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PREEACE.

HE formal method of teaching Geometry, as we find it in Euclid
T and in the common text-books, whatever may be its merits, is
a very bad method for beginners. It makes the study of the subject
unnecessarily dry, tedious, and difficult; and it ignores, in most cases,
the great law of mental development, that clear perceptions and intui-
tions must precede the intelligent use of the faculties of comparison
and reasoning. The usual consequence is that this method exercises
the memory more than the intelligence, and utterly fails to impart any
habits of thought that are useful in after-life.

In the present work, a method is employed which seems to the author
much better suited to promote the natural growth of the mental powers.
The method will speak for itself to those who will take the trouble to
examine it. A marked feature of it consists in the numerous exercises
which are to be worked by the learner. By this kind of work, if the
exercises are well chosen and faithfully studied, the inventive faculty is
called into play, and the habit of seizing quickly the true relations of
things is acquired. And it is just here,—in its power to form this
habit of mind, — that the value of the study of Geometry, as a prepar-
ation for the varied duties and labors of life, can hardly be over-esti-
mated. Does not the possession or want of this habit constitute, in
most instances, the chief intellectual difference between a man who
succeeds in the world and a man who does not ?

In Germany the true worth of Geometry as an educational means is

better recognized than elsewhere; and the simpler parts of the subject,
ii
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treated much as in this work, have been introduced with the.happiest
results into the common schools. The author, while residing in Ger-
many in 1877 and 1878, made himself familiar with their methods and
text-books, and he\ has\freelyf used the knowledge thus acquired in
writing the present work.

As regards the subjects treated in the last four chapters, the author
was not satisfied with what he found, even in the best German text-
books, and he has planned and written these chapters according to his
own ideas.

To make the study both more interesting and more useful, much
attention has been given to the practical uses of Geometry; such, for
example, as measuring inaccessible distances, and computing lengths,
areas, and volumes.

In a few cases the method of Limits has been used. By this means
rigor of proof has been secured ; and when the method is presented in
its simplest form (as on page 230), the author believes that it is quite
within the comprehension of the average boy fifteen years old.

If answers to the exercises are generally desired they will soon be
published.

The author desires to express his obligations to Prof. G. A. WENT-
WORTH, who has kindly read the proof-sheets, and furnished him with

many valuable suggestions.
G. A. HILL.

CAMBRIDGE, June 1, 1880.

NOTE TO NEW EDITION.

IN this edition, changes of more or less importance have been made
on pages 18, 28, 30, 33, 63, 92, 95, 112, 117, 122, 148, 152, 160, 162,
165, 176, 190, 191, 192, 215, 216, 257. A Key containing answers to
the exercises has also been prepared for the use of teachers only.

G. A. HILL.
CamBRIDGE, Feb. 1, 1886.
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GEOMETRY FOR BEGINNERS.

CHAPTER L.
INTRODUCTION.

CONTENTS.— 1. Space (§ 1). II. The Cube (§§ 2-5). III. The Cylinder (§ 6).
IV. Bodies, Surfaces, Lines, and Points (§§ 7-15). V. Generation of Space
Magnitudes (§ 16). - VI. Straight and Curved Lines (§ 17). VII. Plane and
Curved Surfaces (§ 18). VIII. Cornered and Curved Bodies (§ 19). IX. Geom-

etry (§ 20).

I.— Space.

§ 1. We cannot define space. We know, however, that all
things exist in space. I lay a book on the table: it has now a
definite position in space on the table. The table is in the space
occupied by the room ; the room is in the space enclosed by the
house ; the house rests upon the earth; and the earth is always
moving swiftly through space. Thus all things are in space; but
what space is, where it begins, or where it ends, these are questions
which no man can answer.

Space contains all things, and extends in all directions, without
beginning and without end.

II.,— The Cube.!

§ 2. The Cube (Fig. 1) occupies a portion of space which is
limited on all sides. A limited portion of space is called a Bopy
(see § 7). Therefore the cube is a body.

1 A model of the cube is supposed to rest on the table or other support, with
one face turned towards the eye of the learner,
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The cube is extended in space in #iree chief directions: from
7ight to left, from frontto back, from above
downwards. We express this fact by say-
ing:that the cube has three DIMENSIONS,
and we name them Length, Breadth, and
Thickness (Height or Depth). Either one
of the dimensions may be termed length
or breadth or thickness, but the terms
height and depth are applied only to the
dimension from above downwards.

The three dimensions of the cube are equal in magnitude.

Fig. 1.

Exercises. —1. Here are several cubes. Have they all the same shape?
the same size or magnitude? Are they all composed of the same substance
or material ? Why are they called bodies? Why are they called cubes?

2. Mention objects which are cubical in shape, or resemble a cube.
(Lumps of sugar, pieces of soap, tea-chests, some boxes, etc.) ’

§ 3. The cube is limited or bounded on all sides by a SURFACE.
When we handle the cube it is its surface alone which we touch.
If the cube is not transparent, it is its surface alone which we
are able to see.

The entire surface consists of six parts or partial surfaces, called
its Faces: the upper, lower, front, back, right, and left faces.
Each face has #wo dimensions, length and breadth (height).
Thus the upper face has length (extending from right to left) and
breadth (extending from front to back) ; the front face has length
and height, etc.

The faces of the cube are flaz or plane surfaces.

Exercises. — 1. Name the faces of the cube, and likewise the dimensions
of each face.

2. Have the faces of the cube the same shape or form? the same size?
How can you test whether they have the same size or not?

Answer.— Lay the cube on a piece of paper, mark around its base with a pen-
cil, then apply to the surface thus marked out the other faces of the cube.
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8. Give examples of plane surfaces both /ike and un/tke the faces of the
cube in form.

4. Do the faces of one cube have the same skape as those of another cube?
the same size 2

§ 4. The faces of the cube are bounded by its Edges. These
edges are LINEs, and we see, (&) that each face is bounded by four
lines or edges, (4) that each edge is also the place where two faces
meet.

The edges of the cube have only one dimension : length.

The edges of the cube are s#aight lines. :

Exercises.—1. How many edges has the cube in all?

2. If the cube has 6 faces, and each face has 4 edges, why has not the
cube in all 6 X 4= 24 edges?

8. Have the edges of the cube the same form? the same size (in other

words, the same Jength)? Test whether they have the same length.
4. Of these cubes, which has the longest edges? Which the shortest?

§ 5. The edges of the cube are limited by its Corners. These
corners are PoINTs, and we see, (2) that each edge is limited by
two comners, (/) that each corner is the place where three edges
meet.

The corners of the cube have zo dimensions, neither length,
breadth, nor thickness.

How many corners are there on the cube?

Exercises.
1. This body (Fig. 2, 1.) is a three-sided (or triangular) Prism: —
(@) Point out and name its dimensions (height, length, and breadth).

NOTE. — The front edge gives the Aeight of the prism. The other two dimen-
sions are, (1) the distance from this edge to the opposite face, and sz) the upper or
lower edge of this face; either of these may be taken as the /leng?k, and then the
other will be the éreadth.

(4) How many faces, edges, corners, are there ? Which are surfaces,
which lines, which points? (In prisms the upper and lower faces are called
the bases, the other faces the /ateral faces.)

(¢) Point out and name the dimensions of each face.
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() By how many edges (lines) is each face bounded?

(¢) How many faces meet in each edge?

(/) How many edges meet at each corner?

(&) Have the faces the same shape (form)? the same size (magnitude)?

(%) Have the edges the same form? the same magnitude?

(2) Does shape or size or malerial determine whether a body is a three-sided
Prism?

2. Examine in the same way the four-sided (square) Prism (Fig. 2, IL.).

8. Examine in the same way the six-sided (hexagonal) Prism (Fg. 2, I1L.).

4. Examine in the same way the four-sided (rectangular) Pyramid (Fig. 2,
V).

L IL III. Iv.
Fig. 2,

III. — The Cylinder.!

§ 6. The Cylinder (Fig. 7) is also, like the cube, a limited
portion of space : in other words, a body.
Its three dimensions are usually called
length, breadth, and height. The height
(the straight dotted line in the figure) may
have any value: so may the length and
breadth, but they must be always equal to
each other.

The cylinder is bounded by three sur-
faces: two plane surfaces called its Bases,
and a curved surface. The bases of the cylinder are Circles.

" Fig.3.

1 Several models of right cylinders are supposed to be placed on the teacher’s
desk before the eyes of the pupils.




§7.] CHAPTER 1.— INTRODUCTION. 5

The cylinder has only two edges ; these form the boundaries of
the bases, and are called Circumferences. They are not straight
lines, but cxrved lines.

The cylinder has no corners.

Exercises. —1. Here are several cylinders. How do they differ from
one another? In what do they agree?

2. Give examples of objects which have the shape of cylinders (a pencil,
stove-funnel, etc.).

8. Examine, as regards dimensions, surface, etc., the Cone (Fi. 4, L.).

4. Examine in like manner the Truncated! Cone (fig. 4, 1L.).

5. Examine in like manner the Sphere (Fig. ¢, I11.).

I II. IIL
Fig. 4.

IV.— Bodies, Surfaces, Lines, and Points.

§ 7. A body, in common language, is a limited portion of
space filled with matfer, which we can see, touch, handle, etc.;
for example, a pencil, a book, the table, a tree, the earth, the sun.
But in Geometry we pay no regard to the matter of which a body
is composed; we study simply its skape and its size: in other
words, we regard it simply as a limited portion of space.

Definition. — A GEOMETRICAL Bobpy, o7 SOLID, is a@ lmited por-
ton of space.

1 Truncated means cul off. The body is also called the Frustum of a cone.
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A body has three dimensions, denoted by the terms length, breadth,
and thickness (height and depth).

NOTE.— Either dimension may be called length, or breadth, or thickness. A
dimension estimated from below upwards, is often called 4eigh?, as the height of
a monument; a dimension estimated-from-above downwards, is often called deﬂ/l
as the depth of a well, " Widtk is alé0 used in the'sense of readth.

§ 8. The limits or boundaries of a body are surfaces. Surfaces
exist not only on the exterior of a body, they may also be thought
of as existing in its interior. When we cut an apple into two parts
and then hold the parts together, the common boundary between
the two parts is a surface. But without actually cutting through a
body we may imagine a surface extending in any direction com-
pletely through the body. This surface would divide the body
into two parts and form the common boundary between them.
Every body is divisible into parts, and the common boundary
between two adjacent parts is a surface.

Deflnition. — A SURFACE is the limit of a body, or common
boundary between two adjacent parts of a body. ’

A surface has two dimensions, length and breadth (height).

§ 9. The limits of a surface are lines. Lines exist not only as
the limits or boundaries of surfaces: we can also think of them
as existing anywhere in a surface, where they form the common
boundaries between adjacent parts of the surface.

Definition.— A LINE 7s ke limit of a surface, or the common
boundary between two adjacent parts of a surface.

A line has one dimension, length.

§ 10. The limits or ends of a line are points. Points exist not
only at the ends of lines, but also between the ends, where they
form the common boundaries between adjacent parts of the line.

Deflnition. — A POINT is ke limit of a line, or common bound-
ary between two adjacent parts of a line,

A point has no dimensions,
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§ 11. Bodies, surfaces, lines, and points are four different kinds
of things relating to space which we can think and reason' about.

Definition. — Bodies, surfaces, lines, and points are called
SPACE CONCEPTIONS,

The first three : bodies, surfaces, and lines, are extended in space,
and hence possess skape (form) and size (magnitude).

Definition. — With reference to form, bodies, surfaces, and
lines are called SPACE FIGURES ; with reference to magnitude, they
are called SPACE MAGNITUDES.

The point has no extension, therefore neither form nor magni-
tude.

§ 12. We have seen that two faces of the cube, prism, etc.,
meet in an edge, that is to say, in a Zne. Whenever two surfaces
meet they are said to cuf or intersect each other, and the place of
meeting is a line called their Intersection. This line lies at once
in both surfaces, or is common to both surfaces.

Again, as we have seen, the edges of the cube, etc., meet at the
corners ; that is to say, in poinfs. Whenever two lines meet, the
place of meeting is a point common to both lines, and is called
their intersection.

Deflnition. — 7he place where two surfaces or two lines meet
is called their INTERSECTION.

The intersection of two surfaces is a line.

The intersection of two lines is a point.

§ 13. Divide a body (for example, an apple) into any number
of parts; each part is also a body, smaller of course than the
whole body, because a part of a thing is less than the whole.

Grind a lump of salt into the finest particles you can, so fine
that you cannot distinguish them by the eye. Under a micro-
scope, each particle is seen to be what it really is,—a little lump
of salt, having length, breadth, and thickness : in other words, a
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body. In short, subdivide a body in thought as far as you please,
the smallest conceivable part is also a body, occupying space, and
having length, breadth, and thickness. We could never arrive at
a part which was)a surfdce)l adineforapoint.

In like manner, every part of a surface, however small is also a
surface ; and every part of a line is also a line.

The parts of @ body are bodies, the parts of a surface are sur-
Jaces, and the parts of a line are lines.

§ 14. A surface, therefore, is not a part of a body. Lay, in
thought, any number of surfaces one upon the other: in this way
you would never obtain a body, but always again a surface. The

common boundary which separates water
from oil resting on it (#ig. 5), is neither
water nor oil nor any other substance : it
is not a body, but a surface. A surface is
no more a part of a body than a shadow
is a part of the wall on which it rests.

A line is no part either of a surface or
of a body. Lay any number of lines side
by side, the result is neither a surface nor
a body, but always a line. The line which

Fig. 5. forms the common boundary between a
red surface and a blue surface is itself neither red nor blue, nor
has it any other color.

Lastly, a point is no part of a line, a surface, or a body. In
conversation we often hear the word “point” used in the sense of
a surface of a certain extent. Thus, we speak of the “ point of
crossing” of two or more roads. Substitute, in thought, for these
roads, lines absolutely without breadth or thickness ; then their in-
tersection would be a point, as this word is understood in Geom-

etry.
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§ 15. Except in thought, surfaces, lines, and points cannot
exist apart from bodies. In thought, however, we can detach
them, so to speak, from bodies, and study their forms and proper-
ties apart from the bodies torwhich they belong.

To aid the mind in reasoning about space conceptions, we rep-
resent them to the eye as follows : —

A point is represented by a fine dot made with a pencil on paper
(Fig. 6), or with a crayon on the
blackboard : and is zamed by means
of a letter (4, B, C, etc.).

A line is represented by the fine
continuous trace of a pencil on pa-
per, or of a crayon on the black-
board, and named either by two let-
ters, placed one at each of its ends
(see Fig. 7), or by a single small
letter (a, 4, ¢, etc.).

A surface is represented and named by means of the lines which
form its boundaries.

A body is represented and named by means of the surfaces
which form its boundaries.

Exercises.— 1. Give examples of bodies.

2. Is the space occupied by the room a body? Why?

8. Name the largest body you can; also the smallest.

4. Point out and name the dimensions of the room; this book; this pen-
cil; this piece of rubber.

8. Name the dimensions of a board; a tower; a ditch; a well.

6. How many partial surfaces has the room? Point out and name the di-
mensions of each.

7. How many edges has the room? How many corners? Of what are
the edges the intersections? the corners?

8. How many surfaces has this piece of rubber? Name their dimensions.
Which are equal in magnitude?

9. A glass tumbler has an exterior (outer) and an interior (inner) sure
face. Give other examples of such bodies.
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10. How many edges and corners has a pane of glass ?

11. Cut twice through this body (say, an apple) so as to divide it (if pos-
sible) into two parts; three parts; four parts; five parts.

12, Are most natural objects (for example, stones, trees, leaves, flowers,
animals) simple (like,the dube; prism; etc:) or,complex in shape ?

18. When we use such an expression as “a shapeless mass,” do we mean
that the mass has no shape at all ? What do we really mean ?

14. In the process of beating gold, leaves are obtained not over TO0ITT
of an inch thick. Are such leaves surfaces or bodies?

15. In conversation, we often hear a string, a telegraph wire, etc., spoken
of as /ines. What are they, strictly speaking? Why?

16. Is the trace of a pencil-point on paper, which we call a /e, really a
line? Whatis it? Why?

17, When we make a point on paper with the end of a pencil, és it really
a point, or does it stand for or represent a point? What is it, strictly speak-
ing? Why?

V.— Generation of Space Magnitudes.

§ 16. When we move the point of a pencil on paper, it leaves
behind a trace which we call a line : reduce, in thought, the point
of the pencil to a point as understood in Geometry, then its trace
or path would be a geometrical line. Again, every one has ob-
served that the path of the red-hot end of an iron rod, when
moved rapidly in the dark, presents the appearance of a luminous
line.

The path of a moving point is always a line: in other words,
when a point moves in space it describes or generales a line.

When a line moves in space, it usually generates a surface.
This fact may be illustrated by moving a crayon over the surface
of the blackboard, with its longest side pressed against the board.

When a surface moves in space, it usually generates a solid.
We may illustrate this truth by taking a thin piece of board (or a
slate) to represent a surface, and pressing it down through a soft
substance, like snow : the 4o/e thus made is the path of the sur-
face, and is a geometrical body or solid.
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We have then, in all, three general truths or laws : —
1. — The path of a moving point is a line.

I1. — The path of @ moving line is a surface.
III. — The path of a moving surface is a solid.

NOTE.— Practically speaking,in-Law-1./material points are always meant; that
is, bodies whick seem lto be points, or are for the time regarded as points. The stars,
to our eyes, are material points; in reality, they are bodies of enormous size.

Exercises. — 1. What exception is there to Law IL.? Illustrate with a

pencil.
2. What exception is there to Law II1.? Illustrate with a slate.
8. What is the path of a moving solid?

VI.— Straight and Curved Lines.

§ 17. If a point move always in the same direction, its path
is a straight line ; if, on the contrary, the direction of its motion
is continually changing, its path is a curved line or curve. In
Fig. 7, A B is a straight line, C D is a curve.

Deflnitions.—1I. A STRAIGHT LINE is @ line whick has every-
where the same direction.

II. A CurveD LINE, o CURVE, is @ line whose direction is con
tinually changing. ’

A line like £ F (Fig. 7), composed 4 B

of several straight lines, is called a /\/\/

broken line: and a line like G H, € y7)

composed of straight and curved

lines, is called a composite line. M
The figures on carpets and wall-

papers, and the ornamental designs G/\—./_\“_H

. . Fig. 7.
employed on articles of furniture and
in architecture, furnish examples of broken and composite lines

in endless variety.
The word Zne, when used alone, usually means a straight line.
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Exercises. —1. On the blackboard are lines a, 4, ¢, 4, etc. 'What kind of
alineisa? Why? 42 ¢? d? etc. Give the reason in each case.

2. Draw and name with letters two lines of each kind. In what two ways
may you name or denote a line?

8. What kind \6f\lines are|the)ledges| of ‘the cube? the prism? the pyra-
mid? the cylinder? this table? this ruler? this rubber? the room? also the
rim of a tumbler? the spokes of a carriage-wheel? its tire? a telegraph wire?
the letters M, N, O, U, V, Z?

Fig. 8.

4. What sort of a line does a flash of lightning often resemble? (Xig.8.)

8. What is the path of a falling apple? a ball thrown into the air? the end
of a watch-hand? the end of a pendulum? a drop of rain? a flying bird? a
point on the tire of a carriage-wheel?

6. Give other examples of straight lines and curves.

7. In these exercises have we been using the word “line” in its stric/
geometrical sense? Why?

VII.— Plane and Curved Surfaces.
§ 18. The faces of the cube are flaf or plane : the side of a
cylinder is round or curved. How can we define these two classes
of surfaces?
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Deflnitions. — I. A PLANE SURFACE, or PLANE, s @ surface on
which straight lines can be drawn in all directions.

I1I. A CURVED SURFACE is a surface on whick straight lines
cannot be drawn\in\all diréctions.

A straight line which moves in space, with one end fixed and
the other end sliding along another straight line, generates a plane
surface ; but if the second line is a curve, the surface generated is
in general a curved surface.

If, for example, the second line is the circumference of a circle,
the surface generated will be that of the cone (Fig. ¢), except
when the moving line is in the plane of the circle : in this case the
surface generated will be a plane surface.

Test of a Plane Surface. — Apply to the surface, in different
directions, the straight edge of a ruler ; if the surface is plane, the
edge of the ruler will always touch the surface from end to end.

Exercises. — 1. On a tin pail point out a plane surface; a curved surface.

2. What kind of surfaces are the faces of a pyramid? the side of a cone?
its base? the surface of the sphere?

8. Are the walls of the room plane or curved? the surface of the table?
of a lamp-shade? of a hat? of a mirror? of .a wash-basin? of the water in
the basin? of a flower? of the ocean?

4. Give other examples of plane and curved surfaces.

5. Can you draw a straight line on the side of a cylinder? on the side of

a cone? on the surface of a sphere?
6. Test whether the surface of your desk is a perfect plane.

VIII, — Cornered and Curved Bodies.

§ 19. The cule and the bodies shown in Fig. 2 are examples of
cornered bodies. The cylinder and the bodies shown in Fig. 4
are instances of curved bodies.

Deflnitions. —I. A CorNERED Boby, 07 POLYHEDRON, s @ body
bounded entirely by plane surfaces.

II. A Curvep Boboy is @ body bounded partly or wholly by
curved surfaces.
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Exercises. — 1. Give examples (a) of polyhedrons, (4) of curved bodies.
2. To which class does the earth on which we live belong?

IX.— Geometry.

§ 20. The Science of space conceptions is called GEOMETRY.

The aim of Geometry is threefold : —

L.— 70 discover the various properties of space figures arising
Jrom their having different forms.

II.— 7% show how to draw or construct space figures.

II1.— 70 show how space magnitudes may be measured.

. Geometry is usually divided into Plane Geometry and Solid

Geometry.

PLANE GEOMETRY Zreats of space conceptions confined to one and
the same plane. '

SoLiD GEOMETRY freafs of space conceptions not confined to one
plane (for example, solids and curved surfaces).

Chapters II.—X. of this work treat of Plane Geometry ; the re-
maining chapters, of Solid Geometry.

NOTES.— 1. The word Geometry comes from two Greek words meaning land-
measuring. In ancient times, when the science was in its infancy, it consisted en-
tirely of a few practical rules employed in measuring land, and used especially by the
Egyptians in settling disputes about boundary lines destroyed by the annual over-
flow of the river Nile. Hence the name Geometry (or land-measuring) was given
to the science by the Greeks.

2. No science excels Geometry in the number and impoitance of its practical
applications. This fact is strikingly seen in the power which it gives us of measur-
ing space magnitudes. If one asks: How much more will grow on this field than
on that one ? how much must this ship be loaded to sink ten feet into water ? how to
find the right way across the pathless ocean ? how maps of the land and sea are
made ? how the distance of the moon can be found ? at precisely what instant an
eclipse of the sun will take place ? when a comet will again be seen ? how a cannon
must be pointed in order that the ball may hit a certain mark 7 — these and similar
questions, only a man skilled in Geometry can answer.
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REVIEW OF CHAPTER I
QUESTIONS:

How many dimensions has the cube, and what are they called?

How many faces, edges, and corners has the cube?

How many faces meet in an edge? how many edges in a corner?

Are the faces equal or unequal? the edges?

Answer the preceding questions for each of the bodies in Fig. 2.

What account can you give of the surfaces and edges of the bodies in
Figs. 3 and 42

Name a body which has no corners; also one which has neither edges
nor corners.

Define a solid, a surface, a line, a point; how many dimensions has
each, and what are they called?

Define the intersection of surfaces or of lines. What is the intersection
of a surface? of a line?

What are space conceptions ? space magnitudes ? space figures ?

What are the parts of a body? the parts of a surface? the parts of a line?
Illustrate the facts, that a surface is no part of a body, and that a line is
no part of a surface.

Illustrate what is meant by a point in Geometry.

How are space conceptions represented and named?

Illustrate how space magnitudes are generated by motion. What are
the general laws? the exceptions to them?

Define the four kinds of lines, and give examples.

Define plane and curved surfaces. How is a plane surface tested?
Show how a line must move to generate a plane surface; a curved sur-
face. '

Define polyhedrons and curved bodies, and give examples.

What is Geometry ? its chief aims? its chief divisions?

EXERCISES.

Give examples of bodies shaped like a prism, a pyramid, a cone, a sphere.
Name the dimensions of a telegraph wire, a monument, a river, a well.
Name the dimensions of a cylinder, (¢) when standing on its base, (4)
when resting on its side.

How can you cut a prism in two so that each part will also be a prism?
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How can you place two cylinders having equal bases together so as to
form another cylinder?

Can you place two cubes together so as to form a new cube?

Here are several equal cubes: put them together so as to form a new
cube. How many cubes does it take? -How much larger is the new
cube than one of its parts? its face than the face of one of its parts?
its edge than the edge of one of its parts?

Mention bodies of regular shape, but differing in shape, from those thus
far examined.

What kind of space magnitude is the human skin?

Give an instance where more than two lines intersect in the same point.
Can more than two surfaces intersect in the same line? Can you give an
illustration?

When will a large body agpear very small? Give examples.

Draw (if possible) a line with no ends; with one end; with two ends;
with more than two ends.

If you slide a straight line along the two rails of a railroad, what kind
of a surface would be generated?

If you move a straight line around the tires of two carriage-wheels
on the same axle (always keeping it in contact with both tires), what
kind of a surface would be generated?
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CHAPTER I1.
STRAIGHT LINES.

CONTENTS.— 1. Direction of One Line (§§ 21-25). II. Change of Direction.
The Circle (§§ 26-28). III. Directions of Two Lines (§¢ 29, 30). IV. Direc-
tions of Three Lines (§ 31). V. Length of a Line (§§ 32-36). VI. Ratio of
Two Lines (§§ 37, 38). VII. Units of Length (§§ 39-41). VIII. Measuring a

Line (§§ 42, 43).
I.— Direction of One Line.

§ 21. A straight line, 4 B (Fig. 9), may be regarded as hav-
ing either"the direction from A4 towards B
B, or the opposite direction from B to-
wards A, in the first case, we should
call it the line 4 B, in the second case,
the line 4. Sometimes (as, for instance, on a guide-post) an
arrow-head or a hand is used to point out which direction is in-
tended ; but, in general, we may assign to the line either direc-
tion.

_—
Fig. 9.

§ 22. If we know only the direction of a straight line, we can-
not determine its position or Lcaze it ; c
for, through different points, 4, B, C,
D, (Fig. 10), different straight lines Be———>
may be drawn, all having the same

direction. "
Likewise, if we know only that a /N
straight line passes through a known or L ?

Fig. ro.

M

given point, A, the line is not known ;
for, through a point any number of straight lines may be drawn.



18 GEOMETRY FOR BEGINNERS. [§ 23.

But through the point 4, in a given direction, as that of the
arrow, only one straight line can be drawn. And, also, through
any two points, as 4 and M, but one straight line can be drawn.

Every one sees that these assertions are true. In Geometry,
truths which are so simple that they are admitted without trying
to prove them are called Axiowms.

Axiom 1.—T’hrough a given point in a given direction only
one straight line can be drawn. '

Axiom II.— Zkrough two given points only one straight line
can be drawn.

Hence, if one point and the direction of a line are given, or if
#wo points of the line are given, the line is determined in position.

§ 23. For drawing straight lines on paper, or on the blackboard,
a RULER (Fg. z11)! with a straight edge is employed.

In order to draw a line on paper through two given points, lay
the ruler on the paper so that its edge
just touches the two points ; then draw
the line with a hard, well-sharpened
pencil, holding the pencil nearly vertical, and always in contact
with the edge of the ruler. If we use no instrument to guide the
hand, we are said to draw FREE-HAND.

Exercises.—1. Draw fourlines through a point, and name them with letters.

2. Make two points, and then join them by a straight line.

NOTE.—If 4 and B are two points, the expression join A4 B is to be understood
as meaning draw a straight line from A to B.

8. Make three points not in the same line; then join them by straight lines.
How many straight lines in all can be drawn?

4. How many straight lines in this way can be drawn between four points?
five points? six points?

6. Draw, free-kand, a straight line; then correct or rectify it with the aid
of aruler. Repeat the exercise several times.

Fig, 11,

1 The divided rule (see § 42), which the pupil requires for other purposes,
will also serve for drawing straight lines.
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6. How can you test whether the edge of a ruler is straight?

Ans.— Draw a line with the ruler through any two points; then turn the ruler
end for end, and, along the same edge, draw a line again through the same two
points. If the edge is straight, the two lines will coincide and form a single line.

(See § 22, I1.).

7. Test the edge’ of 'your ruler or divided rule.

8. Test the edge of the ruler at the blackboard.

9. A farmer has a four-sided field, and wishes to run a straight fence be-
tween two opposite corners. Explain how, with a person to assist him, he
can find points on the proposed line of the fence between the corners.

Suggestion.— If the farmer stands a little way behind one corner, and places
his eye so that the Jine of sight passes through both corners, this line will coincide
with the proposed line of the fence.

§ 24. Among the directions which a straight line may have,
there are two of more practical importance than the
others.

Fasten a weight to one end of a cord, and then hold
the other end at rest in the hand : this forms what is
called a pluméb line. When the cord is at rest its di-
rection is said to be VERTICAL. On the other hand,
a pencil, stick, or similar object, when floating on
the surface of still water, is said to have a HORI-
ZONTAL direction. Fig. 12,

Deflnitions. —I. A VERTICAL LINE #s @ Jline which has the
direction of a plumé line.

II. A HorizoNTAL LINE s @ line whick has the direction of any
line in the surface of still water.

1II. LZines neither vertical nor horizontal are called INCLINED
LinEs.

Plane surfaces, also, are either vertical, horizontal, or inclined.
Every plane in which a vertical line can be drawn, is a vertical
plane ; the surface of still water, or any plane similarly placed
with reference to the earth’s surface, is a korizontal plane ; planes
neither vertical nor horizontal are /nclined planes.

The sides of the room, for example, are vertical planes; the
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floor and ceiling are horizontal planes ; the roof of the house is

an inclined plane.

NOTES.— 1. The surface of water, if of considerable extent (the ocean, for in-
stance), is sensibly a curved surface, because the earth is round. This curvature
makes itself evident on the seashore when we watch a ship sailing out of sight on
the horizon® first the/hull'sinks)out'of . sight);then the sails and lower parts of the
masts; last of all, the tops of the masts. But on a pond three or four miles in
length, the curvature is so small that it cannot be observed ; hence, for all common
purposes, the surface of the pond is regarded as a plane.

2, On paper draw vertical lines Zowards or from you; horizontal lines from right
to lef?, or lefi to right,

Exercises. — 1. Of the lines on the blackboard, which are vertical? which
horizontal? and which inclined?

2. Draw a line on paper; then hold the paper so that the line shall be
vertical. Is now the plane of the paper also vertical ?

8. Hold a pencil vertical; horizontal; inclined.

4. Hold a book vertical; horizontal; inclined.

b. Draw three lines of each kind.

6. Draw a vertical line, mark five points on it, and through these points
draw horizontal lines.

7. On the cube, point out vertical edges and faces; also horizontal edges
and faces.

8. What directions have the edges of the prism? those of the pyramid?
those of the cylinder?

9. What direction has a ladder when leaning against a wall? when lying
on the ground? when suspended from one end by a rope? What direction
have the 7ounds of the ladder in these three cases?

10, What direction has the mast of a ship? the path of a falling apple?
the beam of a balance at rest? the surface of a lake? the side of a house?
its roof?

11. At what time of the year are the sun’s rays most nearly vertical ?
When are the sun’s rays horizontal ?

12. Give other examples of the vertical and horizontal lines and planes.

13. When is the minute-hand of =2 clock vertical? when horizontal?
Answer the same questions for the hour-hand.

14. When two vertical planes (for example, the two sides of a room) in-
tersect each other, what kind of a line is their intersection?

15. When a vertical plane intersects a horizontal plane what kind of a
line is their intersection? -Give an example.

16. Through a point how many vertical lines can be drawn? how many
horizontal lines? how many inclined lines? how many planes of each kind?
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17. In a vertical plane how many vertical lines can be drawn? how many
horizontal lines?

18. In a horizontal plane how many vertical lines can be drawn? how
many horizontal lines?

§ 25. Applications.—I. In order to test whether a line or a
plane (as a wooden beam, the wall of a house, etc.) is ver-
#cal, a PLuMB-RULE (Fig. 13) is often used. It consists of
a piece of wood having two straight edges everywhere equally
distant from each other. Near one end, exactly half way
between the edges, a plumb-line is attached. Near the
other end, also exactly half way between the edges, a mark
is made. If we place one edge of the plumb-rule against a
surface which is vertical, the line, when at rest, will cover
the mark ; if the surface is not vertical, the line will pass on
one side of the mark. It is well to apply the test twice,
using first one then the other edge of the plumb-rule ; in
both cases, the line ought to cover the mark.

II. To test whether a line or a plane surface is Aorizontal (or,
as workmen say, %ve/), instruments called LEVELs are used. The
simplest kind of level is the Plumb-line Level (Fig. 14). It con-
sists of three pieces of wood put together in the shape of the let-
ter A, with a plumb-line suspended from the top. In order to
adjust the instrument for use, a mark must be made on the cross-
piece, where the plumb-line passes, when the feet of the level are

8\
Fig. 13.

Fig. r4.

at the same height, or horizontal. This is done as follows ; Place
the feet of the level on any two points, and mark on the cross-bar
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the place of the plumb-line; then turn the instrument end for
end, rest it on the same points, and again mark the place of the
plumb-line. The point midway between the two marks is the
right one.

Fig. 15 shows the instrument in use to test whether a wooden
beam is horizontal. As we see in the figure, the plumb-line passes
a little to the left of the mark on the cross-bar. Which end of the
beam is the highest?

In testing whether a suzface (as that of a table) is horizontal,
we must apply the level in at least Zwo different directions, because
a line in one direction on the surface might be horizontal while
lines in other directions were inclined. But if two lines on the
surface in different directions are horizontal, then the surface must
be horizontal.

NOTES.—1. A common Spirit-level is shown in Fig. 16, It is more accurate

a than the plumb-line level, but (when properly
made) more expensive. The essential part of
the spirit-level is a glass tube, slightly curved,
and filled with alcohol, except the space oc-
cupied by a bubble of air, which always seeks
Fig. 16, the highest part of the tube.

2, Surveyors and engineers, in establishing horizontal lines on the ground, or

prolonging them, use levels mounted either on
I * a staff which is driven into the ground, or on

a three-legged stand (tripod) which rests on the
ground. One may make a simple (but not very
accurate) plumb-linelevel for use on the ground,
as follows: Fastena common carpenter's square
(Fig. r7) in aslit in the top of a staff by means
of a screw, and then tie a plumb-line at the
angle so that it may hang beside one arm.
When it has been made to do so by turning
the square, the other arm will be horizontal.

Fig. ry.
Exercises. — 1. Choose some object in the room, and test whether it is
vertical.
2, Choose some object in the room, and test whether it is horizontal.
8. Draw on the blackboard (with the aid of a plumb-rule) a vertical line.
4. Draw on the blackboard (with the aid of the plumb-line level) a hori-
zontal line.
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II.— Change of Direction. The Circle.

§ 26. The direction of a straight line is swsceptible of change.
The hands of a clock,'for instance,may be regarded as two lines
which are constantly changing in direction. The minute-hand, in
the course of an hour, points in all possible directions contained
in the plane of the face of the clock.

When a straight line, 4 B (Fig. 18), moves without leavmg the
point A4, until it has another direction, b
as A C, it is said to turn or ROTATE
about the point 4. If the motion
continues, the rotating line will at
length return to its first position, 4 B;
it is then said to have made one REv- Fig. 18.
OLUTION.

-
-

——cmmen=®’

bN
)

§ 27. If, during the motion about 4, the length of the line re-
mains unchanged, its other end, B, will
describe a curved line which returns into
itself, and has the property that all its
points are at the same distance from A.
This curved line (Fig. z9) is called a
CIRCUMFERENCE ; the point A4 is called
its CENTRE. Of all curved lines, the
circumference is the simplest and the
most important.

Fug. 19.1'

Deflnitions. — 1. 4 curved line which is everywhere equally
distant from a point is called @ CIRCUMFERENCE.
II. TZhe point is called the CENTRE.

III. A part of a circumference is called an ArRc (for example,
B Cor CD, Fiy. 19).
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IV. A straight line joining the centre to the circumference is
called a Ravws ! (for example, AB or A C, Fig. 19).
V. The plane surface bounded by a circumference is called a

CIRCLE.

NOTE.—The word circle is also used in certain expressions in the sense of cir-
cumference; thus, in the expressions, “# draw a circle" “arcs of circles,” strictly
speaking, not the circle but the circumference or doundary of the circle is meant.

