch a copper wire one inch, then a 960 lb.
stress will stretch it, or & similar rod, two inches.

Hooke’s Law is “ The strain is proportional to the stress.”
It amounts to—*“the effect is proportional to the cause.”
It is only true for solids within certain limits:—e.g., 2,400
lbs. should stretch the copper wire mentioned above five
inches by Hooke’s law, but it would really tear it to pieces;
and although 1,920 1bs. applied very gradually will not tear
it, yet it will stretch it more than four inches; and further,
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when that stress is removed the wire will not contract to its
original length again. Strain and stress are mutually cause
and effect. The effect of stress upon a solid is to produce
strain; and, conversely, a body in a state of strain exerts
stress. The expressions “Strain due to the stress,” &c., and
“ Stress due to the strain,” &¢., are both correct.

If a solid be strained beyond a certain degree, called the
proof strain, it does not regain its original length when
released from the strain; in such a case the permanent
alteration of length is called a set.

DEr. The Proof Load is the stress of greatest intensity
which will just produce a strain having the same ratio to
itself which the strains bear constantly to the stresses pro-
ducing them for all stresses of less intensity.

If a stress be applied of very much greater intensity, the
piece will break at once; if of moderately greater intensity,
the piece will take a set; and although only of a little
greater intensity, yet if applied for a lonE time the piece
will ultimately take a set; and if it be applied and removed
many tines in succession the strain will increase each time
and the piece ultimately break. For all stresses of inten-
sities less than the proof load the elasticity is constant for
the same substance, and the

intensity of stress

DEF. Modulus of Elasticity = et dueto it

= stress per unit strain.

If the denominator on the right-hand side of the equation
be unity, then the numerator is the stress which produces
unit strain, and

Mod. of elasticity = stress which would produce unit

. strain,
on supposition of rod not experiencing a set and Hooke’s
law holding.

For most substances the proof stress is a mere fraction of
E. the modulus of elasticity. For steel the proof stress is
scarcely ryo%5osth part of £ Hence in the equation above
the word would is employed, as it would be absurd to say
that & equalled the stress that will produge unit strain, that
being an impossibility with most substances; and even when
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pdssible, as in the case of indiarubber, the strains at such a
pitch will have ceased to be proportional to the stresses
producing them, and hence £ will be no longer of a constant
value. But the definition is quite accurate and definite for
all substances amounting to this, that for any substance

E =10 times the stress that will produce a strain of {;th,
if such a pitch of strain be possible and within the limit of
strain, that is, not greater than the proof strain.

But if not, then,

E =100 times the stress that will produce a strain of +}th,

if such a pitch of strain be possible and within the limits
of strain, that is, not greater than the proof strain.

Thus for steel £ equals one million times the stress which
will produce a strain of one millionth part. Pliability is a
term applied to the property which indiarubber possesses
in a higher degree than steel. -

Examples.

13. A wrought-iron tie-rod has a stress of 18,000 lbs. per
square inch of section which produces a strain of -0006.
Find the modulus of elasticity of the iron. ’

E— intensity of stress __ 18000
- strain — 0006
= 80,000,000 lbs. per square inch.

14. A tie-rod 100 feet long has a sectional area of 2 squaré
inches, it bears a tension of 32,000 lbs, by which it is
stretched ths of an inch. Find the intensity of the stress,
the strain, and modulus of elasticity.
total stress _ 32,000 lbs.

area  2sq.in.
. __aug. of length _ 75 in.
strain = length 7 1200 in.

stress 16000 )
~ strain “0’07)6‘2‘5 = 25,600,000 1bs. per sq. 1n.

stress = = 16,000 Ibs. per sq. in.

= 000625.
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15. A cast-iron pillar one square foot in sectional area
bears a weight of 2000 tons, what strain will this produce,
E for cast iron being 17,000,000 1bs. ?

total stress — 2000 tons per sq. foot.
= 2000 x 2240 lbs. per sq. foot.
_ 2000 x 2240

stress . = ——g—— = 31111'i Ibs. per sq. in.
E = stre§s,
straln
or 17,000,000 = 11,
strain
31111

*, strain = m = 0018 ft. per ft. of length.

16. The modulus of elasticity of steel is 85,000,000. How
much will a steel rod 50 feet long and of ith inch sectional
area be stretched by a weight of one ton ?

total stress = 2240 lbs.
__ total stress in lbs.
area in sq. in.
= 2240 + } = 17,920 lbs. per sq. inch.
E . __ stress
" strain

stress

.. strain __ stress
.8 =z

17,920
= 35,000,000

= 000512.
elongation
length
.. elongation = strain X length
000512 x 50
= 0256 feet or 1 of an inch.

= strain.
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17. An iron wire 600 yds. long and gyth of sq. inch in
section, in moving a signal sustains a pull = 250 lbs.; how
much will it stretch, assuming £ = 25,000,000 ?

stress = 20,000 lbs. per sq. in,,
strain £910008,
elongation = 1-44 ft.

18. Modulus of elasticity of copper is 17,000,000; what
weight ought to stretch a copper thread, of 12 inches in
length and ‘004 inches in sectional area, }yth part of an
inch. If after the removal of the weight the thread remains
a little stretched, what do you infer about the weight and
about the strain to which the thread was subjected ?

strain = %,
stress — 14167 lbs. per sq. inch,
weight = 56'668 1bs.

Since this weight causes a set it is greater than the proof load.

19. A wooden tie 12 inches X 7 inches and 40 feet long
was tested with a pull of 130 tons which stretched it 1:28
inches. Find the modulus of elasticity of the wood.

291200 1bs. A .
stress = Bisqin 3466°6 1bs. per sq. in.
. 128 in. .
strain = 480in. = 0026.

. E =1,300,000 lbs.

20. One rod of an hydraulic hoist is 50 feet long and 1
inch in diameter, it is attached to a plunger 4 inches in
diameter upon which the pressure of the water is 800 lbs.
per square inch. £ being 30,000,000, how much will the
rod be compressed, and what is the strain ?

' strain = — ‘000427 ft. per ft.
compression = amount of strain = ‘256 in.

21. A glass thread is y¢&th of a sq. inch in sectional area,
and 15 inches long. What weight would be required to
stretch it t34th part of an inch, for glass E being 8,000,000?

. stress = 5,333 lbs. per. sq. in.
~weight = amount of stress = 53 1bs.
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THE PRODUCTION OF STRAIN.

We have as\yet\onlylconsideredithe statical condition
of strain, 4.e., of a body kept in a state of strain by external
forces, these forces being balanced by the reactions of the
solid at their places of application due to the elasticity, and
the forces exerted on any portion of the solid being in equili-
brium with the reactions of the contingent parts. Thus when -
we found that 32,000 lbs. produced a strain of ‘00063 on a
tie rod 100 feet long and 2 sq. inches in area, in all stretching
it $ths of an inch, we meant that the weight kept it at that
strain ; the rod is supposed to have arrived at that pitch of
strain and to be at rest, to be stretched the th inch, and so
(by its elasticity or tendency to regain its original length) to
balance the weight. We have taken no notice of the pro-
cess by which the rod came to the strain, nor do we say it
was the weight that brought it to that state, the weight
being only a convenient way of giving the value of the
stress on the rod when forcibly kept strained. In fact an
actual weight of 32,000 lbs. is capable of producing greater
strains on the rod in question; depending upon how it is
applied to the rod as yet unstrained. The weight might be
attached by a chain to the end of a rod and let drop from a
height ; when the chain checked its fall it would produce a
strain on the rod at the instant greater the greater the height
through which it dropt. Still, if that strain were not greater
than the proof strain, the weight upon finally coming to rest
after oscillating a while could only keep the rod at the strain
“00063.

We come now to consider the kinetic relations between
the stress and the strain, that is, while the strain is being
produced, the matter of the body being then in motion, we
are consequently considering the relations among forces
acting upon matter in motion.

If a simple stress of a specific amount be applied to a
body it produces a certain strain, and in doing so the stress
does wor{:, for it acts through a space in the direction of its
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action equal to the total strain. But if this stress is applied
gradually, so as not to produce a shock, its value increases
gradually from zero to its full value, and the work it does
will be equal to its mean value, multiplied by the space
through which it has acted. And since the stress increases
in proportion/to/the elongation; its average value will equal
half of its full value. For example, if a stress of 30,000 lbs.
be applied to a rod and produce a strain of § inch, it will do
30900 x § = 11,250 inch lbs. of work which will be stored
up as potential energy in the stretched rod.

Suppose a scale-pan attached to the top of a strut or
bottom of & tie and the other end fixed. Let a weight be
put in contact with the pan, but be otherwise supported so
as to exert no stress on the piece, and the next instant let
it rest all its weight on the piece, then will the weight do
work against the resistance offered by the straining of the
piece till the weight ceases descending and comes to rest,
when the piece will be for an instant at the greatest strain
under the circumstances, at a strain greater than the weight
can keep it at; the unstraining of the piece will therefore
cause the weight to ascend again, doing work against it to .
the amount that the weight did in descending, and so the
weight will;return to its first position, then begin to descend
again, and so oscillate up and down through an amplitude
equal to the augmentation. Owing to other properties of
the matter, whereby some of the work is dissipated during
each strain and restitution, the amplitude diminishes every
oscillation, and the weight will ﬁna.]fy settle at the middle of
the amplitude.

A weight applied in this manner is called a live load.
A live load produces, the instant it is applied, an augmenta-
tion of length double of that which it can maintain, and
therefore causes an imstantaneous strain double the strain
due to a stress of the same amount as the load.

Let now a weight W be applied in the following way.
Divide W into » equal parts of weight w each. If A be the
strain due to a stress of amount W, and a the strain due to
a stress w, then

W = nw.
and by Hooke’s law, A =na.
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Let the first weight w be put into the scale-pan. It will
produce a strain 2a at once, but the piece will settle at a
strain . Now put on the second weight w. It will produce
at once an additional strain 2a, but only of @ additional after
the piece settles; there being now a total strain 2. Add
the third weight'w." It also'will produce at first an additional
strain 2a, but only of a after the piece settles, giving a total
now of 3a; and so, adding them one by one, there will be a
strain of (n — 1) @ when the second last one has been added
and the piece has settled. - Now, upon adding the nth weight
w, it will at first produce an additional strain 2a, but only of
a after the piece settles, giving then a total strain na or A.
Thus we have brought the piece to a pitch of strain 4 by
means of the weight W, and only at the instant of adding
the last part (w) of it was the piece strained to (n + 1) @, or
to @ more than 4. By making the parts more numerous
into which we divide W, and so each part lighter and pro-
ducing a lesser strain per part, we can make the strain o the
extent to which the piece is strained beyond A at the instant
of adding the last part, as small as we please.

By so applying the load W we can bring the piece to the
corresponding strain A without at all straining it beyond
that. A weight so applied is called a dead load.

A live load therefore produces, at the instant of its appli-
cation, a strain equal to that due to a dead load of double
the amount. In designing, the greatest strain is that for
which provision must be made, so that live loads must be
double«f in amount, and the strain then reckoned as due to
that amount of dead load. The dead load, together with
twice the live load, is called the gross load.

The weights of a structure and of its pieces are generally
dead loads. Stress produced by a screw, as in tightening a
tie rod, is a dead load. The pressure of earth or water
gradually filled in behind a retaining wall, and of steam
got up slowly, of water upon a floating body at rest in it,
&ec., are all dead loads. The weight of a man, a cart, or a
train coming suddenly upon & structure, is a live load, so is
the pressure of steam coming suddenly into a vessel, so is a
portion of the pressure of water upon & floating body which
is rolling or plunging. The pressure upon a plunger used to
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pump water is a live load, but that on a piston when com-
pressing gas is a dead load, the gas being so elastic itself.
A load on a chain ascending or descending a pit is a dead
load when moving at a constant speed or at rest, but a live
load at the starting, and while the speed is increasing, partly
8 live and partly'aldead load!/ 1 The stress upon the coupling
between two railway carriages is a dead load while the
speed is uniform, and if the buffers keep the coupling chain
tight, the stress is a live load while starting; but if the
buffers do not keep it tight, but allow it to hang in a curve
when at rest, then the stress upon it at starting will be
greater than a live load.
Ezxamples.

22. An iron rod in a suspension bridge supports of the
roadway 2,000 lbs, and when a load of 3 tons passes
over it, bears one-fourth part thereof. Find the gross load.
If the rod be 20 feet long, and # of a square inch in section
find the elongation, E being 29,000,000.

dead load = 2000 lbs.
live load = 1680 lbs,, equivalent to a dead load
of 3360 1bs.
.". gross load = 5360 lbs.
__ gross load
~ section
= 5—%22 = 7147 lbs. per £q. in.
E — Stl‘ess d
"~ strain’

stress

. . __stress
.. strain =%

_ 47
= 25000000 = 000246
__ elongation
~ length °
.". elongation = length X strain
= 20 x ‘000246 = '00492 ft. = ‘06 in.
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23. A vertical wrought iron rod 200 feet long has to lift a
weight of two tons. Find the area of section, first neglect-
ing its own weight; if the greatest strain to which it is
advisable to subject wrought iron be ‘0005 and E =
30,000,000.
: Let A be the sectional area in sq. in.

live load = 4480 lbs. is equivalent to a deadload of 8960 lbs.

3960
.*. stress = 2
E — stress
strain’
. _ 8960
or 30,000,000 = A x 0005
A — 8960 )
‘0005 x 30,000,000
=597 sq. in.

24. Find now the necessary section at top of rod, taki.ng
the weight into account, calculated from the section foun

in last.

200 ft. x ‘597 sq. in. gives 1433 cub. in. ; reckoned at 480
Ibs. per cubic foot gives 398 lbs. _

Hence live load = 4480 Ibs.
dead load = 398 lbs.
.. gross load = 9358

stress = 9—3§§
area
E __ stress
" strain’
_ 9358
or 30,000,000 = aTen % 0005
.. area _ 9358 — 62 sq. in,

~+0005 x 30,000,000
B
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The weight of the rod being greater when calculated at
this section, a third approximation to the sectional area
might be made.

25. Taking now the sectional area at ‘62 sq. in. find
average strain'and elongation.

At lowest point
gross load = 8,960 lbs,,
stress — 8960,
62 ‘
. _ 8,960 . .
strain = 530,000,000 — 00048;
while strain at highest point is ‘0005.
*. average strain = ‘000495.
elongation = ‘00049 x 200 = ‘098 ft.

= 1176 in.

26. A short hollow cast-iron pillar has a sectional area of
12 sq. in. It is advisable only to strain cast iron to the
ﬁitch *0015. If the pillar supports a dead load of 50 tons;

ing weight of floor of a railway platform, and loaded
waggons pass over it, what amount should such load not
exceed? £ = 20,000,000.

_greatest stress = 80,000 Ibs. per sq. in.
gross load = 860,000 1bs.
deduct dead load = 112,000 lbs.
gives a dead load = 248,000 Ibs,

The live load must not exceed one half of this.

Nortke. Other considerations limit the strength of the pillar
if it be long.
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RESILIENCE.

DEr. The Resilience of a body is the amount of work
required to produce the proof strain. A weight one half
the proof stress applied as a live load would produce the
proof strain, therefore the work done is this weight multi-
plied by the elongation at proof strain, the distance which
the weight has worked through; or

The resilience of a body = } amount of proof stress
x elongation at proof strain.

For comparison among different substances the resilience
is measwred by the resiliente of one foot of the substance
by one square inch in sectional area.

. R =} proof stress x proof strain,

R being in foot lbs. when the stress is in lbs. per square
inch and the strain in feet.

And now comparing the amount of resilience of different
masses of the same substance: if two be of equal sectional
area, that which.is twice the length of the other has twice
the amount of resilience (the elongation being double); also
if two be of equal length and one have twice the sectional
area of the other, then the amount of its resilience is double
(the amount of stress upon it being twice that upon the
other). That is, the amounts of the resilience of masses of
the same substance are proportional to their volumes. This
is true not only for pieces in a state of simple strain with
which we are in the meantime occupied, but can be proved
to be universally true for those in any state of strain how-
ever complex.

For any substance R being the amount of resilience of a
prism of that substance one foot long by one square inch in
sectional area, it follows from the above that the amount of
resilience of a cubic inch of the substance will be vy R or
that of any volume will be yi B X volume in cubic inches.

The resilience of a piece, as defined, is the greatest amount.
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of work which can be done against the elasticity of the
piece, without injuring its material.

We can find the amounts of work done upon a piece in
bringing it to pitches of strain lower than the proof strain.
For brevity we, will: call this also resilience. I')I'hu,:s, for a
piece 1 foot long by 1 square inch in section

amount of resilence — } stress X strain is pro. to (stress)?,
the strain being proportional to the stress, hence

amount of resilience for any stress _  (stress)?
the resilience ~ (proof stress)? "
2
.. amount of resilience =R x —SLRE';)
. Pp. stress

For a piece of volume ¥V cubic inches, at any stress we
have either—
amount of resilience — } stress X strain x 1_1';,
or = } amt. of stress X amt. of strain.
The amount of resilience of a piece, at the instant a live
load is applied, will be the product of that load and the in-
stantaneous elongation. Let W be a load the elongation
due to which is 4. If W be applied as a live load, the in-
stantaneous elongation is 24, and the
amount of resilience due to a live load W = W x 24.
If W be applied as a dead load, the amount of resilience is
steadily that of the {)iece elongated to an amount 4 is the
same as what it would be for an instant upon the applica-

tion of a live load —1%7, or

amount of resilience due to & dead load W = %’ x A.

Therefore, a live load produces for an instant an amount of
vesilience four times that produced by an equal dead load.

27. A rod of steel 10 feet long and ‘5 of a square inch in
section, is ]fﬂ)t at the proof strain by a tension of 25,000
Ibs, the modulus of -elasticity for steel being 35,000,000.
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Find the resilience of steel, also the amount of resilience of
the rod.
25000

proof stress = = 5— = 50,000 Ibs. per sq. inch.

/V.'‘proof-'stress

Eo= proof strain
.. proof strain = MEM

_ 50000 1

~ 35,000,000 — 700

= ‘00143 elongation in ft. per ft. of

" length.
resilience, R = } proof stress X proof strain

=% x 50,000 lbs. x ‘00143 ft.

= 8575 ft. 1bs. of work per vol. of 1 ft.
in length by 1 sq. n. in sectional
area.

amt. of res, of rod = R x (vol. expressed in number of
such prisms)

1 . .
=1g" R x vol. in cub, in.

= & X 3575 x 120 in. x 5 sq. in.
= 17875 foot-lbs. of work.

Otherwise, to find amount of resilience directly,
roof strain = 1
Proot sl = 7o

.1
total elongation = 70 ft.,

amount of stress = 25,000 1bs.,
amount of resilience = } amount of stress X elongation,
25000 _ 1
R (1)
= 1786 ft.-Ibs. of work.
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28. A series of experiments were made on bars of wrought
iron, and it was found that they took a set when strained
to a degree greater than that produced by a stress 20,000
1bs. ﬁer square inch, but not when strained to a less degree.
At that pitch, the strain,was10006. Find the resilience of
this quality of iron.

proof stress = 20,000 lbs. per sq. in.
proof strain = ‘0006 ft. per ft. of length.
R =} x 20,000 x ‘0006 = 6 ft.-1bs.

29. Find how much work it would take to bring a rod,
of the above iron, 20 feet long and 2 square inches in sec-
tional area, to the proof strain. 4 '

volume = 480 cub. in.

R feet-lbs. of work brings to proof strain a rod 1 feet
long by 1 square inch in area: that is, of volume 12 cubic
inches, and amounts of resilience being proportional to the
volumes.

work required = ¢4 R . vol. in cub. in.
= & X 6 X 480 = 240 ft.-lbs.
amount of res. ~ 480 cub. in. __ 40
R T 12cub.in. T 7

-, amount of res. = R X 40 = 6 x 40 = 240 ft.-lbs.

30. A wooden strut 18 square inches in section, and 12
feet long, sustains a stress of 1,000 lbs. per square inch.
Find the amount of resilience of the strut, £ being 1,200,000
1bs. )

half of total stress = 9000 lbs.

elongation =01 ft.
amount of resilience = 90 ft.-}bs.

31. Steam at a tension of 600 lbs. on the square inch is
admitted suddenly upon a piston 18 inches in diameter.
If the piston rod be two inches in diameter and 7 feet
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long, what is the amount of its resilience at the instant ?
E = 30,000,000.

for live load, stress = 97200 lbs. per sq. in.
gives instant strain — ‘00324 ft. per ft. of length.

elongation 02268 ft.

resilience of rod = live load X elongation.
= 486007 1bs. x 02268 ft.
= 11027 ft.-Ibs.

32. The chain of a crane is 30 feet long and has a sectional
area equivalent to } of a square inch, what is the amount
of its resilience when a stone of 1 ton weight resting
on a wooden frame is lifted by the action of the crane ?
E = 30,000,000.

stress = 4480 1bs. per sq. in.

strain = 000149.

amount of stress = 2240 lbs.

elongation = 00447 ft.

resilience of chain = } amount of stress X elongation,
=5 ft.-lbs,

33. If the chain be just tight, but supporting none of the
weight of stone, and if now the wooden frame suddenly gives
way, what is the amount of resilience of the chain at the
instant ?

Being now a live load, there is an instantaneous strain of
double the former amount.

instantaneous strain = ‘000298.
» elongation = 00894 ft.
resilience of chain = live load X elongation.
= 2240 x 00894.
= 20 ft.-lbs,

34. The wire for moving a signal 600 yards distant has,
when the signal is down, & tension upon it of 250 lbs,, which
is maintained by the back weight of the hand lever; under
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the circumstances the wire is stretched 144 feet (see example
17),and the back weight of the signal, which is 280 Ibs., rests
portion of its weight upon its bed. The hand lever is sud-
denly pulled back and locks: the wire being more intensely
strained, the, signal is raised by, the elasticity of the wire
partially unstraining. If the point where the wire is attached
to the signal moves through -2 feet, find the range of the
point where the wire is attached to the hand lever, also the
force which must be exerted there.

When the signal settles up the amount of stress on the
wire is 280 lbs.

elongation for 280 lbs. _ 280
elongation for 250 lbs. — 250’

elongation for 280 lbs, = g.g_g x 144 = 1613,

additional elongation = ‘173 ft.,
.. range of point at lever — range of point at signal plus
this M£tiond elongation.
=-2+4-173
= 373 feet.

Thus, when the lever is put back there is upon the wire
for an instant before the signal rises an additional elongation
of -373 feet. Hence the tension on the wire the instant the
lever is put back will be that due to an elongation of

ah - _ 144 + 373
(144 + 378) fo. = 20 F SO

This is the force which must be exerted at the point
where the wire is attached to the hand lever. That is, the
instantaneous value of the force used to raise the signal is
34-8 lbs. greater than its weight.

250 Ibs. -

35. On a chain 30 feet long £ of a square inch sectional
area and having a modulus of elasticity of 25,000,000 lbs.
there is a dead load of 3,900 lbs. and a live load of 900 lbs.
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Find the amount of resilience of chain when dead load only
is on, also at instant live load comes on.

E __ stress
' 1.strain’
.strain = Stress _ 5200 _ 4500

E 25,000,000
elongation = ‘006 ft.,

a'n}g:l:fe:; lieoﬁience = } amount of stress X elongation

=} x 3900 x 006
=117 fb.-lbs.

Live load gives an additional elongation equal to that for
a dead load of 1,800 lbs.

elongation (due to 1800 lbs.) __ 1800

-006 ft. ~ 8900°
. . . 1800 _
inst. elongation for live load = 3900 % 006
' = 00277 ft.

Now both the 3900 lbs. and the 900 lbs. worked through
this -00277 ft.

~ .".additional resilience = 4800 lbs. x ‘00277 ft.—18'3 ft.-Ibs.
amount of resilience at instant live load comes on = 25 ft.-1bs.

36. A rod 20 feet long and 4 inch in sectional area bears
a dead load of 5000 lbs. Find the live load which would
produce an instantaneous elongation of another f;th inch.
E = 30,000,000.
Amns. 3125 lbs.

37. A rod of iron 1 square inch in section and 24 feet long
checks a weight of 36 lbs. which drops through 10 feet
before beginning -to strain it. If £ = 25000,000, find
greatest strain.
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Let p = the stress at instant of greatest strain, then ‘

trai - P
strain ol

0oays 24
elongation :—Ep )
amt. of resilience = } amt. of stress x elongation

¢ ]
=2 x 24D _ 190 g1 1bs,

V7 E
Work done by wt.in falling = 36 Ibs. X (10 + 2}?) ft.

— 360 + 8—1‘# ft.-Tbs,

Equating,. 11221,)2 = §%i_p + 360,
p =72 = 30E,
P — 72p + (36)* = 750,001,296,
p — 36 = 27386,
P = 27422 lbs. per sq. in.
.. strain = 001097 ft. per ft. of length.

88. If the weight in No. 37 had fallen through the 10 feet
by the time it came first to rest and £ = 30,000,000 lbs.,
what is the greatest strain?

amount of resilience = 860 ft.-1bs.,
2
or 2P =500,
p = 30,000 lbs. per sq. inch,
strain = ‘001 ft. per ft. length.

89. If the proof strain of iron be ‘001 what is the shortest
length of the rod of one sq. inch in sectional area which will
not take a set when subjected to the shock caused by checking
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a weight of 36 lbs. dropped through 10 feet ? [£ = 30,000,000
Ibs. per sq. inch.]
Let 2 = length in feet.
By hypothesis\it/¢omes tothe proofistrain, hence
elongation = ‘001 x « ft. |

P.stress = E x proof strain
= 30,000 lbs. per sq. inch.
amount of stress = 30,000 lbs,
(inst.) amount of res. = } amount of stress X elongation.
— w —_— -
= 15,000 x 7000 — 152 ft.-1bs.

- Equating to work done by weight,

152 = 360
r = 24 ft.

Nore. This is the shortest rod of iron one square inch in
sectional area which will bear the shock. The volume of
this rod is 288 cubic inches, and a rod of iron which has 288
cubic inches of volume will just bear the shock ; as 48 feet
long by 4 square inch in area or 12 feet long by 2 square
inches sectional area.

The 10 feet fallen through by the weight includes the
elongation of rod. When the question is to find the shortest
rod to sustain the shock in the case where the weight falls
through 10 feet before it begins to strain the rod the volumes
of the rods would not be exactly equal for different sectional
areas, for a long thin rod will sustain a greater elongation
than a short thick one, and as the falling weight works
through this elongation over and above the 10 feet the first
rod will require a greater cubical volume than the second.

40. Find the shortest length of a rod of steel which will
just bear without injury the shock caused by checking a
weight of 60 1bs. which falls through 12 feet before beginning
to strain the rod. First for a rod of sectional area 2 square
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inches, and then for a rod of } square inch sectional area.
Given that for steel £ = 30,000,000 lbs. and R = 15 ft.-lbs.

Let A = sectional area in sq. inches and « = length in feet.
proof stress X proof strain = 2R def
proof stress dof

proof strain —
Dividing, (proof strain)? — %ﬂ
proof strain = ~/ 2%-? = ﬁ

elongation = i 000 feet.

Work done by the weight in falling
a: :
3

Amount of resilience of rod at proof strain

=R x (ﬁ vol. in cub. m)

= R X (length in ft. X sec. area in sq. in.).
=15 x ¢ X 2 = 30z ft.-lbs. first.
and 15 —a — }_1 z, , second.

Equating for first case,
— 720 4+ 3

14972 = 36000,
@ = 24°05 ft. length of rod.

Equating for second case,

lfm — 720 + 50w,
738 — 144000,

@ = 19512 ft. length of rod.
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For the first case length is 2886 inches; and sectional area
2 square inches gives : ’

volume = 5772 cub. inches.

While for second case length is 2341'44 inches, and sec-
tional area } square'inch/giving
volume = 5853 cub. inches,
which is a little greater. See Note to No. 39.

This may be exhibited generally; putting W, k, and 4
for the weight, the distance dropped through, and the sec-
tional area,

work done by weight = W (h + 2TR)
amount of resilience =R .z. A.

Equating, Red = Wh + Wz N —27513

' 2R\
x(RA—WNI—ET)_Wk.
Wh
g=—"" g
RA — W,J%?
vol. = 4 x 122 cub. inches.
_ 124Wh 12 Wh
= °R . W 2R

which increases as A decreases.

41. The greatest (working) stress which it is safe to apply
repeatedly to iron being 10,000 lbs. per square inch, what is X
the shortest rod of one square inch in section that may be
employed to check the fall of a 36 Ib. weight through 3 feet
raised and let fall constantly?

Length, 64 feet.
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42. Certain rods of wrought iron are for the same structure ;
those which will not bear a proof strain of -001 are to be
rejected. The testing machine consists of a ring weighing
120 lbs., which, falling through distances marked upward
on the instrument, catches on a collar screwed on the lower
end of the rod/to/betested, whose upper end is fixed. The
shock producing the instantaneous strain ‘001 is repeated
several times, when if there be no set produced the rod is
passed. From what height on the scale ought the ring to
be dropped when testing rods 15 feet long by 1 square inch
sectional area; also, how high should the collar be above
zero? K = 30,000,000.

E— proof stress

~ proof strain’

proof stress =001 x E = 30,000 Ibs. per sq. in.,
amount of stress = 15,000 lbs.,

; 00l — -5 ft —-
elongation =15 x 001 = 300 ft. = 015 ft.,
amount of resilience = } amount of stress X elongation

3
= 7,500 x 500 — 1125 ft.-1bs.

Let « be reading in ft. on scale; then

work in ft. Ibs. = 120, and, equating
120z = 112'5,
z = 094 ft.

The collar ought to be above zero the amount of the
elongation, so that the -wei%ht may only have descended
through the 094 ft. when it first comes to rest.

height of collar = elongation
=015 ft.

43. Find readings on scale from which ring should be
dropped, and at which collar should be adjusted when testing
20 feet rods 1} square inches in area.

reading for ring, 375 ft.
reading for collar, 0-02 ft.
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44. Wooden piles, 2 square feet in section, are being driven
by a weight of 7,680 lbs. When 20 feet of a pile 1s above
ground, what is the greatest height the weight should be
dropped from, if 4,000 lbs. per square inch be the greatest
stress it is desirable to putupon-the timber? E = 1,200,000.
Neglect the fact that the weight falls through the diminution
of length of strut.

height = 5 ft.

45. It is found that the pile sinks 02 feet, so that the
straining of the timber acts through -2 feet besides the
elongation. From what height may the weight be dropped
without fear of injury, considering this ?

stress = 4000 Ibs. per sq. in.
1 amt. of stress = 576000 lbs.

strain = — L
- 300°
. 1 -
augmentation = — 5% X 067,

amt.of resilience = } amt. of stress x (‘2 4 -067)
= 153792 ft.-1bs.
work = 7680 (z + ‘267) = 153792 ft.-1bs.
. 7680z = 153792 — 2050.
= 151742.
s m=198 ft.
From- observing now the distance the pile sinks from
this stroke, another greater height may be calculated from
which it would be safe to let the rammer fall. Should the

pile, however, come upon a large stone, it might splinter
when the rammer fell from a greater height than 5 feet.

46. A mass of W lbs. moving horizontally with a velocity
of V feet per second is stopped by a chain (! feet long and
a square inches effective sectional area), whose other end is
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securely anchored. Find the greatest pull on the chain, £
being the modulus of elasticity, and g the acceleration of a

falling body.
h= ;—Z iy the height, through which W must fall from rest

to acquire the velocity V. Hence kinetic energy of
W= Wlbs. x hft.
=¥V 4 1s.
29

This work must be done upon W to bring it to rest, hence
it is the work W will do upon the chain.