From definitions I. and IV. it follows that —
All vadii of the same circle are equal in length.

Exercises. — 1. Name objects on which circles and circumferences present
themselves (ends of a cylinder, rim of a tea-cup, a hoop, etc.).

2, What does the tire of a carriage-wheel represent? the spokes? the
axle? the part of the tire between two spokes?

8. In Fig. 18, as A B rotates about 4, what kind of paths do points be-
tween 4 and B describe?

§ 28. Circles (or, speaking more exactly, circumferences and
arcs) are drawn on paper, etc., by the aid of an instrument called
the ComPasses or DIvIDERs? (Fig. 20).

The compasses (for use on paper) consist of two metal legs
connected together by a pivot about which
they can turn. The legs have fine, hard
steel points. The lower part of one leg
can be removed (by turning a screw on
the side) and its place supplied by a pencil-
leg, or a leg provided with a steel pen.
In Fig. 20 the pencil-leg is shown.

To draw a circle with a given radius, say
= two inches, fit the pencil-leg to the com-

Fig. 2. passes, open the legs till the distance apart
of their points, or opening, is just two inches, and then proceed
as shown in Fig. zo.

1 Plural, radii.
2 So called from its use in dividing lines and angles into equal parts.
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On the ground, circles are often described by the aid of a cord.
When a gardener, for instance, wishes to trace a circumference, he
proceeds as illustrated in Frg. 27.

Fig, 21,

Exercises. — 1, Describe how to draw a circle of given radius on paper.

2. Describe how a gardener traces a circle on the ground.

8. Draw (on paper) a circle with a radius equal to the breadth of your
ruler or divided rule.

4. Draw a circle with the large compasses on the blackboard.

. Can you draw a circle on the blackboard with a radius greater than the
greatest opening of the compasses?

6. Draw several arcs of circles.

7. Draw, free-hand, several circles. Which is drawn the best?

8. Draw three circles all having the same centre, or concentric circles, as
they are called. The waves caused by throwing a stone into water are exam-
ples of concentric circles; what is their common centre?

9. Draw (a) any circle; (4) a circle with a point 4 as centre, and any
radius; (¢) a circle with a radius of one foot, and in any position (that is, hav-
ing any point as centre); (&) a circle with the point 4 as centre, and a ra-
dius of one foot.

10, What two things completely determine the position ahd magnitude of
a circle?
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III.— Directions of T'wo Lines.

§ 29. Two straight lines in the same plane must have either
(@) the same or (6) different directions.

Case I. — When' two" different "lines, as 4 8 and C.D (Fig.
4 5 22), have the same direction, they are
called PArRALLEL lines. Bearing in
mind what was said in § 21, we may
also regard one of them as having one
direction, and the other the opposite
direction. It is also evident that sev-
eral lines, as 4 B, C D, E F, G H, may be parallel to one another.

Deflnition.— PARALLEL LINES are lines which have the same
direction.

That a line 4B is parallel to a line C.D is sometimes ex-
pressed, for the sake of brevity, by a sign ; thus: 4 B || C D.

The two rails of a railroad furnish a familiar illustration of par-
allel lines ; substitute for the rails geometrical lines, and these would
be parallel lines as understood in Geometry. The opposite edges
of a table are another example of parallel lines.

Pe

>

Q b

D
F
H

Fig. 22,

Fig. 23,

Every one has observed that the rails of a railroad course along
without either approaching or separating. We may suppose them
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to be prolonged as far as we please, without meeting. The same
is true of the edges of the table and of all lines parallel to each
other. In fact, if two parallel lines could meet when prolonged,
they would then be/ two, straight| lines) passing through the same
point (the point of meeting), yet not coinciding ; but this is im-
possible, for all straight lines drawn through the same point in the
same direction must coincide and form only one line (Axiom I.).
Therefore, —

Parallel lines can never meet, however far prolonged.

But two lines which would not meet if prolonged are not neces-
sarily parallel. For instance : an edge of the table and one of the
legs on the opposite side would never meet if prolonged, yet they
are not parallel. The lines, in order to be parallel, must lie in the
same plane.

Two curves, also, may be parallel to each other. Fig. 2¢ gives
an example. The curves would not meet if pro-
longed, and, at corresponding points, as 4 and B,
or C and D, they have the same direction. When a
railroad makes a curve, the rails do not cease to
be parallel. Concentric circles supply another ex-
ample of parallel curves. (See Fig. 790, p. 212.)

Two planes, or a plane and a straight line, are
parallel, if they would not meet however far they
were extended. The floor and ceiling of the \_/
room is an instance of parallel planes; the floor Fig. 24.
and an edge of the ceiling is an example of a plane and straight
line parallel to each other.

Case II.—Far more common is the case where the two lines
D

have different directions. Two c
such lines, as 4 B and C D G

(Fig. 25), either actually meet, T

or, if prolonged in one or the "3
other direction, will approach Fig. 25.
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and at last meet in a point, O, called their intersection (§ 12).
Two edges of a table which meet at a corner are lines having dif-
ferent directions ; the corner is the intersection.

Exercises. — 1. Which lines on the blackboard are parallel ? which not
parallel ?  Prolong the latter until they meet.

2. Through a given point not in a given line, how many parallels to the
given line can be drawn ?

8. How do you read the expression 48 || CD?

4. Hold two pencils (@) parallel; (4) so that they would intersect; (¢)
so that they are neither parallel nor would they intersect.

6. Hold two books (@) parallel ; (4) not parallel.

6. Hold a pencil and a book (@) parallel; (&) not parallel.

7. Point out on the cube (@) parallel edges ; (&) intersecting edges : (¢)
edges neither parallel nor intersecting.

8. Examine, in the same way, the edges of the prism and the pyramid.

9. Which edges of the room are parallel to the floor?

10. Give another instance of parallel lines; of parallel planes; of a line
parallel to a plane.

11. Are two vertical lines parallel to each other?

Apns,— Strictly speaking, No; because, owing to the round shape of the earth,
two vertical lines intersect at a point near the centre of the earth. But the dis-
tance to the earth's centre (nearly four thousand miles) is so great compared with
the distance apart of two vertical lines, such as the edges of a house, etc., that the
latter are always regarded as parallel.

12. Are horizontal lines always parallel to each other?

18. Can two vertical planes intersect each other?

14. Can two horizontal planes intersect each other?

15. Give an instance of parallel lines which are vertical ; horizontal ;
inclined.

§ 30. The simplest way to draw lines parallel to each other
(especially when several are desired) is illustrated in Fig. 26.
Besides a ruler, a piece of wood with three smooth, straight edges
called a SQuUARE, is needed. Keep the ruler at rest, slide the
square along the edge of the ruler, and, in different positions of
the square, draw lines along its edge ; these lines will be parallel
to each other. To draw a line through the point A7, parallel to the
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line 2 Q, place the ruler and square as shown in the figure, then
slide the square along till its
edge just touches Af; the
line drawn throughV/#/y along
the edge of the square, will
be the parallel required.

NOTE.—How parallel lines are
drawn with ruler and compasses will
be explained later. (See § 78).

P

Exercises. — 1, Drawastraight
line; and then, through a point not
on the line, a parallel to it. Fig. 26,

" 2. Draw a straight line, and, through a point on the line, a parallel.

8. Draw five parallel lines about equally distant from each other.

4. Draw free-hand several parallel lines. Test and correct them with
ruler and square.

IV.—Directions of Three Lines.

§ 31. Three straight lines in the same plane present, as regards
direction, four cases,—

(@) The three lines are all parallel ;

(4) Two of the lines are parallel ;

(¢) No two lines are parallel, and all intersect in one point ;

(@) No two lines parallel, and not all meeting in a point.

These cases are all illustrated in Fig. 27. When necessary, the
lines must be prolonged until they intersect. In case () the

(@) Q] Fig. 2. © @)

lines (prolonged, if necessary) intersect in three points, and enclose
a portion of a plane surface, which is called a TRIANGLE.
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Exercises.— 1. DIraw any three lines, and then prolong them (by dotted
lines) till they intersect.

2, In how many points can four lines intersect one another? (2) when all
four lines are parallel? (6).when three are parallel? (¢) when two are par-
allel? () when no'two’are'parallel?

8. Examine five lines in the same way.

4, Examine, in like manner, ten lines, eight of which are parallel lines.

V.—Length of a Line.

§ 32. The straight line which passes through two points, 4 and
B (Fug. 28), is shorter than any other line
passing through the points, and hence its
length is taken as the DisTANCE of the
points from each other.

This truth is one which we all learn as
soon as we begin to walk and to move
about from place to place. It furnishes us with another axiom in
addition to those given on page 18.

Axiom IIl.— A straight line is the shortest distance between
tfwo points.

Illustration. —We may illustrate this truth as follows : Fasten
one end of a string to a nail which is fixed in a wall, and pass the
other end through a ring also attached to the wall. Now pull the

Fig. 8.

. —1

Fig, 29,

free end with one hand, and the part of the string between the
wall and the nail will diminish in length until it is straight ; and
then it cannot be made any shorter. ’
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Application.—Sign-painters, carpenters, etc., make use of
this property when they wish to trace straight lines on wood. They
chalk a cord and stretch it tightly between the points through which
the line is to pass!//Then!’séizing the/cord by the middle, they

Fug. 30.

draw it away a little from the wood and then let it go. It springs
back, strikes the wood a sharp blow, and leaves on it a white trace,
which is a straight line.

§ 33. As regards length, two lines must be either egual or
unequal.

Deflnition. — Zwo straight lines are EQUAL, if, when laid one
upon the other, their ends or extremities can be made to coincide.
If this cannot be done the lines are UNEQUAL.

Expression of Equality. —If two lines, 4 B and C D, are

equal, we express the factthus: 4 8= CD. , B
This expression is called an EQuATION, and is . D
read : the line 4 B is equal to the line CD. g F

The sign = is called the SioN oF EqQuaLITy. Fig. 31.

Expression of Inequality.—The lines 4 B and £ F (Fig.
37) are unequal lines. A B is greater than E F,or EF is less
than AB. In place of the words in italics, we often employ the
signs > and <, and write: 4 B> E F,and EF<AB.

Exercise. — Read the following: e=é; ¢>a,; x<y; ABILIQ;
RS>PQ; EF=HK; CD>HK; XY<CD.
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§ 34. In order to test the equality or inequality of two lines, it
is not necessary to place one line upon the other, as the definition
of the last section might seem to require. We find it usually more
convenient to ¢ompdre both/linés withla #2ir@ line, which can be
readily placed upon or by the side of each of them.

In constructing geometrical figures and diagrams, we make this
comparison (especially when great accuracy is required) by means
of the dividers (compasses). Suppose, for example, that we wish
to test whether the lines 4 B and C D (Fig. 31) are equal. Open
the dividers, and place one point on A4, the other on B this is
called taking the distance A B between the points of the dividers.
Then, taking care not to alter the opening of the dividers, place
one point on C and observe whether the other point will fall on
D; if it does fall on D, we know that C.D = A4 B.

NOTE. —In general, lines are compared in length b{ema:uring them, and ex-
pressinﬁ their lengths in feet, miles, metres, etc., as will explained in Parts VIL.
and VIII. of this chapter,

Exercises. — 1. Draw two lines, and then test whether they are equal.

2. Draw a horizontal line ; then draw a vertical line equal to it.

8. Explain how to make a line equal to a given line.

4. Draw a line equal to one edge of this cube.

8. Draw lines equal to the different edges of this prism.

6. Draw four lines, a, 4, ¢, d, as follows: a =6, c>a, d<5b.

7. Draw any four lines, m, n, o, p; then test their lengths, and write the
results with the proper signs (=, or >, or <).

8. Try to draw, free-hand, two egua/ lines, one horizontal, the other ver-
tical ; then test their equality.

9. Draw two lines, each longer than the greatest opening of the dividers.
How can you test whether they are equal or not?

§ 35. In testing, with the dividers, the lengths of two lines, the
third line with which we compare each of them is the disfance be-
tween the points of the dividers. We assume that if the two lines
are each equal to this distance, they must be equal to each other.
This assumption is so very obvious that it almost escapes notice.
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If two lines — or any two magnitudes — are each equal to a third,
of course they are equal to each other. This truth, in fact, supplies
us with one more axiom to add to those already given. We may
state it in either of two ways:—+

Axiom IV.—Jf two magnitudes are eackh equal to a third, they
are equal to eack other; or otherwise thus:

In place of any magnitude its equal may be substituted.

There are several other axioms, sometimes useful in Geometry,
which we shall now state, and then refer to them hereafter as here

numbered.
Axioms V.-IX.

V. If equals are added to equals, the sums are equal.
V1. If equals are taken from equals, the remainders are equal.
VIL. If equals are multiplied by equals, the products are equal.
VIIL. If equals are divided by equals, the quotients are equal.
IX. A whole is greater than any of its parts.

§ 36. The length of a line (like its direction) is susceptible of
change. We may suppose it either to increase or to diminish.

Prolong the line 4 B (Fig. 32) to any point C; then the line
A C is equal to the sum of the lines

A B and B C; here we may employ A n j‘F —
to advantage the sign + of addition, @32
and write, —

AC=AB+ BC.

Conversely, the line 4 B is the difference between the lines 4 C
and B C; or we may use the sign — of subtraction, and write,—

AB=A4AC—BC.

Prolong a line 4 B (Fig. 33) by adding to it repeatedly (by
means of the dividers) lines B C, C D, D E, etc., each equal to
AB. Then 4 C is twice as long as 4 B, A D is three times as
long, 4 E four times as long, etc. That is, we have mu/tiplied the
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line 4 B by 2, 3, 4, etc. It is usual to omit the sign X of multi-
plication, and write the results thus: 4 C=248, 4D = 3 4B,
AE=4AB,etc. AlsoAE=2AC,AL=5AC=2APF.

A T F o .
Fig. 33.
Conversely, a line can always be dirided into equal parts. In

the above line, for example, 4 B is one-half of 4 C, one third of
A D, one-fourth of 4 £, etc.; in other words, —

4B -AC_AD_AE . Aso,ac=4C a5_A1
2 3 4 3 2

These results may be summed up in the following general truth :
Lines, like numbers, may be added, subtracted, multiplied, and di-
vided.

Remark. —Observe, however, that we have only multiplied and
divided a Zne by a numéber, and that the result has always been
another line. If, for instance, we multiply the line 4B by the
number 10, we simply repeat the line a certain number of times,
and the result is the line 4 Z, or, writing the operation in the
form of an equation, —

1oX AB=AL.

In the converse operation of division there are two cases : —

(@) We may divide the Jne A L by the number 10, obtaining
as the quotient the 4ne 4 B. In this case we divide the line into
a certain number of equal parts.

(4) Or, we may divide the /ne A L by the /ine A B, and now
our quotient will be the number 10. In this case we find how
many times one line is contained in the other line. In this sense
division is the comparison, as regards magnitude, of two things of
the same kind, and the quotient is their relative magnitude or ratio.
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Exercises. —1, In Fig. 37, what line is equal to BD+DE? to AE—
AD? to three times the sum of 4 B and B C? to four times the difference

of A Cand CD?
NOTE. — Perform the following exercises with ruler and dividers, and no# with
the aid of the divisions jof a\divided rule,

2. Draw two lines ; then draw lines equal (2) to their sum, () to their
difference.

8. Draw A B=CD,and M N= P Q; then draw lines equal to 4 B+
MN, CDH+PQAB—MN, CD—PQ. Why are the first two of these
lines equal? Why are the last two also equal?

4. Draw a line three times as long as your pencil.

5. Draw a line, 4 B, and prolong it to a point, 7, so that 4 P=154 5.

6. Explain how to repeat or multiply a line any number of times.

7+ Draw a line equal in length to the sum of the edges which bound one
face of this cube.

8. Draw a line ; then divide it into two, four, and eight equal parts.

NOTE. — This is to be done here by repeated trial with the dividers.

9. Divide a line, free-hand, into five equal parts. Test and correct with
the dividers. Repeat this exercise several times.

VI.—Ratio of Two Lines.

§ 37. Definitions. — 1. If a line is contained in another line
one or more times without a remainder, the first line is called a
MEASURE, 07 ALIQUOT PART, of the second,; and the second line is
called @ MULTIPLE of the first.

II. A CoMMON MEASURE of fwo or more lines is a line whick is
exactly contained in eack of them.

III. Z%e RATIO of two numbers is the quotient obtained by di-
viding one number by the other; in other words, it expresses how
often one of the numbers will contain the other.

IV. The RATIO of two lines is the number of times one of the
lines will contain the other ; it is equal to the ratio of the numbers
which express how often a common measure is contained in each
of the lines.

V. Of the two terms of a ratio, the first is called the ANTECEDENT,
the second is called the CONSEQUENT.
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For example : in Fig. 34,where AB=BC=CD=DE=EF,
the line 4 B is a measure of AB, of A C, of CF, in short, of
every line represented in the figure ; therefore 4 B is a common
measure of all\these/linesO0On(the other hand, all the lines in the
figure are multiples of A B.

A—————————— e
Figy. 34.

If we compare the two lines 4 B and A4 F, we see that their
common measure 4 B is contained once in 4 B and five times in
A F; hence, the lines 4 B and A F are to each other as the num-
bers 1 and 5 ; that is, they have the ra#o 1: 5. By expressing this
ratio as a fraction, we obtain the equation, —

AB _1xX4B 1
AF ~ sxXAB " <
The recz}rétal ratio of 4 Fto A B is that of 5 to 1, or simply 5.

NOTE.— In common language, instead of using the term ratio, we say, A4 B is
one-fifth as long as A F, or, reciprocally, 4 Fis five times as long as 4 B.

In like manner, it is easy to see from Fig. 3¢ that —
The lines 4 B and A C have the ratio 1: 2
“« « A4Cand AB “ o« 2:1;
“ “ BDanddAF < 2:5;
“« « CFand AE “ oo« 3:4; etc.
In the form of fractions, these ratios would be written, —
AB 1 AC =2 . BD 2 CF 3.
ACT2 A4B=1" AF~5 AE" 4’
Exercise. — What is the ratio of 4 D and 4 B (Fig. 34) ? ADand 4 C?
ADand AD? ADand AE? ADand A F? ACand 4 E? AE and AF?

Write the values both with dots (:) and as fractions. In these ratios, which
term is the antecedent? which the consequent?

etc.

§ 38. In order to find the ratio of two lines, apply the shorter
line to the longer line as often as possible ; if the shorter line is a
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measure of the longer,—if, for example, it is contained in the longer
exactly five times, —then 1 : 5 is the ratio of the shorterline to the
longer.

If, however, the shorterline is not,a measure of the longer, the
problem becomes more difficult. After we have applied the shorter
line to the other line as many times as possible, there is a remainder
less than the shorter line. For example : in the case of the lines
M N and PQ (Fig. 35), when M N has been applied twice from
P towards Q, there remains the portion £ Q of the longer line.
To meet this difficulty, apply £ Q to MV as often as possible ;
then apply the new remainder SV to £ Q, which contains it ex-
actly twice.

This series of operations is precisely like the process of finding
the greatest common divisor of two numbers; it is, in fact, the
method of finding the greatest common measure of two lines.

M 3w

} 4 e n r)

p— + y a1
Fig. 35.

From what precedes we see that —
RQ=2SN; ]
MN=3RQ+SN=6SN+SN=73SN;
PQ=2MN+RQ=14SN+2S5N=16SN;

LPQ _16SN_16.  MN_ 1SN _ 7
MN 1SN 7’ PQ 165N 16

hence, -

S N is the greatest common measure of the two lines; the
longer contains it sixteen times, the other seven times; the ratio
of the lines, therefore, is that of the numbers 16 and %, either
16:7 or 7:16.
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It may happen that we cannot find a common measure of two
lines by this process, for the reason that the lines have no gommon
measure ; such lines are called INCOMMENSURABLE LINES.

Remark. — The exactratio-of two incommensurable lines can-
not be expressed by numbers ; but by dividing one of the lines
into a great number of equal parts, and applying one of these parts
to the other line as often as possible, and neglecting the remainder
(which will be very small compared with either of the lines) we
are able to epproximate very nearly to the true value of the ratio.

If, for instance, we divide one of two lines into 1000 equal
parts, and find that the other line contains more than 600, but less
than 601, of these parts, we know that the true value of the ratio
lies between &£ and £%%. For nearly all purposes we should
assume that the ratio was £9f, or #; in other words, we should
assume that one line was three-fifths as long as the other.

Exercises. — 1, In Fig. 76, of what lines is /N a common measure?
How many times is it contained in each of them? Of what lines is P Q
(=31MN) a common measure? How many times is it contained in each?

2. Express the values of the other lines in terms of 2 Q.

Ans.—MN=4PQ; AB=24PQ;, CD=16PQ; EF=17PQ.

4 + $ + $ s
& ; 4 + i
£ ~F

Fig. 36.

8. How many times is 4 P Q contained in each line in Fig. 367 Is it a
common measure of all of them? If we divide P Q into three, four, five, etc.,
equal parts, will one of the parts be a common measure of all the lines?

4. Of what lines is 2 2 Q a common measure? 2 M/ NV ?

5. What is the greatest common measure of /N and 4 B? of A B and
CD? of MN, ABand CD? of MN, AB, CD and EF?
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6. Find the ratio of 2 Q to each of the other lines in Fig. 76, and write
the results both fractionally and with dots.

7. Find the ratio of MV to all the other lines, and write the results
both fractionally and with dots.

8. Find the ratio of, 4,5 to the-other lines,-and write out the results.

9. What is the ratio of C.D to £ F? What is the reciprocal ratio?

10. Draw any two lines, and then find their ratio. .

VII.— Units of Length.

§ 39. Incomparing the lengths of lines with one another a great
amount of time and trouble is saved by employing ##i#s of length.

Deflnitions. —I. A UNIT of length is a known length which
men agree to employ as @ common lerm of comparison, or common
measure for all lines.

Units of length receive individual names, as the foo#, the yard,
the meter, the mile, etc.

II. 70 MEASURE a line is to find how often it will contain a
unit of length.

In other words, to measure a line is to find its ratio to the unit
of length.

1I1. The number of times a line contains a unit of length
s the NUMERICAL VALUE of the line with reference to that unit;
Jjoined to the name of the unit, the whole expression is called the
LENGTH of the line.

Examples. — 6 feet, 9 meters, 12 miles.

NOTE. — In olden times, units of length were usually taken from some part of
the human body. The word foo¢ indicates its origin. The cubit was the length of the
forearm, from the elbow to the end of the middle finger. The first attempt to es-
tablish a standard yard in England was in 1120, in the reign of King Henry I., who
ordered that the yard, the ancient ell (Latin #/za, elbow, arm), should be of the
exact length of his own arm. A" the present day, horses are described as so many
“hands high,” and a place is sometimes said to be so many * paces distant.,” The
span,the palm, and the fathom all derive their origin from the human body; the
fathom was the distance between the extreme points of the outstretched arms. But
the units of length now recognized by law among civilized nations are defined
by the State with the u*most precision, by reference to a standard made of plati-
num or other hard meta., which suffers no sensible change from age to age. This
standard is kept at the capital of the nation, and carefully made copies of it are
preserved in public buildings in the chief cities where the unit is employed.
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§ 40. The units of length established by law, and used for most
purposes in the United States and in Great Britain, are the INcH,
the Foor, the Yarp, the Rop, the MILE.

12 inches)\(in/) = oot (o). 5% yards = 1 rod.
3 feet = 1 yard (yd.). 320 rods = 1 mile.
NOTE. — The geographical or sea mile is one-sixtieth of a degree of a meridias
of the earth and is equal to 1.15 common or statute miles, very nearly.
Exercise. — How many inches in one yard ? in one rod ? in one mile ?

§ 41. The units of length now employed by the people of most
civilized nations, and by the men of science of all nations, are
called METRIC units, from the name of the fundamental unit, the
meter.) They form, taken together, a part of the Metric System
of Weights and Measures, first adopted by the French just after
the great revolution of 1792.

Deflnition. — Z%e METER — the fundamental unit from whick
all other units in the metric system are derived —is defined by law
as the length of a certain platinum bar kept at Paris.

NOTES.—1. The nations which have adopted the metric system take from
the Paris meter the most perfect copies which can be made, and in the capital of
each nation are preserved a set of metric measures and weights with which those
used by the people must agree,

2. The founders of the metric system defined the meter as one ten-millionth
part of the distance from the Equator lo the North Pole. Extraordinary efforts were
made to construct a platinum bar which should have this exact value. An arc of
a meridian passing through France and Spain was measured with extreme care,
and by combining the results with other known facts the distance from the Equator
to the Pole was calculated. The platinum bar based on these results was supposed
at the time to be exactly what it was defined to be. But not long afterwards errors
in the measurements were discovered, and it is now known that the Paris meter
(the platinum bar) is less than its intended value by an amount not exceeding 5355;,
of the whole.

The other units of length are multiples and divisions of the
meter as follows : —

Ten melers are called one DEKAMETER.

One hundred meters are called one HEKTOMETER.

1 The word mefer comes from a Greek word meaning measure, and is pro-
ncunced meé-ter. The French write the word mésre,
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One thousand meters are called one KILOMETER.
One tenth of a meter is called one DECIMETER.
One hundredth of a meter is called a CENTIMETER.
One thousandth of @ méters)called a-MILLIMETER.

NOTES.— 1. Ten thousand meters is also called a MYRIAMETER.

2. The names of the multiples dekameter, Aectometer, £ilometer, myriameter are
formed by prefixing to the word meter the Greek numerals deka (10), hecto (100),
kilo (1000), and myria (10000) ; for the divisions of the metre, the Latin numer
als, deci, centi, and milli are used.

Abbreviations. — Meter = m; dekameter = dkm; hecto-
meter = hm ; kilometer = km ; decimeter = dm; centimeter =
cm ; millimeter = mm.

JABULAR VIEW.

km. hm. dkm. m. dm. cm. mm.
I = I0 = 100 = I000 = I0000 = 100000 = 1000000
I= 1I0= 100= 1000 = 10000 = 100000
I= 10 = 100 = 1000 = 10000
1= 10 = 100 = 1000
I = 10 = 100
I = 10

This table shows that a given number of units of one value are
reduced to units of the next lower value by multiplying by 10, and
to units of the next Zigher value by dividing by 10.

Examples. — 1. Reduce 32 meters to decimeters, and also to dekameters.

Ans. 320im; 3 2dkm.

2. Reduce 0.764 of a kilometer to meters.

Solution, — Since we wish to reduce kilometers to the ¢kird lower unit, we must
multipl{ by 10 three times. As in decimal fractions, this is done by moving the
decimal point #47ee places to the right. Ans. 764m-

8. Reduce 376 millimeters to kilometers.

Solution.— Here we have to reduce millimeters to the six#%2 higher unit; there-
fore, we must divide by 10 six times. That is, move the decimal point six places
to the Zef2. Ans. 0.000376km,

Remarks. — 1. The units most used are, the kilometer (for
long distances), the meter, and the centimeter and millimeter (for
lengths less than one meter).
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2. In practice, only one unit is employed to express a length.
We say 76" or 760" (mot 7%™ 6™); 332™ (not 3t™ 3%™ 2™
and not 339%™ 2™), etc.

3. In reading the fraction of a unit, the word signifying the num-
ber of decimal places may be omitted ; thus, 4.5™ may be read :
four meters five ; 4.52™ may be read : four meters fifty-two, etc.
This is analogous to the common way of reading money; $2.75,
for instance, is read: two dollars seventy-five (or, yet more sim-
ply : two seventy-five). In the case of money, the omitted word
is cents; with metric units it is tenths, hundredths, thousandths,
etc., according to the number of decimal places.

4. In adding, subtracting, etc:, metric units, they must first all
be reduced to a common unit, as, for example, the meter. Thus, "

6.4™ + 27" = 6.4™ + 0.27™ = 6.67™

COMPARISON OF METRIC AND ENGLISH UNITS.

I kilometer =  0.62137 miles (about § of a mile).

1 meter = 10936 yards (about 393 inches).

I centimeter= 0.3937 inch (about £ of an inch).

I millimeter = 0.0394 inch (about 3% of an inch).
I mile = 1609 meters (about 1£ kilometers).

1 yard =  0.9I44 meter (about 1% meter).

1 foot = 0.3048 meter (about 30 centimeters).
1 inch = 2.54 centimeters (about 23 centimeters).

NOTE. — It might be well for the pupil to learn by heart the approximate values
(not the others) just given in parentheses; but the best way to become familiar
with the values of the meter and its divisions is by comparing a meterstick witl:
a yardstick, by comparing the divisions on a divided rule, and by solving exercises
like the following.

Exercises. — 1. Give the metric units of lengths thus: 10 millimeters
make I centimeter, 10 centimeters make I decimeter, etc.

9. Write a tabular view of the metric units of length.

8. Write with abreviations: 8 meters; 72 kilometers; 324.6 dekameter
87.34 hectometers; 9.27 centimete 5; 4.2 decimeters; 13 millimeters.
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4, Read the following : 37.5™; g47™m; 846.7m ; §8dm; go4km;
45.206hm ; 77.96dkm, .

5. Reduce 8844™m to meters and to kilometers.

6. Reduce 3.275™ to meters and to millimeters.

7. Reduce 12.4M/to/all/'the lowér uhits.

8. Reduce 180°™ to all the higher units.

9. What part of a kilometer is 1® ? jem? ymmp

10, 25°m are what part of a meter? also what part of a kilometer?

11. 24.32™ 4 69m 4 184m {. 260°™ — how many meters?

12, 4dkm o gm | gdm 4 gem | gmm — how many meters?

13, 6km 4 ghm 4 fdkm | 6m { 6dm — how many kilometers?

14. A shopkeeper sells ribbon as follows: to the first customer 8m, to
the second 70°™, to the third 4.5™, to the fourth 29m, to the fifth 8o'™; how
many meters does he sell in all?

15. What is the difference in length of two nails, one of which is 4°™, the
other 28mm long?

16. From 10™ take 1omm,

17. From 1ookm take roomm,

18. 87°m X 36 = how many meters?

19. 42.64™ X 80 = how many kilometers?

20. If the post-office is goo™ from my house, and I go to it twice a day
for letters, how many kilometers do I walk in a week?

21. I receive an order for 20 rulers, each to be 30°™ long; what length
of wood is required?

22, How many rails each 7.5™ long are required to build a track 300km
long?

- 28. How long would it take an express train going at the average rate of
40™ an hour to travel from Boston to San Francisco, a distance of §500km?

24, If 1™ of silk costs $3.00, what costs 1dm?- yem? ymm ? ydkmp (hmp ykmp

28. Reduce the following values to English equivalents : velocity of an ex-
press train = 60k™ an hour, height of Mt. Blanc = 4815™, usual height of
a barometer = 76°™.

26. Reduce the following values to metric equivalents: velocity of light

= 190,000 miles a second; distance from Boston to New York = 236 miles;
average height of a man = 5 feet 8 inches.

27. Which is greater, 3km or 2 miles? 39m or 1 foot?

28. What unit would you use to express the distance from New York to
Chicago? the height of a mountain? the length of a room? the dimensions
of a sheet of paper? the thickness of a soap-bubble?
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29, Why is the Metric system also called a decimal system?
80. Which do you consider preferable, metric units or the foot, yard, etc.?

VIII,~Measuringa Line.

§ 42. In order to measure a line various instruments are em-
ployed. Among them we may mention the Divided Rule, the
Yardstick (or Meterstick), the Tape-Rule or Roulette, and the
Surveyor’s Chain.

Lines on paper are generally measured by placing beside them
a divided rule. A very useful kind of divided rule is a rule one
foot long, divided on one side into inches and parts of an inch,
on the other into decimeters, centimeters, and millimeters. On
the blackboard a yardstick or meterstick is usually employed.

Longer lines, such as the length of a room or of a garden, can
be more rapidly measured by the help of a tape-rule or roulette.
These are made of cloth or flexible steel, wound around an axis,
and enclosed in a small case suitable for the pocket. They are
made of various lengths up to one hundred feet.

In measuring lines on the ground surveyors employ a chain
sixty-six feet long, containing one hundred links, or a steel tape one
hundred feet long. French surveyors use a chain one dekameter
long, containing fifty links. If a chain or steel tape is not at hand,
a rope divided by knots into yards or meters may be employed.

In the absence of any better means of measuring a line, pacing
must be resorted to. The average value of a pace must be found
by counting how many paces are made in walking a certain known
distance, as ten meters. Pacing is not a very exact way of meas-
uring a line, but it is a rapid way, and is always at our disposal.

In many cases a line is not measured @Zrectly, but its length is
computed from lines of known length by methods which will be
described hereafter. Indeed, it often happens that the direct
measurement of a line is impossible ; for example, the breadth of
a river, the height of a mountain, the diameter of the earth, and, in
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general, the distance of an inaccessible object (as the sun or the
moon).

Exercises. — 1. Make a line 39™ long, and divide it into centimeters.

2. Draw lines with'lengths as'follows':’'16¢m; | 0.6dm ; y7gmm,

8. Draw lines with lengths as follows: 76em; 14dm; 1.36™,

4, Draw, free-hand, a line 39m long. Measure it with the divided rule,
and find what error you have made. Repeat'the exercise three times.

B, Measure, in metric units, with the divided rule, the following lines, and
write out the results: (@) Length, breadth, and thickness of a book; (4)
length and breadth of your desk; (¢) length of your lead-pencil ; (&) length
of your middle finger.

6. Estimate first, by the eye, then measure with the meterstick, the height
of the door.

7. Measure, with a roulette, the length and breadth of the room; also,
the length and breadth of the play-ground.

8. Find the value of your pace by pacing twenty meters.

9. Measure, by pacing, the distance from the schoolhouse to your home.

§ 43. If we look on a map of a large country like the United
States, we see that distances which amount to hundreds of miles
are reduced in length and represented by lines at most a few inches
long. It is clear that, in constructing maps, plans! of estates, etc.,
the actual lengths of lines must be very much reduced ; for, other-
wise, the map or plan would need to be as large as the country or
the estate which it represents.

A divided line, or other means for enabling us to reduce lengths
measured on the ground in a given constant ratio, is called a RE-
DUCING ScALE ; and the operation of drawing on paper lines whose -
length shall be one-half, one-fourth, one-tenth, or any other frac-
tional part of the lines measured on the ground, is called DrawiNG
TO SCALE.

1 Every one knows what a map is; a plan is a portion of a horizontal surface,
or surface assumed as horizontal, represented on paper together with its subdivis-
ions and other details of importance which it contains. A diagram is any set of
lines drawn on paper, etc., to illustrate a statement or aid in a demonstration; the
so-called Figures of Geometry are diagrams,
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Suppose, for example, that we take as a reducing scale the di-
visions and subdivisions of a divided rule, and that lines are to be
drawn to the scale of 1 meter to 500 meters ; in other words, that
the ratio or scale of reduction.is-1:500., Then 1 meter would be
represented on the paper by a line 534™ = 2™™ long, a distance
of 48 meters by a line 4%™ = 9.6° long ; a length of 66.5 meters
by a line §€%§™ = 13.3°™ long, etc. And, in general, the reduced
length would be found by dividing the real length by s00.

Conversely, the real length of a line would be found from the
reduced length by multiplying the reduced length by 500. Thus,
a line 8 centimeters long on the paper, would represent a line which
was in reality 8°® X 500 = 4000°™ = 40™ long.

Scales are named by expressing the ratio of reduction, either
fractionally, - thus, 145, sd9> Todoo, €tC., or with two dots, thus,
1:100, I: 500, I : 10000, etC.

A reducing scale is sometimes printed or drawn by the side of the
map or diagram, and its divisions numbered in terms of the real
lengths of the lines represented on the paper. We can then easily
ascertain with the dividers the real length represented by a line on
the paper. How?

The scale of reduction must be the same for all lines on the
same map, plan, or diagram. If this rule were not followed, the
appearance of two lines on the paper would give a false idea of
their actual relative lengths ; and, besides, the sZape of the map or
diagram would differ from the shape of what it professed to rep-
resent ; in other words, the map or diagram would be distorted.

NOTES.— 1. The choice of a scale depends on the real lengths of the lines
compared with the size of the paper on which they are to be represented. The
scale chosen should be such as will enable us to represent all the lines on the paper,
and also leave a fair margin around the edge of the paper.