Let P = greatest pull on chain in lbs. at the instant W
first comes to rest.
stress = glbs. per sq. in.
__ stress
~ strain’
train — stress _ P
or strain — T = ok

C _ Pl
elongation = strain x length = Yo

amt. of resilience — } amt. of stress x elongaﬁon

P Pl l
=-2—Xa'—E-—-P’.27E—.
. 1wy
Lquatmg, P'.’z‘a—E—'—- 2—9.
' . GEWP
. ——gl—.
aEW

P=VN7y-
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47. A waggon going down an incline is attached to a rope
worked by a stationary engine. Its weight is five tons, and
its velocity four miles per hour, when it is suddenly StOE.Ped
by the accidental stopping or reversing of the engine. Find
the greatest instantaneous pull upon the rope, which is 4
square inches in'sectional area, there being 600 feet of free
rope between waggon and engine. £ = 25,000,000 Ibs. and
g = 32 feet per second per second. ‘

amount of res. = } amount of stress X elongation

P
=3 1,03({000 = 1,00?),000 PrtTes
kinetic energy of waggon = 60235 f.-Ibs.
Equating, P2= 2,007,833,333. .
P = 44,808 Ibs. = 20 tons.

48. A body of mass W lbs,, movi.nf with a velocity V feet
per second, is connected by means of a chain ! feet long,"and
of @ square inches sectional area, to another body of mass
w at rest. W and w being great compared to the mass of
chain, its inertia is neglected. Find greatest pull upon chain.
As the chain begins to stretch W loses and w gai
velocity, till both together with chain arrive for the first
time at a common velocity, at which instant the tension is
the greatest possible upon the chain, which will now begin
to contract, causing w to move quicker than W, again extend-
ing as W increases till common velocity is arrived at; finally,
after many such stretchings and contractings, the chain will
settle at a fixed pitch of strain, and all will continue to move
at common velocity above.

et U = common velocity, :
P = pull on chain in Ibs. (at instant),
E = modulus of elasticity of chain,
wv — momentum when w was at rest,
(W + w) U = momentum when at com. vel.
. wV
Equating, U= W

C
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Owing to W’s velocity being reduced, it has done a cer-
tain amount of work upon the chain, and since whas acquired
velocity the chain has done a certain amount of work upon
it, and the difference of these amounts of work equals the
amount of resilience of chain.

. From equation & = 2—?5, where v is velocity acquired by a

body falling from rest through % feet, we have

V2 bt. W must fall to acquire vel. ¥,
and 2U—g = ht. W must fall to acquire vel. U.
. V’2—gU’= ht. W must fall to increase from vel. U
to vel. V.
V-

and W. 3 r_ work lost by fr.

o .
w.E._ work gained by w.
. 1
dlﬂ'.ofworkzz?]{ W(V’-U’)—wU’}.
1
_2—9{WV’-(W + w0},

Putting for U its value,

=51 -0+ alyg) |

Wiy
—@(WV’- iy
=V W oo

T2 WHw
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Now upon chain
stress =—1-)a,ndE'=’s —
a strain’
. __stress P
or strain iRy > i lealey

elongation = strain x length = (%,

amt. of res. = } amt. of stress x elongation.

P, _Pl. g 1
__-2-1b8. X —ft. = P22—G,Eﬁ'.1bs.

ak
Equating to difference of work,
P W
‘2ak T 29" (W4w)
akl  Ww
P2=V2 —.
lg " (W+w)
. _ aEWw
S P=V. lg~—(W+w)lbs'

48a. Same problem by method of the Calculus. Let «,
and , be the spaces ed through by W and w respec-
tively, and P the pull upon chain at any time ¢, hence at

that instant
elongation = z, - @,

strain =‘”=_;_”“_1 def.
stress =1—J.

a

stress Pl

E = — = .
strain  a (z; — ;)
A P= T 2 )
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Since P accelerates w we have its acceleration

dz P Eag ,
—dtﬁ:l_ 9= w(zg (2 — @),

and since P retards| W(its acceleration

& P E
L= 9= = @ — ),

subtr a.cting, l
( 2 1} __g — ) —_
—_ 17 (w2 a;l)

A differential equation from which (x, — x;) is to be
determined.

Put (w,—ml) =c cos (nt — e),

then @ (% = — n?(xy — @),

Equating n?= E(;g (W + = )
" — Eag ( (W+'w)
- \/ AWw
When t=0, g,—a,=0.
.0 =c¢ cos (nt — e).

..cos (—e) =0,0ore= 72r

" (@y — @) =c¢ cos(nt —g)
= ¢ sin nt.
Differentiating,

%’—(Zl—nccosnt
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Since %’? and %itdﬁ are the velocities of Wand w, their differ-
ence is zero at instant of greatest strain.
. 0 = ne cos|nt:
ot = (2m + 1) g, where m is any integer. |

2m + 1

t= TR gives times at which W and w come

to & common velocity.
When ¢ = 0, the difference of W and w’s velocities is V.
O_lai _ e
. 'Z“ —

.V =mnccos 0

Sub. into P =P (m-a)

FEa .
= Tc sin nt

Ea,V
mv
= l .%
_Ea Vs Eag(W + w)

- 1" Ww
—v Ea | IWw
= """ T NEag (W + w)

EaWw
=V. gt W + wy
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Other things being constant, this is greatest when W = w,
for (W 4 w) constant.

Note also that the stress

1DtBo . EWw
P=o=V g Wiy

which increases if & be decreased, although the amount
of stress P decreases, so that the only way to lessen P with-

out incroasing  is to increaso { the length of chain.

49. A mass of 5 tons, intended to act as a upon a
ship being launched, is connected by means of a chain 100
feet long and 8 square inches effective sectional area, and £
= 25,000,000. Find the greatest pull on the chain if the
ship, when floating, have inertia equivalent to a mass of
400 tons, and it be estimated that her velocity will be 20
feet per second when the drag comes into play.

_ aEWw
P=V. et

8 x 25000000 x 896000 x 11200
100 x 32 x (896000 + 11200)

= 20./691858025
= 525874 lbs. = 235 tons total pull.

.'.p=(§) = %{5 = 29 tons per square inch,

;vel;ioh is about the utmost stress that wrought iron can
r.

= 20
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INTERNAL STRESS. .

In the following, pages; except specially stated, we pre-
mise that—

a. All forces and stresses are parallel to one plane.

b. That plane is the plane of the paper in all dm(gimms.
Hence planes subjected to the stresses we are considering
are shewn in diagrams by strong lines, their ¢races.

¢. The diagrams represent slices of solid, of unit thickness
normal to the paper; hence, the lengths of the strong lines
are the areas of the planes.

d. The stresses are supposed constant both in direction
and intensity which are normal
to the paper, or every point on a

diagram is in the same circum- rx‘
stances with respect to stress T [7TT- ..

normal to the paper. RN

e. The relative position of two
gelanes is measurm the angle

tween their no: .

J. The obliquity of the stress
to the plane upon which it acts
is the angle its direction makes
with the normal to the plane.

These premises save a great
deal of wording in the enuncia-
tions, and, therefore, of apparent
complicity.

Internal stress at a point in a PPPpPPP
solid in a simple state of strain.
Let the axis 0X be drawn in Fig. 9.

the direction of the stress P. Let

AA be any section normal to this axis. Since the stress
is uniformly distributed over AA, the intensity of the
stress at ag points of the plane AA is the same. Con-
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' sider the point o, the intensity of the stress at o on
the plane normal to ox is

_ totalstress _ P
P = orea of plane ~ aa’

Through o draw any oblique 'le}llane, BB, whose normal, oN,
makes the angle 6 with ox. e stress on this plane is in
the direction 0X, and the amount of stress upon it is P (for
the equilibrium of the parts). But the intensity of the
stress on BB is less than p, since P is spread over a larger
area than AA,

Since A0B = §,
OA _
and O_B = €08 AOB,
OA
OB = .
cos 0
AA
BB = .
or ’ cos @
intensity of stress on BB = total stress
. area of plane
2
~ BB
__ P
[ AA )
cos 6
=2 cos0
AA
=p. cos 6

Hence the internal stress at all points within a solid, in a
state of simple strain, is parallel to the direction of that
stress—is greatest in intensity on the plane normal to that
direction—on any other plane inclined at an angle 6 to last,
the intensity is one (cosine @)th part of that intensity,
and zero on any plane parallel to the direction of the stress.
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The stress p cos 6 on BB being oblique to BB, it is con-
venient to resolve it into components normal and tangential
to BB respectively.

The arrow p cos 0 represents the stress at the point 0
on the plane BBj; fromits)| extremity perpendiculars are
dropped on oN and BB, which, by pa.m].Balogra.m of forces,
give p,and p, the intensities of the stresses upon BB, nor-
mal and tangential respectively.

Now pﬁ)’;ozcose def.
. Pn = P cos? 6.
Also Pt —gin 6.
p cos 6
p¢ = p 8in 0 cos 6.
x
gl
N ! N
A N
PPPPP kot
pod
3% o
5
/ | B
plosé
V\/\—\
Fig. 10. .
» P p b
Fig. 11.

From the superposition of forces these two sets of forces
may be considered independently of each other. For some
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cases in designing it might only be necessary to consider
one set, if it were manifest that in providing for it there
. would be more than sufficient

x provision made for the other.
Kot It is apparent from symmetry
g ge plane cc inclined at

the angle 6 on the other side of
. the axis the stress is the same in

.~ M 4]l particulars as that on BB.

On a pair of planes whose ob-
liquities are together equal to a
right angle, the intensities of the
tangential stresses are equal, and
the sum of the intensities of the
normal stresses equals the inten-
sity of the initial stress.

iet BB be inclined at the angle
0, and DD at the angle ¢,

where 0+¢ = g

; N that for t.
5 / v

: p“ =p cos? 6:
On 58, {pt = p sin 6 cos 6.

p,” = p cost ¢,
On DD, {Pz =p sin ¢¢OOS ¢'

But sin 6 = cos ¢, and cos § = sin ¢.
P = p/, or the tangential component

stresses have the same inten-
sity on both planes.

Also  pa + p, = p (c0s?0 + cos? ¢)
= p (cos? 6 4 sin? 6)
or the sum of the intensities of the normal component
stresses equals the intensity of the primary stress.
There are therefore at one point o four planes BB, DD, CC,

and EE, two inclined on each side of ox, upon which the
tangential stress has the same intensity.
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Grouping together the pair of planes BB and EE, the one
inclined at 0 on the one sidé of 0X, and the other at ¢ upon
the opposite side, and therefore at 6 + ¢, or 90° to each other,
we find that at any point two planes being chosen at right
angles to each other the tamgential or shearing stresses are
of equal intensity, and'the 'sum of the intensities of the
normal stresses is equal to the intensity of the primary stress,

]

g

For all planes such as BB, DD, &c., that which is inclined
at 45° sustains the tangential stress of greatest intensity,

for Pt = p sin 6 cos 6,
= 1—; sin 20. .
P is greatest when sin 20 is greatest.
” ” Sin 20 =1
» » 29 = 90°

» » 9 == 450
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The tangential stress on a plane such as BB is called a
shearing stress. Many substances fracture under a shearing
stress very readily. Notably cast iron under a strain of

UL

Fig. 14.

compression fractures by shearing along an
oblique plane, the one portion sliding upon
the other.  The resistance then which cast
iron offers to shearing is that which must
be considered in designing short pillars to
bear great loads. The planes upon which
the intensity of the shearing stress is
greatest, that is, planes inclined at 45° to
the direct thrust, are those upon which it
‘will shear. As the texture of the material
is never homogeneous it may shear along
planes more or less inclined than 45°, also
the toughness of the skin will cause great
irregularity.

Brick stalks give way by the mortar
shearing, and the upper portion sliding
down an oblique section like a splice.

Examples.

50. A short pillar 2 square feet in area bears a load of 36
tons, find the intensity of the stress upon a plane section of
it inclined at 20° to the axis, also the intensities of the
normal and tangential component stresses on it.

80640

983 = 280 lbs. per sq. inch

on oblique plane.
intensity = p cos 6 = 2631 lbs per sq. inch,

Pn = p cos20 = 2473 ” ”
pe=psinfcos § =90 ,, ”

51. Find greatest intensity of shearing force on a plane
section of pillar in last. .
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* It will be upon a plane inclined at 45°.
pe = p sin 45° cos 45°

L1 _p
“P R BT 2
= 140 lbs. per sq. inch.

52. A stone obelisk weighing 200 tons, and covering an
area of 10 square feet, stands above a slate formation in-
clined to the horizontal 10° find the intensity of the stress
normal and tangential to the beds.

Pa = 301'8 lbs. per sq. inch,
pe = 532 ,,

”»

COMPOUND STATE OF STRAIN.

A solid is in a (compound) state of strain when subjected
to two or more simple stresses in different directions simul-
taneously. We proceed to consider a solid in such a state of
strain without enquiring how it was brought into that state;
all its parts being supposed to be at rest, and all the parts
into which it may be divided in equilibrium under the stresses
exerted among each other, due to their elasticity, and those
exerted at the external surface: but at the outset we do not
regard those external stresses.

Upon any plane passing through a point within the solid,
the stress at that point is definite in intensity and direction;
for if along that pYane the solid were divided into two parts,
the mutual pressures between the cut surfaces at that point
(no matter Eow complicated) can be compounded into one
force, definite in amount and direction. Along this plane
the intensity and direction of the stress varies, and at the
gm%ig will only be constant over a very small part of the sur-

ce round it. If the stress be stated in Ibs. per square inch,
the total stress on this small surface which we are considering
would be a mere fraction of the intensity. It will be con-
venient to consider the intensities of these stresses to be
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expressed, say, in lbs. per millionth part of a square inch,
so that in the diagrams two or three arrows (each representing
the imtensity) ma{ be drawn to represent the total amount
of stress upon such small planes, without leading us to the
sup&)osition that they are of a few square inches in extent.
And yet whateyer/ results we arrive at are equally true for
intensities expressed in the usual units, for the intensity at
a point on a plane, upon which the intensity varies, can be
expressed to any degree of accuracy in lbs. per square inch.
Thus, at the point, the intensity of the stress in Ibs. per square
inch equals roughly, nearly, more nearly, &e.

Amt. of stress on the sq. in. surrounding point, roughly,
10 times amt. of stress on the y4;th of a sq. in. surroundi
point.
100 times amt. of stress on the y}4th of & sq. in. surrounding
int.
1,0%%,000 times amt. of stress on the yyydygoth of &sq. in.
surrounding point, &ec., &c.

Let 0A0’B be a small rectangular parallelopiped at the point '
0'in a solid in a state of strain, .
Let ¢ = intensity of stress on the faces 0A and 0B at an

obliquity a.
p = intensity of stress on faces 0B and 0'A at an qbli-
quity B.
The normal components are—
Pn=p c08 B,
gn = q CO8 a.

The two sets of forces 5,, directly balance each other, and
may be removed, and also the two sets ¢, leaving the
parallelopiped in equilibrium under the action of the tan-
gential components.

P = psin B,

ge=9q sin a.

The amount of tangential stress on 0A and 0B is the in-

tensity multiplied by area of face.

= qt.O0A,
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Also the amount on
each of the faces 0B
and O'A.

= P¢ . OB.

The two forces ¢;.0A
form a couple with'a
leverage 0B tending
to turn the parallelo-

iped in the direction
in which the hands
of a wateh turn, while
the two forces p;.0B
form a couple with a
leverage 0A tending
to turn it in the oppo-
site direction. Since
the parallelopiped is
in equilibrium un-
der these two actions
alone, the moments
. of these two couples
must be equal.

Foree. Leverage,
¢:.OA x OB

= Pt.0B X OA.

Now the area oa
multiplied by the
length oB gives the
volume of the paral-
lelopiped, and the
area OB multiplied by
the length oA also
gives the volume.

S V=p.7,

’ 9t = Pu.

Hence, at a point
within a solid in a
state of strain, the
tangential compon-

Xiay

47
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ents of the stresses upon any two planes through it at right
angles to each other are of an equal intensity.

Cor.—If it be possible that the stress :]lfon any plane
through a point be wholly normal, then will the stress be
wholly normal upon another plane at right angles to that

plane.

At a point within a solid in a
) , state of strain the directions and
8 N intensities of the stresses upon
Db / two planes at right angles to

each other being given, to find

the direction and intensity of

the stress upon any third plane.
7 Let g the intensity of the
' stress at 0 on the plane AA” be
' inclined to the normal at the
a angle a,

---------- v t p the intensity of the
stress at 0 on the plane BB be
inclined to the normal at the
angle 8;

ese two planes being in-

Fig. 16. clined to each other at a right

angle. It is required to find the intensity and direction of
the stress on a third plane c¢’ through o inclined at any

angle 0 to AA.
o Consider a small triangular
4 - prism 0AB at 0 bounded by

ortions of these three planes.
t is in equilibrium under
the stresses ¢ on the face 04,
p on the face 0B, and the re-
uired stress 7 on the face AB.
t is to be borne in mind that
0AB is so small that all the
planes 0A, OB, and AB pass
through the point 0. Look
uForll1 OAB as ; smsalll part at 0
of the preceding di en-
Targed. g diagram
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Choosing 0xX and 0Y along 0A and OB as rectangular axes,
and resolving p and ¢ into components normal and tangential
to the planes they act upon, we have

P» = p cos B, normal to 0B,

g = ¢ €08 a, normal to 04,
and p; = p sin B, tangential to 0B,

¢: = q sin a, tangential to oA

|

43

Fig. 18.

Since the intensities of the tangential component stresses
upon the two planes 0A and 0B must be equal, one symbol ¢
is put for both upon diagram 4

t=p =q =psin B=g¢sin a.

Note that 0A — AB sin 6, and 0B = AB cos 6.
D
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Lay off oD = force parallel to the axis ox

— amount of normal stress on 0B + amount
of tangential stress og, 04

= Pu. OB+ .04 |
= pn.ABCOS 0+ t.ABgin 0
= AB (pn cos 0 + ¢ sin 6).

Lay off oOE = force parallel to o

= amount of normal stress on 0A + amount
of tangential stress on oB

=@qn.0A 4 1.0B
= @,.AB sin 0 4 ¢. AB cos 6
= AB (¢, sin 0 + ¢ cos 0).

And completing the parallelogram we have for equilibrium

RO = amount of stress on AB in direction and
magnitude, :
since RO?= 0D? + OE?

= AB*{(pn €080+ sinB)2+4 (¢ 5inO+-¢ cos 6)2}
= AB?{p,? cos? O + 2p,t sin O cos O + £2 sin @
+ qn2sin? 0 + 2g,¢ sin 0 cos 0 + t2cos?6}.
Adding 1st and 4th terms, 2nd and 5th, 3rd and 6th within

the brackets, and noticing in adding last pair that sin? 6 4
cos? 0 =1, we have

RO*=AB2{P,? cos’ 0 +g,* sin® 6+ 2¢ (pa+g) sin 6 cos 6+¢2},
Now the intensity of the stress upon AB equals the total
stress upon it divided by the area of the plane As.

_xo
T AB
=/ {Pn’ cos* 0+ ¢y’ sin® 0+ 2¢ (pa+¢a) sin 0 cos 6+12} ;

. r
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RD
also tan XOR = —
DO

:.%_q,sin0+tcose

OD ™ p, cos § + tsin 0 gives XOR.

Hence the obliquity of the stress 7 to the plane AB is
Y = NOR
= XOR - 6.

Thus we have found r a,nd{ the intensity and direction
of the stress upon c¢’ in terms of p, ¢, « and 8. Hence, for
a body in a possible state of strain, if at any point the
stresses be given upon a pair of rectangular planes through
it, the ¥nternal stress at that point is known. For the same
point the internal stress might be known from having the
stresses on different such pairs of rectangular planes. These
are called equivalent sets of stresses. By a more elaborate
process we might show that the internal stress at a point is
known if the stresses on any pair of planes, not coincident,
be given.

For some position of the plane cc’ the stress or will
coincide with the normal oN, and we will have

0 = XON = XOR.
gnsin 6 4 ¢ cos 0
Pncos 0 4 ¢ sin €
8in @ _ ¢n.sin 0 + tcos O
cosO  ppcosO + tsin O’

tan 0 =

or

and clearing of fractions
Pnsin 0 cos 6 + ¢ 8in?0 = g, sin O cos @ + ¢ cos? 6.
‘. (pn—gn) sin @ cos @ = ¢ (cos’ O —sin? 6).

" &—;—@2 sin @ cos O = ¢ (cos® @ — sin’ 6).

R -ink LYY —=tcos20.

G}
=
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sin29_t 2
cos 20 " pu—qn

or tan 20 = 2t J)
Pn—qn

Two values of @ differing by a right angle will satisfy this
equation ; that is, there are two planes cc”and F¥ inclined at
an acute angle 6 and an angle 90 + 0 respectively to AX',
" and therefore at right angles to each other, upon which the
stresses are wholly normal, the value of 6 being such that
the tangent of twice 0 equals the ratio of sum of the com-
mon intensity of the tangential stresses upon AA’ and BF
to the difference of the intensities of the normal stresses
thereon.

Fig. 19. . Fig. 20.

Now if we know the internal stress at o from having the
stresses upon the pair of rectangular planes AA” and BB given,
we may calculate the stresses upon the pair of rectangular
planes ¢’ and FF, and so express the internal stress at 0 by
means of this equivalent set. Of all the equivalent sets at 0
this is the simplest by means of which to express the internal
stress, as the intensities only, of the stresses upon cc” and
FF require to be specified, being normal, and the position
specified of one only of the planes since they are rect-
angular.

Let AA" and BB be the pair of rectangular planes through
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0 upon which the stresses are wholly normal, they are called
the planes of principal stress, the stresses themselves the
‘principal stresses at the point 0, and the axes 0X and oY the
axes of principal stress at that point.

If the stress\be oblique [upon
a plane through a point within J]
a solid in a state of strain, and

another plane be drawn through
the point parallel to the stress g B Y
thereon, then will the stress upon

the second plane be parallel to 4
the first plane. Fig. 21.

At-the point 0 let p be the
stress on the plane BE. Draw AA" parallel to p, then will
q be parallel to BE.

Consider the equilibrium of the parallelopiped 0A0’B at 0.

P and F (the amount of the
stress on the two faces 0B and
40") are equal and in one straight P
line, being drawn parallel to 04
through £ and 7, the middle
points of those faces. Therefore
they are in equilibrium, and may
‘be removed, leaving @ and ¢ in
equilibrium themselves. Hence
¢ and ¢ are in one straight line,
and as this straight line passes
through ¢ and b, the middle
points of the faces 04 and BJ,
it is parallel to oB; that is, ¢ is
parallel to BE.

These are called a pair of
conjugate stresses. Being in equi-
librium independently of each
other, these stresses can be con- Fig. 2.
sidered separately.

Cor. The principal stresses are also conjugate.
In the following examples the stresses are positive.
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Examples.

53. At a point within a solid the stress on a plane BB’
through it is 90 lbs. per square inch, and inclined to the
normal at an angle of 20°,
while the normal compon-
ent of the stress on another
plane through it (AA’ at
right angles to BB) is 60
Ibs. per square inch. Find
£°307  the total stress upon this
other plane. b A1

Given stress on BB’
p=90and 8=20°,

normal component
Pn=90.cos 20°=8441,

tangent. component
Fig. 2. P =90 .5sin 20°=30-78.

Let g be the required stress on AA’ and a its obliquity,
its normal component ¢,, = 60,

and q: = p: = 30°78.
Hence ¢ = ¢+ g = 45474,
’ q = 674 lbs. per sq. inch,
also cos a = qé—' = -89.
a=277.

The total stress on AA’ is 674 lbs. per -square inch, and is
inclined at 27° 7’ to the normal.

54. AA” and BB’ are a pair of rectangular planes through a
point within a solid, the stress on BB’ is 3280 lbs. per square
inch, and its obliquity is 10°. The normal component stress
on AA” being 2000 lbs. per square inch, find the intensity
and obliquity of the total stress upon it.

g = 2080 lbs. per sq. inch. a = 15° 537.
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55. In last find the stress on cc’ a third plane through the
point inclined at an angle of 30° to BE. See diagram to
general proposition, page 49, which is drawn to scale for
this example.

Pn = 3280 cos 10%/gy %2000, ¢=,3280 sin 10° or 2080 sin 16°.
= 32301. =569°5.

Lay off along 0x the total amount of stress parallel to its
direction.

oD — amt. of normal stress on 0B + amt. of
tan. stress on 0A
= Pn.0B 4 1.0A
= Pn.ABcos 0 + ¢. AB sin 0
= AB (p, cos 0 + t sin 0)
= AB (32301 x cos 30° 4 569°5 sin 30°)
= AB (27974 + 284-8) = 30822 AB.
Lay off  OE = total stress parallel to axis oY

amt. of nor. stress on 0A 4 amt. of tan.
stress on OB

= @qn.0A 4+ 1.0B
= ¢qn.ABSin O 4 ¢ .AB cos 0
= AB (gn sin 0 + ¢ cos 6)
= AB (2000 sin 30° 4+ 5695 cos 30°)
= AB (1000 + 404:6) = 14046 AB.
now OR? = 0D% 4 OE’= 11472700 AB’
: OR — 3387 AB total stress on AB,
, — total stress on AB
~  area of AB

= i—: = 3387 lbs. per sq. inch.

and

OE _ 14044
oD~ 30822 ‘
XOR = 24° 30’ and y = XOR - 80 =— 5° 30"

The intensity of the stress on cc’ is 3,387 lbs. per square
inch, and is inclined at an obliquity of 5° 30".

Also tan XOR = = ‘4557.
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56. In example 53 find the intensity and obliquity of the
stress on & third plane through the point inclined to BB
at 5°

r = 93'8 lbs. per sq. inch. = 17° 28"

57. The internal stress at a point within a solid in a state
of strain being given 240 lbs. per square inch, of obliquity 8°
on one plane BB’ through it, and 193 lbs. per square inch, of
obliquity 10°, on the rectangular plane AA". Find the position

*of the planes of principal stress.

¢ — [P =240 5in 8° =334,
T 1 ¢ =193 sin 10°= 334

These must be equal or the stresses as given are im-
possible.
P = 240 cos 8° = 2376,
gn = 193 cos10° = 190.

Let 0 be the inclination of the planes of principal stress
to the plane BE.
tan 20 = —- 2.

= 14034
n n

20 = 54° 32’ or 234° 32’
6 =27°16" or 117° 16".

If BB” be the plane upon which the
given stress is 240, and 0X the normal
to it, then cc” and DD’ are the planes of
principal stress whose normals oN and
oM make 27° 16" and 117° 16" with ox
respectively.

Fig. 24.

58. Find the principal stress in example 57; that is, find
the stress upon a third plane cc’, inclined at 27° 16’ to BB'.
OD = Pp.0B 4+ £.0A
= AB (pncos 0 + ¢sin 0)
= AB (2376 cos 27° 16" 4 334 sin 27° 16)
= 2265 AB,
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OE = ¢n.0A + t.0B
= AB (¢ 8in 6 4 ¢ cos 0)
= 1167 AB.
OR? = OD? + OE? = 64910 AB?
OR = 2548 AB.

OR .
== = 254 .
r=o 4-8 1bs. per sq. in,

and is of course normal.

In finding the other principal stress—that is, on third
plane DD, inclined at 11g° 16’ to BB, we may use the func-
tions of this angle and proceed
as above, observing signs; but
it is better to take the func-
tions
of DOK = 62° 44/,
when 0A = ABsin 62° 44,

and OB — ABcos 62°44". °

OD = P».0B — .04,
since ¢ acts against p,

= AB (pncos 62°44" — ¢ sin
62° 44')
= AB (10886 — 29°69)
= 7917 AB. Fig. 25.
OE = ¢..0A — t. OB, since ¢ acts against ¢,
= AB (gn8in 62° 44’ — ¢ cos 62° 44)
= AB (16889 — 15'3)

= 1536 AB.
502 = OD? 4 OEZ = 29858 AB2.
80 = 172'8 AB

s =3°_ 1798
AB

The principal stresses are 254'8 and 1728 1bs. per sq. inch.
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59. In Ex. 57 find the stress on a plane 6@ inclined at
30° 39’ to BEB'.
Directly from data as given in 57,
' OD =5 P+ 0B 4 1 .0A
= AB (pacos 0 + tsin 6)
= AB (2376 cos 30° 39’ + 334 sin 30° 39")
= 221 AB.
OE = ¢,.0A + t.0B
= AB (¢xsin 6 + t cos 6)
= AB (190 sin 30° 39" 4 334 cos 30° 39")
= 12559 AB.
OR? = OD? +4 OE? = 64792 ABZ
OR = 254°5 AB.
OR = .
r= o= 2545 1bs. per sq. in.

Also tan XOR= 2 — *5673.
oD
XOR = 29° 34’
v = 6 — X0R = 30° 39" — 29° 3¢
= 1° 5, obliquity of  upon GG".
To find the stress upon 6@ by finding the principal stresses,

first as in 58, and then finding the stress upon GG from
these.

The plane of greatest principal stress cc’ is inclined to BB,
the given plane, at 27° 16”; hence GG’ will be inclined to c¢’
at 3° 23'. "Hence we have the principal stresses 254'8 and
172:8 to find the stress upon GG’ inclined at 3° 23".

Since there are no tangential stresses on c¢’ and DD’ we
have

oD = p.OB
= p.ABcos 0
= AB. 2548 cos 3° 23’
= 2543 . AB.
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OE = ¢.0A
= ¢q.ABsin 6
= AB 172'8 sin 3° 28’ '
= 102. AB.

OR? — 0D? 4 ' OEZ= 64764 -AB%

OR = 2545 AB.

_OR _ 5.« .
r= o= 254°5 1bs. per sq. in.

tan xor = °F — 04011,
oD

XOR = 2° 18,
‘y:9~— XOR = 3° 23’ — 2° 18’
= 1° 5, obliquity of = on ag’.

60. At a point within a solid in a state of strain, the
stresses upon & pair of rectangular planes through it are
given—on BB’ the intensity of the normal component stress
is 40, on AA’ the intensity of the normal component stress is
30, and the tangential component stresses are each of inten-
sity 10. Find the obliquity to BB" of the planes of principal
stress, and find the principal stresses.

Tan 20 =2. ... 0=381°43"and 121°43’;
for = 31°43 { 0D =3928LAB) . . _ 469

OE = 24277 AB
yoqeas fOD=125924B) . _ oo
for = 12143 { Op = J0RAP L - s — 238,

61. In 60 find the stress on a plane inclined at 46° 43" to
BB. Deducting 31° 43, we find the plane to be inclired at
15° to the plane of greatest principal stress.

Using results of 60, and ¢ being then zero,
r=45and y="7°8.
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RANKINE'S METHOD OF ELLIPSE OF STRESS.

The preceding method of finding the stress upon any par-
ticular planeé/through @ pointiat ' which the state of strain is
known, is too tedious to be readily remembered or applied,
and becomes intricate when the stresses are some thrusts
and others tensions. We now proceed to a general method.
Having already proved that there is a pair of principal
stresses at a point, we proceed, upon the sipposition that
these are given, to find the stress on a third plane through
the point.

Equal-like principal stresses. If the pair of principal
' stresses at a point be like
(both thrusts or both ten-
sions), and be of equal
intensity, the stress on
any third plane through
the point is of that same
intensity, and is normal
to the plane.

Let AA” and BB be the
planes of principal stress
at the point 0, and let
the intensities of the

: principal stresses, p and
Fig. 26. g, be equal and alike
(both thrusts).

cc’ is any third plane through o, inclined at 6 to AA".

OAB is a small triangular prism at o, having its faces in
those planes. This prism is in equilibrium under the three
forces—the total thrusts under 04, 0B, and AB.

Lay off oD = total stress parallel to oy
= .04,
and OE = total stress parallel to ox
=q. OB
Complete the parallelogram.
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Then RO represents the total stress on AB in direction
and amount. -
OE _¢.OB _ OB

tan ROD = o> p.ok  on since p = q.
.. ROD,= 0AB ‘
= 6. .. ORis upon ON.
Hence RO is normal to AB.
And RO? = 0oD? 4 OE?
= p%.0A% 4 ¢%. OB?
= p? (0A% + OB?%), as p = ¢,
= p?. AB%
.. RO = p.AB.
Now ,— amount of stress on AB
area of AB
_RO
" AB
=porgq.

Cor. Every plane through o is a plane of principal stress.
Each point in a fluid is in this state of strain.