2. The following are examples of scales actually employed : — United-States
Coast Survey, charts of small harbors, etc., 1:5000 down to 1:60000; charts of
bays, sounds, etc., 1:80000 down to I:200000; general charts, usually, 1:400000;
Ordnance Survey of Great Britain, partly 1 inch to 1 mile (x: 63360) and partly 6
inches to 1 mile (1:10560) ; Government Survey of France, original scale, 1 : 20000,
scale of copies, I : 40000 and 1:

3. For ordinary purposes, a reducmg scale need not be made on the paper; we
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choose the scale, then compute the reduced lengths, and then lay off these lengths
on the paper with the aid of a divided rule. But when great accuracy is demanded,
it is necessary to have on the paper a reducing scale by means of which we can de-
termine the length of a line with extreme precision. Such a reducing scale is de-
scribed in Chapter VIIL. (See p. 184-)

Exercises.—1, Draw five parallel lines, and take on them to the scale
1: 200 the distances 3o™, 20™, g™, 48™, 15™.
2. Draw any three lines, and find what lengths they represent to the scale
1:200.
8. What is the value of the scale if 1™ is represented by 4™ ?
4. If 5™ represent 100™ natural length, what length will represent 1m?
20m ? pdkm? pokm
5. In what ratio are natural lengths reduced if the scale is  inch to the
foot? % inch to the mile? 2 millimeters to the kilometer?
’ Ans. 1:48; 1:126720; 1: 500000,
6. The distance between two towns, drawn on paper to the scale I : 40000,
is represented by a line 19™ long; find the distance“between the towns.
Ans. gkm,
7. In a railroad survey the total length is eighty miles. What scale will
enable us to represent a plan of the road on a piece of paper just one foot
in length?
8. Draw on the blackboard three horizontal lines. Then represent them
on paper, choosing a suitable scale for this purpose. Write the value of the
scale on the paper under the lines.

REVIEW OF CHAPTER IIL
QUESTIONS.

1. How many directions has a straight line?

2. How is a straight line determined in position?

8. How is a straight line drawn?

4, What is free-hand drawing?

5. What is a plumb line?

6. Define vertical, horizontal, and inclined lines, and give examples.
7. Define vertical, horizontal, and inclined planes, and give examples.
8. How can you test whether a line or a plane is vertical?

9. How can you test whether a line or a plane is horizontal?
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10.

11.
12.
18.
14.
15.
16.
17.
18.

19.
20.

21.

22.
28.
24.
25.
26.
27.
28.

30.
81.
32.

84.
35.
36.
37.

39.
40.
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When is a line said to 7ofafe about a point? When does the rotation
amount to one revolution ?

Define a circumference ; its centre ; an arc,; a radius; a circle.

What is true of radii of the same circle?

Describe how' circles: (arcs,’etc:)-are drawn.

In considering the directions of two lines, what two cases arise?

Define parallel lines, and give examples.

Show that parallel lines can never meet.

Are lines which would never meet always parallel? Give an example.
Give examples of parallel curves; of parallel planes; of a line and a
Plane parallel to each other.

How are parallel lines drawn?

What four cases arise when we consider the directions of three lines?
Represent the four cases by figures.

How can we illustrate the truth that a straight line is the shortest dis-
tance between two points? Give an application of the same truth.
Define equal and unequal lines.

Explain how the equality and the inequality of two lines are expressed.
How is the equality of two lines tested?

What is an Axiom ? Give Axioms I.,~1X.

Explain how lines are added, subtracted, multiplied, and divided.

In what two senses of the word can dévision be performed on a line?
Define a measure of a line; a multiple of a line; a common measure of
two or more lines; the ratio of two numbers and of two lines. What
are the terms of a ratio called?

In what two ways can a ratio be expressed or written?

How is the ratio of two lines found?

What are incommensurable lines?

How can we approximate to the value of their ratio?

Define a unit of length; measuring a line; the numerical value and the
length of a line.

What is the ratio of a foot to an inch? of a yard to a foot? of arod to a
yard? of amiletoafoot? What are the corresponding reciprocal ratios?
Define the meter.

Name and define the multiples and divisions of the meter.

How are metric units reduced from one denomination to another?
Which of the metric units are most used?

In expressing a length, how many units should be used?

How would you read a length containing a fraction of a unit?
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41. In adding, subtracting, etc., metric units, what rule must be observed?

42, What is the value of one meter in inches?

48. How are lines on paper usually measured? longer lines, such as the
length of a room? lines on the ground?

44, What are the, advantages and disadvantages of pacing as a means of
measuring a line?

45. Give examples of lines which cannot be directly measured.

46. What is a reducing scale, and what is drawing to scale ?

47. How are scales of reduction named and written?

48, Why must the ratio or scale of reduction be constant for all lines belong-
ing to the same map, plan, or diagram ?

EXERCISES.

1. How many straight lines can be drawn through the North and South
poles of the earth?

2. How many straight lines can be drawn through 2 points (7 being any
number), each line connecting two points?

Solution.— From the first point we can draw lines through all the other points;
therefore, in all, #—1 lines. The same number may be drawn from each of the
other points, and since there are 7 points, this would make » (#—1) lines in all,
But, in this way, two lines would be drawn in every case through the same two
points ; these two lines, however, would coincide and form but one line by § 22, II.
‘Therefore, the total number of different straight lines which can be drawn is

n (n—1)
——
8. Find the greatest possible number of straight lines which can be drawn
through ten points. Ans. 45.

4. Through a vertical line how many vertical planes can be passed in
thought (that is, how many different vertical planes can be imagined,
all of which shall contain the vertical line)? how many horizontal
planes? how many inclined planes?

8. Through a horizontal line how many vertical planes can be passed?
how many horizontal planes? how many inclined planes?

6. Through an inclined line how many vertical planes can be passed? how
many horizontal planes? how many inclined planes?

7. How many centres can a circle have? how many circles can have the
same centre?

8. Can two curved surfaces be parallel to each other? a curved surface and
a plane surface?



50
9.
10.
11.
12.

18.
14.

15.
16.
17.
18.

19.
20.

21.
22.

28.

24,
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How many parallels to a given line can be drawn at a given distance
from the line ?
Find in how many points six lines can intersect one another.
Can you illustrate with numbers Axioms V.-I1X., page 33.
If you multiply the ratio of two_ lines by their reciprocal ratio, what is
the product always equal to?
Draw any two lines, and find their ratio.
Choose two lines in the room ; estimate their ratio by the eye, then find
it by measuring them.
18m - 4dm _ f4emf- 268mm — how many meters?
gkm — 220m - §4dkm __ y3 hm — how many kilometers?
The sum of two lines is 24 feet, and their difference is g feet; find the
lines.
Two lines are to each other as 5: 3, and their sum is 48™; find the lines.
Ans. § X 48m=30m, and § X 48m =18m,
The sum of two lines is 84°®, and their ratio is §5:16; find the lines.
The difference of two lines is 20™, and their ratio is 4:9; find the lines.
Ans. % X 20m = 16™, and g X 20m = 36™.
I read in a newspaper that “the river Theiss has fallen 3o°™”; how
much is this in inches?
Among the scales prescribed for the United-States engineer service are:
general plans of buildings, 1 inch to 10 feet; maps 1} miles square, 2
feet to 1 mile; do., 3 miles square, 1 foot to 1 mile; do., from 4 to 8
miles square, 6 inches to 1 mile ; do., 9 miles square, 4 inches to 1 mile ;
do., not exceeding 24 miles square, 2 inches to 1 mile; do., 50 miles
square, I inch to I mile. Express these scales as fractions, with unity
for the numerator.
Ans. 135, 3510, 52'%0) 10350, 15840, a18e0s s3d60-
‘Which scale reduces lines the most: a scale of 1 inch to 1 mile, or a scale
of 1 centimeter to I kilometer?
If the scale to which a map is made is not known, how can it be found?
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CHAPTER III.
ANGLES.

CONTENTS.—I. Definition of an Angle (§ 44). II. Magnitude of an Angle
(§$ 45, 46). 1II. Magnitudes of Particular Angles (§§ 47-49). IV. Measure
of an Angle (§§ 50-52). V. Angles made by Zwo Lines (§§ 53,54). VI
Angles made by Tkree Lines (§§ 55-58).

I.— Definition of an Angle.

§ 44. When we open the legs of the compasses (Fig. 37) they
point in different directions: they
are now said to make an ANGLE
with each other. Replace, in
thought, the legs by geometrical

lines 4B and A4 C, and we have
an angle as understood in Geome- 4
try. c

Definition. — 47 ANGLE is the Fig. 37.
difference in direction of two lines.

The two lines are called the Sipes of the angle, and the point
where they meet is called the VeErTEx.! If the lines do not
actually meet (see Fig. 25, p. 27), the point where they would
meet if prolonged, is the vertex of the angle.

An angle is zamed in one of three ways: —

(1) By a small letter placed just inside the vertex ;

(2) By a /large letter placed just outside the vertex ;

(3) By three letters, one at the vertex, the others on the sides.

1 Plural, vertices.
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In the last case, in reading or writing the angle, the letter at
the vertex must stand between the others.

For example : the angle of the lines 4 B and 4 C (Fig. 37) is
called either ke angle d, or the angle A, or the angle B A C or
CAB. In general, the word ang/e need not be written ; the let-
ters @, or A, or BA C, or C A B are sufficient.

Exercises. —1. Name the angles drawn on the black-
board.

2. Draw four angles ; name them in different ways.

8. If (as in Fig. 38) several angles have the same
vertex, which method of naming an angle cannot be

Fig, 38.
€. 35 used? Why not?

II.— Magnitude of an Angle.

§ 45. Angles differ in magnitude. We shall get a clearer no-
tion of the magnitude of an angle if we regard the angle as gen-
erated or described by the rotation of a line.

Hold one leg of the compasses at rest, and make the other rotate
about the pivot in the direction shown by the arrow (Fig. 37) ;
then the angle made by the leg will increase in magnitude. On
the other hand, if we rotate the legs in the opposite direction, the
angle will diminish ; and when the legs are brought together, it will
vanish entirely.

In like manner, we may regard the angle made by any two lines,
AB and A C (Fig. 37), as described by the rotation of one of the
lines about their intersection A, until it coincides in direction with
the other line.

It is obvious that the size or magnitude of an angle depends
entirely on the amount of rotation required to describe it, and not
at all on the lengths of its sides.

Definition.— Zwo angles are EQUAL if they can be placed one
upon the other so that their vertices coincide in position, and their
sides coincide in direction ; otherwise the angles are UNEQUAL.
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We shall soon see that the equality of two angles (like that of
two lines) can be tested without actually placing one upon the
other.

Exercises. — 1. Of the |two angleé on the blackboard, which has the
longer sides? which is the greater angle?
2. Must the two sides of an angle have the same length?

§ 46. If, in the angle B A C (Fig. 39), the D
side 4 C is made to rotate about the vertex
A away from A B, until it comes into the
position 4 D, it is clear that the angle BA4 D
is equal to the sum of the angles B4 C and
CAD: thatis,— A
BAD=BAC+ CAD.
If, on the other hand, the side 4.D of the angle BA.D be
made to rotate Zwards A B until it
arrives at the position 4 C, there re- -
mains the angle B 4 C, which is equal
to the djference of the angles BA D
and CA4 D: in other words, — -c

BAC=BAD—CAD.

If the angles 4 OB,B 0 C, COD,
D OE, EOF (Fig. 40), are equal ¢ p ]
tooneanother,then4 O C=24 0B, . 90
AOD=3A4A0B, AOE=4A0B, AOF=540B8.
Conversely, it is evident that, —

AOB=340C=340D=}A40E=3A40F.

Angles, in the same sense as lines, may be added, subltracted,
multiplied, and divided.

Deflnitions. — 1. 7v BISECT an angle (or a line) is to divide it
into two equal parts.

I1. 4 line whick bisects an angle is called a BISECTOR.

Fig. 39. B
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Exercises. — 1. In Fig. 40 what angle is equal to the sum B0 C+ COE?
to the difference 4 O F— C O F?

2. Draw freehand, three angles, of which one is twice, the other five times
as large as the first.

8. Bisect freehand, a given-angle,

4. How many bisectors can an angle have?

5. Divide an angle, freehand, into three, four, five, six equal parts.

6. In Fig. 40 what is the ratio of the angles 4 OB and 4 OF? AOC
and 4 OE? .

IIT, — Magnitudes of Particular Angles.

§ 47. Angles receive different names according to their mag-
nitude.

c If we conceive a line to revolve

round O (Fig. 471), starting from the

initial position O 4 and revolving in

% the direction of the arrow, it will

describe an angle of constantly in-

E 0 A . .
creasing magnitude.
When the line has made exactly
F one-fourtk of a complete revolution,
L, the angle described, 4 O C, is called
7 a RIGHT ANGLE ; it is sometimes de-
Fig. 41.

noted by the letter R.

When the line has made one-4alf of a revolution, it is in the
position O, the angle described, 4 O, is equal to #wo right
angles, and is called a STRAIGHT ANGLE, because its sides O 4 and
O E, having opposite directions, form one straight line.

When the line has made #ree-fourths of a revolution, it is in
the position O G. The angle which has been described, 4 O G,
is equal to #kree right angles.

Finally, when the line has returned to the initial position O 4,
it has made a complete revolution, and has described fowr right
angles.
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Deflnitions.—1. A STRAIGHT ANGLE is the angle described by
a line which makes one-half of a revolution.

II. An angle less than a straight angle is called a CONCAVE
ANGLE ; an angle greaten than a straightangle is called a CONVEX
ANGLE.

III. A RIGHT ANGLE is5 one-half of a straight angle.

IV. A concave angle, if less than a right angle, is called an
ACUTE ANGLE ; if greater, it is called an OBTUSE ANGLE.

In Fig. 41, AOB, A0 C, A OD are concave angles; 4 O F,
A O G, A OH are convex angles; 4 OB is an acute, 4 O.D an
obtuse angle.

NOTES.— 1. Acute and obtuse angles are sometimes called 0dl/igue angles, in
distinction from the right angle.

2. Whenever two lines meet, there is formed both a concave and a convex angle ;
but, when not otherwise stated, the concave angle is to be understood.

Since the sides of a straight angle form a straight line, and one
straight line can always be placed on another straight line so as to
coincide with it in direction, it follows that two straight angles sat-
isfy the test of equal angles (§ 45) ; in other words, —

All straight angles are equal fo one another.

And since a right angle is half of a straight angle, it follows
(by Axiom III.) that —

Al right angles are equal to one another.

Exercises. —1. Open the legs of the compasses so that they make a right
angle; a straight angle; three right angles; an acute angle; an obtuse
angle ; a concave angle; a convex angle.

2. On the blackboard are several angles: what kind is each, and why?

8. What kind of angles are found on the cube? the prism? the pyramid?

4. Point out angles on various objects (doors, windows, tables, walls of
the room, etc.), and name the kind in each case. What kind of angle occurs
most frequently?

8. Draw, free-hand, a right angle; an acute angle; an obtuse angle; a
concave angle; .a convex angle.

6. At 12 o’clock what angle do the hands of a watch make with one an-
other? at 3 o’clock? at 6 o’clock? at 9 o’clock.
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7. Mention a time of the day when the angle between the hands of a
watch is an acute angle? a right angle? an obtuse angle?

8. What part of one revolution does the minute-hand describe in § min-
utes? (4ns. go=7%.) In 10, 20, 30, 40, 50 minutes?

9. How long dogsit'take theminute-hand|to describe a right angle? the
hour-hand?

10. What 4¢nd of an angle does the hour-hand describe in 1 hour? in 3
hours? in § hours? in 6 hours? in 8 hours? in g hours? in 12 hours?

11. What kind of an angle does a vertical line make with a horizontal
line?

12. Draw a right angle with one side vertical ; with one side horizontal;
with one side inclined.

§ 48. Deflnitions.—1. A straight line is said to be PERPEN.
DICULAR 20 another straight line when it makes a right angle with i,
II. Zwo lines not perpendicular to each other are said fto be
INCLINED #o eack other.

Examples. — The lines 4 £ and C G (Fig. 41), the sign +
—_ ] in arithmetic, a common cross,
- the slats of a window (Zig.
42), are examples of perpen-
dicular lines; the lines 4 B
and 4 C (Fig. 39) are inclined

lines.

The sign 1 is sometimes used
for the word perpendicular;
thus: 4 £L CG is read : the
line A E is perpendicular to the
line CG.

Exercises. — 1. Give examples
of perpendicular lines ; of inclined
lines.

2. What is the difference be-
tween a perpendicular line and 3

Fig. 42 vertical ling?
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8. If two lines are perpendicular to each other, and one of them is ver-
tical, must the other be horizontal?

4. If two lines are perpendicular to each other, and one of them is hori-
zontal, must the other be vertical ?

5. Give an example\of|/twd [perpendiculars;_lone of which is vertical, the
other horizontal.

§ 49. Among the most common problems which the surveyor,
carpenter, draughtsman, etc., have to solve, are —

(2.) To erect a perpendicular at a given point of a given line.

(¢1.) Tolet fall a perpendicular from a given point to a given line.

On the ground, surveyors use various instruments, the simplest
of which is the Surveyors’ Cross (Fig. 43).

It consists of a block of wood having two saw-cuts made very
precisely at right angles to each other. This block
is fixed on a pointed staff on which it can turn
freely. To erect a perpendicular, set the cross at
the point of a line where a perpendicular is wanted,
then turn the block till on looking through one saw-
cut you see the ends of the line; then the other
saw-cut will point out the direction of the perpen-
dicular. To /¢ fall a perpendicular to a line from
some object (as the corner of a field, a tree, etc.),
set the cross at a point of the line which seems to Fig. 43-
the eye about right, then note how far from the object the perpen-
dicular at this point strikes, and move the cross that distance ; re-
peat this operation till the correct point is found.

On paper, or the blackboard, both of the above problems are
readily solved by means of the Ru/er and the Sguare. Explain

how.

NOTE.— The method of solving these problems on paper with the compasses
will be shown in Chapter IV,

Exercises. —1, Draw a straight line, and then, free-hand, (a) erect a
perpendicular at a point on the line, (#) let fall a perpendicular from a point
not on the line. Test and corrgct the results by the aid of the ruler and
the square.



58 GEOMETRY FOR BEGINNERS. [§ so.

2. How many perpendiculars can be erected at a given point of a given
line? How many can be let fall from a given point to a given line?

8. Draw a horizontal line, and, at five points on it, erect perpendiculars.
What kind of lines are they? .

4. Draw a vertical line, and; at fivepoints on it, erect perpendiculars.
What kind of lines are they?

5. Draw an inclined line, and, at five points on it, erect perpendiculars.
What kind of lines are they?

6. Draw a horizontal line, erect a perpendicular, and at a point of this
perpendicular erect also a perpendicular. What direction has the second per-
pendicular?

7. Erect a perpendicular at a point of a line on the ground.

8. Choose a point in the yard (playground or field), and let fall a perpen-
dicular to the nearest side of the yard.

IV.—Measure of an Angle.

§ 50. Angles (like lines) are measured by choosing a #»:#, and
then comparing other angles with this unit. The unit for measur-
ing angles is obtained by dividing the right angle (which would be
too large a unit) into ninety equal parts, and calling one of these
parts a degree. The degree is subdivided into ménutes and seconds.

One ninetieth part of a right angle is called @ DEGREE.

One sixtieth part of a degree is called @ MINUTE.

One sixtieth part of a minute is called a SECOND.

Abbreviations. — Degree = °; minute = '; second = ",

Thus, 24° 17' 8" is read : 24 degrees 17 minutes 8 seconds.

The values in degrees of the angles defined in § 47 are as fol-
lows : —

A right angle = 90° An acute angle < go°.
A straig_ht angle = 180°, An obtuse angle > g9o°.
Three -rlght angles = 270°, A concave angle < 180°.
Four right angles — 360°. A convex angle > 180°,

Exe:lses. —1. How many seconds in 1°? in 10°? in 45°? in 360°?
+ Reduce 48° g4/ 36" to seconds.
8. Reduce 120000/ to degrees
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4. Add 37° 48' 35"/, 28° 39/, and 78° o' 55"/,
5. From 128° 15/ 31"/ take 69° 42 18",
6. Multiply 18° 35/ by 2, 3, 4, and 5.
7. Divide 72° 27/ by 2, 3, 4, and 5.
8. Reduce to degrées's 'R (5 'right angles); 6 X; 8 R; 12 R; % R;
BR;, BR, 3R, IR, 2 R; 3R, 3R; Yo R; Y4 R
9. How many right angles in 540°? goo®? 225°? 30°? §°?
10. Find the ratio between 10° and three right angles.

§ 81. In measuring angles we take advantage of a simple rela-
tion between angles and the arcs intercepted between their sides,
and described with the same radius from their vertices as centres.

In Fig. 44 compare the angles 4 OB, A O C, A O D, with the

arcs A B, AC, AD, intercepted by £
their sides. We see that the greater
the angle the greater the corresponding  F
arc, or arc intercepted by its sides.
This conclusion is general: iz fthe g 4
same circle, the greater the angle at the
centre the greater the corresponding
arc, and the less the angle the less the
are.

Again, if the two angles 4 O B and
F O G are equal, the corresponding
arcs A B and F G are also equal. For the angles, being equal,
may be placed one on the other so that they will coincide ; and
then the arcs 4 B and # G must also coincide, since all the points
of one arc are at the same distance from the centre O as the points
of the other arc.

In like manner it can be shown that if the arcs 4 8 and F G
are equal, the corresponding angles at the centre, 4 O Band FOG,
will also be equal.

The same reasoning may be applied with the same result to any
angles and their corresponding arcs ; hence, in general : —

Fig. 44.
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1. — Egqual angles at the centre of a circle intercept on the cir-
cumference equal arcs.

II. — Equal arcs on the circumference correspond lo equal
angles at the centre,

Accordingly, the circumference of a circle is divided into 360
equal arcs, each corresponding to an angle of 1° at the centre.
‘These arcs are also called degrees, and are subdivided like the angu-
lar degree into minutes and seconds. And, in practice, an angle is
measured by finding how many degrees, minutes, and seconds
there are in the corresponding arc, it being obvious that #e num-
ber of angular degrees, minutes, and seconds in an angle is the
same as the number of arc degrees, minutes, and seconds in the
arc described with any radius from the vertex of the angle as a
centre, and inlercepted between its sides.

We have just said that the arc employed to measure an angle
may be described with eny ra-
dius. With a longer radius we
have, it is true, a longer arc
(Fig. 45), but each division of
the arc is also correspondingly
increased in length, so that the
number of divisions (degrees,
etc.) in the entire arc remains
the same as before.

Fig. 45. We are now prepared to an-
swer the question: How can the equality of two angles be tested
without placing one of them upon the other? We reply: two an-
gles are equal, if, when their corresponding arcs are measured (as
shown in the next section), these arcs are found to contain the
same number of degrees, minutes, and seconds.

NOTE.— How an arc can be divided into degrees, etc., is a question which mus?
be deferred until we know more about the properties of the circle,
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Exercises. — 1. Find the angle described by the hour-hand of a watch in
1 hour; 2 hours; § hours; 12 hours.

2. Find the angle described by the minute-hand of a watch in 1, 5, 10, 15,
20, 30, 45 minutes.

8. In how many minutes does the minute-hand describe an angle of 1°?
60°? 225°? 300°?

4. What angle do the hands of a watch make with each other at 1 o’clock ?
at 2, 3, etc., up to 12 o’clock?

5. The earth turns on its axis in 24 hours; what angle does a point on the
surface describe in 1 hour? in 6, 12, 15 hours? 52 hours?

§ 52. On paper or the blackboard, when great accuracy is not
required, angles are measured with an instrument called a Pro-
TRACTOR (/F7g. 46). It is a semicircle, made of paper, horn,

Fig. 46.

brass, or silver, the circular edge of which is divided into 180 equal
parts or degrees. To measure an angle with the protractor, place
the centre of the instrument on the vertex of the angle, and its
zero line on one side ; then read off on the edge of the protractor
the division through which the second side of the angle passes.
On the ground, surveyors and engineers employ for measuring
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angles, costly instruments called THEODOLITES. A cheap substitute
for a theodolite is shown in Fig. 47. It consists of two pieces of
wood shaped like rulers mounted on a vertical axis, by a pin driven

through their exact centres. The vertical needles inserted near
the end of the rulers are used for sighting. In place of the needle
nearest the eye, it is better to employ a thin strip of wood, 4,
having a fine vertical slit; and in place of the other needle, a ver-
tical wire fixed in a light frame, B.

By the help of this instrument, and a protractor, one can meaxy
ure with considerable accuracy an angle on the ground; for in-
stance, the angle M O N (Fig. 48).
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Exercises. — 1. On the blackboard are several angles. Measure each
with the protractor, and write the result between its sides.

2. Draw five different angles. Estimate the value of the first in degrees;
then measure it with a protractor. Proceed in like manner with each of the
other angles. Give the 'results in"3 columns :“in column 1, the estimated val-
ues ; in column 2, the measured values ; in column 3, the differences between
the estimated and the measured values.

3. From a point on a straight line draw two lines, both on the same side
of the given line ; measure each of the three angles thus formed, and add the
results. What is the sum? What ought the sum to be?

4. Through a point draw three lines ; measure the six angles thus formed
about the point ; add the results. What is the sum? What ought it to be?

5. Open the compasses so that the legs make angles of go°; 60°; 45°; 30°.

6. With the aid of a protractor make an angle equal to a given angle.

7. Draw angles equal to 20°; 30°; 40°; 60°; go°; 100°; 150°; 135°.

8. Explain how the instrument in Fig. 47 is constructed, and how you
would proceed to measure by means of it the angle A OV in Fig. 48.

V.—Angles made by Two Lincs.

§ 83. Theangles 4 O Cand C O B (Fig. 49) are called adjacent
angles.

Definition I. — 7wo angles are
ADJACENT when they have the vertex c
and one side -common, and the other
sides are oppostte parts of the same i
straight line. Z 5 —

/5

We see from the figure that — Fi
AOC+BOC=A0B=2R.

Since this equation would hold true in whatever direction the line
O C was drawn, we conclude that in e/ cases —

The sum of two adjacent angles is two right angles, or 180°.

Hence, if we draw O D so that the two adjacent angles, D O 4,
D O B, are equal, then each will be equal to one right angle or
90°, and O D will be perpendicular to 4 B (see § 49); that is, —

If two adjacent angles are equal, each is equal to a right angie.
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Definition II.—If the sum of two angles is 180° each is
called the SUPPLEMENT of the other.

Adjacent angles are always supplements of each other.

Exercises. — 1. If one of two adjacent angles is a right angle, what is
the other?

2. If one of two adjacent angles is acute, what is the other?

8. If one of two adjacent angles is obtuse, what is the other? ~

4. If one of two adjacent angles is known, how is the other found?

H5. How is the supplement of a given angle found?

6. Find the adjacent angles of the following angles: 10°; 30°; 45°;
75%; 99°; 100°; 179°%; 15° 48'; 79° 13’ 52'. What is the supplement of
each of these angles?

§ 54. Whenever two lines cross one another there are formed
about the intersection of the lines four
angles, @, 4, ¢, @ (Fig. 50). Of these
angles the pairs 2 and 4, 4 and ¢, ¢ and 4,

2 @ and a are adjacent angles ; the pairs

a and ¢, b and & are called zer#ical

angles.

Deflnition. — Zwo angles are called
VERTICAL angles if they have a common
vertex, and the sides of one angle have opposite directions to the sides
of the other angle.

If we measure two vertical angles, as @ and ¢ (Fig. 50), either
with a protractor or by cutting them out on a piece of cardboard
and laying them one upon the other, we shall find that they are
equal. But without measuring them we can prove that they must
be equal, if we bear in mind what has been said about adjacent
angles in the last section. Since 4 is an adjacent angle to both
a and ¢, therefore,—

)
c/d

Fig, s0.

a+b=2R
and b+c=2R.
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Hence it follows from Axiom IV. (state the axiom) that,—

a+b=b+c¢
subtract b=25
There remains a=c

For, if equals are taken from equals, the remainders are equal
(Axiom VI.).

Since this reasoning holds good, however the intersecting lmes
cut each other, we come to the general conclusion, that —

Two vertical angles are always equal to each other.

Remark. — In the above reasoning we have made use of the
general truth shown in the last section ; namely, that the sum of
two adjacent angles s 180° ; and also of Axioms IV. and VI. By
reasoning upon these truths we have proved or demonstrated a new
truth ; namely, that fwo vertical angles are equal. Geometrical
truths which are capable of proof by reasoning from known truths
are called THEOREMS.

Exercises. —1. Draw adjacent and vertical angles and name them.

2. What is the sum of the angles @ and 4 (Fig. 50)? Why?

8. What is the sum of the angles @, 8, ¢, and & (Fig. 50)? Why?

4. One of the angles formed by two intersecting lines is 36°; find the
others.

§. One of theangles formed by two intersecting lines is 9o®; find the others.

6. Draw any two intersecting lines, and find the values of the angles
formed at the intersection. .

7. If one of the angles formed by two intersecting lines is known, how
are the others found?

8. Each of two vertical angles is 45°; find the value of each angle in the
other pair of vertical angles.

9. Prove that 6=4d (Fig. 50) by reasoning like that used above to show
that g =,

VI. —Angles made by Three Lines.

§ 85. Thus far the angles considered have had a common ver-
tex ; let us now consider angles formed about two different ver-
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tices. Such angles are formed when two straight lines are cut by
a third line.
The most important case, and the only one which we shall exam-
E ine, is that in which two paraZ/lines,
,/ A'Band'CD (Fig. 51), are cut by a
Y — — third line, £F. There are formed
/ about the two points of intersection
n/m eight angles. These angles receive
o D special names.
(2 gt . The four angles, ¢, 4, n, m, which
T lie between the parallel lines, are called
INTERNAL ANGLES ; the other four, a, 3, 0, g, are called EXTERNAL
ANGLES.

An external angle and an internal angle, as ¢ and m, having dif-
ferent vertices, and lying on the same side of the intersecting line,
are called CORRESPONDING ANGLES.!

An external angle and an internal angle, as @ and 7, having dif-
ferent vertices, and lying on Ziferent sides of the intersecting line,
are called CONJUGATE ANGLES.

Two external angles, as ¢ and p, or two internal angles, as 4 and
m, having different vertices, and lying on the same side of the in-
tersecting line, are called OPPOSITE ANGLES.

Two external angles, as ¢ and o, or two internal angles, as & and
#, having different vertices, and lying on different sides of the in-
tersecting line, are called ALTERNATE ANGLES.

Exercises.—1, Name the four pairs of corresponding angles in Fig. 57 ;
the four pairs of conjugate angles; the four pairs of opposite angles; the

four pairs of alternate angles.
@, Which are external, which internal opposite angles? which are ex-

ternal, which internal alternate angles?
8. Which is the angle corresponding to o? conjugate to p? opposite ta
m? allernate to n?

1 They are also called external-internal angles.
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4. Draw two parallel lines, and a third line intersecting them. Letter the
cight angles ¢, £, g, %, and g, 7, 5, & Then write in six vertical columns (2)
the external angles; (4) the internal angles; (¢) the corresponding angles;
(d) the conjugate angles; (¢) the opposite angles; (f) the alternate
angles.

§ 86. If we conceive the line 4 B to move along the line £ 7,

remaining always parallel to its first E
position, then, since its direction does /
not change, the four angles a, 4, ¢, d 3 - ‘d z -
which it makes with £ do not /

change. When 4 B reaches the par- n/m

allel line CD, it will coincide with it ¢ &2 b

in direction, and the four angles a, 4, %
¢, d will coincide respectively with the
corresponding angles m, n, o, p. Moreover, each pair of conjugate
angles, as @ and #, become now adjacent angles ; therefore their
sum is 180° (§ 52) : the same is true of each pair of opposite an-
gles, as @ and p ; lastly, each pair of alternate angles, as @ and o,
become now werfical angles, so that they are equal (§ 53).
Hence, —

Fig. 52,

1. 2. 3. 4.
a=nm. a+ n=2R. a+ p=2R. a=o.
b=n. b4+m=2R. b4+ o0=2R. b= p.
¢ =o. c+p=22R. c+n=2R. c=m.

d=p. d4+ o=2R. d+m=2R. d=n

Putting these results into words, we obtain the following theo-
rem: —

Theorem.—If two parallel lines are cut by a third line, —

1. The corresponding angles are equal ;

2. The sum of two conjugate angles is two right angles ;

3. The sum of two opposite angles is two right angles ;

4. The alternate angles are equal.
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Remark. — Theorems often involve consequences which are
easily deduced from the theorems :
such consequences are called in

a Geometry CorOLLARIES. The pres-
a 5 i
ent theorem furnishes an example.
e Corollary. — If 2 = 9o° (that is,
[ » D if ABLEF),itfollows that m = go°

(that is, that CDLEF); or, to
state the corollary in general
terms, —

If a straight line is perpendicular to one of two parallels, it is
also perpendicular to the other.

Exercises.—1, Give the proof separately for each of the last three

equations in each of the above four series of equations.

Models. b=n, because when 4 B coincides with CD, 4 coincides with .
b+ m=2 R, because when A4 B coincides with C D, 5 becomes adjacent to m
and the sum of two adjacent angles is 180°%

Fig. 53.

2. Find the other seven angles when @ =112°; when ¢ = go°.

8. Draw two parallel lines, and a line intersecting them; then find the
eight angles thus formed, using a protractor as little as possible.

4. If either one of the four parts in the theorem of this section is not
true, what can we conclude as to the lines 4 B and CD?

§ 57. Theorem. — If two straight lines are cut by a third line
so that two corresponding angles are equal, then the lines must be
parallel.

If, for example, a =m (Fig. 52), thenis 4 B | CD.. For, if
we move 4 B towards C D, keeping it parallel to its first position,
during the motion the angle & does not change because the direc-
tion of 4 B does not change. When the intersection of 4 B and
E F coincides with the intersection of C.D and £ %, 4 B must
coincide in direction with C D, since @ = m. Therefore, 4 B, in
its first position, must be parallel to C D.

Corollary. — By making in this theorem ¢ = m = 9o°, we ob-
tain the following corollary : —
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If two straight lines are both perpendicular to a third line, they
are parallel. (Fig. 54.)

Remark. — All the four properties enumerated in the theorem
of the last section are |so,related that if either one of them is
true the other three must also be true, and the two intersected
lines must be parallel.

Hence arises the importance of corresponding, conjugate, oppo-
site, and alternate angles. Before we can assert with absolute cer-
tainty that two lines are parallel, we ought to show that the lines,
when prolonged farther than even the imagination can reach, would
not meet. Such an actual extension of the lines P R
is of course impossible ; it is, however, quite un-
necessary, for the parallelism of two lines is very
simply tested by the angles which are formed
when the lines are cut by a third line.

Exercises.—1, Prove the corollary, independently
of the theorem, with lines drawn and lettered as in
Fig. 54.

2. When more than two lines are perpendicular toa ;= ) SN
third, are they all parallel to each other?

Fig. 54.

§ 88. In Fig. 55, we have drawn 4 B I CD and EF | G AH.
If we compare the angle & with either of the angles x, y, 3, we see
that their sides are respec-

tively parallel. But there & ¢
arethese differences : (¢.)the
sides of x have the seme di- ¢ >

X
rection respectively as those 4 N\ s
of a; (di.) the sides of z
have opposite directions; & ¢ —7
(#i1.) the sides of y have,one
the same direction, the other F e

the gpposite direction.

Fig. 55.



70 GEOMETRY FOR BEGINNERS.

In case (i), @ = 4 (corresponding angles on the parallels £ 7
and G H), and x = 4 (corresponding angles on the parallels C D
and 4 B) : therefore @ = x (Axiom 1V.).

Theorem 1. If two angles have their sides respectively par-
allel, and directed 'the 'same -way from' the vertex, the angles are
equal.

In case (ii.), x = z (vertical angles). And @ = x (Theorem 1.).
Therefore 2 = z (Axiom IV.).

Theorem II. If #wo angles have their sides respectively par-
allel, and directed opposite ways from the vertex, the angles are equal.

In. case (i7), x +y= 2R (adjacent angles). But ¢ = x
(Theorem 1.). Therefore @ + y = 2 R.

Theorem III. If two angles have their sides respectively par-
allel, and directed, the one pair the same way, the other pair opposite
ways, from the vertex, the sum of the angles is two right angles.

Exercises. —1, In Fig. 55, if a=115°, what is the value of x? of y ? of 57

2. Prove Theorem I., using in the proof the angle ¢ in Fig. 55, instead of
the angle 4.

8. What relation exists between @ and s (Fig. 55)? Why?

4. Prove Theorems I., II., and 1II., with a new figure, drawn and lettered
differently from Fig. 55. )

REVIEW OF CHAPTER IIL

QUESTIONS.

1. Define an angle; its sides; its vertex.

2. How is an angle named?

8. How may an angle be conceived as produced by motion?

4. On what does the magnitude of an angle depend?

5. Define egual angles.

6. Explain (by figures) what is meant by adding, subtracting, multiplying,
and dividing angles.
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8.
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10.
11.
12.
18.
14.
15.
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17.
18.

19.
20.

21.
22,
23.
24.
25.
26.

27.
28.
29.
80.

81.
82.
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What is ésecting an angle or a line? What is the disecfor of an angle?
Define a straight angle; a comcave angle; a convex angle; a right
angle ; an acwte angle ; an obtuse angle.

Show that all straight angles age equal; also, that all right angles are
equal. (

When are two lines perpendicular to each other? when are they inclined ?
‘What are two of the commonest problems in surveying and drawing?
Describe the surveyor’s cross, and how to use it.

How are perpendiculars to a given line drawn on paper?

Define a degree, a minute, and a second.

What are the values in degrees of the angles mentioned in Question 8?
Explain why an angle can be measured by means of the arc of a circle
intercepted between its sides.

Why is the measure of an angle the same for any radius of the arc?
How is the equality of two angles tested without placing one of them
on the other?

Describe the protractor, and how to use it.

Describe a simple substitute for a theodolite, and how an angle on the
ground is measured by means of it.

Define adjacent angles ; the supplement of an angle.

Show that the sum of two adjacent angles must be 180°.

Define vertical angles.

Two vertical angles are equal.l

What is a theorem ?

Define external angles ; infernal angles ; corresponding angles; conju-
gate angles ; opposite angles ; alternate angles.

If a straight line intersect two parallel lines, the corresponding angles
are equal, the alternate angles are equal, and the sum of two conjugate
angles, or of two opposite angles, is 180°.

What corollary follows from this theorem?

What is a corollary ?

If two lines are cut by a third line so that two corresponding angles are
equal, the two lines are parallel.

Give a corollary of this theorem.

How can you test if two straight lines are parallel?

1 In the review we shall always (as here) simply state the theorem to be Froved

or problem to be solved The learner is to understand that the proof (or so

ution)

is required.
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Two angles have their sides respectively parallel; then,—

(1) If these sides are directed the same way from the vertex, or if they
are directed opposite ways, the angles are equal.

(2) If the sides are directed, the one pair the same way, the other pair
opposite ways, the sum| of the-angles.is 180°

EXERCISES.

What is the ratio of one right angle to three right angles? of one-third
of a right angle to four right angles?

How can you test whether two intersecting lines are perpendicular to
each other?

How can you test whether the two edges of a square are truly at right
angles to each other?

Suggestion.— How was the straight edge of a ruler tested (§ 23, Exercise 6)?
Make any angle, and then, by the aid of a protractor, make an angle
four times as large ; also, an angle one-fourth as large.

Mark three points, join them by lines, then measure the three angles
which the lines make with one another. What is their sum?

Can you make three angles with two lines?

If two lines intersect, and one of the four angles is a right angle, prove
that the other three are also right angles.

Draw five lines meeting at a point; how many angles are formed? what
is their sum? If the anglés are equal, find the value of each in degrees.
Ten lines meet at a point so as to form a regular ten-rayed star ; find the
value of the angle between any two rays.

What is the supplement of 1°? of 179°? of 180°?

Of two adjacent angles the greater is twice the less ; find the values of
the angles in degrees. What is the ratio of each to four right angles?
The bisectors of adjacent angles are at right angles to each other.

The bisector of one of two vertical angles bisects the other also.

If two parallel lines are cut by a third line, then (&) the bisectors of two
alternate angles are parallel to each other; (4) the bisectors of two op-
posite angles are perpendicular to each other.

What is the difference between a #keorem and an axiom? between a
theorem and a corollary ?
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CHAPTER 1V.

TRIANGLES.

CONTENTS.—I. Sides of a Triangle (§§ 59-63). II. Angles of a Triangle (§§
64-66). 11I. Similarity, Equivalence, and Equality (§ 67, 68). IV. Equal Tri-
angles (§§ 69-79). V. Some Consequences of the Equality of Triangles (§§
80-93). VI. Applications (§§ 94-98).

I.— Sides of a Triangle.

§ 89. In Fig. 56 are several figures enclosed on all sides by
lines. Each is a portion of a plane surface (the surface of the
paper), and is called a Plane Figure.

Fig. 56.

Definition I.— A PLANE FIGURE is a portion of a plane sur-
Jace bounded on all sides by lines.

Many surfaces with which we are familiar,— for example, the out-
side of our houses, the floor and ceiling of a room, the leaf of a
book, and, in many cases, gardens, fields, parks, etc., — furnish ip-
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stances of plane figures' bounded by s#azght lines. Such figures
are called Polygons.

Definition II. —A POLYGON s @ -plane figure bounded by
straight lines.

The bounding lines are called "the "SipEs of the polygon, and
their sum is called the PERIMETER of the polygon.

Exercises.—1. In Fig. 56 which figures are polygons and which are
not polygons?

2. How many sides and how many angles has each polygon in Fig. 562

8. Draw a polygon of five sides ; six sides; eightsides ; tensides. How
many angles has each?

§ 60. Polygons receive different names according to the num-
ber of their sides.

At least three straight lines are required to enclose completely a
part of a plane surface : the two sides of an angle are not sufficient.
Therefore a polygon cannot have less than three sides.

Definition. — A4 polygon of three sides is called a TRIANGLE
(Fig. 57)-

A triangle is usually denoted by three letters standing at the
vertices of its angles. Instead of writing the word #vangle, the
sign A is sometimes employed. Thus the triangle in Fig. 57 is
called the triangle 4 B C, or A A B C.

Every triangle has sIx PARrTs, three
sides, 4 B, A C, B C (Fig. 57), and
three angles, 4, B, and C.

Each side, as 4 B, has two adja- < oo B
cent angles, A and B, and one oppo-
site angle, C; each angle, as A, is included between two sides,
A B and A4 C, and is opposite to the third side, B C.

Exercises. —1. What angles are adjacer:i to the side 4 C (Fig. 57)? to

the side B C? What angle is opposite to B C?
2. By what sides is the angle B included? the angle C'? What side is

opposite to B2 to C?
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§ 6L If we prolong one side of a triangle, the prolongation
makes with the adjoining side an an-
gle called an EXTERIOR ANGLE of the
triangle, and the three angles of the
triangle are termed, by way of dis-
tinction, INTERIOR ANGLES. a m

In Fig. 58 m is an exterior angle, Fig. 58.

4 is the adjacent interior angle; @ and ¢ are the opposite interior
angles.

(4

Exercises. — 1, Draw a triangle, and then prolong each side in both direc-
tions. How many exterior angles are formed? For each exterior angle point
out the adjacent interior angle, and also the opposite interior angles.

2. If an exterior angle of a triangle is 75°, tind the adjacent interior angle.

§ 62. Theorem.— 7%e sum of two sides of a triangle is al-
ways grealer than the third side.

For the straight line 4 B (Fig. 57) is the shortest line from
A to B (§32), therefore less than the broken line 4 C B, that is,
AC+ CB>AB. For the same reason it follows that 4 C 4
AB>CB,andthat AB+ BC>AC.

Triangles are divided into three classes, according to the lengths
of their sides: the EQUILATERAL (Fig. 59, 1.), in which the three

sides are equal, the IsoscELES (ZF7g. 59, IL.), in which two of the
sides are equal, and the SCALENE (Fig. 59, IIL.), in which the sides
are all unequal.

I.
Fig. 59.
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Exercises.— 1, Can a triangle have for its sides 2m, 3m, and 6m? 8m, 4™,
and 2™? ™, 2™, and 3™? 3™, 5™, and y™?

2. If the perimeter of a triangle is 2™, what is the greatest value which one
side can have? .

8. Draw, free-hand\(2), anequilateral;(2), an isosceles; (¢), a scalene
triangle.

4. The perimeter of an equilateral triangle is 1.5™; find each side.

5. Can you draw accurately with the dividers an equilateral triangle of
given side, say 60°m?

§ 63. We may regard a triangle as resting on one of its sides
as a base ; this side is then called the Base of the triangle ; the
vertex of the angle opposite to the base is called the VERTEX of
the triangle ; and the perpendicular line drawn from the vertex to
the base (or base prolonged) is called the ALTITUDE of the tri-
angle. If the triangle has a horizontal side, this is usually taken
for the base.

Thus in the triangle 4 B C (Fig. 60) we would naturally take
the side 4B for the base;
then C is the vertex,and C D
is the altitude. If 4 C is
taken as the base, B is the
vertex, and B £ the altitude.
If B C is taken as the base,
A is the vertex, and 4 F the

 Fig. bo. altitude.

Notice that the three altitudes intersect in one point.

The altitude may be outside the triangle ; this is the case in
the triangle AV O, in which MV is the base, and O P the altitude.
The altitude must fall outside if the triangle. has an obtuse angle,
and one of the sides of this angle is taken as the base.

In an isosceles triangle, the side unequal to the other sides is
always taken as the base, and the equal sides are usually referred
to as tke sides of the triangle.
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Exercises. —1, Draw a triangle having all its angles acute, and then
draw the three altitudes.

2. Draw a triangle having an obtuse angle, and then draw the three alti.
tudes. How many of the altitudes lie outside the triangle?

8. Draw an isosceles/tridngle) dnd)its altitudel

4. On a given line as base, how many isosceles triangles can be con.
structed? How many equilateral triangles?

II.— Angles of a Triangle.

§ 64. In order to find the sum of the angles of a triangle 4 B C
(Fig. 61), let us bring them all to a common vertex. For this
purpose, suppose a line D £ drawn through the vertex C of the tri-
angle parallel to the base 4B : we thereby make the angles m
and ». The angles m and @ are equal because they are alternate
angles (§ 56), and the angles # and & are equal for the same

D Cc E c

A Dy B
Fig. 61, Fig. 62,

reason. Hence, a +46+c=m+ n+ ¢ (Axiom IL). But
m + n + ¢ = 180°% or a straight angle. Therefore, 2 + 6 + ¢ =
180° (Axiom IV., page 33).

This proof applies equally well to any triangle ; therefore, to all
triangles ; hence : —

Theorem. — The sum of the angles of a triangle is equal to
two right angles, or 180°.

Illustration. — The truth of this theorem may be shown to
the eye as follows : Cut out of paper a triangle, 4 B C (Fig. 62),
and draw its altitude CD. Then fold over the corners on the
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dotted lines as edges. This will bring the vertices of the three
angles to the same point D, and we shall see that the three angles
together just make a straight angle.

In the same way we might test one, triangle after another, find-
ing in each case that the sum of the angles was 180° ; after a time
we should become convinced that all triangles were subject to this
law.

But in the proof given above a single case is sufficient ; for a
little reflection shows that the same reasoning holds good for all
cases.

§ 65. From the preceding important theorem several corolla- .
ries follow.

Corollaries. —x. The sum of two angles of a triangle must
always be less than 180°.

2. A triangle can have only one right, or one obtuse, angle.

In other words, two angles of a triangle must be acute; the
third may be either acute, right, or obtuse. If it is acute, the tri-
angle is called an Acute TRIANGLE (ZF7g. 63, L.) ; if it is right, the

I II. L
Fig. 63.

triangle is called a RicHT TRIANGLE (Fig. 63, I1.) ; if it is obtuse,
the triangle is called an OBruse TRIANGLE (ZFg. 63, IIL.).

In a right triangle the side opposite to the right angle is called
the HypoTENUSE, and the other sides are called the LEGs.

3. If two angles of a triangle are known, the third angle will
be found by subtracting the sum of the two known angles from
180°.
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4. If two angles of one triangle are equal respectively to two
angles of another triangle, then the third angle of the one is equal
o the third angle of the other.

5. In a right triangle the sum of 'the'dcute angles is equal to a
right angle or 9o°.

Hence, if one of the acute angles in a right triangle is known,
the other can be found by subtracting the first from go°.

Definition. — If the sum of two angles is 9o°, eack is called
the COMPLEMENT of the other.

The acute angles of a right triangle are always complements of
each other.

Exercises. —1. Can a triangle have one right end one obtuse angle?

2. If one leg of a right triangle is taken as base, what is the altitude?
8. Two angles of a triangle are, —

(a) 37° and 71°; (d) 45° 32’ 18" and 62° 50 57/
(6) 82° and 48°; (e) 64° 47’ 33" and 77° 18/ 417;
(¢) 40° 28’ and 18° 57/; (f) 179° o' 54" and o° 59! §';

find the third angle in each case.

4. If one acute angle of a right triangle is (@) 30°; (&) 45°; (¢) 63°;
(@) 27° 15'; (e) 58° 12’ 48", find in each case the other acute angle.

5. What is the complement of 30°? 45°? 60°? 89°? go?

§ 66. If we subtract the angle & (Fig. 6¢4) from 180° the re-
mainder is equal to ¢ + ¢ (§ 64). :
But this remainder is also equal to the 4
exterior angle, m, why (§ 83)°?

Therefore, m = a + ¢ (Axiom IV.).
That is, — a N

Theorem. — An exterior angle of Fig.64.

a triangle is equal to the sum of the two opposite interior angles.

Exercises. — 1. Find the exterior angle of a triangle if the opposite inte-
rior angles are 38° 35’ and 69° 46'.

2. An exterior angle of a triangle is 60°, and one of the opposite interior
angles is 30°; find the other.

8. An exterior angle of a triangle is 9o®. What kind of a triangle is it?

4. Prove that the sum of the six exterior angles of a triangle is 720°.
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III.— Similarity, Equivalence, and Equality.

§ 67. We may compare two triangles with respect either to their
shape (form) or'to'their 'size’ (magnitude).

There are four cases. Either (&), the triangles have the same
shape ; or (4), they have the same size; or (¢), they agree in
both shape and size ; or (2), they differ in both shape and size.

For example : in Fig. 65 the triangles 4 B C and P O Q have
0 the same shape; 4 BC and DEF
have the same size ; 4 B Cand M N O
agree in both shape and size ; D EF
and PO Q differ in both shape and
size.

If two triangles have the same shape,
they are called SiMILAR TRIANGLES ; it
they have the same size, they are called

D E P ¢ EquivaLENT TRIANGLES ; if they agree

Fig. 65. both in shape and size — that is, if they
are both similar and equivalent — they are called EquaL Tri-
ANGLES.

Exercises.—1. To which class of triangles do P O Q and & O N be-

long? M ONand D E F?
2. Draw (free-hand) two triangles of each kind.

§ 68. What has just been said about triangles may be extended
to space magnitudes in general.

Two straight lines always have the same shape whatever be their
lengths ; so have two circles, two cubes, or two spheres, however
much they differ in size.

Again, a curved line may have the same length as a straight
line ; a field bounded by curved lines may enclose the same extent
of surface as a field bounded by straight lines; a cubical vessel
may hold the same quantity of water as a vessel shaped like a cyl-
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cylinder or a sphere. In all these cases the size is the same, the
shape different.

Lastly, two magnitudes, whether lines, surfaces, or solids, may
have at once the same, size and the same-shape.

Definitions. — 1. Zwo magnitudes which have the same shape
are called SIMILAR MAGNITUDES.

1I. Two magnitudes whick have the same size are called
EQUIVALENT MAGNITUDES.

II1. Zwo magnitudes whick agree both in .flzape and in size are
called EQUAL MAGNITUDES.

Between two similar magnitudes we place the sign ~ ; between
two equivalent magnitudes the sign = ; between two equal mag-
nitudes both signs 2~ ; or, if the shape is not taken into account,
simply the sign =.

Of these three kinds of agreement between space magnitudes,
that of equality is the simplest, and ought therefore to be studied
first.

IV.—Equal Triangles.

§ 69. Since two equal triangles agree both in size and in shape,
they can differ from each other only in their position in space, and
must, when one is laid on the other, coincide in all their six parts ;
in other words, their three sides and three angles must be equal
each to each.

Compare, for example, the equal triangles 4 B C and M N O
(Fig. 65) : —

Of the sides, AB=MN; AC=MO; BC=NO.

Of the angles, C= 0; B=N; A= M.

In two equal triangles equal sides are opposite to equal angles,
and equal angles are opposite to equal sides.

In any two triangles by corresponding sides (angles) are meant
those which are opposite to equal angles (sides).



82 GEOMETRY FOR BEGINNERS. [§ 70.

§ 70. There would be nothing more to say about equal triangles
were it not for the fact that, when in two triangles a certain number
of the six parts are equal each to each, the remaining parts mus¢
also be equal, and the triangles must be equal. This fact is one
of the corner-stones in the science of Geometry ; upon it are based
the proofs of many important theorems, and it is likewise a fact
of great practical value in the various uses to which Geometry can
be applied. (See Part VI. of the present chapter.)

Let us therefore proceed to find, once for all, how many and
what parts in two triangles must be equal in order to make the tri-
angles equal ; in other words, how many and what parts of a tri-
angle must be given in order to defermine the size and shape of
the triangle.

1. If only one part, a side or an angle, is given, we can con-
struct as many different triangles as we please, all having this part.
Therefore, by one part the size and shape of a triangle is not
determined.

2. Likewise, if two parts are given, whether two sides, two angles,
a side and an adjacent angle, or a side and the opposite angle, it
is easy to show that an indefinite number. of triangles may be
made, all having these two parts and yet differing in their other
parts (see Exercises 3-6 below). Hence two parts are not suffi-
cient to determine the size and shape of a triangle. '

3. If three parts are given, they may be, —

(z.) The three angles ;

(¢Z.) One side and two angles ;

(#7.) Two sides and the included angle ;

(#v.) Two sides and an angle opposite to one of them ;

(2.) The three sides.

These cases require, each of them, a special investigation.

Exercises. — 1, Draw three triangles having a common side.

2. Draw three triangles having a common angle.
8. Draw two triangles, both having for two of their sides 40°™ and 70°m,
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4. Draw two triangles, both having for one side §0°™, and for an adjacent
angle 30°.

&, Draw three triangles, all having for one side 45°™, and for the opposite
angle 60°.

Solution.— Make an angle of 60°." Then take 45¢m between the dividers, place
one point on one side of the angle, the other point on the other side. Join these
two points and the triangle is constructed. The other triangles are made in the
same way, taking care to use different points on the sides of the angle.

6. Draw two triangles, both having the angles 30° and 60°. What kind
of triangles are they ?

§ 71. Is a triangle determined if we know its three angles?
Compare the triangles 4 BC and DEF

(Fig. 66); as regards their angles, 2
A=D,B=FE, C=F (§ 58) ; that
is, the triangles have their angles equal
each to each. Now the triangles them-
selves are not equal ; they have the L
A B D E

same skape, but they differ in size.
In fact we may make as many tri- Fig. 66.
angles as we please, all having the same
shape, but differing in size ; therefore, —
By the three angles a triangle is not determined.
Two triangles which have their angles equal each to each are
said to be mutually equiangular.

Exercises. — 1, Draw two mutually equiangular triangles.
2. Can you draw two mutually equiangular triangles which differ in shape?

§ 72. Problem. — 7v construct a triangle, having given a side
and two angles.

When two angles are given, the third can always be found
(how?). We shall therefore suppose that the given angles are
both adjacent to the side.

Let @ (Zig. 67) be the given side, and 60° and 40° the given



84 GEOMETRY FOR BEGINNERS. [§ 72.

angles. Draw a line 4 B=a. At the points 4 and B make

angles equal respectively to 60° and 40°. The sides of these

angles will meet at a point, C, and 4 B C is the triangle required.
Why cannot these sides be parallel, and hence never meet?

/_Q/\ /\

Fig.67. B

If we now construct another triangle, ' NV O, having the same
three parts, it will be equal to the triangle 4 B C.

Progf. —Place M NO onAB C,so that M N fallson4 B. M
will fall on 4, and &V on B, since MN =A B = a. The lines
M O and A4 C will coincide in direction, since the angles at A/ and
A are equal (each 60°), and the lines ¥ O and B C will also coin-
cide in direction, since the angles at /V and B are equal (each 40°).
Therefore O must coincide with C, and the triangles will coincide
in all their parts. Point out the parts which are equal each to each.

The construction and proof would be the same for other values
of the given sides and angles ; therefore, by a side and two angles,
a triangle is completely determined ; and also, —

Theorem (I. Law of Equality). — /fin two triangles a side
and two angles are equal eack to each, the triangles are equal.

Remark. — The method used above to prove the two triangles
equal is called the Method of Superposition. When it can be em-
ployed to prove the equality of two magnitudes, it is a very easy
method, if we only take care to bear in mind what parts in the
two magnitudes are known to be equal.

Exercises. — 1. Draw to reduced scale (on paper, I : 2000; on the black-

board, 1:200) a triangle, one side of which is 220™, and the adjacent angles
70° and 50°.
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2. Draw to reduced scale the outlines of a triangular field of which one
side is 600™, and the adjacent angles 80° and 47°.
NOTE.— Always write the scale employed by the side of the figure.
8. The same Exercise, one side of the field being 40™, an adjacent angle
being 65°, and the opposite angle being-37°.
4. Draw a right triangle having given, —
(i) One leg = 89m, and the adjacent acute angle = §7°.
(47.) One leg = 60", and the opposite angle = 25°.
(##i.) The hypotenuse = 9o™®, and an adjacent angle = 42°.
5. What limit is there to the sum of the two given angles in the problem
of this section in order that the solution may be possible ?
6. What are the given things or datal in the problem of this section ?

§ 73. Problem. — 7v construct a triangle having given two
sides and the included angle.

Let @ and 4 (Fig. 68) be the given sides, and 50° the included angle.

Make an angle 4 = 50°, take 4 B = a, AC = 4, and join BC.
A B C is the triangle required.

Draw another triangle having —— 7
the three given parts, and then ]
prove by superposition that it
must be equalto 4 B C. égo"
Hence, by two sides and the
A B

included angle a triangle is com- ]
pletely determined; and, — Fig. 6.

Theorem (II. Law of Equality). — Jf in two triangles two
sides and the included angle are equal each to each, the triangles
are equal.

Exercises. —1. Draw (to reduced scale) a triangle with the sides 49™ and
77™, and the included angle 45°.

2. Represent (to scale) on paper, and also on the blackboard, a triangle,
two sides of which are 140™ and 100™, and the included angle §5°. Are the
two figures equal, equivalent, or similar ? Are they mutually equiangular?

.1 The singular of data is datum. The word is from the Latin, and means
given.
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8. In an isosceles triangle one of the equal sides is 32°m, and the angl.

at the vertex is 82°; draw the triangle.
4. Draw a right triangle whose legs are 16°® and 20°™. What three

parts are here known?
8. Draw an #sosceles/ Yight [triangle whose'legs are 16°™ each. What are

the three parts here given?
6. What is the greatest value which the givert angle in the problem of

this section can have?
7. What are the data in the problem of this section?

§ 74. Problem.— 7v construct a triangle having given two
sides and an angle opposite to one of them.

There are two cases according as the given angle is opposite
(.) to the greater, or (i7.) to the less side.

Case (i.). Let @ and & (Fig. 69) be the given sides, and let
a > b ; also let the angle opposite to @ be 70°. Make an angle
CAB = 70°% and lay off 4 C = &; this determines two corners,
A and C, of the triangle. The third corner must lie in the line
A B, and its distance from C must be equal to ; therefore, it
must also lie in a circumference described from C as centre with
a radius equal to @. Hence it must be the intersection of this
circumference with the line 4.B8. Now this circumference cuts
AB in fwo points, B and B', so that we obtain swe triangles,
AB Cand A B'C. Of these, however, only 4 B C has the three
given parts; 4 B'C has, it is true, the given sides, but*not the
given angle ; therefore, it is not the triangle required.
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If we construct another triangle, A/ V O, having the same three
Oarts, it will be equal to the triangle 4 B C.

Proof. — Place A M N O on A 4 B C, making the equal sides
M O and A4 C coincide. |; .M NV will coincide in direction with 4 B
because O M N=C A B = 70°; therefore V will fallin 4 8. But
N must also lie in a circumference having (now) C for centre, and
radius = @ ; therefore &V will coincide with B. And ON will
coincide with CB, and the triangles will coincide in all their parts.
Hence we see that by fwo sides and the angle opposite to the
greater side a triangle is completely determined; and that, —

Theorem (III. Law of Equality). — If in two triangles
two sides and the angle opposite to the greater side are equal each
to each, the triangles are equal.

Case (7). Let @ and & (Fig. 70) be the given sides, and let
a < & ; also let the angle op- a
posite to @ = 42°.

By proceeding as in Case
(¢.) we obtain two triangles,
AB C and 4 B'C, both hav-
ing the three given parts, yet
differing in size and in shape.
Therefore, by two sides and Fig. 70.
the angle opposite lo the less side, a triangle is not determined.

There are, however, only fwo solutions, the triangles 4 BC and
AB'C.

Exercises. — 1, In the triangles 4 BC and 4 B'C (Fig. 69) point out the
equal parts; also the unequal parts.

2. What relation exists between the angles BAC and B'4 C (Fig. 69) ?

8. What kind of triangles are the triangles BC B’ and N O V' (Fig. 69) ?

4. What equal parts have the triangles 4C B and AC B! (Fig. 70) ?

5. Draw a triangle with the sides 60°™ and go*®, and the angle opposite
the greater side 76°.

6. Construct a right triangle the hypotem.\.se of which is 84m, and one leg
is 64m,  What are the three given parts ?
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7. Construct a triangle with the sides 84m and 49, and the angle opposite
to the greater side 80°.

8. When are the data in Case (77.) of this section such that no triangle
is possible?

Ans.— When the less side is shorter than the perpendicular from Cto 4 B
(Fig. 70); also when'the’given’angle-is'either right or obtuse.

9. When the less side is just equal to the perpendicular from Cto 4 B,
what kind of a triangle is obtained?

§ 75. Problem.— 70 construct a triangle having given ifs
three sides.

Let @ b ¢ (Fig. 71) be the given sides. Make 4 B = a; then4
and B are two corners of the tnangle, and 4 B is one 51de. Since
the third corner must be at —2——
the distance 4 from A4,itmust _&
lieina circumference described
from A as centre with the ra-
dius 4. For a like reason it
must also lie in a circumfer-
ence described from B as cen-
tre with the radius ¢.!

Therefore it must be at the
intersection of these circum-
ferences. Now these circum-
ferences cut each other in 7o points, C and C', one above the
other below 4 B; so that we obtain 7we triangles, 4 B C and
A B C', both having the three given sides.

These triangles, however, are equal. For, if we fold over 4B C'
on A B, C' will be brought adove A B, and, as it remains the inter-
section of circumferences having 4 and B for centres, and 4 and ¢
for radii, it will fall on C, and the triangles 4 B C and 4 B C' will
then coincide.?

1 It is obvious that in solving this problem entire circumferences are no! re
quired; short arcs near the points of intersection are sufficient.
2 See Exercise 5, page 92.
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If we construct another triangle with the same three sides, it will
also be equal to 4 B C. For we can place it on 4 B C so that
one of its sides will coincide with 4B, and then its third corner
must fall on C for the same reason that C’ falls on C when 4 BC'
is folded over on 4B\

From what precedes we conclude that, by the three sides a tri-
angle is completely determined ; also that, —

Theorem (IV. Law of BEquality). — ff in two triangles the
three sides are equal each to each, the triangles are equal.

Exercises. — 1. The sides of a triangular garden measure 80m, 65™, and
45™. Draw to scale a plan of the garden.

2. The sides of a triangular field are 200™, 240™, and 300™. Draw to
scale a plan of the field.

8. Construct a triangle whose sides are 20°m, 40¢m and 60°™,

4. Construct a triangle whose sides are 20°m, 30™, and 6o°™,

6. When is the solution of the problem of this section impossible? (See
§ 62.) )

6. Construct an isosceles triangle whose base is 70°®, and the sum of
whose other sides is 2™,

7. Construct an equilateral triangle one side of which is 1™,

8. Construct a triangle with the sides 30°m, 30°™, and 30™. What kind
of a triangle is it?

9. Construct a triangle with the sides 25, 25, and 4o0°™., What kind
of a triangle is it?

10. Construct a triangle with the sides 20°m, 30°®, and 40°®. What kind
of a triangle is it?

11. Are two triangles equal if they have equal perimeters ? (Compare the
last three exercises.)

§ 76. Problem. — 7v make a triangle equal to a given triangle.

Take any three parts of the given triangle that completely de-
termine a triangle, and construct with them a new triangle ; it will
be equal to the given triangle. The best parts to take for this pur-
pose are the three sides, Show how to construct the triangle with.
them (§ 75).
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Exercises. — 1. In what four ways can three parts be chosen with which
to construct a triangle?
2. Draw a triangle; then construct another equal to it.

§ 77. Problem! L 472 given' point D (Fig. 72) of a given
lne D G, to make an angle equal to a given angle B A C.

Take on the sides of the given angle 4 M
= AN, and join MN. Then construct (by
the last problem) a triangle D £ F equal to
the triangle 4 M N. The angle D, corres-
ponding to the angle A4, will be equal to it.

Exercises. — 1. What kind of a triangle is 4 A7 A?
Is it necessary for the solution of the problem to
make 4 M N a triangle of this kind?

2. Make an angle, and then make another equal
to it.

8. Make an angle equal to a given angle with
the protractor.
4. Make an angle equal to a given angle with the ruler and the square.
8. Make (with ruler and compasses) an angle of 60°; an angle of 120°.

§ 78. Problem.— Zhrough a given point C (Fig. 73) to draw
a line parallel to a given line A B.

Through C draw any straight line C.D, cutting 4B in D. Then
draw (by the last problem) C 2 so
that the angle DCP = CD B.
CP is parallel to 4B (§ 57).

Exercises.— 1. Draw a line, and then
through a point draw another line par-
allel to the first.

4 Iz 4 2. The same exercise, using ruler and

Fig. 73. .
square instead of ruler and compasses.

8. Through the vertices of the angles of a triangle draw lines parallel to
the opposite sides, and prolong them until they meet. What kind of a figure
is thus formed? _
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§ 79. A ProBLEM is a construction to be made according to
geometrical laws.

There is a general agreement that in the Science of Geometry
no instrument shall be employed in making a construction except
ruler and compasses ; if the problem cannot be solved by these
means it is not regarded as belonging to the science. In the Ar¢
of Geometry — that is, in the applications of Geometry to prac-
tical purposes, such as Drawing and Land-measuring — various
other instruments which are found convenient are used, as divided
rules, protractors, theodolites, etc.

Thus, in practice, the problem of § 77 is usually solved with the
protractor, or with the ruler and the square, and the problem of
§ 78 with the ruler and the square.

In making a construction, all lines which are merely interme-
diate steps between the data and what is required should be drawn
«dotted instead of full (see Figs. 72 and 77). Such lines are called
auxiliary lines.

V.— Some Consequences of the Equality of Triangles.

§ 80. Let 4 B C (Fig. 74) be an isosceles triangle having 4 C
=BC, and let CD be a line '
bisecting the angle C. This line
divides the triangle 4 B Cinto two
triangles, 4 C D and B C D. Com-
pare these two triangles ; they have
a common side C D, the side 4 C
= BC (why?), and the angle c=4
(why?). Therefore the triangles Fig. 74.
are equal (II. Law of Equality),
and among the equal parts we have ¢ = 4 ; hence, —

Theorem. — /n an isosceles triangle the angles opposite to the
equal sides are equal.
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Corollary. — /n an equilateral triangle all the angles are equal ;
therefore each angle = 180° : 3 = 60°.

Why does this corollary follow from the theorem?

Remark. — A theorem consistsof -three parts : —

() The HvrorHEsis (or hypotheses), or that which is given, or
assumed as true, at the start.

(¢#7.) The ConcrusioN (or conclusions), or that which is to be
proved.

(¢7.) The Proor.

In the above theorem the hypothesis is: 4 C = B C (Fig. 74),
and the conclusion is: @ = 4. The proof consists in showing that
the triangles 4 C D and B C D are equal, and hence inferring that
a=2b. )

Exercises. — 1. In an isosceles triangle the bisector of the angle at the
vertex is perpendicular to the base, and bisects the base.

Hints.— Use Fig. 74. The two hypotheses are: A C =28 C, and CD bisect?
A CB. The two conclusmns are: CDO_L AB, and CD bdisects AB. Proof: show
hat AACD 2 ABCD; hence m =n=90° (why?),and 4D=28D.

2. The perpendicular let fall from the vertex of an isosceles triangle to
the base bisects the base, and also the angle at the vertex.

Hints,— Let CD (Fig. 74) be this ?e ndicular. State the conclusions, and
rove, with the aid of Ex. 1, and Axiom ?)e 18), that C.D must coincide with the
isector of A B C.

8. The line joining the vertex of an isosceles triangle to the middle of the
base is perpendicular to the base, and bisects the angle at the vertex.

Hints,—In this case what are the hypotheses? the concluswns? Prove by
showing (by 1V. Law of Equality) that A ACDRABC

4. What zhree conditions does the line CD (Fig. 74) fulfil?

5. Prove (with the aid of the theorem of this section) that the triangles
A BCand 4B C' (Fig. 71, p. 88) are equal.

Hint.— By drawing C C! we obtain two isosceles triangles, 4 C C! and B C C'.

6. Find the base angles of an isosceles triangle if the angle at the vertex
is (3.) 27° 35, (#2.) 75C 18/, (dii.) 124° 40'.

7. Find the angle at the vertex if one of the base angles is (i.) 15° 14/,
(7i.) 48° 7', (dii.) 83° 4'.

8. In an isosceles right triangle find the base angles.
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9. Can you devise a way of finding the height of an object (tree, tower,
etc.) by means of an isosceles right triangle?

10, Show that in an isosceles triangle the exterior angles made by prolong-
ing the base are equal, and that the exterior angles at the vertex are also
equal.

11. Find the three angles of an isosceles triangle if the exterior angle at
the vertex is 146° 19/.

12. Find the three angles of an isosceles triangle if the exterior angle at
the base is 120° 50/

18. Show that the exterior angles of an equilateral triangle are all equal,
and find the value of one of them.

14. Construct an isosceles triangle having given, —

(a@) The base and an adjacent angle ;

(%) The base and the opposite angle ;
(¢) The side and an angle at the base ;
(d) The side and the angle at the vertex.

§ 81. Let us now transpose the hypothesis and the conclusion
of the theorem in § 80 ; in other words, let us suppose that in a
triangle 4 B C (Fig. 75) the angles 4 and B are equal, and
inquire if the sides opposite to these angles must also be equal.

Let CD bisect the angle C. c
Then the triangles 4 CD and
B CD are mutually equiangular
(why?). They also have the side
C.D common, therefore they are
equal (I. Law of Equality), and
AC= BC. Hence,— 4 > v

Theorem. —If in a triangle Fig. 75.
two angles are equal, the opposite
sides are also equal, and the triangle is isosceles.

Corollary. — If the three angles of a triangle are equal, the
triangle is equilateral.

Why does this corollary follow from the theorem?

Remark. — If we transpose the hypothesis and the conclusion
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of a theorem, we obtain a new theorem called the CONVERSE of the
original theorem. The theorem of this section, for example, is the
converse of the theorem of the last section.

The converse\of/\a/\true)theorem/is mot necessarily true. Take,
for instance, the theorem, fwo vertical angles are always equal ; the
converse, fwo equal angles are always vertical angles, is not true.

Exercises.— 1. In an isosceles triangle the bisectors of the base angles
form with the base another isosceles triangle.

2. Prove the converse theorem (namely, if in a triangle the bisectors of
the base angles form with the base an isosceles triangle, then the triangle is
also isosceles).

§ 82. We will now compare in a triangle two unequal sides and
the opposite angles.
Let A B C (Fig. 76) be an isosceles triangle having 4 B=A4 C
and 4 BC =A4CB. Prolong 4 C to any point D, and join B D.
4 Then 4 B D is a triangle having 4 D
>AB. Now compare the opposite
-angles. Since 4BD = ABC+
C B D, therefore ABD > ABC.
And since ADB=ACB—-CBD
(§ 66), therefore 4 DB < A CB,
and hence < A B C. Therefore A B.D
> ADB. Here it is quite clear that
the two conditions, 4 D > 4 B, and
Fig. 76. D 4BD> 4D B, must always be ful-
filled together; hence, —
Theorem 1.— Of two angles of a triangle the greater is oppo-
site lo the greater side.
Theorem II. (Converse of Theorem 1.). — Of #wo sides of a
triangle the greater is opposit: lo the greater angle.
Corollary. — /n a right triangle the hypothenuse is the greatest
side.
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Exercises. — 1. From which theorem does the corollary follow?
2. Prove that two right triangles are equal, if they have two sides equal
each to each (two cases).

§83. Let CD L AB (Fig. 77), and let CE, CF, CG, be
any other lines drawn from C to the c
line 4 B. These lines are the hy-
pothenuses of the right triangles
CDE, CDF, CD G, respectively,
and therefore are, each of them,
greater than C D (§ 82, Corollary) ;

therefore, —
Theorem I.— Ofall lme.s which i3 "
can be drawn jfrom a point lo a Fig. 77.
straight line the perpendicular is the
shortest.