Equal-wnlike principal stresses—If the pair of principal
stresses at a point be unlike (one a thrust and the other a
tension), and be of
equal intensity, the
stress on any third
plane through the I
point is of that same
intensity, and is in-
clined at an angle to
the normal to the
plane of principal
stress, equal to that
which the normal
to this third plane
makes therewith, but
upon the opposite side. Fig. 27.

Let AA” and BB’ be the planes of principal stress at the
point 0; p and ¢ the intensities of the principal stresses of
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equal value, {: being a thrust and ¢ a tension; and cc’ any
thxrd plane through o inclined at 6 to AA'.

0AB, a small triangular prism at 0 bounded by these three
pla.nes is in equilibrium under the three forces, viz, the
amounts of stress on its faces, 04,08, and AB.
Lay off op = total stress parallel to 0x,
= p.0A,
and OE — total stress parallel to oY in the direction of g,
=gq.0B
Complete the parallelogram ODRE. Then RO represents
the total stress on AB in direction and amount.
_9q.0B__OB
OD  p.0A OA
ROD = OAB = 6.
That is, Ro is inclined at the same angle to the axis oX as
ON is, but on the opposite side. Hence the inclination of
RO to the normal oN is 2 6.
Again RO% = 0D? 4 OE?
= p%.04A% 4 ¢%. OB?
= p?(0A? + 0B?)
= p?. AB?;
RO = P.AB,
__ amount of stress on AB
~ areaof AB

tan ROD = — tan OAB

__RO
T AB
=porg.

Consider the triangle of forces OER, we have OE drawn
from 0 in the direction of g, then ER drawn from E in the
direction of p; hence Ro, taken in the same order, is the
direction of 7.

If 0 be greater than 45°, » is like q.
If 6 equals 45°, r is entirely tangential to AB. -
If 6 be less than 45°, » is like p.
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6

Hence, if the principal stresses at a point be equal and
unlike the stress on a third plane, is of that same intensity,
is like the stress on the plane it is least inclined to, and its
direction is inclined to the axis at the same angle as the
normal is, but upon the opposite side. If the new plane be

inclined at 45°, the stress is entirely tangential.
The principal stresses at a

point within a solid in a state pPPPP

of strain being given, to find

the intensity and obliquity of ?

the stress at that point on a
third plane through it.

AA" and BB are the planes
of principal stress at 0; p and
q are the principal stresses.
Let p be the greater, and let

them be both positive, say

both tensions. It is required ]
to find 7, the intensity of the ‘ B ¢
stress upon cc, and v, the
angle it makes with ON, the
normal to c¢. 0 is the inclin-
ation of c¢ to AA, the plane
of greatest principal stress.

Of two unequal quantities
the greater is equal to the sum

of their half sum and their )n}n)LP
half difference, while the lesser
equals their difference. Fig. 2.
p= p_;f_ﬂ + 259, an identity,
_P+t9_p—g
and q= 9 9 3]

.
. c -

P. P I g
e ALNELA )
¥ N 9
4 q

We may look upon the plane AA” as bearing two separate

tensions of intensities I%Q and 1—0—;;—-2 in lieu of the

tension of intensity p; and on the plane BB’ as bearing o
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tension of intensity p_-;—_q and a thrust of intensity p_;q
in lieu of the tension of intensity ¢. We Iay now group
these together in pairs, thus: the tension on AA’ of intensity

'Z)—;—q along /with' - theCtension.on BB’ of intensity p_-:_q,

and the tension on AA’ of intensity P-;—Z along with the

thrust on BB’ of intensity B ; 9. Then find separately for

- X-—_
15 I ¢
'\,N |
el each ’-i-”m
[ ,"'
e L RN ‘;'I <3
"g:_______" = §§ A'_ﬂl}?" EE
uf[
[7: T5wu-wn.

4

each P%‘a
Fig. 29,

each pair the stress upon cc’, and finally compound these
two stresses on cc’ by means of the triangle of forces. The
first pair is a pair of equal-like principal stresses (both

tensions of intensity p_-%-.q) So the consequent stress on

cc’ will be a tension of intensity L ;. 9, and normal to cc.
The second pair is a pair of equal-unlike principal stresses

of intensity p : 1 (a tension on AA’ and a thrust on BB’),
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so the consequent stress on cc” will be of intensity L_—q

and inclined at an angle 6 upon the side of 0x opposite from
that upon which oN is.

Figure shows these partial resultant stresses on AB, a
very small part of cc’, at 0.” To
find the total resultant stress upon
©C, it remains to compound these
by the triangle of forces. From _ .~

o lay off OM:I—’—%-—q:the in-

tensity of the first partial stress
and in the direction thereof, i.e.,
along oN. From M draw MR
oy ; 9 _ the intensity of the . Fig. 30. Lok
second partial stress and in the direction thereof, i.e. parallel
to 0s, which direction is most conveniently found by describ-
ing from M as centre with radius M0 a semlcu'cle QoP, and
joining QMP.

Fig. 31.

Then will oR, the third side of the triangle oMR, taken in
the opposite order (see arrows) be the direction and intensity
of the resultant stress » on cc’.

E
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The preceding construction, as shown on last figure, is
geometrically all that is required, p and ¢ being given to
find r; the text and figures given before being the develop-
ment and proof.

From the construction note that

MP:MQ:OM:%Q;
also QR = MQ + MR
_p+ p -
=Pgte Bt
=P,
and PR = MP — MR
_pt+tq_p—-g
2 2
RMN = 26, :

ROM = 1y, the obliquity of .

Normal and tangential components of », the stress

on the third plane cc’.
Drop RT perpendicular to oON.

The tangential component of » is
e, 7¢ = RT

= MR sin RMT
2 = 1_0_;_(1 sin 260
~ = (p—q) sinOcos 0,
c since sin 20

r =sin (0 + 6)

— 8in O cos O + cos O sin O
Fig. 52. = 2 sin 0 cos 6.

Cor.—If DD’ be the plane at right angles to cc, its inclin-
ation to the axis 0X being 6’ = (6 + 90°), the sine of which
equals cos 0 and the cosine of which equals — sin 6; the
value of 7, for DD’ will be the same as above, that is, the
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tangential components of the stresses on any pair of rec-
tangular planes is the same. This we arrived ‘at by the
general method, page 42, which compare.

The normal component of » is
Ty = OT
= OM — MT
= OM — MR COS RMT
= OM + MR €08 RMN
- (These two angles have the same cosine, but
of opposite sign.)
= OM + MR cos 20
=o0M X 1+ MR.cos (0 + 0)

=P 4-2'—:9 (cos?@ + sin%@) + p_g_g (cos?6 — sin%0)
_ +q9,p— o (P9 _P—4
= cos?d (p 5=t Q—Q) + sin20 (-—2— -
= p.cos?d + ¢.sin%0.

Cor.—If s, be the normal component of stress on DD’ the

plane at right angles to cc’, whose inclination to ox is
¢ = (6 + 90°), then

8, = pcos?@ + g¢sin’6’.

But cos @ = — sin 0, and sin 6’ = cos 6.
8, = p sin?@ + q cos’ 6.
Now, s = p cos’6 + g sin% 6,

and adding, we get

8, + 1 = p (sin%0 + cos?0) + q (sin%0 + cos’0)

=p+yq

That is, the sum of the normal components of the stresses on
any pair of rectangular planes is equal to the sum of the .
principal stresses. From these two corollaries verify Ex.
58, where principal stresses are found; and Ex. 57, where
the normal components on a pair of rectangular planes are

found. Verify Ex. 60, which could Lave been solved by
these two corollaries arithmetically.
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As cc’ moves through all positioné, M moves in a circle
round o, and R moves in & circle round M, oM and MR keep-
ing equally inclined to the vertical on opposite sides of 1t.

----- P
-
R
/ 7 3
/ i /
- 1 - =~
Lo 1. A
e Se L ] 2
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’ \ o/ A\ [l N
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] / \ e \ \
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7 S "
/
’
.
/-
b 4
Fig. 838.

The diagram shows their positions for eight positions of the
plane cc’. The locus of R is an ellipse, the major semi-axis
being
OR, = OM, + MR,
_prpt+tq_ Pr—49
=2tz

= p;
and the minor semi-axis is
OR, = OM, — MR,

_p+q9_P—4q
=53 ;

-
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This is called the ellipse of stress for the point 0 within a
solid in a state of strain. Its principal axes are the normals
to the planes of principal stress, the principal semi-axes
being equal to the intensities of the principal stresses. The
radius-vectors OR, OR, &c., are the stresses in direction
and intensity upon the'
planes at 0 to which
OM,,O , &c., are respec-
tively the normals.
The ordina.ry tram-
mel for constructing
ellipses consists of a
piece like PRQ, whose
extremities P and Q
slide in two grooves,
X0X and Yov, at right ~
angles to each other,
while the point R traces
an ellipse whose semi-
axes are PR and QR.
When Q arrives at o,
Risat A and 0OA = QR
=P; when P arrives at
O, R is at B and 0B =
PR = ¢ (page 66).
Taking o as origin, the co-ordinates of R are
T =0m; y = on.
Z = mR = QR.cos@ = p.cos0;
and ¥y = mR = PRSinO = ¢sin6.

X

Fig. 84.

= cos 6, andg = sin@.

z
p
2 + Z: cos?0 + sin%
=1,
the ordinary equation to an ellipse in terms of the semi
axes p and q.
If p and g are both thrusts, it is convenient to consider a
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thrust positive, and the proof is exactly the same, all the
sides of OMR representing the opposite kind of stress from
what they did in last case.

When p and g are unlike, the kind of stress of which the
greater p consists, is/to be considered positive.

Thus, if p > ¢ and p, a tension while ¢ is a thrust. The
preceding proof will hold if g be considered to include its
negative sign; but in this case if (— ¢) be substituted for g,
we have

_DP—9q _p+q
oM = 9 ,and MR — 9

Hence, the proposition is proved generally.

It is important to notice that oM and MR are both always
positive, that is like p the greater principal stress, and that

OM > MR, if ¢ is positive (like p),
and OM < MR, if ¢ is negative (unlike p).

An advantage of this geometrical method, the ellipse of
stress, is that we are now in a position to examine the value
and sign of », the stress upon a third plane cc/, and of its
normal and tangential components for special positions of
that plane. oM is always normal to c¢, while MR generally
is resolvable into two components, one tangential to ¢c’ and
the other normal, which last has to be either added to, or
subtracted from, oM to give the total normal component
according as OMR is an obtuse or an acute angle.

a. Positions of c¢' for which r the stress upon it will have
the greatest or least value.

Since oM and MR are constant, OR increases as the angle
OMR increases, is greatest when OMR — 180° and oM and
MR are in one straight line and a continuation one of the
other when

OR = OM -+ MR,

LI el

or 7 = g =D;
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and OR is least when ZOMR is zero, and oM and MR again in
one straight line, but MR lapping back on oM, when

OR = OM—MR,
+ ) —
Hence the planes of principal stress are themselves the
planes of greatest and least stress.

b. Position of c¢' for which the intensity of the shearing
stress has the greatest value.
As oM is always normal
to c¢ it does not give X, .
any tangential component, . w
* whereas MR assumes all po- TN Ty
sitions as ¢’ changes, and M pa
will give a component tan-
gential to cc’, which will be
the greatest possible when '
MR is altogether tangential c
to cc’. Hence the position )
of cc, which makes MR
parallel to cc, is that for
which the shearing stress
has the greatest possible
intensity. Fig. 5.
rP—q

¢

Hence intensity of shearing stress — MR =

e

And since MR is parallel to cc” and oM normal to it,
OMR = 90°,
and triangle MOP being isosceles, we have
6 = inclination of c¢

= MOP
= 45"

And we know that the tangential stress is the same on

the section perpendicular to cc. That is, the planes of

greatest tangential stress are the two planes inclined at 45°
to the axes.
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We saw (page 44) that cast iron subjected to a simple
thrust would give way by shearing along the plane inclined
at 45° to the thrust. We now infer that if it be in a com-
pound state of strain it will most readily give way by shearing
along a plane inclined, at 45°to the planes of principal stress.

c. Position of cc for which the total stress r upon it will
be entirely tangential.

When ¢ is like p, it is impossible for the stress to be
entirely tangential to cc/, because oM > MR, and however
acute OMR may be, the normal component of MR, which has
to be subtracted from oM to give the total normal stress,

prpp

posttive

-~ q
Boust
W

Fig. 36.

cannot be greater than MR itself, and consequently is always
less than oM, and so there will always be a remainder;
that is, for all positions of cc¢” there is a normal component
stress, and the total stress can never be entirely tan-
gential. !

But when ¢ is unlike p, then oM < MR, and for the par-
ticular position of cc, when the angle OMR is of such an
acuteness that the normal component of MR, which has to
be subtracted from oM to give the total normal stress, is
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exactly of the same length as oM; then the total normal
stress will be zero, and the total stress » entirely tangential.

This occurs when R is in one straight line with c¢. RoM
is then a right angle, making M0 the normal component of
MR, equal and opposite to OM, which'it destroys, leaving the
total stress OR tangential to cC’; its magnitude is found thus:

oRr? = MR’ — oM? (Euc. L. 47).
2 — 2
or ,,.2:__(1"2"9) - (2 > 9)

=P-9
r =apq,
1.e., the stress on ¢’ is the geometrical mean of the principal
stresses. Also
20 = RMN,
cos 20 = cos RMN
— — €08 RMO
_¥o
MR
=-P=9
p+a
which determines 6, the position of cc’ for which the total
stress is tangential.

Here we must gua.rd against supposing that the above is
the position of cc” for which the tangential stress has the
greatest intensity, for case (b) holds for all conditions of p
and ¢; that is, the tangential stress on c¢’ when inclined at
45° although only a component of the total stress, will be
of greater intensity than the total tangential stress in
case (c).

d. Position of cc’ for which v, the obliquity of the stress
thereon, i8 the greatest possible.

When ¢ is unlike p, case (¢) is the solution, for in it
= RON = 90°, the greatest possible.
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When ¢ is like p, oM > MR; and the obliquity of OR, the

stress on cC’ is

greatest when y = RoM 1s the greatest

possible of all triangles constructed with oM and MR for two

of their sides.

Fig. 87.

This occurs when ORM is a right angle.

For suppose the tri-
angle OMR constructed
with ORM not a right
angle; then drop MR’
at right angles to OR,
It is evident that MR"
is less than MR. Now

sin ROM-—MB’ is great
MO

est when MR’ is great-
est; that is, when MR’
= MR; that is, when
ORM is a right angle,

and ROM is greatest when its sine is greatest.
In this case the intensity of the stress is

OR? — OM? — MR2,

o A=Y - (59

MR
OM

=P
r =V,
a geometrical mean between the principal stresses.
Also 20 = ruN,
cos 20 = cos RMN
= — C0S ROM — — —-
—_P—-9q
p+g

which determines 6, the position of ¢c” for which the stress

has the greatest obliquity possible.

Note that these values of » and cos 20 are the same as
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those of (c), and that whether p and ¢ are like or unlike.
But this is not the case with v, the obliquity, which is 90°

when p and ¢ are unlike, and has %_—,j:’ for its sine when

P and q are alike,
Examples.

62. At a point within a solid in a state of strain the
principal stresses are tensions of 255 lbs. and 171 lbs. per
square inch. Find the stress
on a plane inclined at 27° to
theplane of greatest principal
stress (converse of Egz. 58).

Data. p= 255, q= 171,
and 6 = 27°; hence IL_;:Q
— 218 and 1”%? — 49.

Construction. 0X and oY,
the axes of principal stresses,
draw ON the normal to cc’,
making XON=0=27°. Lay

off along it oM — I_’_“;fl

= 213. From M as centre
with radius Mo, describe
semicircle POQ and join PMQ;
lay off from M towards P,
MR :—Z—’%—q =42. This con- Fig. 38.

struction makes MR to be inclined to 0X at an angle 6 =27°,
but upon the opposite side of it from om. :

Looking upon the principal stresses as & pair of like
principal stresses, tensions of intensities 213, together with
a pair of unlike principal stresses, a tension and a thrust of
intensities 42. 'llzhen oM represents a tension 213 upon
plane cc’ due to first group, and MR the tension 42 upon
c¢’ due to second group; hence OR, the third side of the
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triangle, taken in the opposite direction, represents the total
stress upon ¢C’ in direction and intensity.

OR? = OM2 + MR? — 20M . MR COS OMR,
buticos OMR == cos RMN — — cos 26.
OR? = oM? + MR? 4 20M . MR cos 26.
72 = 45369 + 1764 + 17892 cos 54°
= 57649.
r = 240 lbs.

siny _ sinROM _ MR
8in20 ~ sinOMR ~— 7

. siny = %{2() x sin 54°
= ‘14158,
‘y — 8° 8’,

and figure shows that » is upon the same side of the normal
as 0X. Also 7 is a tension, since OR is like OM.

X 63. In 62 find the intensity
Beage of the tangential stress on that
.. plane through the point upon
. .~—26.3.  which the tangential stress is of

€, PN greatest intensity.
The plane is that which is
P AN inclined at 45° to the axes of

‘\ principal stress.

Y Since oMR is 90°, MR is the
é tangential component of OR,

(4 Y e = MR — -p_;‘q
= 42 lbs. per sq. in.

Fig. 89,
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64. In 62 find the obliquity to the plane of greatest prin-
cipal stress of that plane, through the point, upon which the
stress is more oblique than upon
any other ; also find the stress.

oM and MR being constant, the
angle MOR has its greatest value
when MRO is a right angle.

Construction—Upon oM describe
a semi-circle; from M as centre,
with radius MR, describe an arc
cutting the semicircle in R; join
OR.

.
!
;
.
.
)
.
:
:
)
|
i
i

’
C\

cos 20 — cos RMN

Fig. 40
= — cos OMR
_MR__p-g__ 42

oM~ p4+gqg 213
=— -19718.

. 20 = 101° 22’ obtuse, cosine being negative.
6 = 50° 41’, obliquity of cc’.
72 = OR? = oM® — MR’

-0 €59
2 2
=P-9
r =a/p.q = /43605
= 208'8 lbs. per sq. in. of tension like om.
and sin ¢ = sin RON
— MB —
= o = 19718,
ooy = 11° 22/, obliquity of .

65. The principal stresses at a point being a tension of
300 1bs. and a thrust of 160 lbs. per square inch.

Find (a) The intensity, obliquity, and kind of stress on
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a plane through the point, inclined at 30° to the plane of
greatest princiﬁa.l stress; (b) Find the intensity of tangen-
tial stress on the plane upon which that stress is greatest ;
and (c¢) Find the inclination to the plane of greatest prin-

Fig. 41.

cipal stress of that plane upon which the stress is entirely
tangential and the intensity thereof.

Data. p = 300; ¢ = — 160, considering a
tension positive ;

p ;‘ 9 — 70 tension like P;

and ]—)—;» 9 — 230 tension like P

(@) Const—Draw oN at 30° to ox. Lay off oM = 70.
From M as centre, with radius Mo, describe semi-circle PoQ.
Lay off MR = 230. Then OR, the third side of the triangle
OMR, taken in the opposite order, is the stress on cc’ in
direction and intensity.
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OR? = OM2? 4 MR? — 20M-. MR cOS OMR
— oM? + MRZ 4+ 20M . MR cos 20.
72 = 4900 4 52900 4 16100

7' ="272'1bs. per sq."in.
sin 4 _ sin ROM __ MR
and - - L =
sin 20 ~ sin RMO = OR

230

gin y = 575 sin 60° = -7323.
9y = 47° 5, being acute, OR is like oM, a
tension.

) Take 6 = 45°,
T¢ — MR = 230 1bs.
(c) On MR describe a semicircle, and from M with radius
Mo describe arc cutting it at o.

RMN = 20,
cos 20 = cos RMN
— — €08 RMO
_ oM _ 70
T T MR 230
= — ‘3044,
260 = 107° 44/,

= 53° 52/, obliquity of
plane, upon which
the stress is entirely

tangential.
92 = OR?
— MRZ— oMm2 Fig. 42.
. 300 + 160\* 300 — 160
= 52900 — 4900 or (__2 ) - (m_*m2 )
= 48000 or 300 x 160,
r =219 ora/p.q.

Note that, though r is entirely tangential, it is less than
vy was in (b)
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66. At same point as 63, find intensity, kind,and obliquity

. of a stress on a plane
' inclined at 85° to the
plane of greatest princi-
pal stress.

Since 6> 53°52, >
the obliquity of plane
upon which the stress
was wholly tangential,
or will make with oN
an angle greater than
90°, and OR will be un-
like oM, and therefore a

Fig. 43. " thrust.
Ams. » = 1615 lbs. per sq. in.,
v = 165° 41",

_. 67. The principal stresses on AA’ and BB are thrusts of 60
lbs. per square inch. Find direction and intensity of the
stress on a third plane cc’ inclined at 65° to AA'.

Ans. A thrust of 60 lbs. per square inch normal to cc.

68. The principal stresses on AA” and BE are of the equal
intensity of 84 lbs. per square inch, being a thrust on A4’
and a tension on BB. Find the direction and intensity of
the stress on a third plane cc’ inclined at 65° to AA'.

Ams. A tension of 34 lbs. per square inch, its direction
beinilinclined at 65° upon the other side of ox from that
to which oN is inclined.

- 69. The principal stresses on AA” and BB at a point 0 are
a thrust of 94 lbs. and a thrust of 26 lbs. Find kind, inten-
sity, and obliquity of a stress on a third plane cc’ inclined
at 65° to Ax.  Using results of 67 and 68,

7 = 462 1bs. per sq. in. thrust,
v = 34" 19.
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70. Two unlike principal stresses are: on AA’ a thrust of
146 and on BB a tension of .96 lbs. per square inch. Find
the stress on cc’ a third plane inclined to AA’ at 50

p = 146 and ¢ = — 96.
Half sum Z% is a thrust like p.

Half diff. £ s a tension like g, since 6 > 45°.

(See p. 62.)
Ans. = 11922 lbs. per sq. in. thrust,
vy =885

71. At a point within a solid the principal stresses are
thrusts of 248 lbs. and 172 lbs. per square inch. Find the
normal and tangential component stresses on & plane
inclined at 15° to the plane of greatest principal stress,

7¢ = (p — ¢) sin 6 cos 6 = 19 lbs. per sq. in,,
ra=1p.cos’ 0 + ¢ sin’ @ = 243 lbs. per sq. in.
These two results may be obtained with less labour from
the formulee

Te = 17__"2‘_q sin 2 0,
ry= lo_j),'fl + Z_’_g_q cos 2 6.

Given the intensities, obliquities, and kinds of the stresses
upon any two planes at a point within a solid, find the
principal stresses and their planes.

In the general problem we know of the triangle oMR
(fig. 31, p. 65), the parts oR and v for two separate positions
of the plane cc, and we also know that oM and MR are the
sume for both. )

If the two given stresses be alike and wnequal. Let r and
" be their intensities, and ¢ and +’ their obliquities upon
their respective planes cc’ and pD". Let » be greater than
. Note that it is not necessary to have given the inclina-
tion to each other of cc” and DD'. ‘

Choose any line oN and draw OR = 7, and making the

F
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angle NOR = v, also draw OR'= +, and making the angle

NOR' = 9. Join RR’, and from 8 the middle point of RR’

draw, at right angles

A to it, SM meeting ON at

4 M. Then will MR=MR".

Thus we have found

oM and MR to suit both

data, and comparing

the construction of the

direct problem (p. 65),
we have

_rtyq
oM ="+

and MR = ﬂ—;—q,

and therefore

p = OM + MR
and ¢ = OM — MR.

Consider the triangle
oM'R’ alone, and con-
sider ON’ the normal to
DD’: then RM'N'= 26,

e hence 0X, drawn paral-

D lel to M'T (the bisector

Fig. 44. of R'M'N') is the axis

of greatest principal

stress. Thus we have found the principal stresses p and ¢,

and the position of their axis 0x and oy relative to DD’
one of the given planes.

Since R'MR = R'MN — RMN

=20"— 26, '\

RMS = 6" — 0, !
the inclination to each other of cc’ and DD’ ; hence if the
other triangle OMR be moved round o through this angle, it
and consequently cC, to which oN is the normal, will also

be in their proper positions with respect to the axes ox
and oY.
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This triangle might be further turned round o till oN is
inclined at an angle XON = 6 on the other side of 0X, when
c¢’ would again be in a position for which the stress would
be the same as given. This would increase the relative
inclination of DD’ and. cC’ by twice XON or by 26. Adding
this to 6'— 6 gives/ 0+ 9. That'is, the inclination of cc’
and DD’ to each other is

(6/'— 6) = RMS on diagram,
or (6'+ 6) = NMs on diagram,

according as they lie on the same or on opposite sides of 0X,
the axis of principal stress.
If the two given stresses
be wnlike and wunequal.
Considering r the greater
as positive, ' will be
negative. Follow the same
construction, only OR =1’
must be laid off from o
in the opposite direction.
Complete the figure as be-
fore, and we have from
either figure— Fig. 45.
Trigonometrically.
MRZ = OM® 4+ ORZ — 2 OM . OR COS MOR,
or MR’ = oM? + 7% — 20M . 7 COS .
Similarly, MR” = oM* + 723 20M.7" cos v  from figures
44 and 45 respectively.
Subtracting, 0 = 72— 7" — 2 0M (r cos y F 7 cos ),
2
P+a_ OM = ;- —— i~q——, o iveeeesennes (A)
2 2 (rcosy — 7' cos ¥)
7’ to include its sign ;

and ..

also £ ; 9 _—Mr= J(©OM® + 72 — 20M. 7 cos y)

or, = J(oM® 4+ 7"2—2 oM. 7’cos ¥)
a known quantity when the value of oM is substituted from
equation (A).

(B)
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p and ¢ are now obtained by adding and subtracting
equations (A) and (B.
From R drop RL perpendicular to oN, then
ML = OL — OM,

or MR'. CoS NMR =~ OR'. co8 ROM — OM,
or p—_qcos20:'rcos-y—-p:|-q;
2 2 )
cos20 = 278y =P —¢ verreeenen(C)
p—gq

This gives twice the obliquity of the axis of greatest
principal stress to the given plane c¢” and similarly for DD’

27 cosy —p—q,
r—9
These three equations (A), (B) and (C), are the general
solution of the inverse problem of the ellipse of stress. (A)
and (B) give the intensities of the principal stresses, which

will come out with signs showing whether they are like or
unlike 7, the greater of the given stresses.

In some particular cases the construction gives a much
simpler figure from which the equations (A), (B) and (C) in
their modified form are readily calculated.

Particular case (a). Given the intensities and common
obliquity of a pair of conju-
gate stresses at a point; find
the principal stresses, and
position of the axes of prin-
cipal stress. (Note, There
are more than sufficient data.)

In this case y = 9/ and R,
Fig. 46. 8, and R, are in one straight

line with o.

Draw any line ON, draw OR, making NOR = y = ¥/, and
lay off oR = ~ and OR = 7’ in the same or opposite directions

* Cos 20 being equal to cos RMo, may be calculated in terms of the sides
of the triangle RMo when these have been already calculated.

*cos 26 =
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according as it is like or unlike ; and from s, the middle
point of RR’, draw sM at right angles to it, meeting ON at M.
Join M to R and R'.

0s
Then A (608 MOS;
oM

or om— %8 _ 3(or+OR)
" coSMOS ~ €oS MOS
pP+q_r+7
or o= =g s (A)
Again, MR? = Ms? 4 Rs?

= (oM? —o0s?) + Rs?
= oM? —(0s? — Rs?)
(rr+ ™\ r—r\*
:om_. 1( 5 )_( . ) }
= oM? — rp,
(or substituting value of oM)

= (’I' + 'rl)s_ rr'.

\2 cos vy,
. P-9_ ;. r+7 ,
o —T_,\/OMz—'r'r_ J{ 2cos-y)z_w'} (B)
and  cos20=2TRY=P =4 ... ©)
r—gq

as in general case,
§'-6 = NON' # ¢ + 6 = NMs = Mso + Mos::'zr + .

Hence, the angle between the two normals to the sections
cc and DD’ (or the obtuse angle between cc’ and DD') ex-
ceeds the obliquity by a right angle. This we know ought
to be the case from the definition of conjugate stresses.

Practically, cos 20 = — cos RMO may be more easily calcu-
lated in terms of the sides of the triangle OMR when these
have been already found.
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From M as centre with radius MR describe the semicircle
HR'RN; then

OH —OM — MR =g,
ON = OM + MR = p.
But ONIxl0B =©OR.X 0R" (Euec. iii. 36),
or P =1, (B)

may be used instead of (B).

Particular case (b). Given the intensities and obliquities
of the stresses on a pair
of rectangular planes,
find the principal stresses
and the position of the
axes of principal stress.
(Note, ere are more
than sufficient data.)

If » and »° be like
stresses,

Draw any line on.
Draw oR = R, making
Fig. 47. NOR = v, also OR =17’

making NOR' = y.

Complete the figure as before.

. The given planes being at right angles are necessarily
Elchned upon opposite sides of the axis of principal stress;
ence

NMS = inclination of given planes

=90°
and RSR’ is parallel to oN.
MS = RL =17 sin v,
+ also, = RK =1"sin y,
or 7siny =1"siny"

That is, the tangential components of r and +’ are equal.
OM =} (OL 4 OK),

P j 9 3(rcosy+ 77 cosY). ceeerireinnnnnnn (A)
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That is, the sum of the principal stresses is equal to the sum ,
of the normal components of r and 7*. (Compare page 67.)

MR2 = Rs? 4 Ms?

(OL— OK)\2

_ (rcosy — 7 cosy/)?
=Y

_ - " [AV]
P—q _ \/{(msv YL 4 s2sinty }.....(B)

RL _ RL
" ML~ }(OL — OK)

+ r%sin2y.

7 sin y
3(r cos y — 7’ cos y)

_ 2rsin y ©)
TGos y T gow g e

Putting », = MS = » 8in ¢ = 7'sin 9’ = the common value
of the tangential components of  and ’; also
Ts = OL = 7 €08 y = norm. comp. of 7,
1, = OK = 7'¢0s %' = norm. comp. of 7,
the equations become

+q_Tat 7
Pﬂ":“2 ......................... eee(B)
WRPVIRY | 2
10_2._9:\/{%_4*_70 M} ............... (B)
and ta.n.‘lezﬁ——,— ............................... ©)
Tn— Tn

(Compare (C,) with page 51.)

When » and +" are unlike stresses, consider 7, the greater,
as positive, then must oR’ be laid off in the opposite direction
from o.
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Now R’K=RL=17% the common tangential component of
r, and 7’; hence RR' and KL bisect each other at s or M, which
coincide,

oM

(oL — OK),

+q rcosy — 1rcosy
or P24 LS e (A,)

MRZ = ML? 4 RL?

= (QL ; -OK)-+ R1Z,

- , ¢ )
or u:\/{(rcos-y-i;o cos ) +’r’sin2'y} ...... (B)

2
__BL __ E
tan 20 = m— == %LK
_ RL
~ }(oL + OK)’
2r sin

or —

................................... ()

These three equations (A,), (B), and (C)) are identical
with (A), (B) and (C) with ( — #) substituted for +".
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Examples.

72. If from external conditions it be known that the
stresses on two planes at a point in a solid are thrusts of
54 and 30 lbs, per/square inch;and inclined at 10° and 26°
respectively to the normals to these planes,—find the prin-
cipal stresses at that point; the position of the axis of
greater principal stress relative to the first plane; and the
inclination of the two planes to each other.

Make  NOor =y =10°,

and NOR = 5/ = 26°.
Lay off orR == 54,

and OR = ¥ = 30. i % .
Join RR’, bisect it in s, draw 2%

SM at right angles to RR’, meet- -
ing ON at M, complete figure.

Then I_’L;'j — oM and P -;—q = MR = MR/,

or P = (oM + MR) and ¢ = (OM — MR), also 20 = NMR.
Trigonometrically.
MR2=—0M2+ ORZ— 20M . OR COS MOR,
or MR?—O0M?+ 72 —20M. 7 cos y.
Similarly, MRZ?=0M2+ 72 —20M .7 cos y.
.. Subtracting, 0 = 72 — 72 —20M(r ¢os y—1" cos ¥).