Corollary. — Hence, #ie distance from a point to a straight line
s the length of the perpendicular let fall from the point to the line.

If DE=DPF, then A CDE = A CDF (why?), therefore
CE =CF; thatis,—

Theorem II. — Two oblique lines equally distant from the jfoot
of the perpendicular are equal.

Again, DG > DF. Likewise the angles CFD and C GD
are each acute (why?). And CF G, being the supplement of
CFD, must be obtuse. Therefore, in the triangle CF G we
have CFG > CGF; hence C G > CF (§ 82, Theorem II.).
That is,—

Theorem II1.— Of two oblique lines unequally distant from
the foot of the perpendicular, the more remote is the greater.

Exercises, — 1. In each of these three theorems what is the hypothesis?

What the conclusion?
2. State and prove the converse of Theorem II.
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§84. Let 4B Cand A BD (Fig. 78) be two isosceles trian-

Fig. »8.

gles having a common base 4 5.
Join C .D. The triangles 4 C D and
B C D are equal (IV. Law of Equali-
ty). Let the triangle 4 C.D be
folded over C.D until it coincides
with the triangle C B D; then A4
will fall on B, and all the lines and
angles which fall upon each other
will be equal. Hence we have, (7.)
a=bandc=d; (i)AE=BE;
(¢ii.) m = n, and therefore CD L
A B,

Theorem. — If two isosceles triangles have a common base,
the line drawn through their vertices (i.) bisects the angles at the
vertices ; (ii.) bisects the base ; (iil.) is perpendicular to the base.

A E B
Fig. 19.

Exercises. — 1., Prove this theorem, when (as in
Fig. 79) the vertices of the two isosceles triangles
are both on the same side of the base.

2. If any number of isosceles triangles have a com-
mon base, the line passing through the vertices of two
of the triangles will pass through the vertices of all
the triangles.

8. If (Fig.79) CAE=64°and D 4 E = 36°, find
all the other angles in the figure.

§ 85. Problem.— 70 bisect a given angle B A C (Fig. 80).

Analysis. — The theorem of § 84 suggests a mode of solving
this problem. If we construct an isosceles triangle having the
given angle B A4 C for the angle at the vertex, and then upon its
base construct any other isosceles triangle, the line which joins
the vertices of the two triangles must, by § 84 (i.), be the bisector

required.
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Construction. — With 4 as centre describe an arc cutting the
sides of the given angle in A/ and V. With 4
M and WV as centres, and equal radii, describe
arcs intersecting at a point D). Join4 D:
it is the bisector'required:

Exercises. — 1. Prove, directly, that A 4AMD
2 A AND (Fig. 80), and hence that B4 D=
CAD.

2. Make an acute angle, and then bisect it. N

8. Make an obtuse angle, and then bisect it. s

4. Draw a triangle, and then bisect the three g b o
angles. In how many points do the bisectors Fig. So.
meet one another?

b. Divide an angle ingo four, and also into eight, equal parts.

6. Make, with ruler and compasses, an angle of 30°; an angle of 45°.

c

§ 86. Problem.— 70 bisect a given straight line A B (Fig.8r).

Analysis.— If we construct upon 4 B as a base any two isos-
celes triangles, the line joining their
vertices must, by § 84 (ii.), bisect
AB. _

Construction. — With 4 and B as
centres and equal radii, describe arcs
intersecting above 4 B in C, and be-
low A BinD. Join C D: it bisects
ABin E.

Exercises. — 1, Bisect a line, first freehand, then with ruler and com-

passes.
2. Bisect the three sides of a triangle, and then join the points of bisec-
tion to the vertices of the opposite angles. In how many points do the join-
ing lines (called the medians of the triangle) intersect?
8. Divide a line into four, and also into eight, equal parts.
4. Can you, by means of this preblem, divide a line into six equal parts?
5. Bisect a line more than twice as long as the greatest opening of the
compasses ? .
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§ 87. From § 84 it appears that every point in the perpendicu-
lar erected at the middle of a line is equally
D distant from the ends of the line. Moreover,
every. point. #of in this perpendicular is un-
equally distant from the ends of the line.
For let D (Fig. 82) be such a point, C £
being the perpendicular. Since4A D= A4C
2 + CD=BC+ CD,andsincealso B C +
Fig. 8a. C D > BD (why?), therefore A.D > BD.
Hence, —
Theorem. — Every point equidistant from the ends of a straight
line is in the perpendicular whick bisects the line.

§ 88. Problem.— 70 crect a perpendicular at a given point
C (Fig. 83) of a given line A B.

Analysis.— If we find in 4 B two points, M and AV, equally dis-
tant from C, and then find any other point 2 equidistant from A/
and A, it is evident from § 87 that
the line passing through C and D
will be the perpendicular required.

Construction. — With the centre
C describe an arc cutting 4 Bin M
and V. With A/ and /V as centres
A—pr C &2 and equal radii, describe arcs inter-

g 8. secting at a point D. Join C D.

Note. — In practice this construction is usually effected by means of the ruler
and the square (see § 49).

Exercises. — 1. In the above construction what is the least value which
the equal lines 47D and VD can have?

2. Erect a perpendicular at the end of a line without prolonging the line.

Construction.— Let A C (fig. 84) be the line. Construct on 4 C as base
an equilateral triangle 4 B C (how is this done?), and prolong 4 Bto D,
making BD=A4 B. CD is the perpendicular required.

Proof.—Since A 4B C is equilateral, 4 B C = 60°; therefore, in A
BCD, BCD+ BDC=60° (§66). Now A B CD is isosceles (why?);
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hence BC D= B D C= 30° Therefore {CD= ACB+ BCD = 60°

+ 30° = 9o°.
8. Construct an equilateral triangle having the
altitude go°m™,

Hints.— Draw a line) 40¢m |long;(erect atone)end
a pclalrpendicular, at the other end make two angles of 30°
each.

4, Construct an isosceles triangle having given
(a) the base and the altitude ; (#) a side and the
altitude. -

5. Bisect the three sides of a triangle, and then
erect perpendiculars at the points of bisection. In
how many points do they intersect?

A Fig. 84

i

§ 89. Problem.— 70 /lt fall a perpendicular from a givem

point C (Fig. 85) to a given line A B.

The analysis and the construction
are the same as in the last problem,
the only difference being that in
this case the point C is not on the
line 4 B. Give the analysis and the
construction in full.

:

Note.— This construction is also usually S
effected in practice by means of the ruler 4
and the square (§ 49).

Exercises. —1. Choose a point on each side of a line, and let fall per-

pendiculars from each point to the line.

2. Draw a triangle, and from the vertex of each angle let fall a perpen-

dicular to the opposite side.
intersect?

In how many points do the perpendiculars

8. Through a given point draw a parallel to a given line by constructing

two perpendiculars.

§ 90. Theorem. — Zwo paralle! lines are everywhere equally

distant from each other.

Progf. — From any two points 4 and B (Fig. 86) of one of the
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lines let fall perpendiculars meeting the other line in C and D ; then
A CIl B D (§57,Corollary). Join

/" B C. The triangles 4 B C and
P i B C D are equal (§56 and 1. Law of

- Equality). Therefore 4 C=BD;

T 5 that is, any two points of one line
Fig. 86. are equally distant from the other
line ; hence the lines are every-

where equally distant from each other.

§ 9L Let the problem be proposed : # find a point at a given
distance from a given point.

It is evident that any point in the circumference of a circle, de-
scribed with the given point as centre and the given distance as
radius, will satisfy the required condition, and will, therefore, be a
solution of the problem. It appears, then, that there are an inde-
finite number of solutions to the problem ; hence the problem is
termed indeterminate.

The required point is limited in position to a certain Zne,; this
line is called the /ocus of the point.

Definition. — The lne (or lines) in which a point must be, in
order o salisfy a given condition, is called the Locus! of the point.

Again, let it be proposed : % find a point equidistant from two
given points.

It follows fiom § 87 that the required point may be anywhere
in the perpendicular which bisects the straight line joining the
given points. The problem, therefore, is indeterminate, and the
locus of the point required is the above-mentioned perpendicular.

Generally speaking, when a point has to satisfy only one geomet-
rical condition, the problem is indeterminate, and the solution con-
sists in finding the locus of the required point.

1 Plural Zoci,



§ 92.] : CHAPTER 1V.— TRIANGLES. 101

Exercises. — 1. In the cases above considered, the points were supposed
to be confined to one plane : what would the loci be if this restriction were
removed?

Ans. In the first case, the surface of a sphere with the given point as centre and
the given distance as radius; in;the second case, the plane perpendicular to the
line which joins the given/ points] and bisecting'it.

2. Find the locus of a point at a given distance from a given straight line.
8. Find the locus of a point ata given distance from a given circumference.
4. Find the locus of a point at a given distance from a given plane surface.
5. Find the locus of a point equidistant from two given parallel lines.

6. Find the locus of a point equidistant from two given intersecting lines.
Hints.— The locus consists of the bisectors of the angles made by the lines.

To prove this, let £ be any point on either of the bisectors, P and £ perpen-
diculars from 2P to the two lines, O the point where the lines meet; then show
that APOMX2APON,and therefore that PM=PN. Why is it that, although
there are four angles to be bisected, the locus will consist of only fwo straight lines ?

§ 92. When a point has to be found which satisfies #wo condi-
tions, the problem (if possible at all) generally has ome or fwo
solutions ; in other words, the problem is deferminate.

Such problems are solved by constructing the loci of points
which satisfy each condition separately ; then the point, or points,
where the loci intersect, being common to both loci, will satisfy
both conditions, and will be the solution of the problem.

For example: find a point which shall be at given distances
Jrom two given points.

The required point must be in a circumference having the first
given point for centre and the first given distance for radius ; and
it must also be in a circumference having the second given point
for centre and the second given distance for radius ; hence it must
be at the intersection of these two circumferences.!

Since, in general, these circumferences intersect in two points,
there will be in general two solutions of the problem. When will
there be only one solution? When will there be no solution at all?

In the following exercises, after having given the solution, state
under what conditions (if any) the problem is impossible.

1 This reasoning has been already employed in § 75,
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Exercises. — 1. Find a point in a given straight line at a given distance
from a given straight line.

2. Find a point in a given straight line at equal distances from two other
straight lines.

8. Construct anisosceles)trianglehaving)a given base, and each of its
sides equal to three times the base.

4. Find a point at a given distance from a given point, and at the same
distance from a given straight line.

8. Construct a triangle having given the base, the sum of the other sides,
and one of the angles at the base.

6. Construct a triangle having given the base, the difference of the other
sides, and one of the angles at the base.

7. Find a point which shall be equidistant from three given points.

8. Find a point which shall be equidistant from three given intersecting
straight lines (see § 91, Exercise ). Show that there are four solutions,
and construct the four points. How is the solution modified if two of the
given lines are parallel?

§ 93. The complete solution of a problem consists of three
parts : —

(#.) The ANavLysIs, in which we explain how a correct construc-
tion can be based upon known geometrical truths.

{1i.) The ConsTrUCTION, in which, guided by the analysis, we
make the required lines, angles, etc., with the help of the ruler
and the compasses.

(#i2.) The Discussion, in which we consider (@) whether there
may be more than one solution ; (&) whether the data may have
such values that no solution is possible ; (¢) whether the solution
has any other peculiarities for particular values of the data.

The analysis of a problem that can be solved by the method of
loci has already been given (§ 92) ; in all other cases a theorem
(or theorems) must first be found on which a correct construction
can be based. In this search nothing but experience and ingenu-
ity will ensure success ; but there is one general rule which will be
found very useful ; namely : —
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Rule. — Suppose the solution effected, and draw a suitable figure ;
then trace the relations among the parts of the figure until some re-
lation is discovered which will give a clue to the right construction.

We will give an ‘example to dllustrate)the) application of this rule.

Problem. — Z%rough a given point o draw a line whick shall
cut off equal lengths from the sides of a given angle.

Analysis. — Let P (Fig. 87) be the given point, B A4 C the
given angle. Suppose that O P Q were the line required ; then we
know that 4 O Q must be an isos-
celes triangle (why ?), and hence, that
if we bisected the angle 4, O P Q
would be perpendicular to the bi-
sector (§ 80, Exercise 1). »This 4

suggests to us the correct construc- P.
tion. _
Construction. — Bisect the angle Fig. 8. c

4, let fall from P a perpendicular to

the bisector, and produce it until it meets the sides of the given

angle in O and Q: O P Q is the line required.
Discussion. — Construct the figure for the case where 2 is not

between the sides of the given angle. For what position of 2 is

the solution impossible ?

Exercises. — 1, Draw a line which shall pass through a given point and
make equal angles with two given intersecting lines.

2. In a given straight line find a point which shall be equidistant from
two given points.

8. In one side of a triangle find a point which shall be equidistant from
the other two sides (see § 91, Exercise 6).

4. In one side of an angle a point is given ; find in the same side another
point which shall be equidistant from the first point, and from the other side
of the angle.

5. From a given point without a given straight line draw a line making a
given angle with the given line.

6. Trisect a right angle (that is, divide it into three equal parts).
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VI.— Applications.

§ 94. If I wish to find the distance from 4 to B (Fig. 88) it
is plain that the intervening pond will prevent me from using a
chain or other direct means of measurement.

In numerous instances direct measurement would be very
troublesome or quite impossible. On the ground obstacles, such
as houses, water, swamps, are often met with ; if we want to meas-
ure the distance from the earth to the moon, only one end of the
line to be measured is accessible ; while in the case of the distance
between the sun and a planet, the line is wholly inaccessible.

Here Geometry comes to our aid by giving us methods of #ndai-
rect measurement ; in which, for example, by measuring one line
we are able to learn the length of another.

How this can be done by the help of the laws of equal triangles,
we are now prepared to understand.

All cases of the indirect measurement of a line may be reduced
to four, —

(¢.) Both ends of the line are accessible ;

(#7.) Only one end is accessible ;

(#7.) Both ends are inaccessible ;

(72.) The line is wholly inaccessible.

§ 95. Problem.— 70 measure a line the ends of whick only
are accessible.

Method I. — Let 4 B (Fig. 88) be the line to be measured.
Choose a point C from which 4 and B are both visible. Measure
A C, B C, and the angle 4 C B.

Prolong A4 C to D, making C D = C A4, and prolong B C to E,
making CE = CB. ADEC >~ A ABC (why?). There-
fore D £ = A B, and its length (which can be measured directly)
is the distance required.
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Method II. — Measure 4 C, B C, and A4 C B, as before. Then
construct on paper an angie
acb = A C B; choose a suita-
ble scale of redugtion;s andiday
off on the paper the reduced
lengths @ ¢ and & ¢ of the lines
AC and BC. Join ad: its
length gives, 2 the reduced scale,
the distance 4 B required.

For example : if 4 C = 800™, #
B C = 1000™, and the scale of
reduction is 1 : 5000, then @ ¢ = 16, and 4 ¢ = 20°. If now we
find that 2 6 = 24°™, then 4 B = 24°™ X 5000 = 1200 metres.

Remark. — The first method is preferable, because any error
made in measuring a 4 is multiplied 5000 times in the result.

How can the length of the pond (F7g. 88) e found?

Fig. 88. D

§ 96. Problem.— 7v measure a line one end only of whick is
accessible.
Method I. — Let 4 B (Fig. 89) be the line to be measured, B
the end which is accessible.
At a point C, in A B pro-
longed, place a signal (a
pole or flag). Then place
a signal at a convenient
point D, and measure the
distances B.D and C D.
Prolong C D to E, making
DE = DC, and prolong
B D to F, making D F =
D B. Place signals at £
and /. Then proceed in
the direction £ # until a . Fig. 8.
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point G is reached which falls in the line 4 D. Measure FG:
its length is equal to the distance 4 B required.

Proof: A DEF=DBC (1. Law of Equality). Therefore
angle D E F =0)¢) B pHhence &G thA4 C (§ 57, Remark). In
the triangles DA B and DFG, DB =DF, ADB=FDG
(why?), and 4 B D = D F G (why?); therefore A DAB >
A DF G (1. Law of Equality), and # G = 4 B.

Method II. — (By an isosceles triangle.) Choose a convenient
direction B A for running a straight line from B, measure the
angle A B H, and find in B A a point / at which the angle 4 B
shall be equal to 3 (180 — 4 BH). ThenB H = A B (why?).
What will be the value of 4 HB if A B H = go°?

Remark. — In both methods three things hafe to be measured
directly : in Method I., three lines ; in Method II., one line and two
angles. But, if the means of measuring an angle are at hand,
Method II. is preferable, because it is easier to measure an angle
than a line.

§ 97. Problem.— 70 measure a line when both ends of it are
inaccessible.

Let A B (Fig. 90) be the line, and let us suppose that a part
of the line between 4 and B is accessible, as shown in the Figure.

Method I.——-At a point C in 4 B erect a perpendicular C D
(§ 88), and take D £ =C D.
At £ also erect a perpendic-
ular #G; then £ G will be
parallel to 4 B (why?)

Find in # G the point #
which falls in the line B D,
and the point G which falls in
theline4 D. NowA ACD
> A ED G (why?), and A
BCD = A EDF (why?).
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Therefore #F £ =B C,and EG=AC; and hence FE+ E G
=B C+4 A C = A B, or the line to be measured.

Method II. — (By isosceles triangles.) In C £ find the points
H and X from which/\the 'directions(of |4°and B respectively make
with C £ the angle 45°. Then CH 4 CK = A B. Explain
fully why.

§ 98. Problem. — 70 measure a line whick is wholly inacces-
stble.

Method I. — Choose a convenient point C from which 4 and B
are both visible ; measure 4 C and B C as in § 96 ; then measure
A B asin § 95.

Method IL.— Choose C as before ; also a point F from which
A is visible, and a point
G from which B is visible.
Find £, the intersection
of AF and B C, and D,
the intersection of B G
and 4 C. Measure all
the angles at C, and also
the lines CF, CE, CG,
CD. Then represent on
paper the measured angles

" and lines (the latter to a
reduced scale). By prolonging £ F and D C till they meet, we
find the point on the paper which corresponds to 4 on the ground ;
and by prolonging in like manner D G and £ C, we find the point
which corresponds to B. The length of 4 B on the paper gives
o the scale employed the required distance.

Fig. or.
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15.

16.
17.

18.
19.
20.

21.
22.
28.
24.
25.
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REVIEW OF CHAPTER IV.

QUESTIONS,

Define a plane figure ; a polygon; its perimeter.

Define a triangle, and explain how it is named.

What six parts has every triangle?

Distinguish between exterior and inferior angles.

The sum of any two sides of a triangle is greater than the third side.
Define equilateral, isosceles, and scalene triangles.

Define the terms base, vertex, and altitude. When will the altitude lie
outside the triangle?

The sum of the angles of a triangle is equal to 180°. How can this
truth be illustrated?

Why can a triangle have only one right or one obtuse angle?

Define acute, right, and obtuse triangles.

If two angles of a triangle are known how can the third be found?

In a right triangle what is the sum of the acute angles?

What is the complement of an angle?

An exterior angle of a triangle = the sum of the opposite interior angles.
Define similar, equivalent, and equal magnitudes, and give examples of
each kind.

In two triangles what are corresponding sides (or angles)?

What is the least number of parts which determine the size and shape
of a triangle? Of these how many at least must be sides? :
In what cases do three parts fail to determine the triangle?

When are two triangles mutually equiangsular ?

Construct a triangle, having given, —

() aside and two angles;

(#1.) two sides and the included angle ;

(#ii.) two sides and the angle opposite to the greater side ;

(#v.) the three sides.

State the four laws of equal triangles.

Make a triangle equal to a given triangle.

Make an angle equal to a given angle.

Draw a line parallel to a given line.

What is a problem? What are auxiliary lines, and how distinguished
from others in the construction? i
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In an isosceles triangle the angles opposite to the equal sides are equal.
Corollary.

If two angles of a triangle are equal the triangle is isosceles. Corollary.
What is the converse of a theorem? Give an example.

In a triangle the/\gredter (of two. angles(is lopposite to the greater side,
and conversely. Corollary.

The perpendicular is the shortest line from a point to a straight line.
Corollary.

Oblique lines equally distant from the foot of the perpendicular are
equal.

Of two oblique lines.unequally distant from the foot of the perpendicu-
lar, the more remote is the greater.

If two isosceles triangles have a common base the line joining their
vertices (3.) bisects the angle at the vertices, (#i.) bisects the base, (#i3.)
is perpendicular to the base.

Bisect a given angle.

Bisect a given straight line.

Every point equidistant from the ends of a straight line is in the perpen-
dicular bisecting the line.

Erect a perpendicular at a given point of a given line.

Let fall a perpendicular from a given point to a given line.

Two parallel lines are everywhere equally distant from each other.

Give an example of an éndeterminate problem.

Define the Jocus of a point, and illustrate the definition.

Give an example of a determinate problem.

How are problems solved by the method of loci?

What are the three parts of the complete solution of a problem?

What general rule is often useful in solving problems?

‘What four cases may occur in the indirect measurement of a line?
Measure a line the ends only of which are accessible.

Measure a line one end only of which is accessible.

Measure a line neither end of which is accessible.

Measure a line which is wholly inaccessible.

EXERCISES.

In an isosceles triangle the exterior angles at the base are equal.
In an isosceles triangle the bisector of an exterior angle at the vertex is
parallel to the base.
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In an isosceles triangle the bisectors of the base angles (prolonged until
they meet the sides) are equal.

In what cases are we able, knowing one angle of a triangle, to find the
other two angles?

If in a right triangle the’ dcute-angles-are 30° and 60°, the hypotenuse is
equal to twice the smaller leg.

State and prove the converse of the preceding theorem.

Divide an isosceles triangle into two equal right triangles.

Make an angle equal to three times a given angle.

Make an angle of 15°; also an angle of 150°.

In what two ways can an angle of 224° be constructed?

Name various angles between 0° and 180° which can be constructed by

- means of the theorems and problems already given.

18.
14.
15.

16,
17.

18.

19.
21,
22,
23.

A straight railway passes within two miles of a town. A place is de-
scribed as four miles from the town and one mile from the railway. How
many places satisfy the conditions?

Place a line of given length between the sides of an angle so as to be
parallel to a given line. .

Through a given point between two lines not parallel draw a line which
shall be bisected at that point.

Three lines meet in a point; draw a line such that the parts of it inter-
cepted by the three lines shall be equal.

What axiom is implied in the last line of the proof of the theorem in § 87?
The perpendiculars erected at the middle points of the sides of a triangle

meet in one point. .

Hints,— Erect two of the perpendiculars; show (by I11. Law of Equality) that
their intersection is equidistant from the three corners of the triangle, then

make use of § 80, Exercise 2.
The bisectors of the three angles of a triangle meet in one point.

Hints,— Draw two bisectors ; show by § 91, Exercise 6, that their intersection
is equidistant from the sides of the triangle, and Sby I11. Law of Equality),
that the line joining the intersection with the third corner bisects the angle
at that corner.

Trisect a given straight line.

Illustrate by an example the application of the rule in § 93.

Choose two stations on the ground, and find their distance by means of
@t.), § 95; (ii.), § 96; (#ii.), § 97; (¢v.), § 98.

Can you find the height of an object (a tree, a church-spire, etc.) by
means of truths established in this chapter? How?

How many and what parts are sufficient to determine a right triangle? an
isosceles triangle ? an equilateral triangle ? an isosceles right triangle ?
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CHAPTER V.
QUADRILATERALS.

CONTENTS. — I. Sides and Angles of a Quadrilateral (§§ 99, 100). 1I, Different
Kinds of Quadrilaterals (§§ ror-ros). III. Construction of Quadrilaterals
(§§ 106-111). IV. Subdivision of a Line (§§ 112-114).

I.— Sides and Angles of a Quadrilateral.

§ 99. A plane figure bounded by four straight lines is called a
QUADRILATERAL (4 B CD, Fig. 92).

A straight line 4C, which joins two D
opposite corners of a quadrilateral, is
called a D1aGONAL.

Exercises. — 1. How many sides and how
many angles has a quadrilateral?

2. How is a quadrilateral named or de-
noted ?

8. What is the perimeter of a quadrilateral (§ 59)?

4. Into how many triangles is a quadrilateral divided by a diagonal?

8. How many diagonals can be drawn in a quadrilateral?

Fig. g2, B

§ 100. If we divide a quadrilateral 4 B CD (Fig. 92) into
two triangles by drawing a diagonal AC, it is evident that the sum
of the four angles of the quadrilateral is the same as the sum of
the six angles of the two triangles. Now the sum of the angles of
the two triangles is 360° (why?) ; hence, —

Theorem. — T%e sum of the angles of a quadrilateral is equal
2 four right angles, or 360°.

Exercises. — 1. If the angles of a quadrilateral are all equal, what is the

value of each?
8. Three angles of a quadrilateral are 70°, 40°, and 120°; find the fourth,
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II.— Different Kinds of Quadrilaterals.

§ 101. With respect to the position of the sides there are three
kinds of quadrilaterals!

AV

A quadrilateral which has no sides parallel is called a TraPEZIUM
(Fig. 93, 1.).

A quadrilateral which has only two sides parallel is called a
TrAPEZOID (F%g. 97, 11.). The parallel sides are cailed the Basks,
and the other sides the Lzcs.

A quadrilateral which has its opposite sides parallel is called a
PARALLELOGRAM (Fig. 93, I11.).

. III.
Fig. 93.

Exer;:ises. —1. Draw a trapezium, a trapezoid, and a parallelogram.
2. Draw a trapezoid having two right angles.

§102. Let 4 B CD (Fig. 94) be a parallelogram. Draw the

A p diagonal BD. The alternate angles m
and n are equal, and likewise the alter-
nate angles p and ¢ (§ 56). Therefore
AABD = ACBD (I Law of Equal-
ity), and 4B = CD, and 4D = BC.
Also the angle 4 equals the angle C; and,
since m = n and p = ¢, therefore m + n = p + ¢; that is, the
angles at B and D are equal. Hence,—

Theorem 1. — Zvery parallelogram is divided by a diagonal
into two equal triangles.

D Fig.gg. C
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Theorem II.— 7he opposite sides of a parallelogram are equdl.

Theorem III.— Z%e opposite angles of a parallelogram are
equal.

Corollaries. -+ From| Theorem I it follows that, —

1. Parallels between parallels are equal.

2. Perpendiculars between parallels are equal (§ 57, Corol-

lary).
3. Parallels are everywhere equally distant (see § 90).

Exercises. —1. If two adjacent sides of a parallelogram are equal, what
follows as to the other sides?

2. What relation exists between two adjacent angles of a parallelogram?
Why?

8. If one angle of a parallelogram is a right angle, what must the others
be? Illustrate with a figure.

4. If one angle of a parallelogram is acute, what can be inferred of the
other angles? Illustrate with a figure.

5. One angle of a parallelogram is (i.) 45°, (#i.) 54° 18/, (4ii.) 121° 16/
44''; find the other angles.

6. Prove the converse of Theorem II.

§ 103. The sides of a parallelogram may be either equal or
unequal, and the angles may be either right or oblique ; so there
are in all four kinds of parallelograms : the obligue unequal-sided

L I1. L. Iv.
Fig. 95.

parallelogram or RHomBOID (Fig. 95, i.), the obligue equal-sided
parallelogram or RHoMBUs (Fig. 95, I1.), the right uncqual-sided
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parallelogram or RECTANGLE (Fig. 95, 111.), and the right equal-
sided parallelogram or Square (/Fig. 95, IV.).

Exercises. — 1. Give examples of parallelograms (surface of a table, roof
of a house, etc.), and state the kind in each case.

2. Draw (free‘hand) a parallelogram’ of “each kind.

8. One angle of a rhombus is 60°; find the other angles.

4. One side of a rhombus is 24™; find its perimeter.

§. The sides of a rectangular park are 400™ and 240™. How many trees
must be set out in its perimeter if they are to stand 10™ apart?

§ 104. In the parallelogram 4 B C D (Fig. 96), draw the
diagonals 4.D and BC; how many
triangles are thus formed? A 4O0B
&> COD (why?); therefore the
sides opposite to the equal angles
are equal; that is, 40 = DO and

~ BO= CO; hence,—

Theorem. — 7%e two diagonals
of a parallelogram mutually bisect each other.

Fig. ¢6.

Exercises. — 1, Fird the angles which the diagonals of a square make
with the sides of the square.

2. In a square the diagonals are equal and perpendicular to each other.

8. In a rectangle the diagonals are equal and inclined to each other.

Hint,— Draw the diagonals, and make use of § 73,

4. In a rhombus the diagonals are perpendicular to each other. Are
they equal or unequal?

5. In a rhomboid the diagonals are inclined to each other. Are they
equal or unequal?

6. What kind of parallelograms are divided by the diagonals into isosce-
les triangles? Into right triangles?

§ 105. Either side of a parallelogram may be regarded as the’
base; then a perpendiculat let fall to the base from any point in the
opposite side is the a/#tude of the parallelogram.
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In the parallelogram 4 B C D (Fig. 97) AB is taken as the
base, and either D £ or #B or CG

is equal to the altitude. Why are l;) TI.F
DE, FB,and CD,all equal? i !

In a rectangle whatever side be : i
taken as base the adjacent side is }E ;

A B G
the altitude. . or.

In a square the base and altitude are equal.
1n a trapezoid one of the parallel sides is taken as the base.
In a trapezium the terms base and altitude are not used.

III.— Construction of Quadrilaterals.

§ 106. Problem.— 70 construct a square, having given one
side, a (Fig. 98).

Construction.— At 4 make a right angle ; take A B=4D=a;
then from B and D as centres, with a radius a
equal to «, describe arcs intersecting at a point
C.. A B C D is the square required.

Proof! The four sides are each equal to @
by construction. Join B D, and make use of
§ 102, Theorem 1.

Construct another square with the same side < Fig. 8.
a; then prove (by division into triangles, and
IV. Law of Equality) that the two squares are equal.

Hence, a square is completely determined if one side is known ;
and, —

Theorem. — 7wo :quar'e: are equal if they have a side equal.

Exercises. —1, Construct a square whose side shall be 1dm,

2. Construct a square whose perimeter shall be 1™,

8. Draw a rectangle ; then construct a square with the same perimeter as
that of the rectangle.

Oy

1 If the construction of a problem is given without a previous analysis, a proof
of the construction (unless it is quite obvious without it) ought to follow.
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4, Construct a square, having given its diagonal.
8. Construct a square, and upon each side an equilateral triangle.
6. Construct an equilateral triangle, and upon each of its sides a square.

§ 107. Problemi— Tv)construct @ \rectangle, having given two
adjacent sides, a and b (Fig. 99).

Construction and proof similar to those of the last section.

Construct another rectangle with
the same sides, and prove that the
two rectangles are equal.

Hence, a rectangle is determined sf
we know two adjacent sides ; also, —

Theorem. — Zwo rectangles are
equal if they have two adjacent sides
equal each to each.

Exercises. — 1. Construct a rectangle with the sides 40°™ and 60cm. (If
on paper, use a reduced scale.)

2. Make a plan of a rectangular field whose sides measure 640™ and 360™.

8. How many rectangles can be constructed upon a given line as the
diagonal?

a
)

Pg. 99.

§ 108. Problem.— 70 construct a parallelogram, having given
two adjacent sides and the included angle.

Construction.— Let a and 4 (Fig. 100) be the given sides, 70°

a the included angle. Make an angle

A = 70°% then proceed as in the
I 70 lastsection. 4 B C D is the required

parallelogram.

Y i<, Proof similar to that in § 106.
' Construct a second parallelogram
with the same given parts, and prove
A B

that it is equal to the first.
Therefore, #wo sides and the in-

Fig. 100. cluded angle completely determine a
parallelogram ; and, further, —
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Theorem. — 7wo parallelograms are equal if two sides and
the included angle of one are equal respectively to two sides and
the included angle of the other.

Exercises. — 1, 'Construct'a'parallelogram, the two sides being 44°™ and
66°m, and the included angle 110°.
2, Construct a rectangle, having given —
(a) A side and a diagonal;
(8) A side and the opposite angle of the diagonals ;
(¢) A diagonal and the angle between the diagonals.
8. Construct a rhombus, having given —
(a) A side and an angle ;
(4) A side and a diagonal ;
(¢) The diagonals ;
(d) An angle and the diagonal through its vertex. e
4. Construct a rhombus whose angles shall have the ratio 1: 3.

§ 109. Problem.— 70 construct a trapesoid, having given the
bases, one leg, and the angle between a base and the leg.
Construction.— Let a, b, ¢ (Fig. a
10r) be the given sides, 68° the ’
m&

given angle.
Make an angle 4 = 68° ; take 4 B C
=a, AD = b; through D draw a  p .C
line parallel to 4 B, and on it take
DC=c¢ JonBC. ABCDis
the trapezoid required.

Exercises. — 1. How many and what
parts determine ‘a trapezoid? 4 Fig. ror. B
2. Construct a trapezoid with the sides
60°m, yoem, 8oem, and the angle between the first two sides equal to 75°.
8. Construct a trapezoid, having given —
(@) The bases, one leg, and the altitude.
(6) One base, the legs, and the altitude.
(¢) One base and three angles. How many solutions in this case?
(d) The four sides.
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§ 110. Problem.— 7v construct a trapesium, having given
three sides and the two angles included by these sides.

Construction.—1f a, 4, and ¢ are the given sides, 60° and 75°
the included angles, draw, a line 4 B = 4 ; through 4 and B draw
lines making, with'B B, the angles 60° and 75° respectively ; lay
off on these lines the lengths 4 D = @, and B C = ¢, and join the
points thus found.

Draw a figure to illustrate this construction.

Exercises. — 1, Construct a trapezium with the sides 120°m, goom, 70°m,
and the angles 67° and 83°.
2. Construct a trapezium, having given —
(@) Three angles and the two sides between the first and third
angles ;
(8) Four sides and one angle ;
(¢) Four sides and a diagonal.

-

§ 111. Problem.— 7v construct a quadrilateral equal fo a
given quadrilateral AB C D (Fig. 102).

Analysis. — If we draw the diagonal B D, we divide the given
quadrilateral into two triangles. If now we construct (§ 76) two
new trlangles equal respectively. to these, and similarly placed, it is

evident that they will form, taken to-

gether, a new quadrilateral equal to
7 the given quadrilateral (Axiom II.).
Construction.—Take EF = A B ;
from £ and F as centres, with the
5 G radii 4.D and B D respectively, de-

Fig. 102, scribe arcs intersecting at a point /;

then from # and /A as centres, with

B C and D C respectively as radii, describe arcs intersecting at a
point G. Lastly, join £ H, H G, and G F.

Exercises. — 1. Draw a trapezium, and then construct another equal to it.
2. When are two quadrilaterals equal to each other?
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IV.— Subdivision of a Line.

§ 112 Let a, b, ¢, d, ¢ (Fig. 107) be parallel lines equidistant
from one another, and, let them be cut by any other lines as in the
figure.

The perpendiculars 4 %, B G, CH, DK are equal (why?).
AABF >~ ABCG =~

A M\ a ya
ACDH>ADEK
(why?) ; therefore 4 B = B Y s /
BC=CD=DE. F \ /—
In like manner we can C <
prove that the parts cut G /
from any other line, ¥MN d
or P Q, are equal to each a4 X /
other. Hence,— L ‘
Theorem. — Equidis- / A N‘ IQ
tant parallel lines cut equal Fig. r03.

parts from any line that intersects them.

Exercise. —In a right triangle the middle point of the hypotenuse is equi-
distant from the three corners of the triangle.
Hint. — Through this middle point draw a line parallel to one of the legs.

§ 113. Problem.— 7 divide a straight line AB (Fig. 104)
into any number (say five) equal parts.

Construction.— Through A draw any straight line 4 X, on which
lay off five equal parts of any
length. Join C, the last point
thus obtained, to B, and
through the other points of
division of 4 C draw lines
parallel to B C. They will .
divide 4B into five equal
parts. .
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Proof. — Make use of the theorem in § 112

Exercise. — Divide a straight line into 3, 6, 7, 9, 10 equal parts.

§ 114. Problem, 7o dvide @ straight line A B (Fig. 105)
tnto two parts which shall have a given ratio (say 3:4).

Construction. — Draw through A any line 4 C, and lay off on
c it 3 4+ 4= 7 equal parts. Join the
last point C to B, and draw through
D, the third point of division from
A, aline D E parallel to BC; it
intersects A B in £. Then,

AE:EB=3:4.

L

[ IR ety

i i

A -E

Fig. 1o5. Proof. — Lines drawn through the

other points of division of 4 C, and parallel to B C, would (by

§ 112) divide 4 £ into three equal parts, and £2B into four
equal parts.

Exercises. — 1, Divide a line in the ratio 4:7.

2. Construct a rectangle, having given that the sum of two adjacent sides
is 16™, and their ratio 2: 3.

8. Construct a rhombus in which the sum of the diagonals shall be 12m,
and one of them shall be twice the other.

4. The perimeter of a rectangular garden is 80.4™, and the longer side is
to the shorter as §5:7. Make a plan of the garden, and find the lengths of its
sides.

5. Divide a line into three parts which shall be to each other as 2: 3:5.

Hint. — Lay off on the auxiliary line 2+ 3+ §= 10 equal parts.

6. Construct a triangle whose sides shall be to each other as the numbers
3,4, 5. Is this problem determinate or not?

7. Construct an isosceles triangle whose base shall be to one of the equal
sides as 3:4.

8. Divide a line into four parts which shall be to each other as the num-
bers 1, 34 6,




2.
3.

4.

6.

7.

8.

9.

10.

1.

8.
4.
6.
6.

CHAPTER V.— REVIEW. 121

REVIEW OF CHAPTER V.
SYNOPSIS.

A gquadrilateral is a four-sided polygon.
The sum of its angles equals 360°.
There are three classes of quadrilaterals: —

(i.) The trapezium (no parallel sides);

(#i.) The trapezoid (two parallel sides);

(#ii.) The parallelogram (both pairs of sides parallel).
There are four kinds of parallelograms: —

(i.) The rkomboid (adjacent sides unequal, angles oblique) ;

(#4.) The rhombus (sides all equal);

(#4i.) The rectangle (angles all right angles);

(#v.) The square (sides equal, and angles right angles).
A diagonal divides a parallelogram into two equal triangles.
Hence, the opposite sides and also the opposite angles of a parallelo-
gram are equal.
The two diagonals of a parallelogram mutually bisect each other, and
are equal to each other in the rectangle and the square, perpendicular
to each other in the rhombus and the square.
Two squares are equal if they have a side equal ; two rectangles, if their
adjacent sides are respectively equal; any two parallelograms, if they
have two sides and the included angle equal each to each.
Equidistant parallel lines cut equal parts from any line that intersects
them.
No. 9 enables us to divide a line into equal parts, or into parts which
shall be to each other in given ratios.

EXERCISES.

Divide a quadrilateral into a parallelogram and a triangle.

Divide a parallelogram into two equal triangles.

Divide a parallelogram into two equal parallelograms,

Divide a square into four equal isosceles triangles.

Divide a rhombus into four equal right triangles.

Divide a trapezoid in which the non-parallel sides are equal into a par-
allelogram and an isosceles triangle. ’ )
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Divide a right triangle into two isosceles triangles.

The adjacent angles of a parallelogram are supplementary.

In a rhomboid one angle is 120°; find the other angles.

If two opposite sides of a quadrilateral are equal and parallel, the figure

is a parallelogram./\/ (Draw/a/diagonal.-| Use §§ 56, 57, 73.)

The middle points of the four sides of a parallelogram are the corners

of a new parallelogram. If the first parallelogram is a rectangle the

second is a rhombus; if the first is a rhombus the second is a rectangle ;

if the first is a square the second is a square.

The bisectors of the angles of a parallelogram enclose a rectangle. (Ex-

ercise 8 and § 64.)

Prove the converse of § 102, Theorem III.

The three perpendiculars let fall from the corners of a triangle meet in

one point.

Hints.— Through the corners of the triangle draw lines parallel to the oppo-
site sides, and prolong them till they intersect, forming a new triangle.
Then show (by means of § 102, Theorem II., Axiom IV.,and § 56, Corol-

lary) that the three altitudes of the given triangle are perpendicular to the
middle points of the new triangle, and make use of Exercise 17, page 110.

Construct a rectangle, having given one side and the perimeter.
Construct a rhombus which shall have its obtuse angles twice as large as
those which are acute.
Construct a rhomboid, having given —

(@) Two unequal sides and the included angle ;

(&) Two unequal sides and a diagonal ;

(¢) One side and the two diagonals.
Place a line of given length between two given parallel lines so that it
shall pass through a given point. (Three different positions of the
point.)
Place a square within a given square so that one corner of it shall be at
a given point in a side of the given square.
In a square construct an equilateral triangle having one corner common
with a corner of the square, and the others in the sides of the square.
Prove that the line joining the middle points of the legs of a trapezoid is
parallel to the bases, and equal to half their sum.
Divide a line into 3} parts.
Construct a rectangle whose perimeter shall be 1™, and the ratio of the
base and altitude 3:7. What are the lengths of its sides?
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CHAPTER VL
POLYGONS.

CONTENTS.—1. Sides and Angles of a Polygon (§§ 115-117). 1I. Regular Poly-
gons (§§ 118-122). I1I1. Symmetrical Figures (§ 123).

I.—8ides and Angles of a Polygon.

§ 115. A PoLvcoN is a plane figure bounded by straight lines.
What are its sides and its perimeter 7 (§ 59).

Fig. r106.

As regards the number of sides, polygons begin with three
(§ 60), and go on increasing without limit. As the number of
sides increases, the polygon approaches a circle in shape (see Fig.
106) ; in other words, the circle is the limit which the polygon

approaches (but never reaches) when the number of its sides is
increased more and more.
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The triangle and the quadrilateral are polygons; but, as they
have been already studied, we shall now apply the term chiefly to
those figures which have more than four sides. A polygon of five
sides is called, a, PENTAGON,-of six-sides a HEXAGON, of seven sides
a HEPTAGON, of ¢ight sides an OcTaGoN, of nine sides a NONAGON,
of ten sides a DECAGON, of twelve sides a DODECAGON, of twenty
sides an IcosaGON.

Which of these polygons are represented in Fig. 706 ?

Every polygon has as many angles as sides ; each side has two
adjacent angles ; each angle is formed by two intersecting sides.

A line joining two corners not in the same side is called a Diac-
ONAL.

By drawing as many diagonals as possible from one corner of a
polygon we divide the polygon into triangles ; and Exercise 1, below,
leads to the following general law : —

The number of diagonals whickh can be drawn from one corner
of @ polygon is THREE less than the number of sides; and the num-
ber of triangles into whick the polygon is divided is TWO less than
the number of sides.

Exercises. — 1, Draw polygons of 3, 4, 5, 6, 7, 8 sides, and from a corner
of each all the diagonals possible ; then prepare three vertical columns, in
the first writing the number of sides of the several polygons, in the second
the number of diagonals, in the third the number of triangles. What genéral
conclusions follow from the results?

2. How many diagonals can be drawn from one corner of a polygon of
60 sides, and how many triangles will be formed?

8. Divide an octagon into three quadrilaterals and a triangle.

4. If you cut off a triangle from a hexagon with a diagonal, what kind of
polygon is left?

5. How many diagonals i% a/l can be drawn in a quadrilateral? a penta-
gon? a hexagon? a decagon?

§ 116. The angles of a polygon may be acute, right, obtuse, or
even convex. In the last case, they are usually termed reéntrant
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angles. In Fig. 107, A is a polygon having one reéntrant angle,
and B a polygon having two reéntrant angles.

Fig. rop.

But whatever be the values of the angles, their sum in any poly-
gon always bears a simple relation to the number of sides. If a
polygon could be divided into as many triangles as it has sides,
then the sum of all its angles would evidently be equal to twice as
many right angles as there are sides (§ 64). But since by the
last section it appears that the number of these triangles is zwo less
than the number of sides, it follows that the sum of all the angles
will be twice as many right angles as there are sides less two.
Hence, —

Theorem. — The sum of the angles of a polygon is equal to
twice as many right angles as there are sides less two.

Thus the hexagon (ZFig. 708) consists of 6 — 2 = 4 triangles;
and the sum of its angles = 4 X 2 = 8 right
angles = 720°.

In general, if #» be the number of sides (7
being any number), the following equation
or FormMuLA enables us to find the sum of
the angles ;: —

Sum of the angles (in degrees) = 180(n—2). [1.] Fig. ms\.\

Exercises. — 1, What polygon cannot have reéntrant angles?

2. Find the sum of the angles of polygons of 3, 4, 5, 6, 8, 10, 12, 20 sides.

3. Find by division into triangles the sum of the angles of the polygon 4
(Fig. 107). Also find the sum by means of Formula [1].
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4. Find in the same two ways the sum of the angles of the polygon B
(Fiz. 107).

5. Of how few sides can you make a polygon with one reéntrant angle?
with two reéntrant angles?

6. Make a héxagon withlasimany)rééntrant angles as possible.

7. Make a hexagon having only right angles or their multiples.

8. Draw a polygon such that one of its diagonals shall lie wholly outside
the polygon.

§ 117. Problem.— 70 make a polygon equal to a given poly-
gon ABCDEF (Fig. 109).

Analysis.— Divide the given polygon into triangles by drawing
diagonals from one corner ;
then construct a series of
new triangles equal respec-
tively to those of the given
polygon, and similarly
placed. 1t is evident that
these taken together will
form a new polygon equal to the given polygon.

Draw the figures and give the construction in full.

Fig. rog.

Exercises. — 1, Construct a pentagon equal to a given pentagon.
2. Construct an octagon equal to a given octagon.
8. When are two polygons equal to each other?

II.— Regular Polygons.

§ 118. Deflnitions.— A4 polygon which has equal sides is
termed EQUILATERAL (Fig. 110, A) ; a polygon whick has equal
angles is termed EQUIANGULAR (Fig. 110, B); and a polygon whick
has equal sides and equal angles (Fig. 110, C) is termed REGULAR.

Since the angles of a regular polygon are equal, each angle is
equal to #he sum of all the angles divided by their number ; or, in
other words, divided by the number of sides of the polygon.

If we let » denote the number of sides, the sum of the angles
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(by § 116) = 180 (# — 2) = 180 # — 360. Dividing this value
by # we obtain the formula, —

Each angle of a regular polygon — 180 — 3:0-

(2]

Fig. 110,

Exercises. —1. What is the regular triangle called? the regular quadri-
lateral ? '

2. Can a triangle be equilateral without being equiangular?

8. What quadrilateral is equilateral but not equiangular? equiangular but
not equilateral?

4. Make three hexagons: the first equilateral but not equiangular; the
second equiangular but not equilateral ; the third regular.

8. Find each angle of a regular polygon of 3, 4, 5, 6, 8, 10, 12, 20 sides,
and arrange the results in a vertical column. As the number of sides increases
how does the angle change?

6. Find the angle of a regular polygon of 360 sides.

7. Express Formula [2] in words.

8. One side of a regular dodecagon is 18™; find its perimeter. Give a
rule for finding the perimeter of a regular polygon when a side is known.

§ 119. Regular polygons possess a very important property
stated in the following theorem : —

Theorem. — The bisectors of the angles of a regular polygon
meet in a point equally distant (1.) from all the corners, and also
(ii.) from all the sides.

Proof.—Let the bisectors 40, BO (Fig. 111 or 112) of the
angles 4, B, meet in O, and join OC, OD, etc. The triangles
AOB, BOC are isosceles (§ 81); therefore O4 = OB. The
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same two triangles are also equal (§ 73) ; therefore OC = OA.
Also, OCB = OAB = % one of the equal angles of the polygon ;
therefore OC bisects the angle BCD. In like manner we can
prove that O.D= 04, and bisects the angle CDE ; etc.

re]
Fig, rrr, Fz;g'.'uz.

(#7.) The distances from O to the sides of the polygon are the
perpendiculars let fall from O to the sides (§ 83, Corollary). Take
any two of these perpendiculars OG and O/ ; they are equal,
because A OGB =~ OHB (why?). In like manner we can
show that O # = O7 = OXK, etc.; in other words, these perpen-
diculars are all equal.

Definitions. — 7Z%is remarkable point O in a regular polygon
#s called its CENTRE ; the distance from the centre fo a corner is
called the GREATER RADIUS ; the distance from the centre to a side
is called the LEss RADIUS ; the angle between two radii is called
the ANGLE AT THE CENTRE.

Corollaries. — 1. Every regular polygon can be divided into as
many equal isosceles triangles as it has sides (how?).

2. Every regular polygon can be divided into twice as many
equal right triangles as it has sides (how?).

3. The greater radit of a regular polygon are all equal, the less
radit are equal, and the angles at the centre are equal. \

4. The angle at the centre is equal to 360 divided by the num-
ber of sides ; in other words, to the last term of [2], § 118.
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Exercises.— 1. Prove the preceding theorem for the case of a triangle.
Draw a figure and give the proof in full. (Compare this exercise with Exer-
cises 7 and 8, § 92.)

2. Show that every regular polygon is composed of an even number of
equal right triangles.

8. ‘Prove that in a regular polygon a radius, if prolonged, divides the poly-
gon into two equal parts.

4. Prove that the angle between two less radii is equal to the angle be-
tween two greater radii. What value has the angle between a greater radius
and a less radius?

5. Find the angle at the centre in an equilateral triangle? a square? a
regular hexagon? a regular octagon? a regular decagon?

6. If the angle at the centre is 10°% how many sides has the polygon, and
what is the value of each angle?

7. If an angle at the centre is given, how can you find an angle of the
polygon?

8. If an angle of the polygon is given, how can you find an angle at the
centre?

NOTE.—For the sake of reference, the chief data respecting the angles of
regular polygons are collected in the following table: —

ANGLE AT THE
NUMBER OF SIDES. SUM OF ANGLES. EACH ANGLE. CENTRE.
3 180° 60° 120°
4 360° 90° o
5 540° 108° 72°
6 720° 120° 60°
8 1080° 135° 45°
10 1440° 144° 36°
12 1800° 150° 30°
20 © 3240° 162° 18°

§ 120. Problem.— 70 construct a regular polygon havinys
given the number of sides.

Construction. — Construct about a point as many angles as the
polygon has sides, each angle equal to the angle at the centre (how
is this angle found?) ; lay off equal lengths on the sides of these
angles, and join the points thus determined.
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Exercises. — 1, Is the above problem determinate or indeterminate ?

2. Construct (i.) an equilateral triangle ; (¢Z.) a square.

8. Construct a regular hexagon. Join the alternate corners by straight
lines. What figure do these lines enclose? Why?

4. Prove that the greater radius of a regular hexagon is equal to a side of
the hexagon.

5. Construct a regular octagon. Join the alternate corners by straight
lines. What figure do these lines enclose? Why?

6. Construct a regular nonagon. '

7. Can you devise another way to construct a regular polygon?

§ 121. Problem.— 77 find the centve of a given regular poly-
gon.

Analysis. — Two methods of solving this problem are suggested
by § 118 ; what are they?

A third method is based on the fact (see Figs. 77z and 112)
that, if the polygon has an even number of sides, a line through one
corner and the centre passes through the opposite corner ; while
if it has an o047 number of sides, this line passes through the
middle of the opposite side. Hence, state rules for proceeding in
each case.

Exercises.—1. Find the centre of (i.) an equilateral triangle; (iz.) a
square ; (#4i.) a regular pentagon ; (#z.) a regular hexagon.

2. Divide an equilateral triangle into 3 equal parts.

8. Divide a square into 4 equal parts. Can you do this in more than

one way?
4. Divide a regular hexagon into 6 equal parts ; also into 12 equal parts.
5. Divide a regular octagon into 4, 8, 16 equal parts.

NOTE. — The construction, etc., of regular polygons will be considered further
in the chapter on the Circle.

§ 122. Applications. — The stone pavements of large vesti-
bules, galleries, etc., and the patterns used in quilting, are illustra-
tions of the practical employment of regular polygons.

Not every regular polygon can be employed for these purposes ;
only those can be used whose sides touch at all points ; for, if this
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were not the case, the surface would not be everywhere covered.
We meet most commonly with groups of squares, hexagons, or
octagons. Let us examine some cases.

1. Equilateral | triangles| (£%g. -#43) ~can be used. For, since
each angle is equal to 60° it i3 obvious that the triangles may be
arranged in groups of six about a point, each group constituting
a regular hexagon.

2. The arrangement in squares (like a checker-board) is shown
in Fig. 114.

Fig, 113. Fig. 114. Fig. 115,

3. Regular hexagons (/#ig. 715) may be arranged in groups of
three about a point ; for the angle of the hexagon being 120°, three
angles = 3 X 120° = 360°.

4. Fig. 116 shows a pattern consisting of hexagons and equi-
lateral triangles combined.

Fig. 116,

5. Regular octagons alone are not sufficient ; for the angle of
the octagon is 135°, and twice 135°is only 270° and there remains
an angle of 9o° to be filled. This can be done by the right angle
of a square (Fig. 117).
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6. The angle of a regular decagon is 144°. Two decagons
placed with one side common
would leave an angle of 360° — 2
X 144.= 72° to be filled. Since
no regular polygon has an angle
of 72° it follows that we cannot
pave or quilt with regular deca-
gons, either alone or combined
with other regular polygons.

7. The regular dodecagon may
be combined with the equilateral
triangle ; for the angle of the do-
decagon is 150°, twice 150° is 300° and there remains 60°, which
is just equal to the angle of the equilateral triangle (Flg 118)

8. Thus far we have spoken only of regu-
lar polygons. It is obvious that suitable com-
binations may also be made with polygons
which are not regular. Fig. rrg gives an
example. What is the name of the polygon?

Fig. 118.

Exercise, — Show that a square, a hexagon, and a
dodecagon will fill up the space about a point; and =
make a pattern of these polygons. Fig, 119,

III, — Symmetrical Figures.

§ 123. If the polygon 4 BCD is made to revolve about 4.D
through half a revolution, the figure 4 £F D, thereby obtained, is
B M < said to be sYMMETRICAL with respect
to ABCD, and AD is called the
LINE OF SYMMETRY.

Two symmetrical plane figures are
always equal, but their equal parts
(sides and angles) follow in opposite
Figlro. T order with reference to the line of

symmetry.

NG
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From what precedes it is obvious that in two symmetrical plane
figures, —

I. Two symmetrically-situated sides are equal.
II. Two symmetyically-situated angles-are equal.

III. The line joining two symmetrically-situated points is per-
pendicular to the line of symmetry and bisected by it (for example,
the lines BE, MN, CF, et., Fig. 120).

By means of III. we can easily construct upon one side of a
polygon, as a line of symmetry, a symmetrical polygon. Explain
how.

If we regard ABCDFE as one polygon, then 4D is a line
of symmefry dividing it into two symmetrical polygons.

A line may divide a figure into parts which are equal and yet
not symmetrical. This is the case, for example, with the diagonal
of the parallelogram 4 BCD (Fig. 9¢4). It divides the figure
into two equal triangles, but these triangles are not so placed with
respect to the diagonal, that they would coincide if folded over the
diagonal as an edge.

A figure may have more than one line of symmetry. Thus, in
Fig. 120, besides A.D, the line MV is also a line of symmetry.

Exercises.—1. Point out in Fig. 720 symmetrically-situated lines and
angles.

2. Draw a parallelogram, and upon one side construct a symmetrical
parallelogram.

8. Construct upon one side of a hexagon a symmetrical hexagon.

4. Construct two symmetrical figures with re€ntrant angles.

5. Draw a line of symmetry in an isosceles triangle.

6. Draw all the lines of symmetry in an equilateral*triangle.

7. Draw all the lines of symmetry in a square.

8. Draw all the lines of symmetry in a rectangle.

9. Make a trapezoid such that you can draw in it a line of symmetry.

10. Give instances of figures which, placed together with a side common,
will make a symmetrical figure. What is the line of symmetry?

11, Draw all the lines of symmetry in a regular hexagon. How many are
there?
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2.
3'

4.
5.
6.
7

8'

9.
10.

11.
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REVIEW OF CHAPTER VI.
SYNOPSIS.

A polygon is a plane figure bounded by straight lines.

Polygons receive different names according to the number of their sides,
The sum of the angles of a polygon = 180° X the number of sides less
two.

Two polygons are equal, if they can be divided into the same number
of triangles, similar each to each, and similarly placed.

A polygon is equilateral, if its sides are equal ; equiangular, if its angles
are equal ; regular, if both sides and angles are equal.

Each angle of a regular polygon may be found by dividing 360° by the
number of sides, and then subtracting the quotient from 180°.

In every regular polygon there is a point called the centre, equally dis-
tant from its corners and also from its sides.

The greater radius of a regular polygon is the distance from the centre
to a corner ; the /Jess radius the distance from the centre to a side ; the
angle at the centre the angle included between two greater radii.

Paving and quilting furnish examples of the practical use of regular
polygons.

Two plane figures are symmetrical, if either of them, when revolved
about a certain line as an axis through half a revolution, can be made
to fall upon and coincide with the other. The line is called the Zne of
symmetry.

There are figures in which several lines of symmetry may be drawn, each
dividing the figure into two symmetrical figures.

EXERCISES.

Make a hexagon Having four right angles.
Make zn octagon having only right angles or their multiples.
Make three polygons with reéntrant angles.

. Divide a hexagon into other figures in several different ways.

Find the sum of the angles of a polygon with 24 sides.
Find each angle of a regular icosagon.
Eight angles of a decagon are equal, and each of the other two is twice

one of the former; find all the angles.
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In a dodecagon each angle taken in order is 1° 20/ more than the
preceding ; find all the angles.

Find the angles of a pentagon, if they are to each other as the num-
bers 1, 2, 3, 4, 10.

Draw a heptagon';//then construct-another equal to it.

Construct a regular decagon.

Make a five-rayed star, and prove that the sum of the five acute angles is
equal to 180°.

Hint,— The star is made by prolonging the sides of a regular pentagon till
they meet, and then erasing the sides of the pentagon.

Make a seven-rayed star, and find the sum of the seven acute angles.
Can you make a pattern of squares, pentagons, and icosagons?

Can you make a pattern of pentagons and decagons?

Construct a triangle, and upon its longest side a symmetrical triangle.
Construct a rhombus ; then construct upon one of its sides a symmetrical
rhombus.

Draw a polygon with two reéntrant angles, and then construct a sym-
metrical polygon.

Make a right triangle in Which a line of symmetry can be drawn.

How many lines of symmetry can be drawn in a regular polygon of any
number (72) of sides?
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CHAPTER VIL
ARBEAS.

CONTENTS.— . Units of Area (§§ 124, 125). II. The Areas of Polygons (§§ 126~
135). III. Practical Exercises and Applications (§§ 136-141). IV. Theorem of
Pythagoras (§§ 142, 143). V. Transformation of Figures (§§ 144-150). VI. Par-
tition of Figures (§§ 151-155).

I1.—Unlits of Area.

§ 124. Surfaces, like lines, are measured by choosing a unit,
and then finding how often this unit is contained in the surface
which we wish to measure. .

The unit chosen for this purpose must be a magnitude of the
same kind as that which is to be measured ; in other words, it
must be a surface. The most convenient units to employ are
squares whose sides are equal to the units of length.

Chief English units : the SQUARE INCH (sq. in.), the SQuare Foor
(sq. ft.), the SQuare YaArD (sq. yd.), and the SQUARE MILE.
302 sq. yds. = 1 SQUARE Rop, and 160 sq. rods = 1 ACRE.

The metric units (with their abbreviations! and relative values)
are as follows : —

SQUARE KILOMETER (qkm) ==1,000,000 square meters.
SQUARE HECTOMETER (qghm) = 10,000 “ “
SQUARE DEKAMETER (qdkm) = 100 “ “
SQUARE METER (qm) = 1 “ “
SQUARE DECIMETER (qdm) = 0.01 “ «
SQUARE CENTIMETER (qcm) = 0.0001 “ “
SQUARE MILLIMETER (gmm) = o.000001 ¢ “

1 Formed by prefixing ¢, the first letter of the Latin word gxadra (a square) to
the corresponding linear abbreviations.
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The square dekameter is usually called an AR (a), and the
square hectometer a Hectar (ha). They are employed chiefly
in measuring land.

NOTE, — 1®* — 2.471'actes)] .19% =(16.764 §q. ft. {_¥44= = x5.5 sq. in., very nearly.

§ 125. In the table of metric units above given, it will be
observed that each unit is 100 times greater than the unit next
following. The reason of this lies in the fact that, of the corre-
sponding linear units, one is 10 times greater than the other (see
page 41). '

Suppose that 4 B (Fig. 121) repre- C D
sents a length of one meter. Con- .
struct upon 4 B the square A BCD;
then this square will represent one
square meter. Divide 48 and 4C
each into ten equal parts, and through
all the points of division draw lines
parallel to the adjacent sides. The
parallels through the points of division
of A B divide the square into 10 equal 4
rectangulars, each 10%™ long and 1%
wide; the other set of parallels subdivides each rectangle into
10 equal squares, each equal to one square decimeter; there-
fore, one square meter must contain exactly 10 X 10 = 100 square
decimeters.

The same reasoning will show that one square decimeter = 10
X 10 = 100 square centimeters, etc.; and if the ratio of the two
linear units were any other number but 10, it may be shown in
the same way that the ratio of the corresponding units of surface
would be found by multiplying that number by itself; in other
words, by sgrnaring it.

The ratio of two units of surface is always the square of the
ratio of the corresponding units of length.

Fig. rar. B
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Exercises. —1. What is the ratio of a square foot to a square inch? a
square foot to a square yard? a square mile to a square foot?

2. How many square feet are there in one acre ?

8. How many acres are there in one square mile ?

4. What is the/ratio of | an @r)to a)square meter ? an ar to a hectar? a
square centimeter to a hectar? a square hectometer to a hectar?

5. Reduce to square meters the following: 4akm; 1ghs; 9.87%; 0.084hs;
97,675%™. ,

6. Reduce to hectars the following: 639km; 39.2%; 36001™; 56,47599m;
4,000,000%0™,

7. Subtract 1% from 1h8, and give the answer in square meters.

8. How many house-lots, each containing 2%, are there in a field which
contains 8hs?

9. A man bought 3b* of land at $200 per hectar, and sold it for $2.50 per
ar. Did he gain or lose, and how much?

10. Which is the greater farm, 200 hectars or 500 acres?

11. Divide 6 into 64 equal lots ; how many square meters in each lot?

12, What is the difference between 3 square meters and 3 meters square#

II. —Areas of Polygons.

§ 126. Definition. — Z%e number of times a unit of surface
is contained in any surface, followed by the name of the unit, is
called the AREA of the surface.

NOTE.— Hence units of surface are oﬁen called units of area, as at the begin-
ning of this chapter.

In order to find the area of a surface, it might at first thought
seem necessary to apply a unit of area to the surface over and
over again as many times as possible, just as we measure a line
directly by using a yard-stick or a meter-rule. But this method
would be very tedious, and in many cases (for instance, a pond,
swamp, forest, etc.) utterly impracticable.

Fortunately, however, Geometry supplies us with indirect meth-
ods of measurement which are applicable to all surfaces. It teaches
that the value of areas depends upon the Zengths of certain lines ;
whence it follows that areas can be found by performing certain
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simple operations upon the numbers which express the lengths of
these lines. .

In explaining these indirect methods we begin with the square
and the rectangle, because they can be readily decomposed into
square’ meters, or into'/squarés‘larger’ 'or' smaller than the square
meter.

§ 127. The Square. If the side of a square contains a whole
number of meters, as six, it is easy to see that (by proceeding
exactly as in § 125) we can first divide the square into six equal
rectangles, then each rectangle into six square meters; so that
the square will contain in all 6 X 6 = 36 square meters.

The same mode of reasoning may be used when the side con-
tains meters and subdivisions of a meter. Let, for instance, the
side = 6.35™; then, in decomposing the square into smaller squares,
we may take as the unit of length one centimeter. In place of six
rectangles, there will be 635 ; and in place of 6 X 6 = 36 square
meters, there will be 635 X 635 = 403,225 square centimeters =
40.3225 square meters, —a result obtained simply by multiplying
6.35 by itself. _

In short, the number of units of area in a square is always found
by multiplying by itself the number of the corresponding units of
length in one of its sides.

Hence, when we multiply a number by itself, we are said to square
it; and it is usual to express the preceding rule more briefly thus :
The area of a .fquare is equal to the square of one of tts sides.

Conversely, if the area is known, in order to find the value of
one side, we must find a number which, multiplied by itself, will
give the numerical value of the area; in other words, we must
extract the square root of the given area. ’

For example : if the area of a square = 8.1225 square meters,
me side = V8.1225 = 2.85 meters.

Remark. — For the sake of convenience we use the expression
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“the square of 4.B,” and we write AB® These expressions do
not mean that the /Zne 4B is multiplied by itself, but that the
number of linear units in the line is multiplied by itself, the result
being the number jof wnits of |area in-the square constructed upon
AB as a side. )

§ 128. The RECTANGLE. A rectangle can be decomposed into
units of area in the same way as a square, the only difference being
c D that the number of units of length in
IO T N N its adjacent sides is not the same.

| b Thus, the rectangle 4 BCD (Fig.

_“J 122), the sides of which are 4 B = 4™,

=1 AC=4™ contains 7 X 4= 28 square
meters.

The side 4 B is the base of the rect-
angle, and the side 4 C is the altitude (§ 104); so that zke number
of units of area in a rectangle is found by multiplying the number
of linear units in the base by the number of linear units in the
altitude. :

Or, more briefly: 7%ke area of a rectangle is equal to the pro-
duct of its base by tts altitude.

If the area and base are known, how can the altitude be
found? If the area and altitude are known, how can the base
be found?

Remark. — In practice we must be careful tp express both
base and altitude in terms of the same linear unit ; the area will
then be expressed in terms of the corresponding unit of area.

For example : the base of a rectangle = 12™, the altitude = 80™ ;
find the area. Here we must not multiply 12 by 8o; but, if we
choose the meter as the linear unit, we must multiply 12 by 0.8,
because 80°™ = 0.8™. Answer, 9.6 square meters.

If we take the centimeter as the linear unit, what will the
.answer be?

]
[}

4 Fig. 122,
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§ 129. The PARALLELOGRAM. It is easy to transform a paral-
lelogram into an equivalent rectangle. :

In the parallelogram 4 BCD (Fig. 123) erect perpendiculars
at the points 4 and'B -of the base';
they cut, one of them the opposite % £
side, the other the opposite side pro- :
longed, in the points # and £ ; and
the figure ABEF is a rectangle having |
the same base and altitude as the 4 Fig. 123. B
parallelogram.

The right triangles 4CE and BDF are equal (why?) ; hence,
whichever of these triangles we add to the quadrilateral 4 BCF,
we shall obtain the same area. If we add A 4 CE, we obtain the
rectangle A BEF; and if we add ABF D, we obtain the paral-
lelogram 4 BCD: therefore, the parallelogram 4 BCD is equal
vo the rectangle 4 B E F. .

Theorem.—A parallelogram is equivalent to a rectangle Raving

the same base and alfstude.

NOTE.— This transformation may be easily shown to the eye by cutting from
stiff paper the trapezoid 4 CB F (Fig. lag), and the right triangle 4 £ C, and then
placing the triangle in the two positions shown in the figure.

Corollaries. — 1. By combining this theorem with § 128, we
see that #ie area of a parallelogram is equal lo the product of its
base by its altitude.

2. Al parallelograms having equal bases and
equal altitudes are equivalent.

Is the converse of Corollary 2 true? Draw
a diagram to illustrate.

Construct several equivalent parallelograms
differing in shape.

Remark.—1In a rkombus the diagonals # B0
bisect each other at right angles (§ 104). Fig. 124.

Construct about the rhombus 4 BCD (Fig.

124) a rectangle PQM N, by drawing through the comners of the

|7 A TR—
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rhombus lines parallel to its diagonals. It is easy to show that this
rectangle is composed of eight equal right triangles, of which the
rhombus contains four (how?). Now, since the base and altitude
of the rectangle)are equali toothetwo diagonals of the rhombus, its
area is equal to the product of these diagonals. Hence, #e area
of the rhombus is equal to half the product of its diagonals.

§ 130. The TriaNGLE. A triangle 4 BC (Fig. 125) may be
regarded as half a parallelogram having an equal base and equal
altitude (§101). We have only to draw through two corners, B
and C, of the triangle lines parallel to the op-
posite sides ; then, since A4 BC=3% ABDC,
and ABDC = AB X CE, therefore A A BC
=348 x CE. Thatis,—

The area of a triangle s equal to half the
product of its base by its altitude.

Cordllary. — Al triangles having equal
bases and equal altitudes are equivalent.

NOTE. —In finding the area of a triangle, we may either multiply the base by the
altitude, and then divide by 2, or we may multiply half the base by the altitude, or
we may multiply half the altitude by the base, For example: if the base = 14m, and

the altitude = 8m, the area = %8- = !2‘—‘ X8=14 X §= 56 square meters.

Fig. ra5,

§ 131. The TraPezoip. A trapezoid A BCD (Fig. 126) is
divided by the diagonal BC into two triangles, 4 BC and
BCD, whose bases, AB and CD, are the
parallel sides of the trapezoid, and whose
common altitude CE is the altitude of the
trapezoid.

Since A ABC =3 4B x CE,
and ABCD =3CD x CE;
: trapezoid ABCD = L (AB+ CD)x CE.
of a trapezoid is equal to half the product of
tllel sides by the altitude.
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§ 132. Any QUADRILATERAL. To find the area of any quadri-
lateral, divide it by @ diagonal into two triangles, find the areas of
these triangles, and add the results together.

§ 133. A ReGurar PorvGoN. We know (§ 119, Corollary 1)
that a regular polygon A BCD EF (Fig. 127) is composed of as
many equal isosceles triangles as there
are sides. Therefore its area may be
found by adding together the areas of
these triangles. The altitude of each g
triangle is equal to the less radius of
the polygon, so that the area of each
triangle is half the product of its base
by the less radius. Therefore the area
of the polygon is half the product of the
sum of all the bases (that is to say, the
perimeter of the polygon) by the common altltude (that is to say,
the less radius of the polygon).

The area of a regular polygon is half the product of its perimeter
by its less radius.

A

Fig. 127,

§ 134. Any Porvcon. The area of any polygon may be found
by dividing it into triangles. Zig. 728 shows two ways of doing
this. In either case, if we
compute the area of each
triangle separately, and
then add the results, we
shall find the area of the
polygon. Fig. 128,

In each of these cases
how many lines require to be measured direc#ly in order to com-
pute the area?

But it is generally easier to find the area of an irregularly-shaped
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polygon (as a field, farm, etc.) by division into right triangles and
trapezoids, as shown in /.
729, Join the two most dis-
tant corners of the polygon
by a straight line, and let fall
£ from the other corners per-
pendiculars to this line taken
as a common base. The
polygon is thus divided into
right triangles and trapezoids,
the areas of which are then
computed separately, and
their sum is obviously equal to the area of the polygon.

For example : let (Fig. 729) Bb = 6.8"; Cc = 10.6™; Dd=
10.1™; Ff=8.3"; Gg==6.2"; Hh=9.2™: alsolet 46 = 5.6™;
bh=26™; he = 4.2™; cg = 4.6™; gf = 3™; fd = 2.8"; dE
= 5.8™.

A
S S
R e Y

Fig. 129,

The work of computation may be arranged as follows ;: —

FACTORS,
PARTS OF THE
POLYGON. BASES, OR SUMS . PRODUCTS.
OF PARALLEL SIDES. ALTITUDES.
NABS Bb= 68 Ab= 356 38.08
Trap. Béc C Bb+ Cc=174 be= 68 118.32
Trap. CceDd Cc+ Dd= 207 cd =104 215.28
NADIE Dd =101 dE= 38 58.58
A FfE Ff= 83 fE= 86 71.38
Trap. Ffg G Ff+ Gg=145 Jg&= 3 4350
Trap. Ggh H Gg+ Hkh =154 gh= 88 135.52
ANAH Ak= 82 Hh= 92 75.44
2)756.10
Polygon ABCDEFGH = 378.05m|




§ 135.] CHAPTER VII.— AREAS, 145

NOTE 1.—In the preceding table, in place of dividing each product by 2, we first
add the products, and then divide their sum by 2.

NOTE 2.— In case the interior of the polygon is inaccessible, Fig. 730 illustrates
one way of meeting the difficulty. Construct a rectangle which shall completely
enclose the polygon, and, from all the corners of the polygon which are not in the

Fig. rz0.

sides of the rectangle, let fall perpendiculars to the sides of the rectangle. In this
way a number of right triangles and trapezoids are formed, the areas of which can
be found in the usual way; and it is evident that if the sum of their areas is sub-
tracted from the area of the rectangle, the remainder will be equal to the area of the

polygon.

§ 135. It will now be clear in what way Geometry supplies us
with indirect methods of finding areas. In the first place, it teaches
that the area of a rectangle (the square is simply a rectangle with
equal sides) depends entirely on the Zengshs of its two sides, and
can therefore be found as soon as the lengths of these sides are
known ; it then shows that any parallelogram can be transformed
into an equivalent rectangle, that a triangle is half a parallelogram
of the same base and altitude, and that a trapezoid consists of two
triangles of equal altitude ; lastly, it shows that any polygon what-
soever may be decomposed into triangles and trapezoids.