P22
o= 2(r cos y—1'cos y)’
p+q_-2016
or o= 52.43_38 5. (A)

MR? = (38'45)24 (54)2— 2 x 3845 x 54 cos 10°
= 14784+ 2916 — 4088:8=305'6.

3 2‘2;?1: 3056 =1748.....0ccccvuereerrann. (B)
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The principal stresses are—

p:}—);——q +1l}1:55_93 Ibs. per sq. in. thrust, like .
qu;q_p%q =20"971bs. per sq. in., thrust being +.

Drop RL perpendicular to oN.
ML =OL—OM,
or MR cos LMR=OR cos LOR —OM.

2_’-2-_4 cos 20=r cos -y—ﬂ;'—q ............................ ©)

53179—3845
1748
20=32" 35'.
0=16° 17}'=xXoN,

the inclination of 0X, the axis of greatest principal stress, to
ON, the normal to the plane for which » was given.

Similarly, cos 2¢'=—-6573,
2¢/=131° 6 (obtuse for—),
¢ = 65° 33, inclination XON".

cos 20= =-8426.

And inclination of the two planes to each other—
NON'=RMS—(#' — 0) =49° 15},
or =NMs=(0'46)=81° 50,

according as they are on the same or opposite sides of 0x.

73. Knowing that at a fgoint within a solid there is, on
some one plane, a thrust of 84 lbs. per square inch of ob-
liquity 5°, and on another a tension of 24 lbs. per square inch
of obliquity 20° find the principal stresses and the angle
made by the axis of greatest principal stress with the
normal to first plane.
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Consider a thrust positive (see 2nd fig. inverse problem).
r=84 and y=>5°; "= —24 and y'=20".

pzil —=OM is a thrust, like »

P e
= =305...cciininnnn. A
2(r cos y—1'cos y') 303 (4)

p%q___MR is a thrust like 7.
MR2—0M?+72—20M .7 cos y
=930-25+7056 —5104-48.
p ST=MR = /2BBLTT=58T.ccovvorrrrriian (B)
". by adding and subtracting (A) and (B),
p=842 and ¢g=—232,
or the principal stresses are & thrust of 842 and a tension
of 23-2 lbs. per square inch respectively.

cos 29— 2T €08 y=P—¢

P—q
167-36—61
=—qorg=9903.

20="7° 59" and 6=3° 59%’, inclination to axis ox.

74. The stresses on two planes at a point within a solid
are 240 at an obliquity of 8°, and 2545 at 1° 5". Find the
principal stresses and the obliquities of these planes to the
axes of principal stress. (Note, these are the planes BB,
gx. 57,)and aa’, Ex. 59 ; also principal stresses are calculated

x. 58.

PHI_on—2135 ) .. p=25476,
P9 _mr— 4126\ .. q=17224,
cos 20="9926 or 20=7°1". .. 6=3° 30}.
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P

7
A

W Or geometrically—describe semicircle HR'RN.

e g
RCARE

ot | ON=0M+MR=p and OH=0M—MR=g.
et ON .O0H=OR . OR’ (Euc. III. 36)
~ V. !
e %3!
! Now PHI=T11 (A)
I P+ 2pg+ 2=50552,
/ but (B), 4pg  =4800.
P?—2pq+¢*=2552.
p—q =16
adding to and subtracting from (A),

2p="T711+416 and 2¢=711-16.
p=4355 and ¢=2755.

75. At a point within a solid, on one plane, there is a
tension of 272 lbs. per square inch, of obliquity 47° 5, and on
another a thrust of 1615 lbs. per square inch, of obliquity
15° 25. Find the principal stresses and the angles which
the normals to these planes make with the axis of greatest
principal stress.

B_;L_q = oM =702 ) ..p = 30072 tension,

pP—q_ MR — 230 s ¢ = — 1598 thrust,

o —

cos 260 = ‘5, or 20 = 60° so0 = 30°
cos 20’ = —-982 or 260" = 169° 8. .. 6 = 84° 34
= 85° nearly.

. Inc. between planes, (¢’ — 6) = 55°. Compare Examples
65 and 66.



ELLIPSE OF STRESS. 93

76. At a point within a solid a pair of conjugate stresses
are thrusts of 40 and 30 lbs. per square inch, and their
common obliquity is 10°. Find the principal stresses and
the angle which normal to plane of greater conjugate stress
makes with the axis of greatest principal stress.

Draw oR, making NOR ="y =
¥ = 10°% lay off oOR = r =40
and OR =7 = 80. Bisect RY
in 8, draw SM perpendicular to
RE; complete figure. Then
p '2" 7 oM, and 2?2—'1 = MR,
and 20 = RMN.

98 — cos
oM~ Y
— . 07S7_ = %(’l‘ + ’f") * Fig. 50.
T cos vy cosy
p+gqg_ 35 xx
or 5 = 9848 = = 85 55 i, A)

MR?= Ms’ 4+ RS’
= (oM? - 08") + RS’
= om? - (0s? — RS’

= oM? - {(T-H) ( )}

’

= oM? — ¥,

Po9= /(12638 - 1200) =8......ccc0.oorureneee, (B)

Adding and subtracting (A) and (B),
p = 435 a thrust, and ¢ = 27'5 a thrust,

788 — 71
——16— =49 i, (C)

20 = 60° 40" and 0 = 30° 20".

cos 20 =

- n

'Vl AR .
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77. At a point within a solid, a pair of conjugate stresses
are 182 (tension) and 116 (thrust), common obliquity 30°.
Find the principal stresses and

. the position of axes.
2 #-is negative

13%~q — om = 3814,

ol Fig. b51. p_;q = MR = 1503,
- p = 1884 (thrust) and ¢ = — 1122 (tension),
cos 20 = ‘7947 s 0=18°41"

78. The stresses on two planes at right angles to each
other being thrusts of 240 and 193 lbs. per square inch of
obliquities respectively 8°and 10°. Find the principal stresses
also and their axes.

7 = 7 cos y and 7', = 7* cos y; also r, = rsiny =7 siny
= 2376 =190 ‘ ‘= 334

Fig. 52.
P+q_ o _Tat7n
g T OM=—7p
= 2138,

By f=m= (557 o}
= /(566 + 1115)

=41,
s p=2548 and ¢ = 1728,
tan 20 = —2T _ — 1-4034,
Tn—Tn

. 20=154"32 .. 0=27°16.
(See Ex. 74 and 57.)
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79. In last, had the 193 been a tension. Find the prin-
cipal stresses.

r = 240, and ¥ = — 198,
ry, = 237°6, 7, = — 190,
also (r,)? is always positive,

l’%q — oM = ”Lj;ﬂ — 238,

—_ P — ' \2
= (55 ]

= J/{(2138)? + (334)2} = 21613,
o P = 2401, a thrust;
and g =— 192'5, a tension.

. 27, _ 668 _ .
tan 20 = 26— 1562,
26 = 8° 5% s 0= 4°26",

APPLICATION OF ELLIPSE OF STRESS TO STABILITY
OF EARTHWORK,

Loose earth, built up into a mass on a horizontal plane,
will only remain in equilibrium with its faces at slopes,
whose inclinations to the horizontal plane are less than an
angle ¢. If the earth be heaped up till the slope is greater,
it will 7un till the slope is at preatest ¢. Moist and com-
pressed masses of earth can be massed up into a heap with
slopes greater than ¢, and will remain in equilibrium for
some time, but will ultimately crumble down till the slopes
do not exceed ¢, The surface soil, which is in a compressed
state, may be cut away, leaving banks with slopes much
greater than ¢. These banks will only remain in equilibrium
for a time. Slips will occur till ultimately the slopes are
not greater than ¢.

This angle ¢, which is the greatest inclination (of the
slopes to the horizontal plane) at which a mass of earth will
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remain in equilibrium, is called the angle of repose. It has
different values for different kinds of earth, and also different
values for the same earth kept at different degrees of moist-
ness. Average values of ¢ for different kinds of earth have
been ascertained by experiment and observation, and are
tabulated.

If two particles of earth are pressed together by a pair of
equal thrusts p and p” normal to their surface of contact, it
requires a pair of equal thrusts ¢ and ¢ tangential to that sur-
face to make them slide upon each
other. For the same material,
when ¢ is just sufficient to make
them slide, it is a constant frac-
tion of p. The fraction which ¢
requires to be of p just to cause
slipping is called the co-efficient of
Jfraiction for that material. Hence
the co-efficient of friction

Fig. 58.

9.
F=p

The figure is section of two troughs enclosing earth, and
pressed together with a thrust of intensity p normal to M,

Fig. 54.

the plane where the troughs
are just not in contact, and
is the amount of this thrust.
A thrust of intensity ¢ tan-
gential to the plane MN tends
to cause the earth to slide in
two parts along MN, also Q is
the amount of this thrust. If
Q be just sufficient to cause
slipping along MN, then the
co-efficient of friction of the
carth is

9
B= s

If on AB and cp there be

a thrust of intensity p inclined at an angle ¢ to the
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normal, we know that for equilibrium of the prism ABCD
there must be a stress ¢ upon the faces Ac and BD, whose
tangential component equals that of p, but as far as stabil-
ity along the plane MN is concerned we may neglect g,
whose normal components destroy each other through the
material of the/trough,/and the tangential ones are at right
angles to MN. Considering the components of P, the amount
of p, we have P cos ¢ normal
to MN. If slipping is just
about to take place, then

__psin ¢
B = pcos ¢

= tan ¢.
It is apparent that ¢ is
. the same angle we were
before considering, for, if
P be due to.the weight of
the material, the figure
ought to be turned till the Fig. 55."
direction of P is verti-
cal, when MN the plane of slipping will be inclined at ¢ to
the horizontal. The relation between the co-efficient of
friction and the angle of repose is

p = tan ¢.

Note—If it were not upon the supposition that the two
troughs (being very rigid compared to the earth) trans-
mitted the equal and opposite forces tangential to MN with-
out causing lateral compression of the earth, we could not
neglect g. From this result we learn that the tendency to
slip along the plane MN, due to p, depends entirely upon the
obliquity of p, and not at all upon its intensity. Thus, if
p be inclined at an angle less than ¢, slipping will not occur
though p be ever so great: but, if p be inclined at an angle
greaitler than ¢, slipping will take place, though p be ever so
small.

Consider now the equilibrium of a small prism at a point
within a mass of earth in a compound state of strain. The
G
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earth will have a tendency to slip along any plane through
the point (as there is no artificial envelope), except along
the planes of principal stress at the point; and the tendency
to slip will be greater along the plane upon which the
resultant stress is more oblique, and greatest along the pair
of Elanes upon’ which"the-7esultant stress is most oblique,
it being of no consequence how intense the stresses upon
these various planes may be, but only how oblique. If the
stresses upon the pair of planes, for which the resultant
stress is more oblique than that upon any other plane
through the point, be themselves less oblique than ¢, no
slipping will occur upon any plane through that point; but
if more oblique than ¢, slipping will take place along one
or both of those planes.

The condition of equilibrium of a mass of earth in a
compound state of strain is that at every point the obliquity -
of the stress on the plane upon which, of all others through
the point, the resultant stress is most oblique, shall itself
niot be greater than ¢.

Since earth can only sustain thrusts, the principal stresses
at a point will be both thrusts which excludes case (¢), and
if 4 be the obliquity of the resultant stress upon the plane
through the point upon which the stress is most oblique,
then by case (d) (page 73),

sin y :g—-——; g .
p_ltsiny
g 1 —siny

By increasing v the numerator of the term on right-hand
side of equation increases, while the denominator decreases,

and so the ratio £ increases. But ¢ is the greatest value of

+ for which equilibrium is just possible.

R . 7)___1+Si11¢

Daas L gL

g 1-—sing

is the greatest ratio of p to g consistent with equilibrium ;
hence—
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The condition of equilibrium of a mass of earth is most
conveniently stated thus: that at every point the ratio of
the greater to the lesser principal stress shall not exceed that
of (1 + sin ¢) to (1 — sin ¢).

Or geometrically,

Let oM = P;-——q .

Make MOR = ¢.
Drop MR perpendicular to oR.
Describe the semicircle HRN.

Because MOR = obliquity of thrust on 0% -~
plane which sustains
most oblique strain,

and ORM = 90°.

MR = 2%1 . See case (d) (page 73).

ON = (OM + MR) = p,
and OH = (OM — MR) = q.
p_ON __OM + MR
g OH OM — MR
__OM 4 oM sin ¢
" OM — OM sin ¢
__1+4%in ¢
T 1—sing
For earth whose upper surface is horizontal, the vertical
stress due to the weight and the horizontal stress are for all
points the principal stresses, and their intensities are the
same for all points on the same horizontal plane. Generally
the vertical is the greater principal stress in any ratio not
exceeding the above, whenever it exceeds the horizontal
thrust by a greater ratio the earth spreads. But the
horizontal thrust may be artificially increased till it exceeds
the vertical in any ratio not exceeding the above. When-
ever it exceeds the vertical by a greater ratio, the earth
heaves up.
The third axis of principal stress, which we are all along
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neglecting, is also horizontal. When the earth is in hori-
zontal layers with a horizontal surface, all vertical planes
are symmetrical, and the three planes of principal stress are
any two vertical planes at right angles to each other and

* the horizontal plane.; . The stress on the two vertical planes
being equal, the ellypsoid of stress becomes a spheroid.
When, however, the horizontal thrust on one vertical plane
is artificially increased, that plane becomes one of the planes
of principaf' stress, and the stress may be different on
all’three. :

Earth in horizontal layers loaded with its own weight to
Jind the pressure against a retaining wall with vertical face.

Let
w = weight inlbs.ofa ¥
cub. ft. of earth, | .
¢ = itsangleof repose, |
D = depth of cutting. )? '
Consider a layer 1 foot |
thick normal to paper, i
and choose a small rec- = -
tangular prism at depth
2 feet. Fig. 57.
Let p = intensity of vertical pressure at depth z,
in lbs. per square foot.
= weight, of a volume of earth one square foot,
in section and z ft. high,

= w lbs.
If ¢ = least horizontal stress which will give equilibrium,
we have
p_l+sing
¢ 1—sing
1--sing '
7= 145 ¢
1 —sing :
1 fsng w .z lbs. per sq. ft.

intensity of pressure on wall at the depth .
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On the right side of equation all is constant but x, hence
g is proportional to «, is zero at the top,
and uniformly increases to
1 —sing
7= 1/4'sin ¢
and therefore )
1—sin¢g wD

————" - —— = average intensity of pressure
l+sng 2 upocﬁ wall.

w . Dat the bottom,

And the area exposed to this pressure is D square feet.
Hence the total pressure on wall is

= average intensity of pressure X area
1 —sin ¢ wD?
T 14+sing 2 Tbs.
This tends to make the wall slide as a whole along MB; for
equilibrium the weight of the wall, multiplied by the coeffi-
cient of friction at the bed joint there, must be greater
than Q.

If BM be laid off to represent the horizontal pressure at
B, and M be joined to A, then MA gives the horizontal thrusts
at all points as shown by arrows; Q, the resultant of all
_these, is horizontal and passes through the centre of gravity
of the triangle ABM, it therefore acts at a point C called
the centre of pressure, and

: D
BC = }BA = 3

Q tends to overturn the wall with a moment,
M = Q x leverage about B,

=q.2
. =Q. 3’
_1—sing¢ wp’
T 1+4sing 6 _
Let x be the centre of the westieel pressure due to the

weight of the wall and horizontal pressure of earth at the
bed joint at M; also let the vertical line drawn through g,

foot-1bs.
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the centre of gravity of the wall, cut the joint at s, then for
equilibrium the moment,

the weight of wall x leverage Ks,
must be greater than the overturning moment, M.

It is generally sufficient to ascertain if this lowest bed
joint be stable : but for some forms of wall it is necessary to
go through all calculations for each bed joint considered in
turn as bottom of wall.

In a wall of uniform thickness throughout its height the
weight increases as D, whereas the force'Q increases as D2,
and the lowest bed joint is most severely taxed. Similarly,
for overturning, Ks being constant, the product, ks x weight
of wall, increases as D while M increases as D3. K would be
the extreme outside of the wall if the material were per-
fectly strong. For stone retaining walls sk is §ths of the
half thickness.

Ezamples.

80. The weight of a certain earth is 120 lbs. per cubic
foot, its angle of repose 25°. It is spread in horizontal layers.
Find the average intensity of the pressure against a retain-
ing wall with vertical face and 4 feet in depth. Also, find
total pressure against a slice of wall 1 foot in the direction
of the length of the wall and the overturning moment of the
earth about the lowest point.

p = 4w = 480 lbs per square foot,
_1l—sing
9= 1+sn ¢

Average pressure = } ¢ = 974 per square foot,

Total pressure @ = 974 lbs. per square foot X 4 square feet,

Overturning moment, M = Qlbs. X 4 ft. = 519'5 ft.-lbs.

p = 194'8 per square foot,

81. Gravel is heaped against a vertical wall to a height of
3 feet; weight of gravel 94 lbs. per cubic foot; angle of
repose, 38°. Find horizontal thrust per lineal foot of wall,
also overturning moment.
Q = 1005 lbs.; M = 1005 ft.-Ibs.
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82. A ditch 6 feet deep is cut with vertical faces in clay.
These are shored up with boards, a strut being put across
from board to board 2 feet from bottom at intervals of 5 feet
apart. The co-efficient of friction of the moist clay is 287,
and it weighs 120 lbs. per cubic foot, Find the thrust on a
strut, also find the greatest thrust which might be put upon
the struts before the adjoining earth would heave up.

Since tan ¢ = ‘287, .". sin ¢ = 276,
s Q = 1225°5 1bs. per lineal foot.
‘ Thrust per strut = 6127-5 lbs,, just to prevent earth from
falling in.
Greatest thrust which might be artificially put upon each
strut before earth would heave up = 19,029 lbs.

Depth to which the foundation of a wall must, at least,
be sunk im earth laid in horizontal layers consistent with
equalibrium of earth.

Consider one lineal foot
" of wall, normal to paper. Wall
¥V = vol. of wall in cub.ft.,
W= wt.of wall per ,, surfuce of earth
h = height of wall infeet, d D
b = breadth of wall ,, ¢ 5
d =required depth of
ound,
w = wt. per cubic fee’ of
earth, ' 4
¢ = its angle of repose. Fig. 58.

When the wall has just stopped subsiding, the earth on
each side is on the point of heaving up, so at the horizontal
layer at the depth of d, for points in contact with the
bottom of found—p exceeds ¢ in the greatest possible limit,
that earth being on the point of spreading,
p__l+sing

OrE—'l — sin ¢’




104 APPLIED MECHANICS.

while, for points just clear of it, p’ exceeds ¢’ in that limit.

_10’ 1 + sin ¢
¢ 1 —sing
o qo V) pp” U1+ 8in ¢)
by multiplication o= (1 —¥n ¢

Now p’ = g, being horizontal thrust on same horizontal layer,
cancel these and substitute the values

_ _weightof wall WV
" area exposed top~ b’

' ¢’ = weight of column of earth = wd,
WV _ /1 + sin ¢\?
hence we have buwd = (m) s

d= (Trmy) fet

83. A wall 10 ft. high and 2 ft. thick, and weighing
144 Ibs. per cub. ft., is founded in earth 112 Tbs. per cub. ft.,
and whose angle of repose is 32°. Find least depth of
founde\Am

p = int. of vert. pressure below bottom of found
= 144 x 10 = 1440 lbs. per sq. ft.,
¢’ = Int. of vert. pressure at same depth clear of found

=112.4d,
q _ (l—sm¢)

butp 1+ sin ¢
d.112 cd=1
m_=094. ood =121 ft.

Nore.—The height of wall above ground is 10 — d =879 ft.

84. An iron column is to bear a weight of 20 tons; the
found. is a stone 3 ft. square on bed, sunk in earth welghmg
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120 Ibs. per cub. ft., angle of repose 27°. Find least depth
to which it must be sunk for equilibrium.

44800 Ibs.
= Geq f = 4978 1bs. per sq. ft.
¢ = 1204,
q (l — sin ¢)’ P L
but »~\UFsing) d__lz() x ‘141 = 6 ft.

85. A brick wall, allowing for openings, weighs 42,000
Ibs. per rood of 36 sq. feet (on an average one brick and a
half), and stands 45 feet above ground; the foundation is to
widen to four bricks at bottom. Find depth of found in
clay weighing 130 Ibs. per cub. ft. (angle of repose 27°).
1st, Neglect weight of unknown found.

WV = wt. of 1 lineal foot of wall = 4667 Ibs.

_ WV _ wt oflin. ft. 4667 lbs.
P = 5 T areaof base 3 sq. ft.
g =130.d,

g (1 —sin 27°)2
but - = (1 ¥ sin 27°)°

=1556 lbs. persq.ft.

130.d
1556

Say 2 ft. deep by an average of 3 bricks thick, 7.e., 43
cub. ft. per lineal ft., at 125 lbs, gives extra weight of 563
Ibs. Adding this,

wv = 5230 lbs. .. p= 1743,

1743
130

=-141. .. d = 17 ft. least depth.

_and d = x ‘141 — 2 ft.

For safety this would require to be increased.
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Earth spread in layers at a uniform slope, and loaded
with its own weight, to find the pressure against a retaining
wall with vertical face.

The simplest (commonest in practice) case is when the
vertical face '0f ‘wall lis'at right'angles to the section showing
greatest declivity of free surface. Let the paper be that
section ; then AB is the trace of the upper surface, and vy is
its greatest inclination to the horizon.

Fig. 59.

This inclination must be less than the angle of repose, or
the earth would run over the wall. In an extreme case
they may be equal.

Generally, y < ¢.
Taking a slice one foot normal to paper.

Suppose the earth to be spread behind the wall in layers
sloping at the angle vy, consider a small parallelopiped in the
layer of depth D having vertical faces. At this depth, D,
the intensity in lbs. per sq. ft. of the vertical pressure due
to the weight of earth above, on a horizontal surface, would
be the weight of a cub. ft. of earth multiplied by the depth
D in feet. Hence

w. D lbs. per sq. ft.

= intensity of vertical pressure on parallelopiped had its
surface been horizontal. '

But the sloping surface MN is greater than the correspond-
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ing horizontal surface, that supports the same earth; so the
vertical stress thereon will be less than wbD, page 40,
and will be
E 7 = wD cos ¥ lbs. per sq. ft.

This is the intensity of the pressure-upon the faces MN and
KI, and its direction is vertical and therefore parallel to any
pair of vertical faces of the parallelopiped ; hence the pres-
sure on any pair of vertical faces is in its turn parallel to
the face MN'; that is,

Every vertical plane is conjugate to the free surface.

Now, as we have selected the faces of MNLK, the pressure
on the faces parallel to the paper when drawn parallel to
the free surface will be horizontal, so that the stress normal
to the paper is @ principal stress, and the plane of the paper
is the plane of the other two principal stresses. We can
apply tﬁerefore our preceding results.

t 7 be the stress on the vertical faces MK and NL: it
must be parallel to the free surface, and so its direction is
that of the sloping layer, so that every point in that layer is
in the same state of strain, and 7’ is transmitted along the
layer to act on the wall. _

To find out the ratio of the pair of conjugate stresses
7 and 7 whose common obliquity is y.

From particular case (a) of the inverse problem (p. 85),
we have—

r 4+ )2 , -
«/ { '(4‘;,3;2;),-— " } =P (B)
r+17 _p+gq
and S avsy = g e (A)
squaring both, :
wehave T+, (p—9*
4 cos®y - 4
and e+ _(p+9?°
4cos’y 4
dividing,
_ 47 cos?y _ (p— q)2
we have 1 -+ = (13_+ 0
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But when earth is just in equilibriufn,

P — 1+ sin_qs
q 1—sing’
or —g—_}g =osim g
477 costy _ . ,
1— e = sin®g.
417 cosy .
o+ ) =1 — sin%
: = cos?p.
4rr’  _ cos’¢
(r+ 7)% ~ cos?y’
ne 4 e COSTY
or (r+4 72 =4m Gostg T 1.
Now 4 =4rr.
s Eea——— e
Subtracting, (r — )} =4m (coszqs l)
4., cos’y — cos’d
=4 B S II1.

Dividing IL. by I
(r: #\! _ cosly — cos’p cCOs:p
r+ 'r') T cos’p  costy

__cos’y — cos’p

cos?y
r—1 & J(cos’y — cos'¢)
r+r cosy

On both sides add numerator to denominator for a new
numerator, and subtract numerator from denominator for a
new denominator.

_ c08 y* ,/(cosy — cos’p)
T cos yF AJ(cos’y —cos'gp)

SN
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That is, » may be greater than +" in the ratio taken with
the upper signs, when the earth is on the point of spreading,
and the wall is subjected to the least possible value of 7,
and again r may be less than # in the ratio taken with the
lower si%ns when the wall is artificially pressed against the
earth till the earthyis/jonothe pointof heaving up and the
wall subjected to the greatest possible value of .

For equilibrium of retaining wall take upper signs, and

reverse the prepesition,

¥ cosy — af(cos?y — cos’p)
r T cosy + .J(cos’y — costp)

7

Lo
Cor.—In extreme case y = ¢, and .. = 1,or r= 1,

i.e., the conjugate thrusts are equal.

Substituting the value of 7, we have the least intensity of
the conjugate thrust at the depth b,
cos ¥ — A/(cos?y — cos?gp)
cos v + ,/(cos®y — cos’¢)’

r = wDCos Yy

and its direction is parallel to the upper free surface.

On right hand side of equation
everything is constant but D, so that
7 varies as the depth.

Let D be depth of vertical face of
wall. Lay off cr to represent 7.
Join AT, and the arrows will repre-
sent the thrust on the wall. The

average intensity is %, and the total

thrust is
R’ — av. inten. x area exposed

= )‘2 lbs. per sq. ft. X D sq. ft.

wD? cos y — ,/(cos’y— cos’p)
T2 °®Y cosyF o(costy —cos'g) he.
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and it passes through the centre of gravity of the triangle

ATC or through the point E where k¢ = :3—) and parallel to BA.

Resolving, R’ into horizontal and vertical components,
1=Réos vy,
v = R'sin v,

H tends to make the wall slide as a whole along the bed

joint at ¢, and for equilibrium of the wall, weight of wall x
coefficient of friction at bed joint must be greater than H.

H tends to overturn the wall with a moment

D
L (5)
_ WD’ a COSy— J(cosy —cos’p) o 1
b cos y+ J(cos?y — cos?p)

For equilibrium of wall, its weight multiplied by xc feet
must exceed M.

NoTE—vV, the tangential component of the pressure of
earth on the back of wall multiplied by Kc, tends to resist M
and to increase effective weight of wall, but the friction of
the earth there is liable to be destroyed by water lodging,
and it is not safe to rely on it.

Examples.

86. A wall 9 ft. high faces the steepest declivity of earth
at a slope of 20° to the horizon ; weight of earth 130 lbs. per
cub. ft., angle of repose 30°. Find average intensity of
thrust in wall, the total thrust on wall, the horizontal
component of thrust, and the overturning moment of this
component. ‘

Data,—y = 20°, greatest slope of earth,
¢ = 80°, angle of repose of earth,
w = 130 lbs. wt. of cub. ft. of earth,
D = 9 ft. depth of wall.
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r = int. of vert. stress at depth 9 ft. per &q. ft. of
sloping surface, ,

wD Cos 7, .
130 x 9 X cos 20° = 1099 Ibs. per sq. . * © ™.

7 is the conjugate, thrust)whose direction is parallel to
sloping surface when earth is just about to spread.

I

" cos y— ,/(cos®y— cos?g)

r — cos y+ ,/(cos?y—cos’p)

9397 -364 ..
= 93974364~ 4%
" = 1099 x 442 = 486 lbs. per sq. ft.
Aver. int. of conj. stress = 243 ” '

Total thrust per lin. ft. of wall

4

R’ = aver. int. X area
= 243 lbs. per sq. ft. x 9 sq. ft. = 2187 lbs.
H = R’ cos y = 2055 lbs.

M = H lbs. X g ft. = 6165 ft.-1bs.

Weight of wall multiplied by coefficient of friction at
lowest bed joint (if horizontal) must equal B multiplied by
a factor of safety. Weight of wall multli)hed by #ths of
half thickness at bottom must equal M multiplied by factor
of safety. (Weight in lbs., thickness in feet.)

87. The slope of a cutting being one in one and a half,
weight of earth being 120 lbs. per cub. ft., and its angle of
repose 36°. Find average intensity, amount of horizontal
component, and overturning moment. of the thrust upon a
3 ft. retaining wall at bottom of slope.

tan y = i5 =6666. .. y =33 42"
¢ = 36° and w = 120 lbs.
D =3ft. .. r=wDcosy =299 lbs. per sq. ft.
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_ cosy — J(cos?’y — cos’d) 62
cos v + Jf(cos’y — cos?p)

e =299 x 62 = 1854,

and aver. int. of stress = 927 lbs. per sq. ft.

R = ; x D sq. ft. = 278 lbs.

’
p
r
7

= R cos y = 2316 lbs.
=H x g_—_ 2316 ft.-lbs.

Fig. 61.

Geometrically, ¥ = wD cos vy, being the vertical conju-
cate thrust, on a layer at depth D, due to the weight of the
earth, to find in terms of 7,

', the conjugate thrust parallel to layer.
p and g, the principal stresses in the plane of paper.
0, the inclination to the direction of  (i.e., the verti-
cal), of the axis of p.
And the third principal stress normal to plane of paper.

Construction. Let oM :-@q

Make MOK = ¢, the angle of repose of earth,
Drop MK perpendicular on OK.

— 9.

Then MR = "—5- case (d), page 73.
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Draw semicircle.
OH — OM — MH —=gq,
ON — OM + MN = p.

Draw ORR, making NOR = v, the common obliquity of the
conjugate thrusts 7 and: " ;and

OR =17 }
OR = ¢/ Case (a), page 84.

The relations among those are easily expressed trigono-
metrically by supposing oM proportional to unity, when

OM prop. to 1.
radius p sin ¢.

os |, cos 7.

Ms sin y.

RS = ,/(MR'—MS’) or ,/(p? — MS®) (Buc. 1. 47)
prop. to ,/(sin?¢ — sin?y ) (put (1—cos’$) for sin’p
» A (cos?y —cos?p) {and (1-cos?y) for sin?y

poroN = OM+p
prop. to (1 + sin ¢),
qoroH — oM — p
prop. to (1 — sin ¢),
7 0rOR = 0S8 — RS
prop. to cos y — ,/(cos?y — cos?¢),
and PoroR =  0S + RS

prop. to cos y + ,/(cos?y — cos¥p).

~

r _ cosy — ,/(cosPy — cos%)
T ~ cosy + JJ(cos?y — cos’¢)’
P _ 1+4sin¢

r ~ cosy+ JJ(cos’y — cos’p)
q 1 —sin¢

r

cos ¥y + /(cos®y — cos?d)
H
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The axis of p makes an angle 6 = } RMN, with ON the
normal to the (sloping layer) plane upon which » acts and
on the same side.

Also  cos20 = 2 %ﬂ-—q - Case (a) page 85.

Since the earth is upon the point of spreading, the princi-

pal stress normal to the paper will be the least possible,
that is, it will be equal to g.

Hence this is the horizontal stress on vertical face of a
wall running up the steepest declivity: that it is greater
than the horizontal thrust for horizontal layers may be seen
by supposing the figure on page 99 to be drawn to such a
scale that the line oN (which there represents the weight of

Fig. 62.

vertical column of earth) will be of the same length as oL
(which in this case represents same), and superimposing it
upon this figure, 0H there will be seen to be shorter than
OH here.
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From a point 0 on layer at depth D draw oN the normal
to layer. Lay off oM, ete., complete construction as in last.

Draw o parallel to MT the bisector of RMN; this and 0Q
are the axes of the ellipse of stress parallel to plane of paper.