Remark. — In some cases the rule for finding an area may be
very briefly expressed by a formula in which letters are used to
represent the values of the various quantities.

Let .S denote in all cases the area, @ the side of a square, @ and
4 the adjacent sides of a rectangle, @ and / the base and altitude
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of a parallelogram or triangle, 2 and ¢ the parallel sides, %4 the
altitude of a trapezoid, » and » the perimeter and less radius of
a regular polygon. Then,—

Fot/the/ square; S=al, [3]
For the rectangle, S=aXh, [4.]
For the parallelogram, 8=a Xh, [5.]
For the triangle, S=}aXh, [6.]
For the trapezoid, 8S=31@+e)xh, [7]
For the regular polygon, 8=%p Xr, [8.]

III, — Practical Exercises and Applications.

NOTE.— In solving most of the exercises, it is well to draw (free-hand) a figure
representing as nearly as possible the true shape of the polygon.

§ 136. THE SQUARE (S = a*).

In a square, given, —
1. The side =23™; find the area.
2. The side = 35™; find the area.
8. The side = 4}®; find the area.
4. The side = 5{¥%; find the area.
5. The side = 6.25™; find the area.
6. The side = 48.72™; find the area.
7. The area = 6259; find the side.
8. The area = §515.299; find the side,
9. The area = 63.2025%; find the side.
10. The area = 54.76%; find the side in meters.
11. The area = 16.3216h8; find the side in meters.
12. The area = 78.85445%; find the side in dekameters.
18. One side of a square garden measures 37.6™; find its area.
14. A square park contains 64 acres. How many trees, 20¥%s apart, ca
be set out around it?
15. A square park contains 642, How many trees, 20™ apart, can be set
out around it ? o
16. The three dimensions of a room are each equal to 6.4™. What will it
cost to paper its walls, if the price is $0.15 per square meter ?
17. Find the cost of 1000 panes of glass, each 0.48® square, if the glass
is worth $1.40 per square meter.
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18. Area of the State of New York = 47,156 square miles. Find the side
of a square having the same area.
19. Construct a square, and then find its area.

§ 137. THE RECTANGLE (S = a X ).

In a rectangle, given,—

20, Length = 60™, breadth = 24™; find the area.

21. Length = 2m, breadth = 80o°™; find the area.

22, Length = 8.5k}, breadth = 40™; find the area.

23. Length = g29km, breadth = 16.379km; find the area in hectars.

24. Length = 283", breadth = 17}®; find the area in sq. yds.

25. Length = 62774, breadth = 4357%%; find the area in acres.

26. Area = 360%™, length = 30™; find the breadth.

27. Area= 5.6% length = 16™; find the breadth.

28. Area = 50bs, length = §*™; find the breadth.

29, Area= 6 acres, breadth = 44Y%; find the length.

80. Area = 767.24%, breadth = 24.5™; find the length.

81. Area=7.2b, breadth = 0.25k!; find the length.

82. Find the area of the surface of a table 1.58™ long, 1.2™ wide.

88. How many ars in a field 87.5™ by 45.87? '

84. Find the area of a field 240™ long and y’; as wide.

85. The perimeter of a rectangle = 24™, the length = 9.2™; find the breadth
and the area.

86. If the area of a cellar 48™ long is 15009®, what is its breadth?

87. The perimeter of a rectangle = 86.2™, the breadth = 12.6m; find the
length and the area.

88, The area of a rectangle = 144%™, the breadth = 6™; find the length and
the perimeter.

39. The area of a rectangle = S, the length = 2 ; find the breadth and the
perimeter.

40. Construct a rectangle, and then find its area.

41. Find the area of the floor of the room.

42. The perimeter of a rectangle = 72m, and the length is twice the breadth;
find length, breadth, and area.

48. If the perimeter =96™, and the length is to the breadth as 7: 35, find
length, breadth, and area.

44. If the perimeter = 26™, and the length is 2.5™ more than the breadth,
£iad length, breadth, and area.
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45. How much larger is a reotangle if the length is deubled ? if the breadth °
is doubled ? if both are doubled ?

46, The sides of a rectangle are 28 and 63™; find the side of a square
equivalent to the rectangle.

47, 1If the side,of a square =12™, find the sides of an equivalent rectangle.
Is there any thing peculiar about this exercise ?

48. A square and a rectangle have the same perimeter, 60™, and the rect-
angle is twice as long as it is wide. Find their areas.

49. Construct a rectangle 169 long, 49™ wide ; then another, 154m, gim
wide ; then another, 149m, 69m wide; and so on, until you reach a square.
Then compare perimeters and areas. Which has the greatest area ?

$0. A chain 80om long is made to enclose a rectangle, one side being 25™,
How much more area would it enclose if the figure were a square ?

51. A and B exchange fields of equally good soil. As field is rectangular
in shape, 4 times as long as wide, and with a perimeter = 1000™; B’s field is
in the shape of a square, the perimeter being 8oom. Which has the best of
the bargain ?

52. From a rectangular field 528™ by 240™ a piece 60™ square is sold.

How much is left ?

How many linear units of carpeting are required for the following floors, if
the carpet runs lengthwise and no allowance is made for matching?

58. Floor, 8™ by 6.6™; carpet, 1™ wide.

54. Floor, g.5™ by 7.7m; carpet, 80o°™ wide.

58. Floor, 12™ by 8.4m; carpet, 1.2™ wide.

56. Floor, 24% by 16" 8in; carpet, 30in wide.

Find the cost of carpeting the following rooms if no allowance is made for
matching, and the strips run so as to turn under the least amount : —

57, Floor, 10™ by 6.5™; carpet, go®™ wide, at $1.25 per meter.

58. Floor, 11.4™ by s™; carpet, 1.4™ wide, at $2 per meter.

59. Floor, 8™ by 7.37™; carpet, 60™ wide, at $0.75 per meter.

60. Floor, 18}f by 143®; carpet, 79 wide, at $1.60 per yard.

61. How much oil-cloth will it take to line the inside of a box 2.6m by 1.2»
by 0.8m ?

62. How many tiles 8in square will cover a floor 36% by 20ft?

63. What will it cost to paint the floor and walls of a room 8m long, 6@
wide, 3™ high, at 10 cents per square meter?

64. Find the cost of glazing 12 windows, each 6" 6! by 3® 4in, at go.50
per square foot ?

85. A room is 10™ long, 6™ wide, and 3.6™ high. There are four windows,




§ 138.] CHAPTER VII.— AREAS. . 149

each 2.2® by 1.2™; two doors, each 3™ by 1.8™; and the base-board is gom
high. Required (#.) the cost of plastering its walls and ceiling, at $0.40 per
square meter ; (#7.) the cost of papering its walls with paper 80o°™ wide and
10 in a roll, at $1.75 a roll put on, and with a gilt border next the ceiling
that costs $0.20 per meter.

66. A man has a rectangular garden 68™ long and 42™ wide. He makes
around it a path 3.4™ wide. What area is left for other purposes ?

67. A field is 600™ by 240m. How much of its area will be taken by a
road 20™ wide passing through the middle and parallel to the longer side ?

68, Through the middle of a rectangular garden 180™ by 76™, two paths
at right angles to each other and parallel to the sides are made, each 1.4™
wide. Find the area (i.) of the paths; (i7.) of what remains.

69. A mirror is 2.8™ by 1.g™, and the wooden frame is 4™ wide. Find the
area of the glass and also of the frame.

70. A table 2.3™ by 1.2™ is covered with cloth, which overlaps 3= on all
sides. How much cloth is needed ?

71. The bridge over the Elbe at Dresden is 400™ long and 10.3™ wide.
How many stones 18 by 15 are required to cover the roadway, the foot-
paths having together a width of 245™?

72. How many shingles 8in wide, laid 6!» to the weather, will cover the
roof of a house, the ridge being 52® long, the slant side of the roof 248, and
the bottom course on each side being double ?

§ 138. THE (oblique) PARALLELOGRAM (S= a X £).

In a parallelogram, given,—

78. Base = 27°m, altitude = 22°™; find the area.

74, Base =91.2§®, altitude = 40™; find the area.

75. Base = 640%km, altitude = 1809km; find the area in hectars,

76. Area = 84%, base = 105™; find the altitude.

77. Area = 1, altitude = 125™; find the base.

78. How far apart are the sides of a rhomboid containing 2109, if one of
these sides = 15™?

79, Perimeter of a rhombus = 6™, distance apart of two parallel sides =
75°™; find the area.

80, Find the area of a rhombus whose diagonals are 16 and 12™.

81. The area of a rhombus == 240%™, one diagonal = 10®; find the other.

82. Find the area of a rhombus if the sum of the diagonals = 20™ and their
ratio is 3: 5. '
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88. Construct a rhomboid, and then find its area.

84. Construct a rhombus, and then find its area.

85. Construct a rhombus and a square, both having the same perimeter.
Which has the greater area? Prove your answer.

86. A rhombus and i réctangle have-equal perimeters. A side of the
rhombus = §™, and a side of the rectangle = 3.5™. Find the perimeter and
the two areas, if the altitude of the rhombus = 3.5™.

§ 139. THE TRIANGLE (S = } a X %).

In a triangle, given, —

87. Base = 50™, altitude = 40™; find the area.

88. Base = 80.5m, altitude = 60™; find the area.

89. Base = 2.4%m, altitude = 1.875%®; find the area in hectars.

90. Area= 450", base = 5k™; find the altitude.

91. Area = 40", altitude = 12.5™; find the base.

In a right triangle, given,—

92, The legs 4™ and 5.6™; find the area.

98. The legs 34™ and 25™; find the area in ars.

94, The area = 15%, one leg = 50™; find the other leg.

9B8. Sum of the legs = 20™, their ratio =2:3; find the area.

96. Sum of the legs = 70™, and one is 6 times the other; find the area,

97. Construct a triangle, and then find its area.

98. If the base of a triangle = 50™, what must be its altitude in order that
its area may be the same as that of a rectangle whose sides are 40™ and 25™?

99. Compare (that is, find the ratio of ) the areas of a square, and of a tri-
angle whose base is one side of the square and vertex is in the opposite side.
Does it matter wkere in the opposite side the vertex is? Why not ?

100. Find the side of a square equivalent to a triangle with the base go™
and the altitude 20™.

101. The base of a triangle = 6™, altitude =4™. Find the base of a tri-
angle with the same altitude and twice as large; 3 times as large; 4 times
as large ; 10 times as large.

102, Two triangles have the same base, 12m, and their altitudes are 8= and
24™. Find the ratio of their areas.

108. Two triangles are each 15™ high, and their bases are 20™ and 30m.
Find the base of a triangle equivalent to their sum.

104, From a triangle with base = 15™, and altitude = 8™, a triangle with
the base = 6™ is cut off by a line drawn from the vertex. What part of the
whole triangle is the triangle cut off ?
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105. Same exercise, making the altitude 12™ instead of 8™

108, Find the entire surface of a pyramid, with a square base (see page 4,
Fig. 2, IV.), if a side of the base = 2m, and the altitude of one of the lateral
sides = 4™, .

107. The roof of a’tower'consists' of 4 'isosceles triangles. The base of
each triangle = 2.2m, the altitude = 54™. How many square meters of tin
are required to cover the roof ?

§ 140. Tue TraPEZOID (S'=}[@ + ¢] X %), AND THE TRAPEZIUM.

108. Find the area of a trapezoid, if the parallel sides are 20°™ and 30°™,
the altitude 12¢0m,

109, Area of a trapezoid = 369%™, the parallel sides are 16™ and 25™. Find
the altitude.

110. Area of a trapezoid = 124.81™, altitude = 6.4™, one of the parallel
sides = 12.8m; find the other.

111. A garden has the shape of a trapezoid. The parallel sides are 6o™
and 327, and their distance apart 124™. Find the side of an equivalent square.

112, Construct a trapezoid, and then find its area.

118. A board is 8.5™ long, 0.45™ wide at one end, and 0.36™ wide at the
other. Find its value at $0.50 per square meter.

114, A wall 12™ long is 3.15™ high at one end and 2.y™ at the other. Find
its area.

115, The area of a field shaped like a trapezoid = 15b8, The parallel sides
are 168.7™ and 144™. How far apart are these sides ?

116. A court-yard has the shape of a trapezoid. The parallel sides are
20.4™ and 18.2, and their distance apart is 16m. How many stones, each
containing 539, will be required to pave the yard ?

117, What will it cost to shingle a trapezoidal roof, the parallel sides
being 15.8™ and 11.6™, their distance apart 6.2™, and the price for shingling
being $1.20 per square meter ?

118. A diagonal in a trapezium = 32™, and the altitudes of the triangles
made by the diagonal are 18™ and 20m. Find the area of the trapezium.

119, Construct a trapezium, and then find its area.

120. The area of a four-sided field = 24b». The altitudes of the triangles
made by a diagonal are 140™ and 158™. Find the length of the diagonal.

121. In a quadrilateral,a diagonal = 40™, the altitude of one triangle = 12™,
and the altitude of the other triangle is four times as great. Find the area of
the quadrilateral.
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§ 141. Porvcons (if regular, S= 3 X 7).

The less radius » of a regular polygon has a fixed ratio (found by Trigo-
nometry) to the length of one side.
In a regular triangle, # = one side X 0.2887.
In a regular quadrilateral, » = one side X 0.5000.
In a regular pentagon, 7= one side X 0.6882.
In a regular hexagon, 7 = one side X 0.8660.
In a regular octagon, » = one side X 1.2071.
In a regular decagon, » = one side X 1.5388.
In a regular dodecagon, » = one side X 1.8660.

122. One side of a regular triangle = 20°®; find the area.

128. One side of a square = 40°®; find the area.

124. One side of a regular pentagon = 50%®; find the area.

125. The perimeter of a regular hexagon= 3®; find the area.

126. The perimeter of a regular octagon= 16®; find the area.

127. The perimeter of a regular decagon = 200™; find the area.

128. One side of a regular dodecagon = 60m; find the area.

129, The less radius of a regular hexagon = 433™; find the perimeter and
the area.

180. The area of a regular octagon = 1609™; find one side, the perimeter,
and the less radius. -

181. Construct a regular pentagon, and then find its area.

132, Construct a regular hexagon, and then find its area.

188. Find the side of a square equivalent to a regular hexagon one side
of which = 4™.

184. Find the entire surface of a hexagonal prism (see page 4, Fig. 2, IIL.),
if the altitude = 1.2™, and one side of the base = 40°m,

1858. Required the total area of the hexagons in Fig. 173, if a side of each
hexagon = 36°m.

186. Compute the total area covered by the figures in Fig. 776, if a side of
each figure = 1.4™.

187, Compute the total area covered by the figures in Fig. 717, if a side
of each figure = 2™,

138. The floor of a church is 3o™ by 15™, and is paved with regular hex-
agonal stones, alternately white and black, a side of each stone being 120m,
Ilow many stones of each kind were reguired, two per cent being added to
£l the corners?
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139. A garden in the form of an irregular hexagon can be divided into the
following triangles: —

First triangle:  base = 36.6™, altitude = 6.6™.

Second triangle : base ;= 42.4™, altitude = 20",

Third triangle: ~ base = 42.4%, altitude = 22"=.

Fourth triangle: base = 284", altitude = 9.8=,
How many ars does the garden contain?

140. Construct two equal heptagons ; then find the area of the first hepta-
gon by one of the methods illustrated in Fig. 728, and the area of the second
by the method illustrated in Fig. r29. If the results do not agree, what is the
reason ?

IV.—Theorem of Pythagoras.

§ 142, If we construct a right triangle (Fig. 73z), having for its
legs three and four units of length, we shall find that the hypote-
nuse will contain exactly five of these
units of length. If we then construct
squares upon the three sides of this
triangle, and divide these squares into
square units, as shown in the figure,
it will be evident that the square con-
structed upon the hypotenuse is just
equal to the sum of the squares con-
structed upon the two legs; for, the
former square contains 25 square units,
and the latter squares 16 and g of
these units, respectively.

This is a simple example of a very useful theorem called, from
the name of the discoverer, the Theorem of Pythagoras.!

Theorem. — /n cvery right triangle the square of the hypote-
nuse is equal to the sum of the squares of the two legs.

Several different proofs of this theorem have been devised, two
of which we shall give.

Fig. 31,

1 Pythagoras, born at Samos about 570 B.C., was one of the most renowned phi-
losophers and teachers of antiquity.
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11, How long must a ladder be to reach the top of a wall 6™ high, if the
foot of the ladder is 3.2™ from the bottom of the wall ?

12, A ladder 13™ long leans against the top of a wall, its foot being 5=
from the bottom of the wall, . How high is the wall ?

18. The slant height of - a roof = 14™,'its vertical height = 6.2™. Find the
width of the building.

14. A triangle with the sides 3, 4, 5, is a right triangle. What kind of a
triangle is one with the sides 6, 8, 10? with the sides 9, 12, 15? Give other
instances.

18, If the perimeter of a right triangle = g6™, and the sides are to each
as 3:4:5, find the sides (see page 50, Exercise 18).

16. If the legs of a right triangle are as 3:4, and the hypotenuse = 40m,
find the legs

17. A rope 4I™ long is tied by one end to the top of a mast, and by the.
other end to a ring on the deck g™ from the foot of the mast. How high is
the mast ?

18. The longest side of a meadow in the shape of a right triangle cannot
be measured directly, by reason of a swamp. Compute its length, if the other
sides are 80.6™ and 160™.

19. How many meters of wall must be built to fence in a garden in the
shape of a right triangle, the legs being 120™ and 35™?

20. A garden has the shape of a right triangle. The hypotenuse = 130m,
one leg=2387.5™. Find (z.) the area of the garden; (#.) the distance from
the right angle to the hypotenuse.

21. A cannon-ball, fired into the air at an angle of 45° with the horizon,
passes over 345™ in one second. How high is it at the end of the second ?

22, Two travellers start together from the same place and travel, each 4
miles an hour, one due north, the other due east. When will they be 60 miles
apart? How far apart will they be after each has travelled 8o miles ?

28. Find the area of an isosceles triangle, if one of the equal sides = 10™
and the base = 12™ (see § 80).

24. In an isosceles triangle, the base = 18.4™, the perimeter = 64™. Find
the area.

26. Prove that in an isosceles right triangle the altitude is equal to half
of the base.

26. The area of an isosceles right triangle = 849™; find the base.

27. The altitude of an isosceles right triangle = 2m; find the side of an
equivalent square.

28, In an ordinary roof the two sides are 12™ apart at the bottom, and the
vertical height is 4.5m. Find the length of the rafters.




§ 143.] CHAPTER VIL. — AREAS, 157

29. The side of an equilateral triangle =20™; find the altitude and the
area (see § 80).

80. If the altitude of an equilateral triangle = 15™, find one side.

Hint. — The altitude, one side, and half the base, form a right triangle.

81. If a=one side/of/an éqildteral triangle; prove that the altitude = } a+/3
and the area=1}4%+/3.

32. A garden in the shape of an equilateral triangle contains 600™; find
the side.

33. Find the side of a square equivalent to an equilateral triangle whose
side = 86m.

84. A square contains 12b8, Find the side of the equivalent equilateral
triangle.

85. The side of a square =6™. Find its diagonal.
- 86. What is the side of a square if the diagonal = 8m?

87. The diagonal of a rectangle = 0.86™, one side =0.3™, Find the other
side.

88. The diagonals of a rhombus are 4™ and 6®. Find its perimeter.

89. How far apart are the opposite corners of a floor 12™ by 18m?

40. What must be the least thickness of a log from which a rectangular
beam 24°™ by 40°@ can be obtained ?

41. How much is the diagonal of a square increased if the side is doubled?
trebled ? quadrupled ?

42. How much is the side of a square increased if the diagonal is doubled ?
trebled? increased tenfold?

48. Find the less radius of a regular hexagon if the perimeter = 120™,

44, Compute the side of a square equivalent to the sum of the squares-whose
sides are 12™ and 16™.

45. Construct a square equivalent to the sum of two given squares.

46. The side of a square = 20°™, Construct a square twice as large. Find
the length of its side, (¢.) by measurement; (iZ.) by computation.

47, Construct a square equivalent to the sum of the squares whose sides
are 30°m, 40°m, gotm,

48, The side of a square = 16°™, Construct a square three times as large.

49. Construct a square equivalent to the difference of two given squares
(apply § 74).

50. Construct a rectangle such that the square upon its diagonal shall be
five times the square upon one side.
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V.— Transformation of Figures.

' § 144. Deflnition. — 70 TRANSFORM a figure is fo change its
shape without changing itssige @n \other words, to change it to an
equivalent figure.

What instance of this kind of change was given in § 129°?

There are two ways of effecting these changes : —

1. By computation. Compute such parts of the new figure as
are necessary to determine it ; we can then construct it, if we wish
to do so. Examples of this method occur among the Exercises
in Parts ITI. and IV. of the present chapter (see Part III., Exer-
cises 18, 46, 47, 100, 133, and Part IV., Exercises 27, 33, 34).

2. By direct construction. This was the method employed in
§ 129, and a few more useful examples will now be added.

§ 145. Problem.— 70 &ransform a triangle ABC (Fig. 134)
C__E_______p inlfoan isosceles triangle.

______ - Analysis.— The vertices of all triangles
equivalent to 4 BC, and having 4B as a
base, must lie in the line CD Il 4.8 (§ 130).
Of these triangles, that which has its vertex £
equidistant from 4 and B will be isosceles.

4 M B Hence give the construction required.
Fig. 134.

Exercises. —1. Construct a triangle, and then
transform it into an isosceles triangle.
2. Transform a given triangle into a right triangle.
8. Transform a given triangle into another having the angle 60°.
4. Transform a given parallelogram into a rectangle.
5. Transform a given parallelogram into another having the angle 45°.

§ 146., Problem. — 70 transform a triangle ABC (Fig. 135)
into another having a given base b.

Analysis. — If on A B prolonged we take 4.D = 4, and join
CD, A ACD will have the given base 4, but will be too large by
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the ABCD. Therefore constructthe ACED >~ ABCD (§130,
Corollary), and take it from A ACD,
leaving A 4 E D, which is the trian-
gle required.

-Give in full the construction re-
quired.

Exercises. — 1, Solve this problem for
the case where the given base 4 is less than
the base of the given triangle.

2. Construct a triangle with the sides 49m, 6dm and 8dm, and then trans-
form it,—

(3.) Into an isosceles triangle with the base 5dm.
(#i.) Into a right triangle with a leg equal to 4=,
(i#i.) Into an isosceles triangle with the side 10dm,
(s2.) Into a triangle with the angle 50° and the base 3dm,
8. Transform a given parallelogram into another having a given side.

§ 147. Problem.— 70 transform a triangle ABC (Fig. 136)
D into another having a grven altitude .
W Analysis and construction to be
$ given by the learner (with the aid
W\ of Fig. 136).

\\ \ Exercises. —1, Solve this problem for
A\ \Y a case in which the new altitude 4 is less
A Fig. 136, E B than that of the given triangle.

2. Construct a triangle with the sides
49m, 6dm and 84m and transform it, —

(i.) Into a triangle, the altitude
5.

(&

(#i.) Into a triangle with the angle
70° and the altitude 49m. & L F

§ 148. Problem. — 7v transform
a triangle ABC (Fig. 137) into a -
rectangle. Fig. 137-

Construction.— At A and B erect perpendiculars to 458, and
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through D, the middle of 4C, draw EF | 4 5. Rectangle
ABEF = A ABC.

Proof. — Show that each is half of the rectangle 4 B HG.

Exercises. — 1./ Transform!| @(tridngle linto] a parallelogram with the an-
gle 60°.

@, Construct a rectangle with the sides 69® and 84m, and then transform
it into (i.) a triangle; (4i.) a right triangle; (#7Z.) an isosceles triangle;
(#v.) an isosceles triangle having a given base.

§ 149. Problem.— 70 transform a rectangle ABCD (Fig.
138) into a square.

Construction. — Make BE = BC,
and about O, the middle point of BE,
describe an arc cutting D A4 prolonged

Ffr in /. Join #B, and the square con-
ARN ) structed upon FAB will be equal in area
! to the rectangle 4 BCD.
o 8 Proof. — EBF is a right triangle.
For the triangles OX F and OB F are
isosceles (why?) ; hence EF O = FE O,
and OFB = OBF (§ 80). By addi-
tion, EFO+ OFB=EFB=FEO
' + OBF. But EFB+ FEO+OBF
#ig. 138. = 180° (§ 64) ; therefore £F B = go°.

Since £ B F'is a right triangle, it follows from § 142, Corollary 3,
that 7B = the area of the rectangle 4 BC D.

Exercises. — 1. Construct a rectangle with the sides gd™ and 44m, and
transform it into a square. Measure the side of the square. What is its
length? What ought its length to be? :

2. Construct a triangle with the sides 4m, 6dm, and 84m, and transform it
into a square.

8. Transform a given parallelogram into a square.

§ 150. Problem.— 70 #ransform any polygon ABC D E (Fig.
139) into a triangle.
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Construction. — Draw a diagonal 4.D. Through £ draw a line
parallel to 4 D and meeting
A B prolonged in 7. Join
DF. Then is the quadri-
lateral BC.DF 'equivalent
to the pentagon 4 BCD E.

Repeat this construction
by drawing the diagonal
B D, a parallel through C,
and then joining DG ; this -
reduces the quadrilateral Fig. 139
BCDE to the equivalent triangle #G D.

Progf.— Left for the learner, with the aid of F7g. 779 and the
analysis of § 146.

Corollary. — Hence, any polygon may be transformed into a
square. By what three steps?

This supplies another way of finding the area of a polygonal field.
Construct (to scale) the polygon on paper, transform it into a
square, and multiply one side of this square by itself.

Exercises. — 1, Transform a hexagon into a triangle.

2, Transform a pentagon into a square.

8. Construct three equal octagons. Find the area of the first and second
by two of the methods given in § 134, and the area of the third by transform-
ation into a square.

VI.— Partition of Figures.

§ 151. In buying and selling land it often becomes necessary
to run lines of division through estates, forests, fields, etc., dividing
them into smaller parts in some assigned way.

This is done either (i.) by computation (arithmetical partition)
or (11.) by construction (geometrical partition).

The first method, when practicable, is generally adopted. Let
us examine some cases.
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§ 152. TriancLEs. Case 1.— A line CD (Fig. 140) joining
the vertex of a triangle 4 BC to the middle point of the base 4 B
c divides the triangle into two equal parts

(§,130, Corollary).

Again, if 4 £ =} AB,and £B = §
AB, then AACE = }AABC, and
AECB = 8§ AABC (why?). And,
AACE:AECB =1:2. In gen-
eral, —

A line joining the vertex of a triangle to the base divides both
the triangle and its base into parts which have the same ratio.

What ratio have the triangles 4 £C and 4 BC? the triangles
ECB and ABC?

Case 2. — Line of division D £ (ZFig. 141) passes through two
sides of the triangle.

let AD=3A4AB,and A E =} AC; then
AADC=3AA4ABC(Case 1),andAADE
=3 A ADC (Case 1); therefore A ADE
=3 X 3AABC=3}AABC.

Again, if CE =4 CA4,and CF =3 CB,
then (by the same reasoning) A CEF = §
X$AABC=§AABC; thatis, ) CEF
:AABC=12:%. In general,—

The ratio of the triangle cut off to the entire triangle is equal to
the product of the fractions which express how muckh of each side
has been cut of.

Case 8. — Hence, if a definite part — say, one-fourth — of a tri-
angle is to be cut off by a line from side to side, this can be done
in various ways, because the fraction } may be obtained as the
product of various pairs of factors ; for example, 4 and 3, % and §,
2 and §, ¢ and &, etc.

If, however, the line of division has to pass through a given
point in one side, then its position is determined.

A Z D B
Fig. r40.

Fig. rqr.
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For example, if 4D (Fig. 142) = 4 AB, and the AADE is
to be made equal to } A 4 BC, then the line
of division will pass through a point in the
side 4C, since & 4.DC would be too. large
(how large is it?); and, since } + § = §, the
ine will pass through a point £ such that
AE=§ AC.

How must a line DF be drawn if A BDF 5
is to be made equal to } A4 BC? Fig. 142,

§ 153. ParaLLELOGRAMS. Case 1. — Line of division joins two
opposite corners. See § 102.

Case 2. Line of division 4£ (Fig. 147) joins a corner to a
point in one side.

Let (Fig. 143) CE = § CD, then
AACE =3} AACD (§ 152, Case 1).
But A A4CD = } the parallelogram
ABCD (§ 102); therefore A ACE
= 3} the parallelogram 4 BCD.

CE must be what part of CD, if
A ACE = § the parallelogram?

Case 8. Line of division joins two opposite sides and is parallel
to the other sides. This case is left for the learner to investigate.

How can a rectangle be divided into six equal parts?

Case 4. Line of division EF (Fig. 14¢4) joins two opposite
sides, and is not parallel to the other sides. ; D

Let (Fig. 144) CE =3 CD, AF =
8 AB, then AACE = } AACD, and
AAEF =AADF (why?) =§ AABD;
therefore A ACE + A AE F = the trap-
ez0id ACEF=}AACD+ §AABD 4
= } of half the parallelogram + % of
half the parallelogram = % the parallelogram.

D

A4 .
Fig. 143.

Fig. 144.
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Case 6. Line of division # £ (Fig. 145) joins two adjacent
sides. Let £ =3 A8, AF =% AC,
then (§ 1582, Case 2) AAEF =4 X §
X AABC =3} A ABC = ¢ the whole

parallelogram.

§ 154. We will now give two or three
cases in which the partition is effected
by direct construction. The proofs of the constructions are left
to the ingenuity of the learner.

Problem I.— 7v divide a triangle ABC (Fig. 146) from a
point D in one side info two equal parts.

Construction.— Join CD, bisect AB in E, draw EF | CD,
join DF. DUFis the line of division required.

B
Fig, 145.

Problem II. — 7v divide a triangle ABC (Fig. 147) from a
point D in one side into three equal parts.

Construction.— Join CD, trisect 48 in £ and F, draw £G
and F A both Il CD, join DG and D H ; these last are the lines
of division required.

Problem II1.— 70 divide a trapezoid A BC D (Fig. 148) from

c a point E in one of the parallel sides into
two equal parts.

Construction.— Bisect the parallel sides
in £ and G, make GH = EF and
: join EH: it is the line of division re-
E .

Fig., 148. quired.
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Will this construction divide a parallelogram into two equal
parts? See § 183, Case 4.

Can you solve this problem if the line of division happens to
meet B D before meeting C.D?

§ 155. Practical Exercises.

1. Divide a triangle into five equal parts.

2. Divide a triangle into two parts having the ratio 4: 7.

3. Divide a triangle into three parts which shall be to each other as the
numbers 1, 3, 5.

4, Through one corner of a triangle draw a line cutting off a part equal
to § the entire triangle.

6. How can a triangle containing 1209 be divided into parts containing
300m, 409, and 709™?

6. From a triangular field worth $1200 cut off a piece worth $400.

7. Through a triangular meadow, a ditch runs from one corner to a point
in the opposite side, 264¥9®* from one end, 62774 from the other. Find the
ratio of the two parts of the meadow to each other.

8. A piece of woodland in the shape of a triangle cost $6000, but is now
worth 50 per cent more than at first. It is required to run a line from one
corner to the opposite side, which is 1200 feet long, cutting off a portion
worth $1800.

9. A field has the shape of an isosceles right triangle, the equal sides
being each 400™ long. Through the vertex of the right angle draw a line
cutting off a part which shall contain 1 hectar.

Through two sides of a triangle draw a line cutting off, —

10. } of the triangle. 11. % of the triangle.

12. # of the triangle. 18. 4 of the triangle.

What ratio does the portion cut off bear to the whole triangle, if the line of
division cuts,—

14. } from one side and } from the other ?

15. % from one side and £ from the other?

16. % from one side and 4% from the other ?

17, The legs of a right triangle are 24 and 40°™, Find the area of the
part cut off by a line which passes through points in the legs distant, respec-
tively, 6™ and 10°™ from the vertex of the right angle. What is the ratio of
its area to that of the entire triangle ?
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18. Through the middle point in one side of a triangle draw a line dividing
it into parts which shall have the ratio 3:5.

19. Through the middle point of one side of a triangle draw lines dividing
the triangle into parts which shall be to each other as 1:2: 3.

20. A, B, and C, buya |triangular-field 48BC (Fig. 149). A pays $200;
A B, $500; C, $300. ) They wish to divide it among

themselves, by lines starting at a point D, where
there is a valuable spring; A to take the upper part,
D B the middle, and C the lower. Show how the
lines of division should be run if 4.0 = 180m, DC
= 300%, 4B = 600", BC = 400™,
21. Divide two sides of a triangle, each into five
+ €qual parts, and join in order the points of division.
Fig. 149. Then find the ratio of each of the smaller triangles
thus formed to the entire triangle.

22. What part of a parallelogram is the triangle cut off by a line drawn
from one corner to the middle of a side ?

28. Cut off § of a parallelogram by.a line drawn through one corner.

24. From a parallelogram containing 600%™ cut a triangle containing 250%™,

2B, Divide a rectangle whose sides are 36™ and 20™, by lines drawn from
one corner, into three parts which shall be to one another as 2: 3: 4.

26. Divide a parallelogram into seven equal parts.

27. Divide a parallelogram into two parts having the ratio 3: 5.

28, What part of a parallelogram lies between } of one side and £ of the
opposite side ?

29. A rectangular field is 500™ by 300™. A tree is in the longer side, 150m
from one corner. Draw a line, beginning at the tree, which shall cut from
the field 1 hectar, adjoining the 150™ part of the longer side.

80. A line joining two adjacent sides of a parallelogram cuts off a triangle
whose sides are } and % of the corresponding sides of the parallelogram.
What part of the latter is the triangle ?

81. Divide a trapezoid into five equal parts.

82. In a trapezoid 4 BCD the parallel sides are 4 B =25™, CD = 35™;
their distance apart =20™, Divide the trapezoid into two equal parts by a
line beginning at a point £ in 4 B, such that 4 £ = 10™.

88. In a quadrilateral 4 BC D, the diagonal BC = 40™, the altitudes of the
triangles 4 BC and BCD are 20™ and 30™. Divide the quadrilateral by a
line through B into two equal parts.



18.

19.

CHAPTER VIL. — REVIEW. 167

REVIEW OF CHAPTER VIL
SYNOPSIS.

Surfaces are measured by chéosing a)unit and finding how often this unit
is contained in the surface to be measured.

The area of a surface is the number of times the unit is contained in the
surface followed by the name of the unit.

Units of area (except the acre) are squares whose sides are linear units.
The ratio between two units of area is the square of the ratio between
the corresponding linear units.

Geometry enables us to measure a surface indirectly by showing that its
area depends upon the length of certain lines.

Area of a square = square of one side.

Area of a rectangle = its base X its altitude.

A parallelogram = a rectangle of the same base and altitude ; its area =
its base X its altitude.

Parallelograms with equal bases and equal altitudes are equivalent.
Area of a rhombus = } product of its diagonals.

A triangle =} a parallelogram of same base and altitude ; its area =its
base X half its altitude.

Triangles with equal bases and equal altitudes are equivalent.

Area of a trapezoid = } sum of parallel sides X altitude.

Area of a regular polygon = } perimeter X less radius.

Area of any polygon may be found by dividing it into triangles (two
ways) or into triangles and trapezoids.

In every right triangle the square of the hypotenuse is equal to the sum
of the squares of the two legs. (Two proofs.) °

The perpendicular let fall from the vertex of the right anglc upon the
hypotenuse divides the square of the hypotenuse into two rectangles,
equal respectively to the squares of the adjacent legs. '

A figure may be transformed into another figure, either (i.) by computing
such parts of the new figure as will enable us to construct it, or (7i.) by
direct construction.

A square may be found equivalent to any polygon by first changing the
polygon to an equivalent triangle, then the triangle to an equivalent
rectangle, and then the rectangle to an equivalent square.

The division of figures into parts is effected, either (i.) by arithmetical
partition, ox (ii.) by geometrical construction.
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A line through one corner of a triangle divides the triangle and the
opposite side into parts having the same ratio.

If a line is drawn between two sides of a triangle cutting off fractional
parts of the sides, the product of these fractions give the fractional part
which the triangle'\cut| off is_of thie/whole) triangle.

Nos. 21 and 22 enable us to divide parallelograms and polygons in
various ways.

EXERCISES.