Lay off op = oN and 0Q = 0H, and draw ellipse; since MR
is always less than oM for like principal stresses, MRO > 7,
”. NMR > 2y, .". 6> v, and OP is always in the acute angle
ROW between the vertical and the line of greatest declivity,
and making ( — y) with vertical. ‘

Since the third principal stress normal to paper is also 0g,
then if the ellipse revolves about PP’ it will sweep out a
spheroid. )

The resultant stress upon any plane is some vector of this
spheroid. We know that for vertical planes the stress,
being conjugate to », is always in the sloping plane WB, 8o
that all the vectors of spheroid lying in that plane determine
the stresses upon all vertical planes both in direction and
intensity.

The trace of the spheroid upon the sloping.plane EBCF is
an ellipse whose Thajor axis is OR' = 7, alf&gﬁﬁnoq\axis the
third principal thrust equal to 0@ = ¢; and it lies on the
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sloping plane with its minor axis horizontal and the
major on line of greatest declivity. The thrust on any
vertical plane is the vector of this ellipse which is conjugate
to it.

Thus a wall with vertical face,whose found runs along Gk
(a line on the sloping surface inclined at an angle a to the
horizon) sustains a thrust represented in direction and
intensity by the vector ov which is conjugate to coxk.

oN is a line on the sloping surface at right angles to Gk.
The component of ov in the direction ON is that which is
effective, the other being tangential to wall. As on page 65,
construct oMV with v in place of R and +* in place of p, and

effective comp. of OV = 7 cos?0 + ¢ sin?6,
and this is itself inclined to normal to face of wall at an
angle 8. '
.". Hor. thrust on wall = (+"cos?0 + ¢ sin%0) cos 8.

0 and B are deter-
mined thus:

Let GkH be a verti-
cal plane, and firstly,
let GH be vertical. Let
also GCH be a vertical
plane perp. to KCK'
Then

sin @ = cos KGC
_gc
TS
__GH cosec y
" GH cosec a
_sina

Fig. 64, . sin y
gives 6.

Secondly, let GH be perp. to GK, and let HK’ be perp. to
the plane GKH. HK’ is therefore a line in the horizontal
plane KHK'.
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*. KK'? = HK? 4+ HK"? ".* KHK’ is a right angle.
= GK® 4+ GHZ 4+ HK? ‘. KGH " »
= GK? 4 GK'? ‘.* GHK' " »

. KGK i8 a right angle.
Hence it is evident that GK'H = S,

GH _ GKtana _ tana
GK'~ GK tan GRKK' ~ tan 0

sin 8 =
gives G.
Examples.

88. A cutting having 3 ft. retaining walls is made on
ground sloping at 20° to the horizon. Weight of earth is
120 lbs. per cub. ft. and its angle of repose 30°. Find the
horizontal thrust and the overturning moment—1st, When
cutting runs horizontal; 2nd, When cutting runs up steepest
declivity; and 3rd, When cutting runs up at a declivity of
15° to the horizon.

Data—> = 3 ft. v = 20°.
w = 120 lbs. ¢ = 30°.

(1st) r = wD cos y = 338 lbs. per sq. ft.
= stress on slop. layer at depth D, being vertical.
__cosy — ,J(cos’y — cos’$) _ ‘576 4492 ‘
T cosy + Jf(cos?’y — cos?p) T 1304 :
7" = 338 X 442 = 1494 lbs. per sq. ft.
= conj. stress on vertical face of wall, being in
sloping layer inclined at 7.
7’ cos y = 140°4 lbs. per sq. ft.

= horizontal thrust on wall, at foot of wall.
Aver. do. = 70-2.
_Total do. = aver. int. X area

=702 x 3 = 210'6 lbs. per lineal ft. of wall.

il
r

Moment = 2106 X 15’ — 2106 ft.-1bs.
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> q_ l—sin¢ - ‘5 -
(2nd) r " cos y + JJ(cos’y — cos®p) — 1:304
q = 338 x ‘383 = 1294 lbs. per sq. ft.

= least, principal, stress in sec. on greatest
declivity

383.

= also third principal stress which is horizon-
tal on face of vertical wall.

Aver. do. = 65 lbs. per sq. ft.

Total do. = 65 x area = 65 x 3 = 195 lbs. per lin. ft.
of wall.

Moment = 195 lbs. x g = 195 ft.-1bs.

(3rd) Section of spheroid of stress on the sloping layer is
an ellipse whose axes are ' and ¢. 0V is the thrust conju-
gate to vertical plane.

a = 15°
sin a
sin y
L. sin 0 = L. sin. a« — L. sin y 4+ 10
= 94129962 - 9'5340517 4 10
= 9-8789445.
. 0 =49°11"

Now sin § =

. tan tan 15°
Also sin 8 = ta.Tg = ton 80° 11 ..
L.sin 8 = 10 + L. tan 15° — L. tan 49° 1Y’
= 10 4 94280525 — 100636448
= 9-3644077.
B =13 23.
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* Effective com. of ov = 7' cos?0 + ¢ sin?0
= 6383 + 7411
= 13794 lbs. per sq. ft.

= thrust on vertical face of wall
along-' oMN the intersection
of sloping layer and vertical
plane at right angles to face
of wall.

This is inclined to face of wall at an angle 8.
*. Hor. thrust = 137-94 cos 8
= 1342 1bs. per sq. ft.
Aver.do. = 6711 » o o»

Total do. = 671 x area = 201'3 lbs. per lin. ft.
of wall

Moment = 2018 x g— = 2013 ft.-1bs.

* The effective component of OV can be more easily calculated by the
formula
r”+q r-—gq

Effective component of OV = —5— + —g—cos2f

= 1394 + 10(—"146)
= 1394 — 146
= 13794,

END.
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, Assjstant-Master at Uppmgham. [Ready.

LIVY. THE LAST TWO KINGS OF MACEDON. SCENES
FROM THE LAST DECADE OF LIVY, Selected and
Edited by F. H, RAWLINS, M.A,, Fellow of King’s College,
Cambridge, and Assistant-Master at Eton. [/ preparation.

HORAOE. SELECTIONS FROM THE EPISTLES AND
SATIRES. , Edited by Rev. W. J..F. V. BAKER, B.A,,
Fellow of St. John’s College, Cambridge, and . Assistant-
Master at Marlborough. . [Ready.

ORSAR. SCENES FROM THE FIFTH AND SIXTH
BOOKS OF THE GALLIC WAR. Selected and Edited
by.C. CoLBECK, M. A., Fellow of Trinity College, Cambridge,
and. Assistant-Master at Harrows '[Zn grearation,
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PLATO—EUTHYPHRO AND MENEXENUS. Edited by
C. E. GrRAVES, M.A. . [/n preparation.

HORACR — 7HE, SECOND, THIRD, -AND FOURTH
BOOKS OF THE ODES. “Edited (each book separate) by
T..E. PAGE, M, A. [4n preparation.

MACMILLAN'S CLASSICAL - SERIES FOR
_COLLEGES AND SCHOQLS.

Being select portions of Greek and Latin authors, edited
with ‘Introductions and Notes at the end, by eminent
scholars. The series is designed to suﬂply first rate_text-
books for the higher forms of Sehoo

also the needs of Candidates for public examinations at the
Universities and elsewhere,

The following volumes are ready :—

BSCHYLUS—PERSXE. Edited. by A. O. PRICKARD, M.A,,
Fellow and Tutor of, New College, Oxford. . With Map. 3. 64.

CATULLUS—SELECT POEMS. Edited by F. P. SIMPSON,

B.A., late Scholar of Balliol Callege, Qxford. New and
revised Edition, 5s.

CICERO—THE ' SECOND PHILIPPIC ORATION. From
. the German of Karl Halm. ,Edited,.with Corrections.and
Additions, by Jounx E. B. MAYQR, Professor of Latin.fn the
University of Cambridge, and Fellow of St. John's College.
New edition, revised, §s.

THE CATILINE QRATIONS. From the German of Karl
Halm, Edited, with Additions, by A. S. WILKINs, M.A.,
Professor of Latin .at.the.Owens. College, ‘Manchester. . New
edition, 3s. 64.

THE ACADEMICA. Edited by JAMzs Rmm, M.A,,
-~ Fellow of Caius College, Cambridge. ¢s. 64.

baving in view.
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CRGRRQ Confimped— .
PRO LEGE MANILIA. Edited after HALM by Prof. A, S.
WiLKINg, M,A. 37 6o,
FRO 'ROSOIO AMMMINO. -Edited after Halm, By E.

i, PoNIN, M.A., late Scholar of Lincoln College, Oxford,
Assistant-Master at Uppingham, 4+, 64,

' DEMOSTHENES — THE ORATION ON THE GROWN.
Edited by B. DRAKE, M.A,, late Fellow of King's College,
Guptyridpn.  Sixth.and revised edition, 45, 64

HOMER’S ODYSSEY—THE NARRATIVE OF ODYI-\

8EUS, Books IX.—XJX, Edjted by Jouy E. R. MAvoR,
M.A. Partl, 35

JUVENAL—SELECT SATIRES. Edited by Joms E. B,
MAYQR, Fellow of St. John's College, Cambridgs, sngd
Professor of Latin, Satires X. and XI, 3f. Satises X —
XVI. 3s 6d.

LIVY—HANNIBAL’S FIRST CAMPAIGN IN ITALY,
Books XXI. and XXII. KEdited by the Rev. W. W,
CAegs, Reader in. Ancient HMistory at Oxford, With 3
Maps. 5s.

MARTIAL—SELHOT ERIGRAMS. FEdited by Rev. H. M.
STEPHENSON, M.A,, Head-Master of 8t. Peter’s School,
Yeork, 6s.

OVID-HEROIDUM EPISTULZ XIII. Edited by E. S.
SHUCKBURGH, M.A. 4s. 6d.

SALLUST—CATILINE and JUGURTHA, Edited by C.
MERIVALE, B.D, New edition, carefully revised and en-
larged. 4s. 64, Or-separately 2s, 64, each,

TACITUS—AGRIOOEA. and: GBRMANIA. Edited by A. J.
CHURCH, M.A., and W. J. BRODRIBB, MiA, Translators of
Tacitus, New edition. 35, 64. Or separately 25, each..

THE ANNALS, Boek VI. By the same Editors. 2:. 64,
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\

TERENCE—HAUTON TIMORUMENOS. Editid B K 8
SHUCKBURGH, M.A., Assistant-Master at Eton Collega 35
With Translation, 4s. 64.

PHORM1IO,// Rdited by' Rev.//JoHN BonDp, M.A.; and
A, S. WarroLe, B.A. 4. 64,

THUCYDIDES — THE SICILIAN EXPEDITION, Books
VE. and viT. Edited by the Rev, PERCIVAL Pxos'r MA
Late Fellowof St. John's College, Cambridge.  Neiw editwn,
revised and enlarged, with Map, %.

XENOPHON—HELLENIOA, Sooks I. awd II. Béitdd by
H. HAILSTONE, B.A.,; laté Scholar 6f Peterhouse, Cambridge.
With Map. 4. 64.

CYROPZEDIA, Pooks ViE wnd VEFL. Hiited by ALFrED

GOODWAN, M.A., Professor of Greek in University College,
" London. §s.

MEMORABILIA SOCRATES. Edited by A. R, CRrUER,

B.A. Balliol College, Oxford. 6s.

The foBowing ave én preparation :—

ZSCHINES—IN CTESIPHONTEM. Edited by Rev. T.
GWATKIN, M.A., Iate Fellow of St, John’s College, Cambridge.
{712 the Pyess.
CICERO-PRO P. SESTIO. Edited by Rev, H, A. HOLDEN,
M.A., LL.D., Head-Master of Ipswich School, late Fellow
and Assistant Tator of Trinity Colfege, Cambiidge, Editot

of Aristophanes, &c.

DEMOSTHENES—FIRST PHILIPPIC. Edited by Rev.
T. GWATKIN, M.A,, late Fellow of St. John's College,
Cambridge.

DEMOSTHENES — ADVERSUS LEPTINEM. Bdited by
Rev. J. R. KiNG, M.A,, Fellow'and Tutor of Oriel ‘Colege,
Oxford. '

BURIPLDES--SELECT PLAYS, by vadons Editors,
ARCEETIS. Edited by J. E. C. WELLDON, .B.A., Fellow
and Lecturer of King’s College, Cambridge, .

BAGCCHAE. Edited by E. S. SHUCKBURGH, M.A., Assistant-
Master at Eton College.



6 MACMILLAN’S CLASSICAL SERIES.

EBURIPIDES Continted—
HIPPOLYTUS. Edited by Rev. J. P. MAHAFFY, M.A.,,
Fellow and Tuter of Trinity College, Dublin,

~ mmpHk!Editdd by AW, Vermari, M.A., Fellow and
Lecturer of Trinity College, Cambridge.
HERODOTUS—THE INVASION OF GREECE BY xuxln.
Books VII. and vIIX, Edited by TEoMAs CAsy, M.A.,
formerly Fellow of Brasenose College, Oxford.

HOMER’S ILIAD—THE STORY OF ACHILLES. Edited
by the late J. H. PRATT, M.A., and WALTER LxA¥, M,A.,
Fellows_of Trinity College, Cambridge, [Zn the press.

HOMER’S ODYSS8EY—~Books XXI.—XXIV. Edited by S.G.
HAMILTON, B.A., Fellow of Hertford College, Oxford.

HORACE—THE oDES. Edited by T. E. PAGE, M.A.,; Master
at Charterhouse and late Fellow of St. -John’s College,
Cambridge.

LIVY—EBocks XXIII. sud XXIV. Edited.by Rev. W. W.
CAres, M.A,

THE SAMNITE WARS as narrated in the First Decade

of Livy. Edited by Rev, T. H. STokog, D.D., Lincoln

- College, Oxford, Head-Master of King’s College School,
London.

LYSIAS—SELECT ORATIONS. Edited by E. S, SEUCK-
BURGH, M. A., Assistant-Master at Eton College,

OVID—FASTI. Edited by G. H. HALLAM, M.A., Fellow of -
St. John’s College, Cambridge, and Assistant-Master  at
Harrow,

PLATO—FOUR DIALOGUES ON THE TRIAL AND
DEATH of SOORATES, vii, EUTHYRHRO, APO-
LOGY, ORITO, AND PH2DO. Edited by C. W, MouLz,
M.A., Fellow and Tuter of Corpus Christi College, Cambridge.

PLAUTUS—MILES GIORIOSUS. Edited byR. Y. TyRRELL,

M.A., Fellow and Professor of Greek in Trinity College,- Dublin,

[4n the press.

PLINY’S LETTBRS—-Book III. Edited by Professor JOHN E.
B. MAYor. With Life of Pliny, by G. H. RENDALL, M.A.

[/n the Press.
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'‘PROPERTIUS—SELEOT POEMS. Edited by ’J. P.” PO#T-

GATE, M.A., Fellow of Trimty Collége, Cambridge,
41 the Pyess,
SUETONIUS--LIVES OF()THE| ROMAN BHEIBOBB.
Selected and Edited by H, F. G. BRAMWELL, B.A,, Junior
Student of Christ Church, Oxford.

TACITUS-THE HISTORY. Books . and I, Ed:tetl by C.
E. GnAVEs, M.A.

THUGYDIDES—Books I and II.. Edited by H. BROADBENT,
M.A., Fellow of Exeter College, Oxford, and Assistant-
Master at Eton College.

Books IV. and V. Edited byC E, Guv:s,MA.,
Classical. Lecturer, and late Fellow of St. John’s College,

Cambridge.,

VIRGIL—ZENBID, II. and III. The Narrative of Zneas.
Edited by E. W. Howson, B.A., Fellow of King’s
College, Cambridge.

XHENOPHON—THE ANABASIS—Books I to IV. By Pro-
fessors W. W. GoopwIN and J. W. WHITE, [/» the Press.
Other volumes will follow.

CLASSICAL. -

MBSCOHYLUS—THE EUMENIDES. The Greek Text, with
Introduction, English Notes, and Verse Translation. . By
BERNARD DRAKE, MA., late Fellow of King’s College,
Cambridge. 8vo. 3s. 64.

THE ORESTEIAN TRILOGY. Edited with Introduction
and Notes, by A. O. PRICKARD, M. A., Fellow and Tutor of
New College, Oxford. 8vo. [Zn preparation.

ARATUS—THE SKIES ' AND WEATHER-FORECAST. Y
OF ARATUS. Translated with Notes by E. PosTE, M.A.,
Oriel College, Oxford. Crown 8vo. 3s. 64.



\

8. MACMILLAN’S EDUCATIONAL CATALOGUE.

ARISTOTLE—AN INTRQDUCTION TO ARISTOTLE'S
RHETORIC. With Analysis, Notes and Appendices. By
E. M. Corx, Fellow and Tutor of Trinity College, Cambridge,
8vo. 14s.

ARISTOTLE ON FALLACIES; OR, TEE SOPIISTICY
ELENGHI. With Translation and Notes by E. Poste, M. A.
Fellow of Oriel College, Oxford. 8vo. 8, 64.

THE POLITICS. Translated by J. E. C. WELLDON, B.A.,
Fellow of King’s College, Cambridge, 8vo. [/ grepgration.

ARISTOPHANES—Z7HE BIRDS, Translated into English
Verse, with Introduction, Notes, and Appendices, by B. H,
‘KENNEDY, D.D., Regius Professor of Greek in the Univessity
of Cambridge, Crown 8vo. 6s. Help-Notes to the same,
for the use of Students, 1s. 64,

BELCHER—SHORT EXERCISES IN LATIN PROSE
COMPOSITION AND EXAMINATION PAPERS IN
LATIN GRAMMAR, to which is prefixed a Chapter on
Analysis of Sentences. By the Rev. H. BELcHER, M.A,,
Assistant Master in King’s College School, London, New
Edition, 18mo. 1s. 64.

Key to the above (for Teachers only). 2s. 64,

SHORT EXERCISES N LATIN PROSE COMPOSI-
TION. PART II,On the Syntax of Sentenoes, with an
Appendix mcludmg EXEBRCISES N LATIN IDIOMS,
&%, 18mo. 2s,

BLACKIE—GREEK AND ENGLISH DIALOGUES FOR
USE IN SCHOOLS AND COLLEGES. By JoHN
STUART BLACKIE, Professor of Greek in the University of
Edinburgh. New Edition. Feap. 8vo. 25, 64,

CICBRO—7HE ACADEMICA. The Textrevised and explained
by James Reip, M.A., Fellow of Caius College, Cambridge.

New Edition. With Translation. 8vo, {5 the press.
THE ACADEMICS. Trauslated  James S. REp, M.A.
8vo. §s. 64,

SELECT LETTERS.—After the FEdition of Arssar
WarsoN, MLA. Translated by G. E. JraNs, M. A., Fellow
of Hertford College, Oxford, and Assistant-Master at Hailey-
bury. 8vo. [Zmmmediately.,
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OLASSICAL WRITERS. Edited by J. R. GREEN, M.A,
Fcap. 8vo. 1Is. 6d. each.
A Series of small volumes upon some of the (frmcnpa.l

classical writers, whose works form) subjects of study in our
Schools.

EURIPIDES. By Professor J. P. MAHAFFY. [Ready,
_ LIVY. ByRev. W. W, Cares, M.A. [Ready.
SOPHOCLES. By Prof. LEwls CAMPBELL, [Ready.
VERGIL, By Professor H, NETTLESHIP, {Ready.

BLLIS—PRACTICAL HINTS ON THE QUANTITATIVE
PRONUNCIATION OF LATIN, for the use of Classical
Teachers and Linguists. By A. J. Erus, B.A., F.R.S
Extra feap. 8vo. 4+, 6d.

BENGLAND—EXERCISES ON LATIN SYNTAX AND
IDIOM, ARRANGED WITH REFERENCE TO
ROBY’S SCHOOL LATIN GRAMMAR, By E. B,
ENGLAND, M.A,, Assistant Lecturer at the Owens College,
Manchester. Crown 8vo. [In preparaiion.

EURIPIDES-NEDBA. Edited, with Introduction and Notes, by
A. W. VERRALL, M.A,, Fellow and Lecturer of Trinity
College, Cambridge. 8vo. [In preparatian,

GRDDERS—7HE PROBLEM OF THE HOMERIC PORMS.
By W, D. GeDDEzs, Professor of Greek in the Univesity of
Aberdeen, 8vo. 14s.

GLADSTONEB—Works by the Rt, Hon, W. E. GLADSTONE, M. P,
SUVENTUS MUNDI; or, Gods and Men of the Heroic
Age. Second Edition. Crown 8va. e, 64.

THE TIME AND PLACE OF HOMER. €rown 8vo.
6s. 6d. .
A PRIMER OF HOMER. 18mo. 1s.
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@OODWIN—Works by W. W. GoODWIN, Professor of Greck in
Harvard University, U.S.A.
SYNTAX OF THE MOODS AND TENSES OF THE
GREEK) | VERB! () New| Edition, revised. Crown 8vo.
6s. 6d.
AN ELEMENTAR V' GREEK GRAMMAR NewEdltwn,
‘tevised. Crown 8vo. 6s.

“Tt is the best Greek Grammar of its size in the English language.”—
Atheneum. -

GOODWIN—A TEXT-BOOK OF GREEK PHILOSOPHY,
based on RITTER and PRELLER’s ‘ Historiae Philosophiae
Graecae et Romanae.” By ALFRED.GOODWIN, M.A. Fellow
of Balliol College, Oxford, and Professor of Greek in
University College, London. 8vo. [In preparation.

GREENWOOD—7HE ELEMENTS OF GREEK GRAM.
MAR, including Accidence, Irregular Verbs,.and Principles of
Derivation and Composition ; adapted to the System of Crude
Forms, By J. G. GREENwWOOD, Principal of Owens College,
Manchester, New Edition, Crown 8vo. 5:. A

n‘nnono'rus, Books I.—IIL.—7HE EMPIRES OF THE
EAST, Edited, with Notes and Introductions, by A, H,
SAYCE, ML A.,, Fellow and Tutor of Queen's College, Oxford,
and Deputy-Professor of Comparative Philology. 8vo. . .

[7n pregaration.

HODGSON - MYTHOLOGY FOR LATIN VERSIFICA-
ZION. A brief Sketch of the Fables of the Ancients,
prepared to be rendered into Latin Verse for Schools. By
F. HopaGsoN, B.D., late Provost of Etoh. New Edition,
revised by F. C. HopnGsoN, M.A. 18mo. 3s.

HOMEBR—7HE ODVSSEY. Done into English by 'S. H.
BUTCHER, M. A., Fellow of University College, Oxford, and
ANDREW LANG, M.A., late Féllow of Merton College, Oxford.
Second Edition, revised and corrected, with new Introduction,
additional Notes and Illustrations. Crown 8vo. 10s. 64,
THE ILIAD. Edited, with Introduction and Notes, by
WALTER LEAF, M.A., Fellow of Trinity College, Cambridge,
and the late J. H, PRATT, M.A. 8vo, [Zn preparation.
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HOMERIO DICTIONARY. For Use in Schools and Collegel
Translated from the German of Dr.'G. Antenreith, with
Additions ‘and Corrections by R. P. Keep, Ph.D. With
numerous Illustrations. | (Crown 8vo."/6s,

HORACB—T7THE WORKS OF HORACE, rendered into
English Prose, with Introductions, Running Analysis, and
Notes, by J. LONSDALE, M.A., and S. Lz, M.A. Globe
8vo. 3. 6d.

THE ODES OF HORACE IN A METRICAL PARA-
PHRASE. By R. M. HOVENDEN. Extra fcap. 8vo. 4s.
HORACE'S LIFE AND CHARACTER. An Epitome of
his Satires and Epistles, - By R. M, HOVENDEN, Extra fcap.
8vo, 4. 64.

WORD FOR WORD FROM HORACE, The Odes
literally Versified. By W, T. THORNTON, C.B. Crown
8vo., %s. 6d.

JACKBON—FIRST STEPS TO GREEK PROSE COM-
" POSITION. By BLOMFIELD JACKSON, M.A. Assistant.
Master in King’s College School, London.” New Edition
revised and enlarged.” 18mo. 1s. 64.
SECOND STEPS TO GREEK PROSE COMPOSITION,
with Miscellaneous Idioms, Aids to Accentuation, and Exami-
nation Papers in Greek Scholarship. 18mo. 2s. 64.

«"s A Key to 'both Parts, for the use of Teachers only, is in
preparation.

JACKSON—A MANUAL OF GREEK PHILOSOPHY. By

HENRY JACKSON, M.A., Fellow and Prelector in Ancient

- Philosophy, Trinity College, Cambridge. [i» pr¢aradon

JBBB—Works by R. C. JeBB, M.A., Professor of Greek in the
University of Glasgow.
THE ATTIC ORATORS FROM ANTIPHON 70
ISAEOS. 2 vols. 8vo. 25s.
SELECTIONS FROM THE ATTIC ORATORS, ANTI-
PHON, ANDOKIDES, LYSIAS, ISOKRATES, AND ..
IS/EOS. Edited, with Notes. Being a companion volume to
the preceding work. 8vo. 125 6d.
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JEBB Continued—

THE CHARACTERS OF THEOPHRASTUS. Translated
from a revised Text, with Introduction and Notes, Extra fcap.
8vo, /65.,/64..|

A PRIMER OF GREEK LITERATURE. 18mo. 1s.

A HISTORY OF GREEK LITERATURE. Crown 8vo.

. . [Zn preparation.
JUVENAL—THIRTEEN SATIRES OF FJUVENAL. With
a Commentary. By JoHN E. B. MAvoRr, M.A., Kennedy
Professor of Latin at Cambridge. Vol. I. Second Edition,
enlarged. Crown 8vo. s 64. Vol. IL. Crown 8vo. 10s. 6d.

¢ For really ripe scholarship, extensive acquaimtance with Latin litera-
ture, and familiar knowledge of continental criticism, ancient and modern,
it is unsurpassed among English editions.”’—PRror. CONINGTON IN
“ EDINBURGH REVIEW.”

“ MR. MAYOR’s work is beyond the reach of common literary compli-
ment. Itis not only a commentary on Juvenak but a mine of the most
valuable and interesting information on the history, sogial condition,
manners, and beliefs of the Roman world during the Peri'od of the early
Empire.”’—ProrF. NETTLESHIP IN THE *‘ ACADEMY.”’

¢ Scarcely any valuable contribution that hs beén hitherto Tade to thé
interpretation o{ Juvenal will be sought in vain in this comurentaxy . . . .
‘This excellent work meets the long felt want of a commentary to Juven:
on a level with the demands of mddein stience.—~PROF. FRIEDLANDER
oF KGNIGSBERG IN “‘ JA HT FUR ALTERTHU HAFT."”’

RINPERD-MANUAL OF ANCIENT GEOGRAPHY,

Transhated from the German of Pr. HEINRICH KIEPERT,
i {I» the press.

KYNARYON—EXERCISES IN THE COMPOSITION OF

GREEK IAMBIC VERSE by Translations from English
Dramatists. By Rev. H. KvNASTON, M.A., Principal of
Cheltenham College. With ‘Introduction, Vocabulary, &c.
Extra Feap, 8vo, 4. 64.

KEY TO THE SAME (for Teachers only). Extra fcap.
8vo. 4s. 64. .-

EXEMPLARIA CHELTONIENSIA : sive quae discipulis
suis Carmina identidem Latine reddenda proposuit ipse red-
didit ex cathedra dictavit HERBERT KYNAsTON, M.A.,
Principal of Cheltenham College. Extia feap. 8vo, §s.

LIVY, Books XXI.—XXV. Translated hy A. J. CrurcH,

M.A., and W. J. BRODRIBE, M.A, [ 75 preparation.
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LLOYD—THYE AGE OF PRRICLES. A Hisoty of the
Politics and Arts of Greeco frem tlie Persian to the Pelopon-
nesitn War., By WILEIAM WATKISS LLowD: 8-volt 8vo. 21s.

MACMILURAN ARSI LATIN GRAMMAR, By M. C,
MACMILLAN, M.A,, late Scholar of Christ’s College, Ca.mbndge,
Assivtant Master in St, Paul’s Sckool. ¥mo. 15 64, '

MARLPFY—Wonks hy J. B Mamamry, M,A. Brofiessor of
Anciont History-in Trinity College, Dyblin,
SOCIAL LIFE IN GREECE ; from Homer to Mestander,
Third Edition, revised and enlarged. Crown 8va. g
RAMBLES AND STUDIES IN GREBCE. With Illus-
trations, Second Edition,. With Map. Crown 8vo. 1os. 64,
A PRIMER OF GREEK ANTIQUITIES, Wlﬂl lus-
trations, x&no. .
MHPIDM ,MOA !l.,“b

MARSHALL — 4 ZABLE QF IRRBGULAR GREEK
VERBAS, classified according. to the arrangement of Curtius
Greek Grammar. By J. M, MARSHALL, M.A., one of the
Masters in Clifton College, 8vo. cloth. New Edition. 1s.

MARTIAL—SELECT EPIGRAMS FROM MARTIAL FOR
ENGLISH READERS., Translated by W. T. WeBs,
M.A., Professor of History and Political Economy, Presidency
College, Calcutta, Extra feap, 8vo. 4s. 64.

BOOKS 1, AND 11, OF THE EPIGRAMS. Edited,
with Imtroduction and Notes, by Professor J. E. B. MAYOR,
M.A. 8vo. [i/n preparation.

MAYOR (JORN E. R,)—F/RST GREEX READER. Edited
after KarL HALM, with Corrections and large Additions by
Professor JoHN E. B. MAYOR, M,A., Fellow of St. John's
College, Cambridge. New Edition, revised. Fup. 8vo.
4s, 6d.

BIBLIOGRAPHICAL CLUE TO LATIN LITERA-
TURRB. Rdited after HUBNER, with large Additions by
Professor JorN. E. B, Mavor. Crown Svo. 65, Gd.
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MAYOR' (JOSBPH B.)—GREEK FOR_BEGINNERS. By
. the Rev. J. B. MAYoR, M, A., Professor of (lassical Literature
in King’s College, London, Part L., with Vocabulary, 1s. 62.
Parts II. and III., with Voeabula.ryand Index, 35, 6d. com.
plete inl\ofie/ Viol, | (New(Editiof., Fcap. 8vo. cloth, 4s. 64,

NIXON—PARALLEL EXTRACZTS arranged for translation
mboEnglishmdLahn,mthNotesonIdmms. By J. E.
NxoN, M.A,, Fellow and Classical Lecturer, King’s Collége,
Cambridge. Part I.—Historical and Epistolary, New Edition,
revised and enlarged, , Crown 8vo, 3s, 64. _

A FEW, NOTES ON LATIN RHETORIC. With
Tables and Illustrations, . By J. E. Nxon, M.A. Crown
" 8vo., 2.

PEILE (JOHN, M.A.)—AN INTRODUCTION TO GREER
AND LATIN ETYMOLOGY. By Joun Pere, M.A.,
Fellow and Tutor of Christ’s College, Cambridge, formerly
Teacher of Sanskrit in the University of Cambndge Third
and Revised Edition. Crown 8vo. 10s. 64
A PRIMER OF PHILOLOGY. 18mo. 1s. By the same
Author, .

PINDAR—THE EXTANT ODES OF PINDAR. Translated.

"into English, with'an Introduction and short Notes, by ErNEsT

lexs, M.A., Fellow of Wadham College, Oxford. Crown
"8vo. 55’

PLATO—7HE REPUBLIC QF PLATO. Translated into
English, with an Analysis and Notes, by .J. LL. DaAvixs,
M,A,, and D. J. VAuGHAN, M.A. New Edition, with
Vignette Portraits of Plato and Socrates, engraved by JEERNS
from an Antique Gem. 18mo. 4s. 64

PHILEBUS, Edited, with Introduction and Notes, by
,HENRY JAcxson, M.A., Fellow of Trinity College,Cambridge.
"8ve. [/n preparation.

THE TRIAL AND DEATH OF SOCRATES. Being
the Euthyphro, Apology, Crito, and Phaedo of Plato. Trans-
lated by F. J. CHURCH, Crown 8vo. 4s. 64,
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PLAUTUS—T7HE MOSTELLARIA OF PLALTUS: . With
Notes, Prolegomena, and Excursus, By WILLIAM RAMsAY,
. MLA., formerly Professor of Humanity in ‘the Umvemty of
" Glasgow. _FEdited by Professor GEORGE G. RAMSAY, MLA.,

of the University of Glasgow. 8vo. ' 14s.

POTTS (A. W.; M.A.)—Works by ALgxANDER W. PorTs,
M.A., LL.D., Inte Fellowof St. John’s College, Cambridge ;
Head Master of the Fettes College, Edinburgh.

HINTS TOWARDS LATIN I’ROSE COMI’OSITION
New Edition. Extra fcap, 8vo. 3.
.PASSAGES FOR TRANSLATION JNTO ,LATIN
PROSE, Edited with Nofes and References to the above.
. Extra feap. 8vo. 2s.

LATIN VERSIONS OF PASSAGES FOR TRANSLA-
_TION'INTO LATIN PROSE. For Teachersonly. 2s.6d.

EXERCISES IN LATIN PROSE. . With Introduction,
Notes, &c., for the Middle Forms of Schools. Extra feap. 8vo.
: [/n preparaizon.

ROBY—A4 GRAMMAR OF THELATIN LAIYGUA GE, from

Plautus to Suetonius, By H. J. RoBy, M.A., late Fellow of
St. John’s College, Cambridge. If Two Pasts; Third Edition.

" Part 1. containing :—Book L. ° Sounds. Book II. Inflexions:
Book IIL. Word-formation. Appendices. Crown 8vo, 8s. 64,
Part IL—Syntax, Prcposmons, &c, Crown 8vo. 10s. 64,

©  Marked by the elear and practised inﬁ}htolnmuﬁu‘mhuu&
A book that would de honour te any country. "—ATRENAUM.
SCHOOL LATIN GRAMMAR By the same Anthor.
Crown 8vo. §s.

RUSH—SVYNTHETIC LATIN DELECTUS. A First! Latin
Construing Book arranged on the Principles of Grammatical
Analysis, With Notes and Vocabulary, By E. RusH, B.A,
With Preface by the Rev. W. F. MouLToN, M.A,, D.D,
Extra fcap, 8vo. 2s,

RUST—FIRST STEPS TO LATIN PROSE COMPOSITION.,
By the Rev. G.. RUsT, M.A. of Pembroke. College, Oxford,
Master of the Lower School, King's College, London. New
Edition. 18mo. 1. 64.
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RUTHBRFORD—A FIRST GREER GRAMMAR, ByW.G.
RuTHERYORD, M.A., Assistant Muaster i St. Paul’s School,
London, Extra feap. 8vo. New Edition, enlarged. 1. 64.

SEELEY A PRIMER) OF) LATIN' LITERATURE. By
Prof. J. R, SkxLEY, ) Lin preparation.

BEMPBON—LROGRESSIVE EXERCISES IN LATIN
PROSE COMPOSITION. Founded on Passages selected
from Cicero, Livy, & By K. P. SiMnson, B.A., of Balliol
College, Oxford. [2m preparation.

TAGITUS—COMPLETE WORKS TRANSLATED. By A.].
: ‘€HURCH, M.A., and W. J. BropRIBB, M.A.
THE HISTORY. With Notes and a Map., New Edition.
Crown 8vo. G,

THR ANNALS. With Notes and Maps, New Edition,
Crown 8vo, ¥s. 64,

THE AGRICOLA AND GERMANY, WITH TRE
DIALOGUE ON ORATORY, With Maps and Notes,
New and Revised' Edition, Crown 8vo. 4. 64,

THBROCRITUS, BION %nd MogeEUS. Rendered into
Baglish Ptose with Intreductory Essay by ANBREW LANG,
. M.A. Crown 8ve, 6s.

THHOPHRASTUS—7HE CHARACTERS OF THEO-
PHRASTUS, An English Transintion from a‘Revised Text.
With Introduction and Notes. By R. G. JgBB, M.As,, Pro-
fessor of Greek in the University of Glasgew. Extrafcap: 8vo.
Gs. 64,

TRERING—Works. hy. the. Rev. .K.. THriNg, M.A., Head-
Master of Uppingham Sehoeol.
A LATIN: GRADUAL, A Fist Latin Construing- Book
for Beginners, New Edition, enlarged, with:Coloured: Sentence
Maps,. Fecap. 8va.. as. 64,
A MANUAL OF MO00D. CONSTRUCTIONS. Fcap,
8vo. 13, 6.
4 CONSTRUING BOOK. Foap. 8vo. 8i. 64,

L
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VIRGIL—7HE WORKS OF VIRGIL RENDERED IN70
ENGLISH PROSE, with Notes, Introductions, Running
Analysis, and an Index, by JAMES LONsSDALE, M.A., and
SAMUEL LEE, M.A, New Edition, Globe 8vo. 3s. 64.;
gilt edges, '4s/'64!

WHRITE—FIRST LESSONS IN GREEK. Adapted to Good-
win’s Greek Grammar. By JouN WiLLiAMS WHITE, Ph.D,,
Assistant-Prof. of Greek in Harvard University. Crown 8vo.

[ 29 the press.

WILKINS—A PRIMER OF ROMAN ANTIQUITIES. By
A. S. WILKINS, M.A,, Professor of Latin in the Owens
College, Manchester, With Illustrations. 18mo. 1s,

WRIGHT—Works by J. WRIGHT, M.A., late Head Master of
Sautton Coldfield School.

LELLENICA; OR, A HISTORY OF GREECE IN
GREEK, as related by Diodorus and Thucydides ; being a
First Greek Reading Book, with explanatory Notes, Critical
and Historical. New Edition with a Vocabulary, Fcap. 8vo.
55 6d.

A HELP 70 LATIN GRAMMAR; or, The Form
and Use of Words in Latin, with Progressive Exercises.
Crown 8vo. 4s. 64.

THE SEVEN KINGS OF ROME. An Easy Narrative,
abridged from the First Book of Livy by the omission of
Difficult Passages; being a First Latin Reading Book, with
Grammatical Notes and Vocabulary, New and revised
edition. Feap. 8vo. 3s. 64,

FIRST LATIN STEPS; OR, AN INTRODUCTION
BY A SERIES OF EXAMPLES TO THE STUDY
OF THE LATIN LANGUAGE. Crown 8vo. 5s.
ATTIC PRIMER, Arranged for the Use of Begmnem.
Extra fcap. 8vo. 4+ 64.

A COMPLETE LATIN COURSE, comprising Rules with

Examples, Exercises, both Latin and English, on each Rule,
and Vocabularies. Crown 8vo. 4+, 64.

b
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' MATHEMATICS.

ATRY —Works by Sir G.' B. Amry, K.C,B,, Ashonomet
Royal s+
ELEMENTARY TREATISE ON PARTIAL DIF-
FERENTIAL EQUATIONS, Designed for the Use of
Students in the Universities, With Diagrams. Second Edition.
Crown 8vo. §s. 64,

ON THE ALGEBRAICAL AND NUMERICAL
THEORY OF ERRORS OF OBSERVATIONS AND
THE COMBINATION OF OBSERVATIONS. Second
Edition, revised. Crown 8vo. 6s. 64.

UNDULATORY THEORY OF OPTICS., Designed for
the Use of Students in the University. New Edition. Crown
8vo. 6s. 6d.

ON SOUND AND ATMOSPHERIC VIBRATIONS.
‘With the Mathematical Elements of Music, Designed for the
Use of Students in the University. Second Edmon, Revised
and Enlarged. Crown 8vo. 9s.

A TREATISE OF MAGNEZTISM. Designed for the Use
of Students in the University,. Crown 8vo. 9s. 64,

AIRY (OSMUND)—A TREATISE ON GEOMETRICAL
OPTICS, Adapted for the use of the Higher Classes in
Schools, By OsMUND AIRY, B.A., otie of the Mathematical
Masters in Wellington College, Extra fcap. 8vo. 3. 6d.

BAYMA--THE ELEMENTS OF MOLECULAR MECHA.
NICS. By JosePH BAvMA, S.J., Professor of Philosophy,
Stonyhurst College. Demy 8vo. 10s. 64,

BEASLEY—AN ELEMENTARY TREATISE ON PLANE
TRIGONOMETRY. With Examples. ByR. D. BEASLEY,
M.A., Head Master of Grantham Grammar School., Fifth
Edition, revised and enlarged. Crown 8vo. 3s. 64,

BLACKBURN (HUGH) — ELEMENTS OF PLANE
TRIGONOMETRY, for the use of the Junior Class in
Mathematics n the University of Glasgow. By Huea
BLACKBURN, M, A., Professor of Mathematics in the Univer-
sity of Glasgow, Globe 8vo. 1s. 64.
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BOOLE—Works by G. BooLg, D.C.L., F.R.S., 1ate Professor
of Mathematics in the Queen’s Umvemty, Ireland.
A TREATISE  ON: DIFFERENTIAL EQUATIONS.
Third and Revised Edmon. Edited by 1. TODHUNTER. Crown
8vo. 14s.

A TREATISE ON DIFFERENTIAL EQUATIONS.
Supplementary Volume, Edited by L. ToDHUNTER, Crown -
8vo. 8s. 64,

THE CALCULUS OF FINITE DIFFERENCES.
Crown 8vo. 105, 64, New Edition, revised by J: F,
MoULTON,

BROOK-SMITH (J.)—ARITHMETIC IN THEORY AND
PRACTICE., By ]. Brook-SmiTH, M.A., LL.B.,, St.
John’s College, Cambridge; Barrister-at-Law ; one of the
Masters of Cheltenham College. New Edition, revised.
Crown 8vo, 4. 64,

CAMBRIDGE SENATE-HOUSE PROBLEMS and RIDERS
WITH SOLUTIONS 1—
1875—PROBLEMS AND RIDERS, By A, G, GREENHILL,

M.A, Crown 8vo. 8. 64,

1878—SOLUTIONS OF SENATE-HOUSE PROBLEMS.
. By the Mathematical Moderators and Examiners, Edited by
J. W. L. GLAISHER, M.A, Fellow of Tnmty College,
Cambridge. 125,
CANDLER—HELP TO ARITHMETIC. Designed for the
use of Schools, By H. CANDLER, M.A,, Mathematical
Master of Uppingham School. Extra fcap, 8vo 2s. 64.

CHEYNB—AN ELEMENTARY TREATISE ON THE
PLANETARY THEORY. By C. H. H, CHEYNE, MLA,,
F.R.A.S, With a Collection of Problems. Second Edition.
Crown 8vo., 6s. 6d.

CHRISTIB—A COLLECTION OF ELEMENTARY TEST-
QUESTIONS IN PURE AND MIXED MATHE.
MATICS; with Answers and Appendices on Synthetic
Division, and on the Solution of Numerical Equations by
Horter’s Method. By James R. CHrisTiE, F.R.S., Roya
Milftary Academy, Woolwich, Crown 8vo. 8. 64,

b2
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CLIPPORD—7HE ELEMENTS OF DYNAMIC., An In.
troduction to the Study of Motion and Rest in Solid and Fluid
Bodies. By W. K. CLiFFORD, F.R.S., Professor of Applied

,  Mathematics' and "Mechanics ‘at' University College, London.
Part L.—KINEMATIC. Crown 8vo. %s. 6d.

CUMMING—AN INTRODUCTION TO THE THEORY
OF ELECTRICITY. By LiNnEUs CuMMING, M.A.,
one of the Masters of Rugby School With Illustrations.
" Crown 8vo. 8s. 64,

CUTHBEBRTSON—EUCLIDIAN GEOMETRY. By FRANCIS
CuTHBERTSON, M.A., LL.D., Head Mathematical Master of
the City of London School. Extra fcap. 8vo. 4s. 64.

DALTON—Works by the Rev. T. DALTON, M.A., Assistant
Master of Eton College.

RULES AND EXAMPLESIN ARITHMETIC. New Edi-
tion, 18mo. 25, 6d. [Amswers to the Examples are appended.

RULES AND EXAMPLES IN ALGEBRA. Part 1.
New Edition, 18mo. 2s, Part II.. 18mo. 2s. 64 -

DAY—PROPERTIES OF CONIC SECTIONS PROVED
GEOMETRICALLY. PaArr 1, THE ELLIPSE, with

Problems, By the Rev. H, G. DAy, M,A. Crown 8vo.
3s. 64, i

DRBW—GEOMETRICAL TREATISE ON CONIC SEC-
TIONS. By W. H. Drew,.M.A., St. John’s College,
Cambridge. New Edition, enlarged. Crown 8vo. 5s.

SOLUTIONS T0 THE PROBLEMS IN DREW'S
CONIC SECTIONS. Crown 8vo. 4s. 64,

DYEBR—GRADUATED EXERCISES IN ANALYTICAL
‘ GEOMETRY. Compiled and arranged by J. M. DYEr,
M.A., Senior Mathematical Master in Cheltenham College.

Crown 8vo. . ) [/n preparation.
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EDGAR {J. H.) and PRITCHARD (G. '8.)—NOTE-BOOK"
ON PRACTICAL SOLID OR DESCRIPTIVE “GEOQ-
METRY. 'Containing Problems with help for Sohitions. = By
J. H. Ep6Ar; M, A.; Lecturer on Mechanical Drawitig'at the
Royal School of Mines, and G. S. PRITCHARD:'* Fourth
Edition, revised and enlarged. By ARTHUR MEEZE, Globe
8vo. 4s. 64.

FERRERS8—Works bythe Rev, N. M, FERRERS, M.A.,, Fellow
and Tutor of Gonville and Caius College, Cambridge,

AN ELEMENTARY TREATISE ON TRILINEAR
CO-ORDINATES, the Method of Reciprocal Polars, and
the Theory of Projectors, New Edition, revised. Crown 8vo,
6s, 64,

AN ELEMENTARY TREATISE ON SPHERICAL
HARMONICS, AND SUBJECTS CONNECTED WITH
THEM. Crown 8vo, 7%s. 64,

PROST—Works by PErCIVAL FrosT, MLA., formerly Fellow
of St. John’s College, Cambridge ; Mathematwa.l Lecturer of
King’s College.

AN ELEMENTARY TREATISE ON CURVE TRA-
CING. By PErcivaL Frost, M.A, 8vo. 125,

SOLID GEOMETRY. A New Edition, revised and enlarged

of the Treatise by FRosT and WOLSTENHOLME, In 2 Vols,
Vol. I. 8vo. 16s.

GODPRAY—Workd by HucH GODFRAY, M.A., Mathematical
Lecturer at Pembroke College, Cambridge;

A TREATISE ON ASTRONOMY, for the Use of Colleges
and Schools. New Edition. 8vo. 124, 64

AN ELEMENTARY TREATISE ON THE LUNAR
THEORY, with a Brief Sketch of the Problem up to the'time
of Newton, Second Edition, revised. Crowfi 8vo. §s. 64,

HEMMING—AN ELEMENTARY TREATISE ON - THE
DIFFERENTIAL AND INTEGRAL CALCULUS, for
the Use of Colleges and Schools. By G. W, HeMMING, M.A.,
Fellow of St." John’s College, Cambridge, Second Edition,
with Corrections an@'Additions, * 8v8° 9s; -
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JACKSON — GEOMETRICAL €ONIC SECTIONS. - An
Elementary Treatise in which the Conic Sections are defined
as the Plane Sections of a Cone, and treated by the Method
of Projection, ,.By J. STUART JACKSON, M. A., late Fellow of
Gonville'and Caius'College,' Cambridge, Crown 8vo. 4. 64,

JELLBT (JOHN H.)—-4 TREATISE ON THE THEORY
OF FRICTION. By JonnN H. JELLET, B.D., Senior Fellow
of Trinity College, Dublin; President of the Royal Irish
Academy. 8vo. 8s. 64.

JONES and CHRYNEB—ALGEBRAICAL EXERCISES,

Progressively Arranged. By the Rev. C. A, JoNEs, M.A., and

H. CHEYNE, M.A,, F.R,A.S., Mathematical Masters of
Westminster School. New Edition, 18mo. 2s, 64,

EELLAND and TAIT—/N7RODUCTION TO QUATER-
NIONS, with numerous examples. By P. KELLAND, M.A.,
F.R.S. ; and P, G. Tarr, M,A., Professors in the department
of Mathematics in the University of Edinburgh, Crown 8vo,
‘s, 6d.

KITCHENBR—A GEOMETRICAL NOTE-BOOK, containing
Easy Problems in Geometrical Drawing preparatory to the
Study of Geometry. For the use of Schools. By F, E,
KITCHENER, M.A., Mathemathical Master at Rugby. New
Edition, 4to. 25 -

MAULT—NATURAL GEOQMETRY: an Introduction to the
Logical Study of Mathematics. For Schools and Technical
Classes. With Explanatory Models, based upon the Tachy-
metrical Works of Ed. Lagout. By A. MAULT. 18mo. 1Is.

Models to Illustrate the above, in Box, 125, 64,

MERRIMAN — ELEMENTS OF THE METHOD OF
LEAST SQUARES. By MANSFIELD MERRIMAN, Ph.D.
Professor of Civic and Mechanical Engineering, Lehigh Uni-
versity, Bethlehem, Penn. Crown 8vo, %s. 64,

MILLAR—ZELEMENTS OF DESCRIPTIVE GEOMETRY.
By J. B, MILLAR, C.E., Assistant Lecturer in Engineering in
Owens College, Manchester, Crown 8vo.. 6s.
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MORGAN — 4 COLLECTION OF PROBLEMS AND
EXAMPLES IN MATHEMATICS. With Answers
By H. A, Morgan, M.A,, Sadlerian and Mathematical
Lecturer of Jesus\College, Cambridge. Crown 8vo. 6s, 64,
uuxn—DETERMINANYZS‘ By THoOs. MUIR, Crown 8vo.
[n preparation,
NEWTON’S PRINCIPIA., Edited by Prof. Sir W. THoOMSON
and Professor BLACKBURN, 4to. cloth. 31s. 62,
THE FIRST THREE SECTIONS OF NEWION'S
PRINCIPIA, With Notes and Illustrations, Also a col-
lection of Problems, principally intended as Examples of
Newton’s Methods. By PrrcIvAL FrosT, M.A., Third
. Edition, 8vo, 125,
PARKINSON—Works by S. Parkinson, D.D,, F.R.S., Tutor .
and Pralector of St. John’s College, Cambndge.
AN ELEMENTARY TREATISE ON MECHANICS.
For the Use of the Junior Classes at the University and the -
Higher Classes in Schools, With a Collection of Examples.
New Edition, revised. Crown 8vo. cloth. gs. 64.
A TREATISE ON OPTICS. New Edition, revised and
enlarged. Crown 8vo, cloth. 10s. 64,

PEDLRY—EXERCISES IN ARITHMETIC for the Use of
Schools. Containing more than %,000 original Examples,
By S. PEDLEY, late of Tamworth Grammar School. Crown
8vo. 5 :

PHBAR—ELEMENTARY HYDROSTATICS. With Nu.

. merous Examples. By J. B. PHEAR, M.A,, Fellow and late

Assistant Tutor of Clare College, Cambridge, New Edition.
Crown 8vo. cloth. §s. 64,

PIRIE—LESSONS ON RIGID DYNAMICS. By the Rev.
G. PIRIE, M.A,, Ig§e Fellow and Tutor of Queen’s College,
Cambridge ; Professor of Mathematics in' the University of
Aberdeen. Crown 8vo. 6.

PUCKLB —AN ELEMENTARY TREATISE ON CONIC
SECTIONS AND ALGEBRAIC GEOMETRY. With
Numerous Examples and Hints for their Solution; especially
designed for the Use of Beginners. By G. H. Puckix, M.A.
New Edition, revised and enlarged. Crown 8vo. %s. 64.
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RAWLINSON—ZLEMENTARY STATICS, by the Rev.
GEORGE RAWLINSON, M.A. Edited by the Rev. EDWARD
STurGEs, M.A. Crown 8vo. 4s. 6d. ,

RAYLEIGH ~THE (THEORY OF SOUND. By Lorp
RAYLEIGH, M.A., F.R.S,, formerly Fellow of Trinity College,
Cambridge. 8vo. Vol I. 12s. 64. Vol. IL. 125 6d.

[Vol. 111, in the press.

REYNOLDS—MODERN METHODS IN ELEMENTARY
GEOMETRY. By E. M. ReyNoLDS, M.A., Mathematical
Master in Clifton College, Crown 8vo. 3s. 64.

ROUTH—Works by Eowarp JoHN RouTH, M.A, F.RS,,
late Fellow and Assistant Tutor of St. Peter’s College, Cam-
bridge ; Examiner - in the University of London,

* AN ELEMENTARY TREATISE ON THE DYNAMICS
OF THE SYSTEM OF RIGID BODIES. With numerous
Examples. Third and enlarged Edition, 8vo. 21s.
STABILITY OF A GIVEN STATE OF MOTION,
PARTICULARLY STEADY MOZION, Adams’ Prize
Essay for 1877. 8vo, 8s. 64. .

BMITH—Works by the Rev. BARNARD SMITH, M.A, Rector
of Glaston, Rutland, late Fellow and Seaior -Bursar of St.
Peter’s College, Cambridge,

ARITHMETIC AND ALGEBRA, tn thelr Principles and
Application ; with numerous systematically arranged Examples
taken from the Cambridge Examination Papers, with especial
reference to the Ordinary Examination for the B.A. Degree.
New Edition, carefully revised. Crown 8vo. I0s. 64,
ARITHMETIC FOR SCHOOLS, New Edition, Crown
8vo. 4. 6d.

A KEY TO THE ARITHMETYC FOR SCHOOLS,
New Edition, Crown 8vo, 8s.6d.

EXERCISES IN ARITHMETIC. Crown 8vo. limp cloth,
23, With Answers, 2. 64.

Or sold separately, Part I 1s.; Part IL 15, ; Answers, 64,

SCHOOL CLASS-BOOK OF ARITHMETIC. 18mo.
cloth, 3+

Or sold separately, in Three Parts, 1. each,
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\SMITH Continued—] ‘

KEYS TO SCHOOL CLASS-BOOK OF ARITHMEZIC
Parts 1., 1., and IIL,, 25, 6d. each. i
SHILLING BOOK OF ARITHMETIC FORNATIONAL
AND ELEMENTARY SCHOOLS. 18mo, cloth. Or
separately, Part I, 2d, ; Part IL 3d. ; Part II1, 74, "Answers,
64,

7HE SAME, with Answers complete. 18mo, cloth, 1s. 6d.

KEY TO SHILLING BOOK OF ARITHMEIIC,
18mo. 4s. 64, *

EXAMINATION PAPERS IN ARITHMETIC. 18mo,
1s, 64, The same, with Answers, 18mo. 25, Answers, 64,

KEY TO EXAMINATION PAPERS IN ARITH.
METIC. 18mo. 4. 64,

THE METRIC SYSTEM OF ARITHMETIC, I7S
PRINCIPLES AND APPLICATIONS, with numerous
Examples, written expressly for Standard V. in National
Schools, New Edition, 18mo. cloth, sewed. 34,

A CHART OF THE METRIC SYSTEM, on a Sheet,
size 42 in, by 34'in. on Roller, mounted and varnished, price
35. 64, New Edition, _

Also a Small Chart on a Card, price 1d.

EASY LESSONS IN ARITHMETIC, combining Exercises
in Reading, Writing, Spelling, and Dictation, Part I. for
Standard L in National Schools, Crown 8vo. 9d.,

EXAMINATION CARDS IN ARITHMETIC, (Dedi.
cated to Lord Sandon,) With Answers and Hints,

Standards I. and I in box, 1s. Standards IIL, IV. and V.,
in boxes, 1s. each. Standard VL in Two Parts, in boxes,
1s. each,

A and B papers, of nearly the same difficulty, are given so as to
prevent copying, and the Colours of the A and B papers differ in
each Standard, and from those of every other Standard, so that a

" master or mistress can see at a glance whether the children have the
Proper papers.
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SNOWBALL — 7HE ELEMENTS OF PLANE AND
SPHERICAL TRIGONOMETRY ; with the Construction
and Use of Tables'of Logarithms, By J. C, SNOWBALL, M. A
New Edition, Crown 8vo, 7%s.64d.

SYLLABUS OF PLANE GEOMETRY (corresponding to

_ Euclid, Books I.—VI1.), Prepared by the Association for the .

Improvement of Geometrical Teaching. New Edition, Crown
8vo. 1s.

TAIT and STEBELE—A TREATISE ON DYNAMICS OF
A PARTICLE, With numerous Examples. By Professor
TAIT and MR, STEELE, Fourth Edition, revised. Crown 8vo.
125,

TBBAY —ELEMENTARY MENSURATION FOR
SCHOOLS. With numerous Examples, By SEPTIMUS
TEBAY, B.A., Head Master of Queen Elizabeth’s Grammar
School, Rivington, Extra fcap. 8vo. 3s. 6d.

TODHUNTER—Works by I. ToDHUNTER, M.A., F.R.S., of
St. John’s College, Cambridge.

“Mr. Todhunter is chiefly known to stud: of Math ics as the

mthor of a senes of admirable mathematical text-books, which possess

alities of being clear in style and absolutely free from mistakes,
Aﬂcal or other.”—~SATURDAY REvVIEW.

" THE ELEMENTS OF EUCLID. For the Use of Colleges _

and Schools, New Edition., 18mo. 3s. 64.

MENSURATION FOR BEGINNERS. With numerous
Examples, New Edition. 18mo. 2, 64.

ALGEBRA FOR BEGI/NNERS. With numerous Examples.
New Edition. 18mo. 2 64,

KXKEY TO ALGEBRA FOR BEGINNERS. Crowa 8vo.
6s. 6d.

TRIGONOMETRY FOR BEGINNERS. With pumerous
Examples, New Editlon. 18mo, 2s 64,

KEY 70 TRICOA’OMETRY FOR BEGINNERS,
Crown 8vo. 8s. 64,
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TODHUNTER Confinued—

MECHANICS FOR BEGINNERS. With numerous
Examples, New Edition. 18mo. 4s. 6d,

KEY TO |\ MECHANICS #FOR, BEGINNERS, Crown
8vo, 6s, 64.

' ALGEBRA. For the Use of Colleges and Schools. New
Edition, Crown 8vo. 7s. 6d.
KEY T0 ALGEBRA FOR THE USE OF COLLEGES
AND SCHOOLS. Crown8vo. 10s. 6d.

AN ELEMENTARY TREATISE ON THE THEORY
OF EQUATIONS. New Edition, revised. Crown 8vo,
93, 6d, )

PLANE TRIGONOMETRY. For Schools and Colleges.
New Edition, Crown 8vo. 55

KEY TO PLANE TRIGONOMEIRY. Crown 8vo.
105, 6d.

A TREATISE ON SPHERICAL TRIGONOMETRY,
New Edition, enlarged. Crown 8vo. 4s. 64,

PLANE CO-ORDINATE GEOMETRY, es applied to the
Straight Line and the Comic Sections. With numerous
Examples. New Edition, revised and enlarged. Crown 8vo.
7s. 6d,

A TREATISE ON THE DIFFERENTIAL CALCULUS.
With numerous Examples. New Edition. Crown 8vo.
10s. 64

" A TREATISE ON THE INTEGRAL CALCULUS AND.
175 APPLICATIONS. With numerous Examples. New
Edition, revised and enlarged. Crown 8vo. 10s. 64,

EXAMPLES OF ANALYTICAL GEOMETRY OF
THREE DIMENSIONS. New Edition, revised. Crown
8vo. 4s.

A 7TREATISE ON ANALYTICAL STATICS. With
numerous Examples. New Edition, revised and enlarged
Crown 8vo, 10s. 6d.
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TODHUNTER Continued—

A HISTORY OF THE MATHEMATICAL THEORY
OF PROBABILITY, from the time of Pascal to' that of
Laplace, , 8vo. | 184

RESEARCHES IN THE CALCULUS OF VARIA-
T10NS, principally on the Theory of Discontinuous Solutions :
an Essay to which the Adams Prize was awarded In the
University of Cainbridge in 1871. 8vo. 6s.

A HISTORY OF THE MATHEMATICAL THEORIES
OF ATTRACTION, AND THE FIGURE OF TRHE
EARTH, from the time of Newton to that of Laplace. 2 vols.
8vo, 24s. .

AN ELEMENTARY TREATISE ON LAPLACE'S,
LAME'S, AND BESSELS FUNCTIONS. Crown 8vo.
105, 6d.

WILSON (J. M.)—ELEMENTARY GEOMETRY. Books

1. to V. Containing the Subjects of Euclid’s first Six
Books, Following the Syllabus of the Geometrical Association.
By J. M. WiLsoN, M.A., Head Master of Clifton College,
New Edition. Extra fcap, 8vo. 4s.-6d.

SOLID GEOMETRY AND CONIC SECTIONS. With
Appendices on Transversals and Harmonic Division, For the
Use of Schools. By J. M, WiLsoN, M.A. New Edition,
Extra fcap, 8vo, 3+ 6d.

WILSON—GRADUATED EXERCISES IN PLANE TRI-

GONOMETRY. Compfled and arranged by J. WILsoN,
M.A., and S. R, WILsON, B.A, ‘Crown 8vo. 4s. 64,

“ The exercises seem beautifully uated and adapted to lead a student
ocn‘:gsg dg‘:‘mly and pleasantly.”—E. J. RoutH, F.R.S., St. Peter’s College,
Jel

‘WILSON (W. P)—A TREATISE ON DYNAMICS. By

W. P, WiLsoN, M.A., Fellow of St. John’s College, Cam-
bridge, and Professor of Mathematics in Queen’s College, -
RBelfast. 8vo. 9s. 64,
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WOLSTENHOLME—MATHEMATICAL PROBLEMS, on
Subjects included in the First and Second Divisions of the
Schedule of Subjects for the Cambridge Mathematical Tripos
Examination, , Devised and arranged by JosePH WOLSTEN-
HOLME, late Fellow of Christ’s College, sometime Fellow of
St. John’s College, and Professor of Mathematics in the Royal
Indian Engineering College, New Edition greatly enlarged.
8vo. 18s.

’

SCIENCE.

SCIENCE PRIMERS FOR ELEMENTARY
’ SCHOOLS.
Under the joint Editorship of Professors HuxLEY, ROsCOE, and
BALFOUR STEWART,
¢‘ These Primers are ly simple and ive, and th ghly
their purpose of just ludmg the young beginner up to the thresh-

answer
old of the long avenues in the Palace of Nature which these titles suggest."
—GUARDIAN,

“‘ They are wonderfully elear and lucid in their instruetion, simple in
style, and admirable in plan. "—EDUCATIONAL

INTRODUCTORY _By T. H. HUXLEY, F.R.S., Professor of
Natural History in the Royal School of Mines, 18mo. 1s,

" cEEMISTRY — By "H. E. Roscor, F.R.S., Professor of

Chemistry in Owens College, Manchester, With numerous

Ilustrations. 18mo. Is. New Edition, With Questions,
¢ A very model of perspieacity and *=C AND Drug-
GIST.

PHYBSICS By BALFOUR S'mWAxT, F.R.S., Professor of Natural
Philosophy in Owens College, thchwter ‘With numerous
Tlustrations. I18mo. 1s. New Edition.. With Questions,

PHYBIOAL GEOGRAPHY—By ARCHIBALD GrIKIE, F.R.S.,
Murchison Professor of Geology and Mineralogy at Edin-
burgh., With numerous Illustrations. New Edition, with

Questions, 18mo. Is.
“Evu'yoeo gf his lessons is marked by simplicity, clearness, and

GEOLOGY — By Professor Gerkig, F.RS. With numerous
Illustrations, New Edition. 18mo. cloth. 1s.

*¢ It is hardly possible for the dullest child to misund d the
of a classification of stones after Professor Geikie’s explanation. —Scnoot.
Boaxrp CuronicLz,
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SOIENCE PRIMERS Confinsued— .
PHYSIOLOGY—By MicHAEL FosTer, M.D,, F.R.S. With
numerous Ilustrations, New Edition. 18mo. 1s.

¢« The book seems to us to Jeave nothing to be desired as an elementary
text-book. "—~AcADEMY,

ASTRONOMY — By J. NoORMAN Locxun, F.R.S. With
numerous Illustrations.. New Edition. 18mo. 'Is.
¢This is altogether one of the most likely attempts we have ever seen to
bring astronemy down to the capacity of the young child.”—Scroon
BoARD CHRONICLE,
BOTANY—By Sir J. D. Hooker, K.C.S.I,, C.B,, F.R.S.
With numerous Iflustrations. New Edition. 18mo, 1Is.
“To ﬁ:fachm tha' Primer wil.l be of inuﬁ;nble value, and m:nly

plicity of the and with wi the

matter is , but a.lso on of its coming from the highest

lnkfwnty, and so fnrmthg positive information as to the most suitable
methods of b »—NATURE.

LOGIO—By Professor STANLEY Jnvons, F.R.S. New Edmon.

18mo. Xs.

“It dmi med to m both uminhbducuon
to menuﬁemsonmg and &s & to sodnd

in the ordinary affairs of life.”—AcAD

POLITICAL ECONOMY—By Professor STANLEY JEVONS,
F.R.S. -18mo. 1s.
“Un uestionably in every respect an admirable primer.”’~—Scmootr

HRONICLE.
In preparation :—
ZOOLOGY, By Professor HUXLEY., &c. &ec.

ELEMENTARY CLASS-BOOKS.

ASTRONOMY, by the Astronomer Royal. '
POPULAR ASTRONOMY, With Ilustrations, By Sir
G. B. Ay, K.C.B,, Astronomer Royal. New Edition,
18mo. 4s. 6d.

ASTRONOMY. )
ELEMENTARY LESSONS IN ASTRONOMY. With
Coloured Diagram of the Spectra of the Sunm, Stars, and
Nebulxe, and numerous IHustrations, By J. NORMAN LOCKYER,
F.R.S. New Edition, Fcap. 8vo. 5+ 64,

“Full, clear, sound, and worthy of attention, not only as s popular
ex;ositi+n, but as a ssientific * Index.’ "—ATHENXUM,
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ELEMENTARY OLASS-BOOKS Continutd—
QUESTIONS ON LOCKYERS ELEMENTARY LES-
SONS IN ASTRONOXYY. For the Use of Schools. By
JorN ForBES‘ROBERTSON, C¥8mo_ cloth imp, 1s. 64l

PHYSIOLOGY.
LESSONS IN ELEMENTARY PHYSIOLOGY. With
numerous Illustrations, By T. H. HuxLry, F.R.S,, Professor
of Natural History in the Royal School of Mines, New
Edition. Fcap. 8vo. 4s. 64.

¢¢ Pure gold thtouzhmxt.'—Gvnmm
 chi e TS REviEw,
on this subject that wopoumin any language,”

QUESTIONS ON HUXLEY’'S PHYSIOLOGY FOR
SCHOOLS. By T. ALcock, M.D. 18mo. 1s. 6.

BOTANY.
LESSONS IN ELEMENTARY BOTANY, By D.
OLIvER, F.R.S., F.L.S., Professor of Botany in University
College, London, With nearly Two Hundred Ilustrations.
New Edition, Fcap. 8vo. 4. 64,

OCHEMISTRY,
LESSONS IN ELEMENTARY CHEMISTRY, IN-
ORGANIC AND ORGANIC. By Henry E. RoOSCOE,
F.R.S., Professor of Chemistry in Owens College, Manchester.
With numerous Illustrations and Chromo-Litho of the Solar
Spectrum, and of the Alkalies and Alkaline Earths. New
Edition, Fcap. 8vo. 4. 64,

44 As a standard general text-book it deserves to take a leading place,”—
SPECTATOR.

¢ We unhesitatingly ounce it the best of all our elemrentary treatises
on Chemistry.”- “ﬁgmlm'l‘m:s

A SERIES OF CHEMICAL PROBLEMS, prepared with
Special Reference to the above, by T. E. Thorpe, Ph.D.,
Professor of Chemistry in the Yorkshire College of Science,
Leeds, Adapted for the preparation of Students for the
Government, Science, and Society of Arts Examinations. With
a Preface by Professor RoscoR. New Editlon, with Key.
18mo. 24,
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BLEMENTARY OLASS-BOOKS Conts‘ud—

POLITICAL BCONOMY.
POLITICAL ECONOMY FOR BEGINNERS. By
MILLICENT G, FAWCETT. New Edition. 18mo. 25 64

¢ Clear, eompact, and comprehensive.”—DAILy Nxws,
“'.l'herelanons d‘elptuhmd labour have never been mere nll[iyot
more clearly expounded.”—CONTEMPORARY REVIEW.

LOGIC.
ELEMENTARY LESSONS IN LOGIC ; Deductive and

" Inductive, with copious Questions and Examples, and a
Vocabulary of Logical Terms. By W. STANLEY JEVONS, M.A.,
_Professor of Political Economy in University College, London.
New Edition. Fecap, 8vo. 3s. 64.
¢ Nothing can be benu for & school-book. "—GUARDIAN.
¢ A manual alike simp ng, and ific, "—ATHENZUM,
81C
PaY LESSONS IN ELEMENTARY PHYSICS., By BALFOUR
STEWART, F.R.S., Professor of Natural Philosophy in Owens
College, Manchester. With numerous Illustrations and Chromo-
litho of the Spectra of the Sum, Stars, and Nebnlxe New
Edition. Feap. 8vo. 4s. 64.

¢¢The beau-ideal of a scientific text-book, clear, accurate, and thorough.”
—EDUCATIONAL TiMES.

PRACTICAL CHEMISTRY,
THE OWENS COLLEGE $UNIOR COURSE OF
PRACTICAL CHEMISTRY. By FRANCIS JONES, Chemical
Master in the Grammar School, Manchester. With Preface by
Professor RosCOE, and Illustrations, New Edition. 18mo.

. 25, Gd.

CHEMISTRY.
QUESTIONS ON CHEMISTRY. A Series of Problems
and Exercises in Inorganic and Organic Chemistry. By
Francis Jonzs, F.R.S.E,, F.C.S., Chemical Master in the
Grammar School, Manchester. Fcap. 8vo. 3s.

ANATOMY.
LESSONS IN ELEMENTARY ANATOMY. By ST,
GEORGE MIVART, F.R.S., Lecturer in Comparative Anatomy
at St. Mary’s Hospital. With upwards of 400 Illustmﬁons.
Fcap, 8vo, 6s. 64,

“It may be questioned whether any other work on anatamy | eontains in
like compass so proportionately great a mass of information.”—LANCRT.

“‘'The werk is exeellent, and should be in the hands of every studeat of
human anatomy.”—MEzDICAL
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ELEMENTARY OLASS-BOOKS Continucd—

MECHANICS OF MACHINERY,
AN ELEMENTARY TREATISE. By A. B. W,
KeNNEDY; \M. Inst; CiE Professor-of Engineering and Me-
chanical Technology in University College, London. With
Tlustrations. [ the press.

STEAM. .
AN ELEMENTARY TREATISE. By JoHN PERRy,
Professor of Engineering, Imperial College of Engineering,
- Yedo. With numerous Woodcuts and Numerical Examples
- and Exercises. l8mo. 4s. 6d.,
“ The young engi and those seeking for a hensive k

ofthouse.pom,andewmmyofsmm,eouldmhvo.muﬁl

work, as it is very intelligible, well arranged, and practical throughout,”—
IRONMONGER.

PHYSICAL GEOGRAPHY.
ELEMENTARY LESSONS IN PHYSICAL GEO- .
GRAPHY. By A. GeIkig, F.R.S.,, Murchison Professor -
of Geology, &c., Edinburgh. With numerous Illustrations.
Fcap. 8vo. 4s, 6d.

QUESTIONS ON THE SAME. 1s. 6d.

GEBOGRAPHY.
CLASS-BOOK OF GEOGRAPHY. By C, B.CLARKE, M.A.,
F.R.G.S. Fcap. 8vo. New Edition, with Eighteen Coloured
Maps, 3s.

NATURAL PHILOSOPHY.
NATURAL -PHILOSOPHY FOR BEGINNERS., By
1. TopHUNTER, M.A., F.R.S:. Part L. The Properties of
Solid and Fluid Bodies. 18mo. 3s. 64.
Part IL. Sound, Light, and Heat. 18mo. 3s. 6d.

MORAL PHILOSOPHY.
AN ELEMENTARY TREA ZISE. By Prof. E. CAIRrD,
of Glasgow University, [/n prevaration.

ELECTRICITY AND MAGNETIMS,
ELEMENTARY LESSOMNS IN ELECTRICITY AND
MAGNETISM. By Prof. SYLVANUS THOMPSON, of Uni-
versity College, Bristol. With Illustrations, [/ preparation.
(3
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BLEMENTARY CLASS BOQOKS Confinued.
S8OUND.

AN ELEMENTARY TREATISE. By W. H. STONE,
M.B. \ With INustrations.18mo; 35, 6d.

PBYCHOLOGY.

" ELEMENTARY LESSONS IN PSYCHOLOGY. ByG.
CroOM ROBERTSON, Professor of Mental Philosophy, &c.,
University College, London. [7n preparation.

AGRICULTURE—ELEMENTARY LESSONS IN AGRI-
CULTURE. By H. TANNER, F.C.S., Professor of Agri-
cultural Science, University College, Aberystwith,

[/n preparation.

MARSHALL—7HE ECONOMICS OF INDUSTRY. ByA.
MArsHALL, M.A., late Principal of University- College,
Cheltenham, and MARY P. MARSHALL, late Lecturer at
Newnham Hall, Cambridge. Extra fcap. 8vo. 2s. 6d.

“‘The book is of sterling value, and will be of great use to students and
teachers.” —ATHENZEUM.

Others in Preparation,

MANUALS FOR STUDENTS.

Crown 8vo.

DYER AND VINES—7HE STRUCTURE OF PLANTS. By
Professor THISELTON DYER, F.R.S., assisted by SYDNEY.
Vings, B.Sc., Fellow and Lecturer of Christ's College,
Cambridge. With numerous Illustrations.  [/» pregaration.

PAWCETT —A MANUAL OF POLITICAL ECONOMY.
By Professor FAWCETT, M.P. New Edition, revised and
enlarged. Crown 8vo. 12s. 6d. .

FLEISCHER—A SYSTEM OF VOLUMETRIC ANALY-
S7S. Translated, with Ndtes and Additions, from the second
German Edition, by M. M. PATTISON MUIR, F. R.S.E With
Tlustrations, Crown 8vo. 7s. 64
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MANUALS FOR STUDBNTS Conlinusd.

PLOWER (W. H.)—AN INTRODUCTION TO THE OSTE.
OLOGY OF THE MAMMALIA. Being the substance of
the Course\/of/\ Lectures delivered (at, the Royal College of
Surgeons of England in 1870. By Professor W. H, FLOWER,
F.R.S., F.R.C.S. With numerous Illustrations., New Edition,

enlarged. Crown 8vo. 10s. 6a.

POSTER and LANGLEY—A COURSE OF ELEMENTARY
PRACTICAL PHYSIOLOGY, By MICHAEL FOSTER,
M.D., F.RS., and J. N, Lanarzy, B.A. New Edznon.
Crown 8vo. 6:

HOOXHR—THE STUDENT'S FLORA OF THE BRITISH -
ISLANDS. By Sir J. D, Hooksr, K.C.S.L, C.B.,
F.R.S.,, M.D,, D.C.L. New Edition, revised. Globe 8vo.
xos. 6d

HUXLEY—PHYSIOGRAPHY. An Introduction tothe Study of
Nature, By Professor HuxLEY, F.R.S. With numerous Ilus-
trations, and Coloured Plates. New Edition, Crown 8vo. 7s.6d.

HUXLEY and MARTIN—A COURSE OF PRACTICAL
INSTRUCTION IN ELEMENTARY BIOLOGY. By
Professor HuxLgy, F.R.S., assisted by H. N. MARTIN, M B.,
D.Sc. New Edition, revised. Crown 8vo. 6s.

HUXLEY and PARKER— ELEMENTARY BIOLOGY.
PART 11, By Professor HuxrLgy, F.R.S., assisted by
T.J. PARKER. With Illustrations, [2n preparation.

JBVONS—THE PRINCIPLES OF SCIENCE. A Treatise
on Logic and Scientific Method. By Professor W, STANLEY
Juvons, LL.D,, F.R.S. New and Revised Edition. Crown
8vo/ 12s. 64.

EXERCISES IN DEDUCTIVE LOGIC. By Professor
W, STANLEY JEVONS, LL.D., F.R.S. Crown 8vo.
' [ L9 the press.
OLIVER (Professor)—FI/RST BOOK OF INDIAN BOTANY.
By Professor DANIEL OLIVER, F.R.S., F.L.S., Keeper of
the Herbarium and Library of the Royal Gardens, Kew.
‘With numerous Illustrations, Extra fcap. 8vo. 6s. 64, -
¢ 2
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MANUALS FOR STUDENTS Confinsied—

PARKER and BETTANY — 7HE MORPHOLOGY OF
THE SKULL. By Professor PARKER and G. T. BETTANY,
Tllustrated.// Crown) 8vol_O10s,(6d,

TAIT—AN ELEMENTARY TREATISE ON HEAZ., By
Professor TAIT, F.R.S.E. Tllustrated. [Zn the press.

THOMSBON—ZO00LOGY. By Sir C, WyviLLx THoMSON, F.R.S,
Tlustrated. [£n preparation,

TYLOR—ANTHROPOLOGY. An Introduction to the Study of
Man and Civilisation. By E. B. TyLor, M.A., F.R.S.
Illustrated. [/m the press.

Other volumes of these Manuals will follow.

SCIENTIFIC TEXT-BOOKS.

BALPOUR—A TREATISE ON COMPARATIVE EMBRY-
OLOGY. With Illustrations. By F. M. BALFoUR, M.A.,
F.R.S., Fellow and Lecturer of Trinity College, Cambridge.
In 2 vols. 8vo. Vol L 18s. now ready. [Vl I in the press.

BALL (R. 8., A.M.)—EXPERIMENTAL MECHANICS. A
Course of Lectures delivered at the Royal College of Science
for Ireland. By R. S. BALL, A.M., Professor of Applied
Mathematics and Mechanics in the Royal College of Science
for Ireland, Royal 8vo. 16s. ,

OLAUBIUS—MECHANICAL THEORY OF HEAT. ByR.
CrAusius, Translated by WALTER R. BRowNE, M.A., late
Fellow of Trinity College, Cambridge. Crown 8vo. 10s. 64.

DANIEBLL—A TREATISE ON PHYSICS FOR MEDICAL
STUDENTS. By ALFRED DANIELL, With Illustrations.
8vo, [Zn preparation.

YOSTBR—A TEXT-BOOK OF PHYSIOLOGY. By MICHAEL
Foster, M.D,, F.R.S. With Illustrations, Third Edition,
revised. 8vo. 21s.
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BCIENTIPIC TEXT-BOOKS Confistucd—

GAMGEE —4 TEXT-BOOK, SYSTEMATIC AND PRAC.
TICAL, OF, THE PHYSI0LOGICAL CHEMISTRY OF
THE ANIMAL BODY. Including the changes which the
Tissues and Fluids undergo in Disease. By A. GAMGEE,
M.D., F.R.S., Professor of Physiology, Owens College,
Manchester. 8vo. [, the press.

GBGENBAUR—ELEMENTS OF COMPARATIVE ANA-
TOMY. By Professor CARL GEGENBAUR. A Translation by
F. JerFREY BELL, B.A. Revised with Preface by Professor
E. RAY LANKESTER, F.R,S. With numerous Illustrations.
8vo. 2Is. '

GBIKIB—7EX7-BOOK OF GEOLOGY. By ARCHIBALD
GEIKIE, F.R.S., Professor of Geology in the University of
Edinburgh. With numerous Illustrations. 8vo, [/ Zke press.

GRAY—STRUCTURAL BOTANY, OR ORGANOGRAPHY
ON THE BASIS OF MORPHOLOGY. To which are
added the principles of Taxonomy and Phytography, and a
Glossary of Botanical Terms. By Professor AsA GRAY,
LL.D. 8vo. 105 6d. ’

NEWCOMB—POPULAR ASTRONOMY. By S. NEWCOMS,
LL.D., Professor U.S. Naval Observatory. With 112 Illus-
trations and § Maps of the Stars, 8vo. 18s.

“* It is unlike anything else of its kind, and will be of more use in cir-
mhung-knowledgeofamonm than nine-tenths of the books which
have appeared onthamb]ectofhuym"—smydayxmw

REULBAUX — THE KINEMATICS OF MACHINERY.

" Outlines of a Theory of Machines, By Professor F. REULEAUX,

Translated and Edited by Professor A. B. W. KENNEDY,
C.E. With 450 Dllustrations, Medium 8vo. 21s.

ROSBCOE and SCHORLEMMER'— /NORGANIC CHEMIS-
ZRY. A Complete Treatise on Inorganic Chemistry., By
Professor H. E. Roscog, F.R.S., and Professor C. SCHOR-
LEMMER, F.R.S. With numerous Illustrations, Medium 8vo.
Vol. 1.—The Non-Metallic Elements, 21s, Vol. II.—Metals,
Part I. 18s. Vol. IL, Part II.—Metals, 18s.
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SCIBNTIPIC TEXT-BOOKS Continued— ‘
ORGANIC CHEMISTRY. A complete Treatise .on Or-
ganic Chemistry. By Professors RosCOE and SCHORLEMMER.
With numerous Illustrations. | | Medium 8vo, [/n the press.

SCOHORLEMMER—A MANUAL OF THE CHEMISTRY OF
THE CARBON COMPOUNDS, OR ORGANIC CHE-
MISTRY. By C. SCHORLEMMER, F.R.S., Professor of
Chemistry, Owens College, Manchester. With INustrations.
8vo. 14,

THORPE AND RUCKER—A TREATISE ON CHEMICAL
*  PHYSICS. By Professor THORPE, F.R.S., and Professor
RUCKER, of the Yorkshire College of Science. Ilustrated.

- 8vo, . [ 2% preparation.

NATURE SERIES.

‘THE SPECTROSCOPE AND ITS APPLICATIONS. By
" J. NorMAN LockYER, F.R.S, With Coloured Plate and
numerous Illustrations. Second Edition. Crown 8vo, 3s. 64,

' THE ORIGIN AND METAMORPHOSES OF INSECTS.
By Sir Joun LusBock, M.P., F.R.S., D.C.L. With nume-
rous Illustrations, Second Edition, Crown 8vo. 3s. 64.

THE TRANSIT OF VENUS. By G. Fomsrs, M.A., Pro-
fessor of Natural Philosophy in the Andersonian University,
Glasgow., Illustrated. Crown 8vo. 3s. 6.

THE COMMON FROG., By ST. GEORGE MIvArT, F.R.S.,
Lecturer in Comparative Anatomy at St. Mary’s Hospital,
‘With numerous Illustrations. Crown 8vo. 3s. 64,

POLARISATION OF LIGHT, By W. SPOTTISWOODE, P.R.S.
With many Illustrations. Second Edition. Crown 8vo.
3. 6d.

ON BRITISH WILD FLOWERS CONSIDERED IN RE.
LATION TO INSECTS. By Sir Jonn Lussocx, M.P.,
F.R.S. With numerous Illnstrations. Second Edition. Crown
8vo, 4s.6d. '

tom—.
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NATURE SEBRIES Confiswed—

THE SCIENCE OF WEIGHING AND MEASURING, AND
THE STANDARDS OF MEASURE AND WEIGHT.
By H. W, CuisHOLM, Warden of, the Standards, With
numerous Illustrations, Crown 8vo. 4s. 64.

HOW TO DRAW A STRAIGHT LINE: a Lecture on Link-
ages, By A. B, Kempr, With Ilustrations, Grown 8vo. Is. 6d.

LIGHT: a Series of Simple, entertaining, and Inexpensive Expe-
riments in the Phenomena of Light, for the Use of Students of
every age. By A. M. MAYER and C. BARNARD, Crown 8vo,
with numerous Illustrations. 2s. 64.

SOUND : a Series of Simple, Entertaining, and Inexpensive Ex-
periments in the Phenomena, of Sound, for the use of ‘Students
of every age. By A. M. MAVYER, Professor of Physics in
the Stevens Institute of Technology, &c. Wxth numerous
Illustrations, Crown 8vo, 3s. 6d.

SEEING AND THINKING. By Professor W. K. CLIFFORD,
i+ F.R.S. With Diagrams. Crown 8vo. 3s 6d.

DEGENERATION—By Prof. E. RAay LANKESTER, F.R.S,
With Ilustrations. Crown 8vo. 2s. 6d.

Other wolumes to follots.

EASY LESSONS IN SCIENCE.
Edited by Prof. W. F, BARRETT.

HEAT. By Miss C. A. MARTINEAU. Illustrated. Extra fcap.
8vo. as. 6d. .

LIGHT, By Mrs. AwWDRY, Illpstrated. 2s. 6d.
ELECTRICITY. By Prof. W. F. BARRETT, {/# przparation.

SCIENCE LECTURES AT SOUTH
KENSINGTON.

VOL, 1, Containing Lectures by Capt. ABNEY, Prof. STOKES,
Prof. KENNEDY, F. G. BRAMWELL, Prof. G. Forses, H. C.
Sorsy, J. T. BorroMLEy, S. H. ViNEs, and Prof, CAREY
FosTER., Crown 8vo. 6s,
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VOL. 11. Containing Lectures by W. SPOTTISWOODE, - P.R.S.,
Prof. ForBEs, Prof. P1coT, Prof. BARRETT, Dr. BURDON-
SANDERSON, Dr. LAUDER BrUNTON, F.R.S., Prof. Roscog,
and others, Crown 8vo. '6s.

. MANCHESTER' SCIENCE LECTURES
FOR THE PEOPLE.

Eighth Series, 1876-7. Crown 8vo. Illustrated. 6d. each.
WHAT THE EARTH IS COMPOSED OF. By mem
Roscog, F.R.S.
THE SUCCESSION OF LIFE ON THE EARTH. By
Professor WiLLIAMSON, F.R.S.
WHY THE EARTH'S CHEMISTRY IS AS IT IS. By
J. N. LockYkg, F.R.S.
Also complete in One Volume, Crown 8vo, cloth, 2s.

ALEXANDER—ELEMENTARYAPPLIED MECHANICS;
being the simple and more practical Cases of Stress and Stiain

4 wrought out individually from first principles by means” of
Elementary Mathematics. By T. ALEXANDER, C.E., Professor
of Civil Engineering in the Imperial College of Engmeenng,
Tokel, Japan. Crown 8vo. 4. 6d.

B!-ANPORD—T 'HE RUDIMENTS OF PHYSICAL GEO-
GRAPHY FOR THE USE OF INDIAN SCHOOLS; with
a Glossary of Technical Terms employed. By H. F. BLANFORD,
F.R.S. New Edition, with Illustrations. Globe 8vo, 2s. 64.

EVERETT—UNITS AND PHYSICAL CONSTANTS. By
J. D. Everert, F.R.S., Professor of Natural Philosophy,
Queen’s College, Belfast. Extra fcap. 8vo, 4s. 64,

GBIRIB—OUZLINES OF FIELD GEOLOGY. By Prof.
GEIKIE, F.R.S. With Illustrations, Extra fcap. 8vo. 3s.6d.

GORDON—AN ELEMENTARY BOOK ON HEAT.' By
J. E. H. GorDoN, B.A., Gonville and Caius College, Cams
bridge. Crown 8vo. 2s.




HISTORY. u

LANDAUBR_BLOWPIPE ANALVSIS. By ]. LANDAUER.
Authorised English Edition by J. TAYLOR and W. E, Kavy, of
Owens College, Manchester. Extra fcap. 8vo. 4. 64. '

MUIR—PRACTICAL \ CHEMISTRY. FOR MEDICAL STU-
DENTS. Specially arranged for the first M.B. Course. By

T M. M. PATTISON MUIR, F.R.S.E. Feap. 8vo. 1s.6d.

' M’KENDRICK—OQUZTLINES OF PHYSIOLOGY IN ITS

" RELATIONS TO MAN: By J. G. MKENDRICK, M.D,

F.R.S.E, With Illustrations. Crown 8vo. 12s. 6d.

MIALL—S7TUDIES IN COMPARATIVE ANATOMY.
No. I.—The Skull of the Crocodile : a Manual for Students,
By L. C. M1aLL, Professor of Biology in the Yorkshire College
and Curator of the Leeds Museum. 8vo. 2s. 6d.
No. IL—Anatomy of the Indian Elephant, By L. C. MIALL
and F. GREENWoOD, With Illustrations. 8vo. 5. .

SHANN—AN KELEMENTARY TREATISE ON HEAT, IN
RELATION TO STEAM AND THE STEAM-ENGINE.
By G. SuHANN, M.A, With Illustrations. Crown 8vo, 4. 64,

WRIGHT—METALS AND THEIR CHIEF INDUSTRIAL
APPLICATIONS. By C. ALbEr WRIGHT, D.Sc., &c.
Lecturer on Chemistry in St. Mary’s Hospital Medical School,
Extra fcap, 8vo. 3s. 64,

HISTORY.

ARNOLD—7HE ROMAN SYSTEM OF PROVINCIAL

T ADMINISTRATION TO THE ACCESSION OF CON-
STANTINE THE GREAT. By W. T. ArNoLD, B.A,
Crown 8vo. 6s.

_"Ought to prove a valuable handbook to the student of Roma

history,”—GUARDIAN.

BERSLY—S7ORIES FROM THE HISTORY OF ROME,
By Mrs. BEESLY. Fcap. 8vo. 2s. 64.

“The attempt appears to us in every way successful. The stories are
interesting in themselves, and are told with perfect simplicity and good
feeling.””—DAILY NEWS.

FREEMAN (EDWARD A.)—OLD-ENGLISH HISTORY.,
By EpwarbD A. FrEEMAN, D.C.L., LL.D,, late Fellow of
Trinity College, Oxford. With Five Coloured Maps, New
Edition. Extra fcap. 8vo. balf-bound. 6s, -

v
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SRBEN—A SHORT HISTORY OF THE £ENGLISH

PEOPLE. ByJoHN RICHARD GREEN, M.A., LL.D. With
Coloured Maps, Genealogical Tables, and - Chronological

Annals. Crown 8vo. 8s. 64, Sixty-third Thousand.
““ Stanids/alone| as the one general history of the country, for the sake
of which all others, if young and old are wise, will be sp.edlly m:ely
set aside,”—ACADEMY.

READINGS FROM ENGLISH HISTORY. Selected
and Edited by JoHN RicHARD GREEN, M.A.,, LL.D,,
Honorary Fellow of Jesus College, Oxford. Three Parts.
Globe 8vo. 1s. 64. each. I Hengist to Cressy. IL Cressy
to Cromwell. III. Cromwellto Balaklava.

QUBST—LECTURES ON THE HISTORY OF ENGLAND.

By M. J. Guest. With Maps. Crown 8vo, 6s,
““It is not too much to assert that this s one of the very best class books
of English History for young students ever published.”’—ScoTsMAN.

HISTORICAL COURSE POR S8CHOOLS—Edited by

EDWARD A. FREEMAN, D.C.L., late Fellow of Trinity
College, Oxford.

' . 1. GENERAL SKETCH OF EUROPEAN HISTORY.

'By EDWARD A, FrEEMAN, D.C.L. New Edition, revised

and enlarged, with Chronological Table, Maps, and Index,

" 18mo. cloth. 3s. 64,

“ It supplies the tvmdagoodfmdmforhsmulmhmg
The scme isan eg:lmt one, and this instalment has been ueaned n

. a way that promises much for the volumes that are yet to appear.”—

EpucationaL TiMes,

II. HISTORY OF ENGLAND. By EpITH THOMPSON,
New Edition, revised and enlarged, wit' Maps. 18mo. 25 6d.
1II. HISTORY OF SCOTLAND. By MARGARET

. MacaxTuur, New Edition. = 18mo. 2s.

(1] An 11 hahl a.lld wm'n‘ ‘h_
in the clearest and most :mpamal light ntmmble%wﬂnun

" IV. HISTORY OF ITALY. By the Rev. W. HUNT, M.A,

18mo. 3.

* It possesses the same solid merit as its predecessors . . the same
serupulous care about fidelity in details. . Itis dlsllnﬁ:lshﬂi tno,
information on architecture, and socml pohucs, in which the wmus
gllsp is seen by the firmness and clearness of his touch”—EDUCATIONAL

MRS.

V. HISTORY OF GERMANY. By ]. Smmx, M.A.

18mo, 3.

“‘A yemarkably clear and impressive history of Germany. Its great
events are wisely kept as central and the smaller events are care-
fully kept, not only snbotdmnto subservtent, but most skilfully woven
into the of the bk pestry pr d to the eye."—
STANDARD. :
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'BISTORICAL COURSE POR BCHOOLS Continued—
V1. HISTORY OF AMERICA. By JOHN A. DOYLE.
With Maps. 18mo. 4. 6a
*“ Mr. Doyle has performed his task with admirable care, fulness, and
dearne- and, for/the first time we have forachools an accurate and inter-

esting history of Ameries, from the ‘esrliest to the present time.”—
STANDARD.

EUROPEAN COLONIES By E. J. PAYnNE, M.A. With

Maps. 18mo. 4s. 64.
““We have seldom met with an lnstoru.n upuble of forming a more

comprehersive, far- and oﬁ events and
peopleﬂ, and we can commend this litile work as one certain to prove of
the h to all thoughtful readers. "*—Timxs.

_FRANCE By CHARLOTTE M. YONGE. With Maps. 18mo.

“An admirable text-book for the lecture room.”—AcapEmy.
GREECE. By EDWARD A. FREEMAN, D,C.L.

[In preparation.
ROME. ByEDWARD A. memm, D.C.L. [/n greparation.

sn'romt PRIMERS—Edited by JoHN RICHARD GREEN,
Author of ‘A Short History of the English People.”
ROME. By the Rev. M. CRrEIGHTON, M.A., late Fellow’
and Tutor of Merton College, Oxford. With Eleven Maps.
I&‘m’}-‘he alu‘thor has been curiously successful in telling in an intelli-
zvaythsmryofkomefmnﬁnt last.”-~-ScHoOL ‘BoARD
RONICLE.
GREECE. By C. A. Fyrrz, M.A., Fellow and late Tutor
of University College, Oxford. With Five Maps. 18mo, 1s.
“We give our unqualified praise to this little manual.,”—-Scmoor-
MASTER.
EUROPEAN HISTORY. By E. A. anuu. D.C L.
LL.D. With Maps, 18mo. 1s.
“The work is always clear, and forms a lumi koy to K
history.”—ScHoot Boarp CHRONICLE. :
GREEK ANTIQUITIES. Bythe Rev. J. P. MAHAFFY,

M.A. Dlustrated. 18mo. 1s.

“ All that is necessary for the scholum know is told so compaetly yet
so fuily, aod in a style so itis i ible for even the
dullest boy 10 look on this little work in tha same light as he regards his
other school books. "—SCROOLMASTER.

CLASSICAL GEOGRAPHY. By H. F. Tozzr, M.A.

18mo. Is.

“‘ Anothe? valuable aid to, the study of the ancient would. .
contains an enormous quantity of information packed into a wll
aBnduthanmomw—mnuhd mlvuyuuhb Ihlpe. io

ULL.
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HISTORY PRIMERS Continued—
GEOGRAPHY. By GEORGE GROVE, D.C.L. With Maps.
18mo. . 1s.

““ A model of what such a work-should be . . . . we know of no short
treatise better'suited ‘to infuse hfemdtpmtmto thodnllhma(pmpet
nnmesof;hlchonrotdmxrychn so often almost exclusively
consist. "—T1Mes.

ROMAN ANTIQUITIES. By Professor WILKINS, Illus-
trated. 18mo. 1s.

“Allttlebookthatthmsabhleof light on R .Histoq.und
is, y ting, "’ +=Schgpol Board Chronicle.
FRANCE. By CHARI.OTTR M. YonGE. 18mo. 1Is.
¢ May be considered a wonderfully successful piece of work. . It

general merit as a vigorous a.nd clear sketch, giving in a small spaoe a
Rﬂd idea of the history of France, remains undeniable.””—~SATURDAY
EVIEW.

In preparation :—

ENGLAND. By]. R. GREEN, M.A,
LETHBRIDGE—A SHORT MANUAL OF THE HISTORY
OF INDIA, WITH AN INTRODUCTORY ACCOUNT
OF INDIA AS IT IS. By ROPER LETHBRIDGE, M.A.,
'C.LLE. Crown 8vo. [ the press.
MICBELBT—A SUMMARY OF MODERN HISTORY.,
Translated from the French of M. MICHELET, and continued to
the Present Time, by M. C. M. SIMPSON. Globe 8vo. 4s. 64,

OTTE—SCANDINAVIAN HISTORY. By E. C. Orrk.
With Maps, Globe 8vo. 6s.

PAULI—P/CTURES OF OLD ENGLAND. By Dr. R.
PAuULL  Translated with the sanction of the Author by
E. C. Orrt. Cheaper Edition. Crown 8vo, 6s.

RAMSAY—A SCHOOL HISTORY OF ROME. ByG. G.
RaMsay, M.A., Professor of Humanity in the University of
Glasgow. With Maps. Crown 8vo. [Zn preparation.

PAIT—ANALYSIS OF ENGLISH HISTOR Y, based on Green’s
¢ Short History of the English People,” By C. W, A. TAIT,
M.A., Assistant-Master, Clifton College. Crown 8vo. 3s. 64.

WHEBLER—A SHORT HISTORY OF INDIA AND OF
T7HE FRONTIER STATES OF AFGHANISTAN,
NEPAUL, AND BURMA. By J. TALBOYS WHEELER,
With Maps. Crown 8vo. 12s.

. “Itis the best book of the kind we have ever seen, and we recommend
it to a place in every school library.”’—EpucaTioNAL TiMEs.




DIVINITY. ' s

’

 YONGE (CHARLOTTE M.)—A4 PARALLEL HISTORY 0F
FRANCE AND ENGLAND : consisting of Outlines and
Dates. By CHARLOTTE M. YONGE, Author of ¢‘ The Heir
of Redclyffe,” &c.; &c. . Oblong 4to, 3s. 64,
.CAMEOS FROM ENGLISH HISTORY.— FROM
ROLLO TO EDWARD II. By the Author of *The Heir
of Redclyffe,” Extra fcap, 8vo. New Edition. 5s.
A SECOND SERIES OF CAMEOS FROM ENGLISH
HISTORY—THE WARS IN FRANCE. New Edition,
Extra fcap. 8vo. 35s.
A THIRD SERIES OF CAMEQOS FROM ENGLISH
HISTORY—THE WARS OF THE ROSES, New Edition.
Extra fcap. 8vo. 5s. -
A FOURTH SERIES—REFORMATION TIMES. Extra
Feap. 8vo. 5s.
EUROPEAN HISTORY. Narrated in a Senel of
Historical Selections from the Best Authorities, Edited and
arranged by E. M. SEWELL and C. M. YONGR. First Series,
1003—1154. Third Edition. Crown 8vo, 6s. Second
Series, 1088—1228. New Edition., Crown 8vo. 6s,

" DIVINITY.

*.* For other Works by these Authors, see Tm:ox.oelcu.
CATALOGUER.

ABBOTT (REV. B. A.)—BI/BLE LESSONS. By the Rev.
E. A. ABBorT, D.D., Head Master of the City of London
School. New Edition. Crown 8vo. 4s. 64.

¢ Wise, suggestive, and really profoundmmmonmwmhgmthouzht."
=~GUARDIAN.

ARNOLD—A. BIBLE-READING FOR SCHOOLS—THE
GREAT PROPHECY OF ISRAEL'S RESTORATION
(Isaiah, Chapters xL.—Ixvi.). Arranged and Edited for Young
Learnerss. By MATTHEW ARrNOLD, D.C.L., formerly
Professor of Poetry in the University of Oxford, and Fellow
of Oriel. New Edition. 18mo. cloth. 1s
ISAIAH XL.—LXVI. With the Shorter Prophecies allied
to it Amanged and Edited, with Notes, . by MATTHEW
AxNoLD. Crown 8vo. §s.

\
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" CURTEBIS—MANUAL OF THE THIRTY-NINE AR-
“TICLES. By G. H. Curtels, M.A., Principal of the
Lichfield Theslogical ‘College. [ 70 preparations.

GASKOIN‘LTHE ICHILDREN'S . TREASURY OF B/BLE
STORIES. By Mrs. HERMAN GAskOIN. Edited with
Preface by the Rev. G. F. Maclear, D.D. Part I.—OLD
TESTAMENT HISTORY. 18mo 1Is. PArRTIL.—NEW
*TESTAMENT. 18mo. Is. PART III..THE APOSTLES :
ST. JAMES THE GREAT, ST PAUL, AND ST. JOHN
THE DIVINE, 1i8mo. 1s.

GOLDEN TREASURY PSALTER—Students’ Edition. Being
an Edition of ‘The Psalms Chronologically Arranged, by
Four Friends,” with briefer Notes. 18mo. 3s. 64

GREEK TESTAMENYT. Edited, with Introduction and Appen-
dices, by CANON WEsTcoTT and Dr. F. J. A. HorT. Two
Vols. Crown 8vo. [ 17 the press.

HARDWICK—Works by Archdeacon HARDWICK.

A HISTORY' OF THE CHRISTIAN CHURCH.
Middle Age. From Gregory the Great to the Excommuni-
cation of Luther. Edited by WiLLIAM STuBss, M.A., Regius
Professor of Modermn History in the University of Oxford.
With Four Maps. Fourth Edition. Crown 8vo. 10s. 64,

A HISTORY OF THE CHRISTIAN CHURCH DURING
THE REFORMATION, Fourth Edition. Edited by Pro-
fessor STUBBS. Crown 8vo. 10s. 64

KING—CHURCH HISTORY OF IRELAND. By the Rev.
RoBERT KING. New Edition. 2 vols, Crown 8vo.

[7n preparation.

MACLEAR—Works by the Rev. G. F. MacLeawr, .D.D,,.
Warden of St. Augustine’s College, Canterbury.

A CLASS-BOOK OF OLD TESTAMENT HISTORY
New. Edition, with Four Maps. 18mo. 4s. 64.

A CLASS- ~BOOK OF NEW TESTAMENT HISTORY,
including the Connection of the Old and New Testament.
With Four Maps. New Edition. 18mo. §s. 64,

A SHILLING BOOK OF OLD TESTAMENT
HISTORY, for National and Elementary Schools, With
Map. 18mo. cloth. New Edition, ;
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MACLBAR Continued— .
A SHILLING BOOK OF NEW TESTAMENT
HISTORY, for National and Elementary Schools. With
Map, 18mo. cloth., New Edition.
These works have been''carefully/abridged from the author’s
larger manuals,

‘' CLASS-BOOK OF THE CATECHISM OF THE
CHURCH OF ENGLAND. New Edition. 18mo. cloth,
¥s. 64, .
A FIRST CLASS-BOOK OF THE CATECHISM OF
THE CHURCH OF ENGLAND, with Scripture Proofs,
for Junior Classes and Schools, 18mo. 64. New Edition.
A MANUAL OF INSTRUCTION FOR CONFIRMA-
TION AND FIRST COMMUNION. WITH PRAYERS
AND DEVOTIONS. 32mo.cloth extra, red edges. 2s.

MAURICE—7HE LORD'S PRAYER, THE CREED, AND
THE COMMANDMENTS. Manual for Parentsand School-
masters, To which isadded the Order of the Scriptures. By the
Rev. F. DeNISON MAURICE, M.A. 18mo. cloth, imp. 1s.

PROCTER—A HISTORY OF THE BOOK OF COMMON
PRAYER, with a Rationale of its Offices. By Francis
PROCTER, M.A. Fourteenth Edition, revised and enlarged.
Crown 8vo. 10s. 6d. .

PROCTER AND MACLEAR—AN ELEMENTARY INTRO-

. DUCTION TO THE BOOKX OF COMMON FPRAYER,.
Re-arranged and supplemented by an Explanation of the
Morning and Evening Prayer and the Litany. By the
Rev. F. ProcTER and the Rev. Dr. MACLEAR. New
and Enlarged Edition, containing the Communion Service and
the Confirmation and Baptismal Offices. 18mo. 2s. 64.

PBALMS OF DAVID CHRONOLOGICALLY ARRANGED.
By Pour Priends. An Amended Version, with Historical
Introduction and Explanatory Notes, Second and Cheaper
Edition, with Additions and Corrections, Cr. 8vo, 8s. 64.

RAMSAY—THE CATECHISERS MANUAL ; or, the Church
Catechism Illustrated and Explained, for the Use of Clergy-
men, Schoolmasters, and Teachers. By the Rev., ARTHUR
Ramsay, M.A, New Edition. 18mo. 1s. 64
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SIMPSON—AN EPITOME OF THE HISTORY OF THE
CHRISTIAN CHURCH. By WILLIAM SIMPSON, M.A,
New Edition. Fcap. 8vo, 3s. 64.

TRENGH—By R.Cy TRENCH, D.D., Archbishop of Dublin,
LECTURES ON MEDIEVAL CHURCH HISTORY.
Being the substance of Lectures delivered at Queen’s College,
London. Second Edition, revised. 8vo. 12s.

SYNONYMS OF THE NEW 7TESTAMENT, Ninth
Edition, revised. 8vo. 12s.

WESTCOTT—Works by BROOKE Foss WEsTcOTT, D.D., Canon
of Peterborough.,

A GENERAL SURVEY OF THE HISTORY OF THE
CANON OF THE NEW TESTAMENT DURING THE
FIRST FOUR CENTURIES. Fourth Edition. With
Preface on * Supematural Religion.” Crown 8vo. 1os. 64.

INTRODUCTION TO THE STUDY OF THE FOUR
GOSPELS. Fifth Edition. Crown 8vo. 10s. 64.

THE BIBLE IN THE CHURCH, A Popular Account
of the Collection and Reception of the Holy Scriptures in
the Christiai Churchess. New Edition. - 18mo. gloth.
4. 64.° . .

WILSON—7HE BIBLE STUDENT'S GUIDE to the more
Correct Understanding of the English Translation of the Old
Testament, by reference to the original Hebrew. By WILLIAM
‘WiLsoN, D D., Canon of Winchester, late Fellow of Queen’s
College, Oxford. Second Edition, carefully revised, 4to.
cloth. 25s. .

YONGE (CHARLOTTE M. —SCRIPTURE READINGS FOR
SCHOOLS AND FAMILIES. By CHARLOTTE M. YONGE,
Author of ¢“The Heir of Redclyffe.” In Five Vols.

FIrST SERIES. GENESIS TO DEUTERONOMY. Globe 8vo.
1s. 6d. With Comments, 35, 6d.

SECOND SERIES. From JosHUA to SoromoN., Extra fcap,
8vo. 1Is. 6d. With Comments, 3s. 64,
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OHARLOTTE M. YONGB—Continued.
TuIrp SERIES. The KINGS and the PROPHETS, Extra feap,
8vo. 1s. 64. With Comments, 3s. 6.
FourTE SERIES, The GOSPEL TiMgs. I&s. 64, With
Comments, extra fcap. 8vo., 3s. 64.
FirTe SEriEs. APOSTOLIC TIMES. Extra fcap. 8vo. 1s. 64
With Comments, 3s. 64.

MISCELLANEOUS.

Inzluding works on Modern Langsages and Literature, Art
Hand-books, &¢., &c.

-ABBOTT—A SHAKESPEARIAN GRAMMAR. An Attempt
to illustrate some of the Differences between Elizabethan and
Modern English. By the Rev. E. A. ABsorT, D.D., Head
Master of the City of London School. New Edition., Extra
fcap. 8vo. 6.

ANDERSBON — LINEAR PERSPECTIVE, AND MODEL
DRAWING. A School and Art Class Manual, with.Questions
and Exercises for Examination, and Examples of Examination
Papers. By LAURENCE ANDERSON. With Illustrations.
Royal 8vo. as.

BARKER—FIRST LESSONS IN THE PRINCIPLES OF
COOKING. By LADY BARKER. New Edition. 18mo. 1s.

BOWEN-FI/RST LESSONS IN FRENCIH. By Il Cour-
THOPE BOowEN, M.A. Extra fcap. 8vo. 1s. ’

BEAUMARCHAIS—LE BARBIER DE SEVILLE. Edited,
with Introduction and Notes, by L. P. BLOUET, Assistant
Master in St. Paul’s School. Fcap, 8vo. 3s. 64.

BRRNERS—FIRST LESSONS ON HEALTH. By ]. Ber-
NERS., New Edition. 18mo. 1Is.
d
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BLAKISTON—7X4E TEACHER. Hintson School Manage-
ment, A Handbook for Managers, Teachers’ Assistants, and
Pupil Teachers. By J. R. BLAKISTON, M.A. Crown 8vo.
2s. 64)/\/\(Recommended) by.(the London, Bu—mmgham, and
Leicester School Boards.)

“Into a comparatively small book he has crowded a great deal of ex-
ceedingly useful and sourid advice. It is a plain, common-sense book,
full ot' hints to the her on the of his school and his
children,—ScHooL BoAkD CHRONICLE,

BREYMANN—Warks by HERMANN BREYMANN, Ph.D., Pro-
fessor of Philology in the University of Munich,

A FRENCH GRAMMAR BASED ON PHILOLQGICAL
PRINCIPLES. Second Edition. Extra fcap. 8vo. 4s. 64.
FIRST FRENCH EXERCISE BOOK. Extra feap. 8vo.
4s. 64.

SECOND FRENCH EXERCISE BOOKX, Extm feap. 8vo,
25, 64, ‘

BROOKE—///LTON. By Rev. STOPFORD BRoOOKE, M.A.
Fcap. 8vo. 1s. 6d. (Green’s Classical Writers.)

BUTLER—HUDIBRAS. Edited, with Introduction and Notes,
by ALFRED MILNES, B.A. : [In preparation.

OALDEBRWOOD—HANDBOOK OF MORAL PHILOSOPHY.
By the Rev. HENRY CALDERWOOD, LL.D., Professor of
Moral Philosophy, University of Edinburgh.  Sixth Edition.
Crown 8vo. 6s.

DANTE—-7HE PURGATORY OF DANTE. Edited, with
Translation and Notes, by A. J. BUTLER, M.A., late Fellow
of Trinity College, Cambridge. Crown 8vo. 12s. 64.

DELAMOTTE—A BEGINNERS DRAWING BOOK. By
P. H. DELAMOTTE, F.S.A. Progressively arranged. New
Edition improved. Crown 8vo. 3s. 64.

PAWCETT—7ALES IN POLITICAL ECONOMY. By
MILLICENT GARRETT FAWCETT. Globe 8vo. 3+
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FEARON—SCHOOL INSPECTI/ON. By D. R. FEARON,
M.A., Assistant Commissioner of Endowed Schools. Third
Edition. Crown 8vo. 2s. 6d. ,

PREDBRICK—HA/NTS 70 HOUSEWIVES ON SEVERAL

POINTS, PARTICULARLY ON THE PREPARATION

OF ECONOMICAL AND TASTEFUL DISHES. By
Mrs. FREDERICK. Crown 8vo. 25 6J.

““This unpretending and useful little volume distinctly supplies a de-

sideratum. . . . . The author steadily keeps in view the simple aim of

‘making every-day meals at home, particularly the dinner, attractive,’
without adding to the ordinary household expenses.”’—Sa ‘urday Review.

GLADSTONB—SPELLING REFORM FROM AN EDU-
CATIONAL POINT OF VIEW. By]. H. GLADSTONE,
Ph.D,, F.R.S., Member of the School Board for London.
New Edition. Crown 8vo. 1s. 64.

GOLDSMITH—7HE TRAVELLER, or a Prospect of Society ;
and THE DESERTED VILLAGE. By OLIVER GOLD-
sMITH. With Notes Philological and Explanatory, by J. W.
Haigs M.A. Crown 8vo, 64,

GRAND’HOMME—CUTTING OUTANDDRESSAIAKINé.
From the French of Mdlle. E. GRAND’HOMME, With Dia-
grams. 18mo, I,

GREEN—-A SHORT GEOGRAPHY OF THE BRITISH
ISLANDS. By JoHN RICHARD GREEN and ALICE
STopPFORD GREEN. With Maps. Fcap. 8vo. -3s. 64.

The Tinmes says :—* The method of the work, so far as real instruction
is concerned, is nearly all that could be desired. . . . Its great merit, in
addition to its scientific arrangement and the attractive style so familiar
to the readers of Green's Skor? History is that the facts are so presented
as to compel the careful student to think for himself. . . . The work may
be read with pleasure and profit by any ‘ne ; we trust that it will gradually
find its way into the highér forms of our schools. With this text-book as
his guide, an intelligent teacher might make g phy what it really is—
one of the most interesting and widely-instructive studies.””

HALES—LONGER ENGLISH POEMS, with Notes, Philo.
logical and Explanatory, and an Introduction on the Teaching
of English. Chiefly for Use in Schools. Edited by J. W.
HaLEs, M.A, Professor of English Literature at King’s
College, London, - New Edition. Extra fcap. 8vo, 4. 64,

, d 2
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HOLE—A GENEALOGICAL STEMMA OF THE KINGS
OF ENGLAND AND FRANCE, By the Rev. C. HoLE.
On $heet.

JOBNSON’S8 LIVES OF THE POETS. The Six Chief Lives
(Milton, Dryden, Swift, Addison, Pope, Gray), with Macaulay’s
“Life of Johnson.” Fdited with Preface by MATTHEW
ARrNoOLD, Crown 8vo.. 6s.

LITARATURE PRIMERS—Edited by JorN RICHARD GREEN,
Author of ““ A Short History of the English People.” ’

ENGLISH GRAMMAR. By the Rev. R. Morris, LL.D.,
sometime President of the Philological Society. 18mo.
cloth, 1s.

ENGLISH GRAMMAR EXERCISES. By R. MOKRIS,
LL.D., and H. C. BoweN, M.A. 18mo. 1s

THE CHILDREN'S TREASURY OF LYRICAL
POZTRY. Selected and arranged with Notes by FRANCIS
TURNER PALGRAVE, In Two Parts. 18mo. Is. each.

ENGLISH LITERATURE. By the Rev. STOPFORD
BRrOOKE, M.A. New Edition, 18mo. &s,

- PHILOLOGY. By]. PElLE, M.A. 18mo. 1s.
GREEK LITERATURE. By Professor JEBB, M.A. 18mo. is.
SHAKSPERE, - By Professor DOWDEN. 18mo. Is.

HOMER. By the Right Hon. W. E. GLADSTONE, M.P.
18mo. 1s.

ENGLISH COMPOSITION. By Professor NICHOL., 18mo,
18,
In preparation :—

LATIN LITERATURE. By Professor SEELEY,

HISTORY OF THE ENGLISH LANGUAGE. By
J. A. H, Murray, LL.D,
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MACMILLAN’S COPY-BOOKS—

Published in two sizes, viz, ;:—
1, Large Post 4to. _ Price 44. each.
2. Post Oblong. Price 2. each.

L. INITIATORY EXERCISES & SHORT LETTERS.
“2. WORDS CONSISTING OF SHORT LETTERS.

*3. LONG LETTERS, With words containing Long
Letters—Figures,

*4. WORDS CONTAINING LONG LETTERS.

4a. PRACTISING AND REVISING COPY.BOOK., For
Nos. 1 to 4.

*S. CAPITALS AND SHORT HALF-TEX7. Words
beginning with a Capital.

*6. HALF-TEXT WbRDS, beginning with a Capital—
Figures.

*7. SMALL-HAND AND HALFE.TEX7. With Capitals
and Figures,

*8. SMALL-HAND AND HALF.TEXZ. With Capitals
sad Figures.

8a. PRACTISING AND REVISING COPY-BOOK. For
Nos. §5to 8, ’

*9. SMALL-HAND SINGLE HEADLINES—F igures,
10. SMALL-HAND SINGLE HEADLINES—Figures,
*11. SMALL-HAND DOUBLE HEADLINES—Figures,

12, COMMERCIAL AND ARITHMETICAL EX-
AMPLES, &.

‘120, PRACTISING AND REVISING COPY-BOOK. For
Nos. 8 to 12, ) ’

* These numbers may be had with Goodman's Patent Sliding
-Copies. Large Post 4to, Price 64, each.
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P

MACMILLAN’S COPY-BOOKS Confinned—

By a simple device the copies, which are printed upon separate
slips, are arranged with a movable attachment, by which they
are adjusted so |as-to-be| directly before the eye of the pupil at
all points of his progress. It enables hinm, also, to keep his
own ‘faults concealed, with perfect models.constantly in view
for imitation. Every experienced teacher knows the advantage
of the slip copy, but its practical application has never before
been successfully accomplished. This feature is secured ex-
clusively to Macmillan’s Copy-books under Goodman'’s patent.

MACMILLAN'S PROGRESSIVE FRENCH COURSE— By

G. EUGENE-FASNACHT, Senior Master of Modern Languages,
Harpur Foundation Modern School, Bedford.

I.—FIRST YEAR, containing Easy Lessons on the Regular Ac.
cidence. Extra fcap. 8vo. 1Is.

I1.—SECOND YEAR, containing Conversational Lessons on
Systematic Accidence and Elementary Syntax. With Philo-
logical Illustrations and Etymological Vocabulary. 1s.64.

III.—THIRD YEAR, containing a Systematic Syntax, and
Lessons in Composition. [/n the press.

MACMILLAN’S PROGRESSIVE FRENCH READERS—-

By.G. EUGENE-FASNACHT.
FIRST AND SECOND YEARS. [ 27 the press.

MACMILLAN'S PROGRESSIVE GERMAN COURSE—By

G. EUGENE FASNACHT. .

Part 1. —FIRsST YEAR. . Easy Lessons and Rules on the Regular
Accidence, Extra fcap. 8vo. 1s. 6d.

Part I1.—SECOND YEAR. Conversational Lessons in Sys-
tematic Accidence and Elementary Syntax. With Philological
Illustrations and Etymological Vocabulary. Extra fcap.
8vo. 2s.

MARTIN — 7HE POET'S HOUR: Poetry selected afhd

arranged for Children. By FRANCES MARTIN, Third
Edition. 18mo. 2s. 64, ’

SPRING-TIME WITH THE POETS: Poetry selected by
FRANCES MARTIN. Second Edition 18mo. 3. 64,



’

MISCELLANEOUS. $5

MASSON (GUSTAVE)—A4 COMPENDIOUS DICTIONARY
OF THE FRENCH LANGUAGE (French-English and
English-French). . Followed by a List of the Principal Di-
verging \Derivations, and “preceded by Chronological and
Historical Tables, By GUSTAVE MASSON, Assistant-Master
and Libratian, Harrow School. Fourth Edition. Crown 8vo.
‘half-bound. 6.

MOLIERE—LE MALADE IMAGINAIRE. Edited, with
Intioduct’on and Notes, by FRANCIS TARVER, M. A., Assistant-
Master at Eton, Fcap. 8vo. 25, 6d.

MORREB—Works by the Rev. R. Morris, LL.D., Lecturer
on Englich Language and Literature in ngs College
School,

HISTORICAL OUTLINES OF ENGLISH ACCIDENCE,
comprising Chapters on the History and Development of the
Language, and on Word-formation. New Edition. Extra
fcap. 8vo. 6s.

ELEMENTARY LESSONS IN HISTORICAL
ENGLISH GRAMMAR, containing Accidence and Word-
formation, New Edition. 18mo. 2s. 64.

PRIMER OF ENGLISH GRAMMAR. 18mo. 1s.

NICOL—HISTORY OF THE FRENCH LANGUAGE,
with especial reference to the French element in English. By
HeNRY NicoL, Member of the Philological Society.

[Zn preparation.

OLIPHANT—7HE OLD AND MIDDLE ENGLISH. A
New Edition of *“ ZHE SOURCES OF STANDARD
ENGLISH,” revised and greatly enlarged. By T, KINGTON
OLIPHANT., Extra fcap. 8vo. 9s.

PALGRAVE—7HE CHILDREN'S TREASURY OF
LYRICAL POETRY. Selected and Arranged with Notes
by 'FRANCIS TURNER PALGRAVE. 18mo, 25 64. Aiso in
Two parts, 18mo. 1s. each, '

PLUTARCH—Being a Selection from the Lives which Illustrate
Shakespeare, North’s Translation, Edited, with Intro-
ductions, Notes, Index of Names, and Glossarial Index; by
the Rev, W, W, SxeaT, M,A. Crown 8vo. 6s



§6 MACMILLAN’S EDUCATIONAL CATALOGUE,

PYLODET—NEW GUIDE 70 GERMAN CONVERSA-
Z70V : containing an Alphabetical List of nearly 800 Familiar
Words followed by Exercises, Vocabulary of Words in frequent
use ; Familiar| Phrases and, Dialogues ; a Sketch of German
therature, Idiomatic Expresswns, &c. By L. PYLODET.
18mo. cloth limp. 2s. 6d.

A SYNOPSIS OF GERMAN GRAMMAR. " From the
above, 18mo. 6d.

"READING BOOKS—Adapted to the English and Scotch Codes.
Bound in Cloth,
PRIMER. 18mo. (48 pp.) 24.
BOOKX 1. for Standard I. 18mo. (96 pp.) 44

11, » II. ¥8mo. (144 pp.) 54

» 1L »” IIL. 18mo, (160 pp.) 64.

» IV, ” IV. 18mo. (176 pp.) 8a.

” V. V. 18mo. (380 pp.) Is

s VL ” VI. Crown 8vo. (430 pp.) 2.

Book VL. is fitted for higher Classes, and as an Introduction to
English Literature,

“They are far above any others that have appeared both in form and
substance. . . . le editor of the present serfes has rightly seen thac
reading books must ‘aim chiefly at giving to the pupils the power of

and, if possible, apt and skilful expression ; at cultivating in
them a good literary taste, and at arousing a desire of further reading.
This is done by taking care to select the extracts from true English classu:,
going up in Standard VI. course to Chaucer, Hooker, and Bacon, as well

as Wordsworth, Mac-lulny and Froude. . .. This is quite on the nﬁht
téuk and indicates justly the ideal which we ought to set before us,”—
UARDIAN, )

SBHAKESPEARE—A4 SHAKESPEARE MANUAL. ByF.G.
Freay, M.A,, late Head Master of Skipton Grammar Schocl,
Second Edition. Extra fcap. 8vo. 4s. 64.

AN ATTEMPT TO DETERMINE THE CHRONO-
LOGICAL ORDER OF SHAKESPEARE'S PLAYS.
By the Rev. H. PAINE SToKEes, B.A. Extra feap, 8vo.
4s. 6d.

THE TEMPEST. With Glossarial and Explanatory Notes.
By the Rev. J. M. JepusoN. New Edition. 18mo. s

|
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SONNENSCHEIN and MEIKLEJORN — 7HE ENGLISH
METHOD OF TEACHING TO READ. By A. Son.
_NENSCHEIN and J. M. D. MEIKLEJOHN, M.A, Fcap. 8vo.

COMPRISING @

THE NURSERY BOOK, containing all the Two-Letter
‘Words in the Language. 1d. (Also in Large Type on
Sheets for School Walls, 5s.) :

THE FIRST COURSE, consisting of Short Vowels with
Single Consonants. 64,

THE SECOND COURSE, with Combinations and Bridges.
consisting of Short Vowels with Double Consonants, 6d.

THE THIRD AND FOQURTH COURSES, consisting of
Long Vowels, and all the Double Vowels in the Language
64, '

¢¢ These are admirable ‘books, b they are constructed on a prin-
iple, and that the simplest principle on which it is possible to learn to read
English,” —SPECTATOR, .

TANNER—FIRST PRINCIPLES OF AGRICULTURE. By
H. TaANNER, F.C.S., Professor of Agricultural Science,
University College, Aberystwith, &c. 18mo. 1Is.

TAYLOR—WORDS AND PLACES; or, Etymological Illus.
trations of History, Ethnology, and Geography. By the Rev.
Isaac TAYLOR, M.A. Third and cheaper Edition, revised
and compressed, With Maps. Globe 8vo. 6s,

TAYLOR—A PRIMER OF PIANOFORTE PLAYING, By
FRANKLIN TAvLOR. Edited by GEORGE GROVE. 18mo. Is.

TEGETMEIER — HOUSEHOLD MANAGEMENT AND
COOKERY, With an Appendix of Recipes used by the
Teachers of the National School of Cookery. By W. B,
TEGETMEIER. Compiled at the request of the School Board
for London. 18mo. 1s.

¢ Admirably adapted to the use for which it is design:d.”’—ATHENEUM.

“A ble and th ghly practical L. . .. It can be consulted
readily and the information it contains is given in the simplest language *’
—PaLL MaLt Gazrrre.

’ e
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THORNTON—F/RST LESSONS IN BOOK-KEEPING. By
J. THORNTON., Crown 8vo. 25 6d4.
The “object, of this volume is to malte the theory of Book-keeping suf-
ficiently, plain for even children to-understand it.
THRING—Works by EDWARD TmuNG, M.A., Head Master of
Uppingham.

THE ELEMENTS OF GRAMMAR TAUGHT IMN
ENGLISH. With Questions. Fourth Edition. 18mo. 2s.

TRENCH (ARCHBISHOP)—Works by R, C. TrencH, D.D.,
Archbishop of Dublin,

. HOUSEHOLD BOOK OF ENGLISH POETRY. Selected
and Arranged, with Notes, Third Edition. Extra fcap. 8vo.
5s. 6d.

ON THE STUDY OF WORDS. Seventeenth Edition,
revised. Fcap, 8vo. §s.

ENGLISH, PAST AND PRESENT. Tenth Edition,
revised and improved. Fcap. dvo. §s.

A SELECT GLOSSARY OF ENGLISH WORDS, used
formerly in Senses Different from their Present, = Fifth
Edition, revised and enlarged. Fcap. 8vo. 5.

VAUGHAN (0. M.)— WORDS FROM THE POETS. By
C. M. VAUGHAN, New Edition, 18mo, cloth. 1s.

VINCENT and DICKSON—SANDBOOK T0 MODERA
GREEK. By.EDGAR VINCENT, Coldstream Guards, and
T. G. DicksoN, M.A. With Preface by Professor J. S.-
BLACKIE. Extra fcap. 8vo. 35s.

““This is a gr and convi ion book in one, and avoids with great
the tedi too and the silliness too
common in conversation books. . . . . It will not be Messrs. Vincent and
Dickson’s fault if their work does not contnbute materially to the study
of Greek by English as a living lang —PaLL MALL GAZRTTE.

WHITNEY—Works by WiLLiAM D. WHITNEY, Professor of
Sanskrit and Instructor in Modern Languages in Yale College.
A COMPENDIOUS GERMAN GRAMMAR. Crown
8vo. 4s. 6d.
A GERMAN READER IN PROSE AND VERSE, with
Notes and Vocabulary, Crown 8vo. §s
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WHITNEY AND EDGREN—A4 COMPENDIOUS GERMAN
AND ENGLISH DICTIONARY, with Notation of Cor-
respondences and Brief Etymologies. By Professor W. D,
‘WHITNEY)/ assistéd by)(A.. HJ/EDGREN. Crown 8vo. 7s. 64,

THE GERMAN-ENGLISH PART, separately, §s.

WRIGHT—7HE SCHOOL COOKERY BOOK. Compiled
and Edited by C. E. GUTHRIE WRIGHT, Hon. Sec. to the
Edinburgh School of Cookery. 18mo. 1s.

Sir T. D. AcrLanD, Bart., says of this book :—*“I think the * Schoo
Cookery Book ”* the best cha.p manual which I have seen on the subject.
teachers will welcome it. But it seems to me likely to be even'

mom useful for domestic purposes in all ranks short of those served by

professed cooks - The and the

txon of pnncnpla clear The chaptcrs on the adaptation of food to
ploy t, health, and on infants’

food. seun to me ucellent."

YONGE (CHARLOTTE M.)—7HE ABRIDGED BOOK OF
GOLDEN DEEDS., A Reading Book for Schools and
general readers. By the Author of “The Heir of Red.
clyfle,” 18mo. cloth, 1s.

.
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