Compute the areas in square meters (as given below, in the last column
to the right) of the following regular polygons, one side of the polygon
in each case being supposed to be 1 meter: —

P°'o"f‘°“ One Side. | Less Radius. | Area,
3 sides I 0.2887 0.4330
4 sides 1 0.5000 1.0000
5 sides 1 0.6882 1.7205
6 sides 1 0.8660 2.5980
8 sides 1 1.2071 4.8284
10 sides 1 1.5388 7.6942
12 sides 1 1.8660 11.1961

Same exercise, one side of each polygon being taken as 2 meters.
Hint.— For the first case (3 sides), the less radius =2 X 0.2887, and the area

=3X2X2X032887 _ ;. 10m — 4 times the area (0.433) found above for

2
the same polygon when the side is 1m,
Same exercise, one side of each polygon being taken as 3 meters.
—3X3X3Xo0.2887
2
the area (0.433) of the same polygon if the side is 1m,

From the above exercises derive a general rule for finding the area of a
regular polygon whose side contains any number () of linear units.
Two fields of equal value per unit of area have the shape, one of a square,
the other of a regular hexagon. If a side of each field = 136™, and the
first field is worth $600.00, what is the second field worth? What is the
value per square meter ? per hectar ?

Government lands are usually divided into tracts or Zownskigs 6 miles
square ; these are subdivided into 36 secfions, and each section into 4alf-
sections, quarter-sections, kalf quarter-sections, and guarter quarter-sec-

Hint.—In the first case (3 sides), the area =9 times
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tions. Find the area in acres of a township and of each of its sub-
divisions.

A quarter-section is fenced with a six-railed fence, the posts being 12f
apart. The rails dost $40.00 per thousand, the posts $60.00 per thou-
sand. Find the\cost of the fence

Of two kinds of paper, equal in quality, the first is 42°® by 30®, and
costs $0.20 a quire ; the second is 60°™ by 40°, and costs $0.28 a quire.
Which kind is the cheaper ?

A man buys a rectangular garden 140™ by 80=. He surrounds the gar-
den by a wall 0.8™ thick, and within the wall by a walk 1.8™ wide; and
through the middle of the garden he makes paths parallel to the sides,
each 1.5™ wide. How much land remains for other uses ?

A piece of land is 160™ square. Another piece of the same size has the
shape of a rectangle four times as long as it is wide. Find the difference
between their perimeters.

The perimeter of a right triangle = 60™, the hypotenuse = 25™. Find the
legs and the area.

The perimeter of an isosceles triangle = 24™, the base = 6™, Find the
area.

In an isosceles right triangle, —

The hypotenuse = 8m; find the area.

One leg = 32™; find the area.

The area = 300%®; find the sides.

In an equilateral triangle,—

One side = 12™; find the area.

The altitude = 6™; find the area.

The area = 144%™; find the side and the altitude.
One side of a square = 14™; find the diagonal.
The diagonal of a square = 16™; find one side.
In a rhombus, a diagonal = one side = 5™; find the area of the rhombus.
Find the angles of the rhombus in the last exercise (see page 110, Exer-
cise §).

A square and a rhombus have the same side, 4. How much smaller is
the latter if its acute angle = 60°?

A rectangular field 200™ long contains 1%, Find the distance apart of
two opposite corners.

The edge of a cube = 4. Find the distance from a corner in the upper
face to the diagonally-opposite corner in the lower face.

What method of making a right angle with a cord is suggested by Fig.
1317
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Construct the following figures: —

27. A triangle, if the area = 3609°™m, the altitude = 42°m,

28. An equilateral triangle, if the area = 400%™,

29. A square, if the diagonal = 1.2™,

80. A rectangle, if thé area = 300%em,(and o1ie side = 24°m,

81. A rhombus, if the area = 2409°™®, and one diagonal = 30°m,
Construct a square, —

82. Three times as large as a given square.

83. Two and one-quarter times as large as a given square.

84. Equal to half the difference of two given squares.

8b6. Equivalent to a given equilateral triangle.

86. Equivalent to a given regular octagon.
Given a square with the side = 50°®; compute the side of —

87. An equivalent equilateral triangle.

88. An equivalent regular pentagon.

89. An equivalent regular hexagon.

40. An equivalent regular decagon.

' Transform a given triangle, —

41, Into a right triangle.

42, Into an isosceles triangle.

48. Into an isosceles triangle with a given base.

44, Into an isosceles triangle with a given side.

4B. Into a rectangle with a given'side.

46. Into a square.
Transform a square, —

47. Into a parallelogram with a given angle.

48. Into arectangle with a given side.

49. Into a rhombus with a given side.

50. Transform a given hexagon into a square.

51. What part of a triangle 1s cut off by a line which bisects two of the sides?

52. Divide a triangle into four equal parts by lines meeting at a given point
in one side of the triangle.

58. Find the point within the triangle from which lines drawn to the corners
will divide the triangle 1nto three equal parts.

54. Divide a parallelogram by lines through a corner into three equal parts.

55. Divide a parallelogram by lines through a point in one side into three
equal parts.

56. Divide a regular hexagon by lines through one corner into six equal parts.

$7. Divide an irregular hexagon by a line through one corner into two equal
Parts,
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CHAPTER VIII,

SIMILAR FIGURES.

CoNTENTS.—1. Proportional Lines and Figures (§§ 156-158). II. Similar Tri-
angles (§§ 159-168). III. Problems and Applications (§§ 169-176). IV. Simi-
lar Polygons (§§ 177-179).

I.— Proportional Lines and Figures.

§ 156. Review §§ 37, 38, 112-114.

The lines @ and 4 (Fig. 150) have the ratio 1: 3; the lines ¢
and 4 have the ratio 2:6 = 1: 3, or the same ratio as the lines
e and 4. By placing the sign of equality between the equal ratios
@:b and c:d, we obtain a proportion, a:b = ¢:d, which is read
aisto b ascistod, ‘

+—L— —t—
T R —
Fig. 150.

Definition. — A PROPORTION is an equation between two equal
ratios. ’

The four terms of a proportion need not all be of the same kind ;
it is sufficient if the two terms of each ratio are alike in kind.

Two areas, for example, may have the same ratio as two lines,
and hence form a proportion with them. What instance of this
occurs in § 162°?

Again, two angles are to each other as the arcs described from
their vertices as centres and included between their sides. In this
proportion, the first ratio is that of two angles, the second that of
two lines.
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Let 4, B, C, D be any four magnitudes (that is, things that can
be measured), 4 and B however being alike in kind, and C and D
also being alike in kind ; and let @ and 4 represent the numerical
values of 4 and B respectively in-terms of a common unit, ¢ and
d the numerical values of C and D respectively in terms of a com-
mon unit ; then, if @: & = ¢: 4, we say that 4, B, C, and D are in
proportion or are proportionals. Of the four lerms a, b, ¢, and &
which- express the proportion, @ and & are called the exzremes, &
and ¢ the means. If 6=c¢, & is called the mean proportional
between @ and 4.

§ 167. A proportion, expressed, as just explained, by the num-
bers which are the numerical values of the magnitudes forming the
proportion, is subject to certain laws, among which the following
are useful for our purposes : —

1. If we write the proportion @:4 = ¢: in the form

and then divide the equation 1= 1 by the equation

4
obtain (Axiom VIIIL.) g:;, orb:a=d:c.

Law L. — The truth of a proportion is not affected if the terms
of eack ratio are transposed.

2. If we multiply both sides of the equation %:3 by ’_1, we
a

obtain (Axiom VIL), after cancelling common factors, §= 2’ or

d: 6= c:a If we multiply g:f{byg,we obtain §=%’ or

a:c=b:d
Law IL. — The truth of a proportion is not affected, if the ex-
tremes are transposed, or if the means are transposed.

3. If we multiply both sides of the equation %: by the

¢
d
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product & X &, we obtain, after cancelling common factors, ¢ X @
= Xc.

Law IIL. — /n cvery proportion the product of the extremes is
equal to the product/ogf \the means.

If in a proportion the two means and one extreme are given,
how can the other extreme be found?

If in a proportion the two extremes and one mean are given,
how can the other mean be found ?

Exercises.— 1, Verify the above laws with the lengths of the lines in
Fig. 150.

2. Verify the above laws in the case of the proportion 3:9=75:15.

8. In a proportion, the first, third, and fourth terms are 12, 25, 200; find
the second term.

4. Find a fourth proportional to the lengths 24™, 50™, and 8o™.

5. Find a length which shall be to 60™ as 5: 6.

6. What relation exists between the side of a square and the sides of the
equivalent rectangle ?

7. Find the mean proportional between g™ and 16™.

8. Show that the mean proportional between @ and 4 is equal to Vad.

§ 168. Let P and Q denote the areas of two squares, two par-
allelograms, or two triangles ; @ and & the sides of the squares, or
the bases of the parallelograms or the triangles ; % and £ the alti-
tudes of the parallelograms or of the triangles ; then, for —

Two squares, P=at, Q=¥; hence g = %:

Two parallelograms, P=a X 4, Q=4 X %; hence L_axh
Q otxk

Two triangles, pr=2 >: h, Qo= 6 ): d ; hencegz ‘; ;: Z

Or, in words, —
Two squares are to eack other as the squares of their sides.
State in words the results for parallelograms and for triangles.
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In the cases of parallelograms and triangles, if (1) %2 = &, and
(2) a = 4, the preceding equations become, —

That is, —

(1) Two parallelograms or two triangles, with equal altitudes,
are o each other as their bases.

(2) Two parallelograms or two triangles, with equal bases, are
to each other as their altitudes.

Exercises. — 1, The legs of a right triangle are 24™ and 18™. In another
triangle, the base = 24™, the altitude = 18, Compare the areas of the tri-
angles (that is, find the ratio of the areas).

2. The bases of two triangles of equal altitude are 25™ and 30™. Com-
pare the areas.

8. If the areas of two triangles of equal altitude are 1609 and 200%™, what
is the ratio of their bases? If the base of one = 32™, find that of the other.

4. If the bases of two triangles of equal altitude are 15™ and 19™, find
the base of a triangle with the same altitude and equal in area to their sum.

b6. The areas of two triangles with equal bases are 480%™ and 3009™,
Compare their altitudes. If the altitude of the larger = 30™, find that of the
smaller, and also the base of either.

6. Two triangles have equal bases, and the altitude of one is ten times
that of the other. Compare their areas.

7. If two triangles have equal areas, compare their altitudes when the
base of one triangle is (2.) twice, (#:.) four times, (7:.) one-half, (s2.) three-
fifths, that of the other.

8. The altitudes of two equivalent triangles are 15° and 20™, Compare
their bases.

9. Solve Exercises 6, 7, and 8, substituting “parallelograms ” for *tri-
angles.”

10. Compare a triangle with a parallelogram of the same base and altitude.

11. A triangle and a parallelogram have equal areas. Compare (7.) their
bases if they have equal altitudes; (#7.) their altitudes if they have equal bases.

12, Compare the areas of a rhombus and the rectangle whose sides are
bisected by the corners of the rhombus (see Fig. r24).

18. A square and a rhombus have equal perimeters. Compare their areas
if the altitude of the rhombus is two-thirds its side.
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14. A square and a rhombus have equal areas. Compare their perimeters
if the altitude of the rhombus is one-half its side.

156. Compare the areas of a square and an equilateral triangle having the
same side.

16. A square and an ‘equilateral triangle' have equal areas. Compare their
sides.

17. Compare the areas of a square, a regular pentagon, and a regular
hexagon, all having the same side.

II.— Similar Triangles.

§ 159. Two triangles which have the same shape and differ
only in size are called SIMILAR triangles.

The sign of similarity is ~. A ABC ~ ADELF is read, the
triangle A BC is similar to the triangle D £ F. -

In order to discover the chief properties possessed by similar tri-
angles, take on one side 4 K (Fig. 757) of an angle X 4L any
number, say five, equal parts, 4 B, BD, DF, FH, HK, and
through the points B, D, F, H, K, A
draw parallel lines cutting 4 Z in the
points C, £, G, 7, L ; then (§ 112)
AC=CE=EG=GI=1L.

The triangles 4 BC, ADE, etc.,
differ in size, but have the same
shape ; hence are similar.

Now compare the angles and sides
of any two of these triangles,as 4/ D £
and A K L. The angles are equal; X
for the angle 4 is common ; and of
the other angles, ADE =AKL, and AED=ALK (§ 56).
As for the sides, it is evident from the construction that 4D : 4 X
= 2:5, and likewise that 4 £: AL = 2:5. The same satio also
exists between the sides DX and KL ; for, if we draw through
B, D, F, and H lines parallel to 4Z, these lines will divide (by
§ 112) D E into two equal parts, and X' Z into five equal parts,

Fig. 151,
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and the parts of D E will be equal to those of X Z (§ 102, Corol-
lary 1) ; therefore, DE:KL=2:5 Hence, AD:AK=AE
tAL=DE:KL; that is to say, the sides opposite equal angles
in the triangles are\proportional

The sides opposite equal angles are termed corresponding or
homologous sides.

We should obtain like results for any value of the angle 4, or
any direction of the parallels BC, DE, etc.

We may now give the definition of similar triangles which in-
cludes their leading properties.

Deflnition. — Two triangles are similar if they are mutually
equiangular and have their homologous sides proportional.

If we transpose (§ 187, Law II.) the two means in the propor-
tonAD: AK=AE:AL wehave AD: AE=AK:AL; hence

Theorem I.— In similar triangles the sides which contain
equal angles have the same ratio.

Two other theorems follow from the preceding investigation so
easily that their proofs may be left to the learner.

Theorem II.— If a lne is drawn through two sides of a tri-
angle, parallel to the third side, a smaller triangle is formed which
is similar to the given triangile.

Theorem III.— A line drawn through two sides of a triangle,
parallel to the third side, divides those two sides proportionally.

Exercises. — 1. The converse of Theorem III. is also true. State it, and
illustrate it by means of numbers.

2. The three sides of a triangle are 84™, 120™, and 100™. Through a point
in the first side, 28™ from the intersection of the first and second sides, a line
is drawn parallel to the third side. Find where it will cut the second side.
Find, also, the ratio between the triangle cut off and the entire triangle (§ 152).

8. If thé sides of a triangle are 16™, 24™, and 32™, and a line is drawn
from the first side to the second side, connecting points distant 5™ and 7™,
respectively, from the intersection of the first and second sides, will this line
be parallel to the third side?.

4. Draw two similar triangles. Also,two egua/triangles. Can two triangles
be equal without being similar? Can they be similar without being equal?
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§ 160. It appears from the last section that the similarity of
two triangles involves six conditions: the equality of three pairs
of angles and the equality of the ratios between three pairs of
sides. What six  conditions, does. the. equality of two triangles
involve ?

" We have seen (§§ 72-75) that, in general, from the equality of
three parts in two triangles, we can conclude that the triangles are
equal in all respects. We shall now proceed to show that if two
triangles fulfil certain conditions out of the six above mentioned
as belonging to similar triangles, then these triangles mus# fulfil
the remaining conditions, and hence must be similar to each other.

§ 16L In the triangles A BC and DEF (Fig. 152) let the
angle 4=D, B=FE, and therefore g %
C=F. Make CG = FD, and draw
GHI AB. ThenA GHC=ADEF
(I. Law of Equality). But A ABC G
~ A GHC (§ 159, Theorem II.).
Therefore AABC~ ADEF.

Hence, — 4

Theorem (I. Law of Similar-
ity). — Two triangles are similar if they are mutually equiangular.

B
Fig. 152,

Exercises. — 1. Show that two triangles are similar if two angles of one
are equal respectively to two angles of the other.

2. What condition suffices to make two isosceles triangles similar? two
right triangles?

8. Why are two equilateral triangles always similar?

4. Construct three similar triangles, each having the angles 60° and 80°.

b. Construct upon a given line 4 B a triangle similar to a given triangle
CDE.

6. Two triangles are similar if their sides, taken two by two, are parallel.

7. Two triangles are similar if their sides, taken two by two, are perpen-
dicular to each other. Point out the homologous sides.

Hints.— Revolve one of the triangles about a corner through go°; then its sides
become parallel respectively to the sides of the other triangle, See Exercise 6.
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§ 162 In the triangles A BC and DE F (Fig. 152),let AC:
DF = BC: EF, and let also the angle C = /. Make CG =
DF, and draw GH || AB; then AC:GC=BC:HC (§ 159,
Theorem IIL.) Since the first three terms of this proportion are
the same as the first three’of -the 'proportion assumed at the start,
the fourth terms must also be equal ; therefore CH = £ F. Then
AGHC ~ ADEF (II. Law of Equality). But A 4 BC ~
A GHC (why?): therefore A 4 BC ~ A DEF; and hence, —

Theorem (II. Law of Similarity). — 7wo #riangles are
similar if they have an angle equal, and the sides whick include
the angle proportional.

§ 163. In the triangles 4 BC and DEF (Fig. 152),let AC
:DF=BC:EF, AC>BC, DF>EPF, and B=FE. Make
CG = DF, and draw GH I AB; then AC:GC =BC:HC.
This proportion and the proportion assumed at first have the first
three terms equal, therefore their fourth terms must be equal, or
CH=EF. Whence, A GHC >~ DEF (Il Law of Equality).
But AABC ~ A GHC,therefore AABC~ADEF. Hence,—

Theorem (III. Law of Similarity). — 7wo #iangles are
similar if two sides of one are proportional to two sides of the other,
and the angles opposite the grealer sides are equal.

§ 164. In the triangles 4 BC and DE F (Fig. 152), let
AC:DF = BC: EF,

and AC:DF = AB:DE.

Make CG = DUF, and draw G H || A B, then —
AC:GC=BC:HC;
AC:GC=AB:GH.

In the first and third of these proportions, the first three terms
are equal, therefore the fourth terms must also be equal; that is,
CH = EF. For the same reason it follows from the second and
fourth proportions that G A7 = DZFE. Hence, AGHC A DEF
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(IV. Law of Equality) ; but A 4 BC ~AGHC, therefore A ABC
~ DEF. Thatis,—

Theorem (IV. Law of Similarity). — Zwo !rzangle: are
similar if their sides, taken in| order, are proportionals.

Corollary. — If each side of a triangle is two, three, four, etc.,
times the homologous side of a similar triangle, then the sum of
the sides, that is, the perimeter, of one triangle is two, three, four,
etc., times the perimeter of the other triangle ; that is, —

In similar triangles the perimeters are lo each other as any two
homologous sides.

Exercise. — Verify the truth of this Corollary by two triangles, the sides of
one being 2™, 4™, 5™, and those of the other 6™, 12™, 1§m,

§ 165. Let the parallels 4C, DF (Fig. 153), be cut by lines
04, OB, OC, drawn through a common
point O.
AOAB~AODE,
and AOBC~AOEF

(§ 56, and I. Law of Similarity). There-

fore, —
OB_AB d OB _BC.

OF DE OE EF Fig. 153.

. AB_BC ~AB__DE
Whence (Axiom I.),DE ZFP " BC=FEF
The same reasoning might be applied to any number of parallels

and lines intersecting them. Therefore, —

Theorem. — Lines drawn through a common pomt divide par-
allels into proportional parts.

Exercises. — 1. If one of the parallels is divided into equal parts, how
will the others be divided ?

2. If a parallel to 4C (Fig. 153) is drawn above O, cutting the lines
through O prolonged, will the theorem still hold trpe ? Can you prove ?
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§ 166. In the right triangle 4 BC, right angled at C (Fig. 754)
¢ draw CD 1 A B; it divides 4 B into two

- parts or segments. The smaller right
triangles, 4 6D and BC.D are each
equiangular with respect to the triangle

ABC (why?); therefore they are equi-

angular with respect to each other.

Hence (I. Law of Similarity), —

AABC~AACD; therefore AB: AC=AC: AD.
AABC~ABCD; therefore AB:BC= BC:BD.
" AACD~ABCD; therefore AD:CD=CD: BD.

Theorems. — If in a right triangle a perpendicular is drawn
Srom the vertex of the right angle to the hypotenuse : —

I. Either leg is a mean proportional beeween the hypotenuse and
the adjacent segment.

I1. Zhe perpendicular is a mean proportionai between the two
segments of the hypotenuse.

Exercises. —1In a right triangle let @ and 4 denote the legs, ¢ the hypote-
nuse, 4 the altitude with hypotenuse for base,  and ¢ the segments of the
hypotenuse. Find the other quantities, if, —

1. a=4.5™, k= 3.6m, 8. a=5m, p= 3™

2, £=0.8m, p=1.5m, 4. c=1250m, p = 336m,

§ 167. Let (Fig. 155) AABC ~ A DEF, and draw the alti-
tudes CG and FH corresponding to
two homologous sides 48 and D7
taken as bases.

By hypothesis, 4B: DE = AC:
DF. The right triangles 4CG and
DFH are similar (why?), there.
fore AC: DF = CG:FH. Hence
AB:DE=CG:FH. Thatis,—

Theorem. — 7 two similar triangles, any two homologous sides
taken as bases are to eqch other as the corresponding altitudes.

hN
N —————

B
Fig. 154.

A G B DH E
Fig. 155.
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§ 168. Let Pand Q denote the areas, @ and 4 the bases, %2 and
# the corresponding altitudes of two similar triangles.
P_axk_a hk

Th L=t _2<
en (§ 158), 0 DPR &0 X o
a_k
But (§ 167) iy
If for the factor % in the first equation we substitute its equal %,

the equation becomes, —

a
_Zx

Qlny
L TR
ELR

Since & and 4 may be any two homologous sides taken as bases,
therefore, —

Theorem. — Similar triangles are to eackh other as the squares
of their homologous sides.

Exercises. — 1. If the homologous sides of one triangle are each one-fifth
those of a similar triangle, compare the areas of the triangles.

2. The areas of two similar triangles are 400%™ and 12969 ; find the
ratio of two homologous sides.

8. Two triangular gardens are similar in shape. What is the easiest way
(3.) to compare their areas 2 (ii.) to compute both their areas ?

4. A field has the shape of an equilateral triangle. From one corner I
wish to cut off a similar triangle equal in area to one-sixteenth of the whole;
how must the line of division be run ?

Draw a triangle ; then construct a similar triangle equal in area to—

B. 4 times that of the first triangle.

6. 2 times that of the first triangle.

7. 3 that of the first triangle.

8. Y% that of the first triafgle.

9. Can you prove the theorem of this section by a method suggested by
§ 152, Case 2?

Hints.— Let a line cut }, 1, 3, or any other fraction, from each of two sides of
a triangle; and use § 159, Exercise 1, and Theorem I
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II1,— Problems and Applications.
§ 169. Problem.— 7v find the fourth proportional to three
gtven lines a, b, ¢/ (Fig. 156)(
Construction. — Make any angle O; on its sides take 04 = @,

a — OB=6,0C=c; join 4C,
L i and draw BD | AC. OD
1 is the fourth proportional re-

quired.

Progl. — Apply § 159,
Theorem III.

Exercises. — Give the con-
struction for the following cases:

1. $<a,and c>a.

2., $<a,and c=a.

0 D 4

Fig. 156,

i 8. 6<a,and c=4.
4. 6>a,and c> 4. 6. 6>a,and c=a.
8. 6>a,and c>a. 9. 6>a,and c=4.

§ 170. Problem.— 7v find a mean proportional fo two given
lines a and b (Fig. 157).

§ 169 furnishes one solution (see Exercises 3 and 7). The
more common solution is as fol-

] lows : —
_____ Construction. — Draw a straight
/,/"' /'f— NN line, and take 4 B = a, BC = 5. At
/ e NN B erect a perpendicular. Bisect 4C

,"' e .\ in O, and with a radius equal to 0 4
‘::,/’ Ny describe an arc cutting the perpen-
4 o B C  dicularin D. BD is the mean pro-

Fig. 157.

portional required.
Proof. — Prove, as in § 149, that 4.DC = go°; then apply
§ 166.
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§ 171. Problem.— 7o reduce or enlarge given lines a, b, c,
ete. (Fig. 158), in a given ratio.

Construction.— Let the ratio be 3: 4 ; thatis, let it be required
to reduce the lines,each; to
three fourths its present
length.

Draw a straight line and
take on it four equal parts,
of which OA4 contains four,
OB three. At 4 and B
erect perpendiculars ; make
AC=a,AD=6 AE=c,
etc. Join OC, OD, OE,
etc. BF, BG, BH, etc., Fig. 158.
are the reduced lengths required.

Proof. —AOBF ~ AOAC, AOBG ~ AOAD, etc. (why?).
Therefore BF: AC=0B:0A4=3:4, etc.

Exercises.— 1, Draw four lines and reduce them in the ratio 3:5.
2, Draw four lines and enlarge them in the ratio 5: 2.

§ 172. Problem. — 70 divide a.given line into equal paris.
One solution of this problem has been given (§ 113) ; but, since
that solution ‘réquires the construction of several parallels, it is
tedious and liable to lead to errors.
The following construction is more
simple : —
Construction. — Let it be required
to divide MN (Fig. 159) into five
equal parts. Draw any line &0
through Af; then through a point . o
P of this line draw a line PQ | / / I \ L\
M N, and take on this parallel any i »

five equal parts ending at a point Q. M Fig. 159.
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Through Vand Q draw a line cutting A0 at O. Lastly, draw lines
through O and the points of division of Q. These lines will
divide MV into five equal parts. .

Proof. — Apply § 165.

Exercises. — 1, 'Draw'a'line 'and divide it-into eight equal parts.

2. Divide the line 4 B (Fig. 160) into ten equal parts.

Solution,— Here the parts are so short that if obtained in the way above de-
scribed they would be indistinct. In this case pro-

(o D ceed thus: Erect at 4 and B perpendiculars, lay off
uPon each ten e(iual parts, and through the points
1 of division draw lines parallel to AB. If now we
] [ draw the diagonal 4D, then the distances from the
2 points marked 1, 2, 3, 4, etc,, to the line BD will be

equal to 19> T etc., of the line 4 B. The
3/ proof is left ;o“‘t‘ge le’amér.

4 / 8. When (in making maps, plans, etc.) many
/ lines have to be very much reduced in length, it
g becomes often convenient to employ scales of
I3 equal parts, known among surveyors as PLAT-
/ TING ScALES. Explain how such a scale (shown
7 in Fig. 761), containing one thousand parts, di-
vided decimally, is constructed and used.

Solution.— Draw a straight line, and take on it
ten equal parts, 4 B= B C=CD, etc.! each of these
lengths representing one hundred units of length
(meters). Divide A4 B into ten equal parts, each
Fig. r6o. Fart representing therefore ten units of length. Last-

y, to represent single units of length, draw above
A B ten equidistant lines parallel to 4 5, erect perpendiculars at the points 4, B, C,

A

F 98765432 / P
INNENNENENES {
T .
T T s r
T s
IERNRNERE
T el
T
Tl ] ]]s m) ]
T s
A C D
Fig. 161,

1 Qaly a part of the scale can be shown in the figure.
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etc., and, after having subdivided O into ten equal parts, join the points of division
of FO with those of 4 B by lines drawn obliquely, as shown in the figure,

The perpendicular OB, divided into ten equal parts by the parallels is num-
bered from I to 10, beginning at O; then it follows (see Exercise 2) that the dis-
tance from I to the first oblique line measured on the parallel =1 unit of length,
the distance from 1 to the second oblique line = 11 units, etc.; and the distance
from 2 to the first oblique\line/= 2/units/the distarice 'to the second oblique line =
12 units, etc.; and similarly for the other points of division of O B.

The point marked O is the zero of the scale; hundreds are read off to the right,
tens to the left, and units on the vertical line.

From this explanation it is easy to see that a length of 348 meters measured on
the ground is represented u}non the scale by the line m s ; also, that the length p ¢
corresponds to a distance of 216 meters, the length s to 183 meters, etc.

4. Construct, with the aid of the scale in Fig. 767, a triangle whose sides
are 137™, 160™, and 225™.

§. Draw a triangle, and determine the lengths of its sides by means of the
scale in Fig. 161.

6. Construct a scale of one hundred parts, divided decimally.

§ 173. The measurement of the distance of an inaccessible
object is one of the most interesting applications of the laws of
Geometry. It gives us a good idea of the nature of those methods
which have enabled astronomers to measure the distance from the
earth to the moon, to the sun, and even to some of the fixed stars.

We have already seen (§§ 95-98) how distances may be meas-
ured indirectly by means of egua/ triangles. Now it is clear that,
if equal triangles are employed, the greater the distance to be
measured the larger the triangle which must be constructed ; so
that, when the distance is considerable, the construction of the
triangle becomes very inconvenient, and in many cases (for in-
stance, the distance from the earth to the moon) utterly impos-
sible. In such cases other methods must be found; and these
methods are supplied by the laws of similar triangles.

In fact, the second method given for solving the problems of
§ 95 and § 98 is based upon the properties of similar triangles.
In § 95, Method II., we construct on paper to a reduced scale a
Jac-simile of the actual lines on the ground. What is this fac-simile
but a small triangle similar to the much larger one which contains
the distance sought? In other words, the triangles 4 BC and aé¢
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(Fig. 88) are similar; hence ac: a4 =A4C: A B,aproportion which,
by making (as on page 105) @c = 16°, ab = 24, AC = 800",
becomes 16 : 24 = 800: AB; whence 4B = 24 X 800 1200™.

16
Representing lines to scale on paper, all angles remaining un-

changed, always gives a figure similar to that formed by the unre-
duced lines, and is termed PLATTING TO ScALE.

Some examples will now be given of the indirect measurement
of distances by means of similar triangles.

§ 174. Problem.— 7o measure
the distance of two points A, X, sepa-
rated by a river.

At the point 4 (Fig. 162), sup-
posed accessible, erect (with a sur-
veyor’s cross or other means) a line
1 A4X, and measure its length to

N any point B. Suppose, for exam-
ple, that 4B = 120"; take BC =
10™, and at C erect a second per-

pendicular C.D, meeting the line X at D. Measure CD; let its
length be 18™. Then it follows that, in all right triangles similar
to BCD—that is to say, in all right triangles having an acute

angle equal to DB C — the ratio of the legs must be 18: 101

Among these similar right triangles is the triangle 4 BX ; there-
fore, AX: AB = 18:10; whence, 4 X = 216™.

Exercises. — 1. In Fig. 162, BC is made equal to 10™ solely for con-
venience of computation. If B C = 15™, what would D C be found to be ?

2. If 4 is on the edge of the river, can you find 4 X by this method ?
What change in the position of the triangle B CJD is necessary? Give the
construction for this case.

8. How can 4 X be found by means of two equal right triangles ?
4, How can 4 X be found by means of an isosceles right triangle ?

) In Trigonometry, 18: 10, or 1§, is called the TANGENT of the angle DB C.
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§ 175. Problem.— 7v find the distance between two inac-
cessible points, X, Y.

Case 1 (Fig. 163). — Choose an accessible point, 4, and meas-
ure the distances 4X, 4Y, by
the preceding problem.” Upon
AX measure a length 4x equal
to any fractional part (as ¢, o,
etc.) of 4 X, and upon 4Y meas-
ure Ay equal to the same frac-
tional part of 4Y. Lastly, meas-
ure xy, which is parallel to X'V
(why?). Then the distance X ¥ can be found from the propor-
tion Ax: AX =xy: XY.

If, for example, 4x = ¢ AX, then X ¥V = 10xy.

-Case 2. — Where the line X ¥ prolonged is accessible (Fig. 764).
Erect at M, an accessible point, a line | /X, and mark the points
N where this line intersects the perpendicular let fall from ¥, and
P, where it cuts X ¥ prolonged. Measure P and NP; let for
example, MP = 360", NP = 200"
Take PO = 10™; at O erect OQ L
PM, and measure the hypotenuse
PQ of the right triangle POQ. Sup-
pose,. for example, that PQ = 24™;
then, in all right triangles having an
acute angle equal to OPQ the ratio
of the leg corresponding to OP to the
hypotenuse is 10 : 24.1

PMX and PNY are two such tri-
angles therefore, —

10: 24 = PM, or 360™: PX, whence PX = 864™;
10: 24 = PN, or 2z00™: PY, whence PY = 480™;
and X V= PX — PY = 384™

1 In Trigonometry, the ratio 10! a4, or ¥y, is called the COSINE of the angle OP Q.

4 Fig, 163,
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Exercises. — 1. What is the advantage in Case 2 of making P O = 10™
rather than any other number ?

2. Explain how, with the aid of an instrument for measuring angles, the
distance X'V in Fig. 7163 may be found by platting a similar triangle on paper.
By this method how many lines must be measured on the ground ? How
many by the other method ?

8. Given (Fig. 7163) AX=600", AY =720, Ax = AX, Ay =5 AY,
xy=2118", XAY = 36°. Find XV (i) by a direct proportion; (iz.) by
platting a similar triangle to scale on paper. How nearly do the -results
agree ? 'Why do they not exactly agree ?

4. Fig. 165 illustrates another method of measuring an inaccessible line
XY,— a method by which only one line 4.8 has to be measured on the
ground. Can you explain the method ?

Fig. 165.

§ 176. Problem.— 7v measure the vertical height of an 0b-
Ject (a tower, tree, church-spire, etc.)

1st Method. — By means of a shadow.

Suppose that we wish to find the height 4X of a tree (Zig.
166) which casts the shadow 4B on the ground. Fix a staff ver-
tically in the ground near the tree, and measure its height man.
Measure, also, the lengths of the shadows z0 cast by the staff, and
A B cast by the tree. Now the ray of light X3 is parallel to the
ray mo: whence it follows that A BX and mno are similar trian-
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gles (why?). In other words, tke shadows cast at the same time
by different objects are proportional
o the heights of the objects.

Therefore 70 : AB/=\mnxdX.
If no =0.9", AB = 24.9™, mn =
1.17®, then, —

0.9 :24.9 =117 : AKX,

whence AX = 32.37™

NOTE.— We may also reason thus: if
of shadow correspond to 117¢m of height, then
1°m of shadow corresponds to L7 = 1.3em of
height; therefore 249ocm of shadow will cor-
respond to 1.3°™ X 2490 = 3237°™ = 32.37™,
2d Method. — With the aid of an

instrument for measuring angles.
Let, for example, the height of
the tower (Fig. 7167) be required. Place the instrument at a point
B, some distance from the foot of the tower, and measure the
"angle @b X, or angle of elevation, as it is termed. Measure 45,
the distance from the instrument to the foot of the tower. Then
construct on paper a right triangle similar to 24X, and the side
of this triangle homologous to ¢ X will give # #he scale employed
the height @ X, to which we must add 4«4, in order to obtain the

entire height.

Fig. 166.

4 Fig. 167. Fig. 168.

8d Method. — When the base of the object is inaccessible, choose
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a convenient place near the object, and measure a base line 4B
(Fig. 168). Then measure the angles at the base, B and BAX,
and also the angle of elevation of the object X 40, and construct
on paper a triangle ;similar to X B 4, This will give #o scale the
length 4 X. Then, knowing 4 X and the acute angle X 40, con-
struct on paper the right triangle O 4 X, which will give to scale
the height OX required.

Here the unknown height OX depends on the construction of
two similar triangles, the first similar to the triangle 48 X, the
second to the right triangle O 4X. If the scale of reduction in
both cases is 1™ to 1™, the number of millimeters contained in
the line on paper which represents OX will be the same as the
number of meters in OX.

Exercises. — 1. A monument casts a shadow of 44™ at the same time that
a rod 2™ high casts a shadow of 1.33™; find the height of the monument.

2. In the 2d Method, why is the construction of a triangle on paper
avoided by placing the instrument so that the angle of elevation shall be
equal to 45°°?

8. What instruments are required in the 3d Method ?

4. Find the height of the building (Fig. 168) if 4 B = 250™, angle B =
25° 30/, angle X4 B = 104°, and angle X40 = 41° 30'.

IV.—Similar Polygons.

§ 177. Similar polygons are polygons which have the same
shape. In order that two polygons may have the same shape, —

1. They must have the same number of sides.

2. They must be mutually equiangular.

3. Their homologous sides must be proportional.

These three conditions are included in the following definition : —

Definition. — Zwo polygons of the same number of sides are
similar if they are mutually equiangular and have their homologous
sides proportional.

Compare this definition with that of similar triangles (§ 159).
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Divide a polygon, 4 B C D E (Fig. 169), into triangles by draw-
ing the diagonals 4 C, B.D; then draw MN || BC, NO | CD,
OP| DE. The triangles AMN,
ABC are similar (§ 189, Theorem
IL.) ; also the triangles A N O,
AOD ; and the triangles 4 02,
ADE. Hence the two polygons
ABCDE, AMNQOP are com-
posed of the same number of tri-
angles, similar each to each and
similarly placed. Now the two poly- /
gons have the same number of sides ; 4 M B 0
and it is very easy to prove that they Fig. 169.
are mutually equiangular (§ 88, Theorem 1.). Also, from the two
similar triangles AMN, ABC we have AM: AB=MN : BC,
and AN :AC=MN:BC. Butin the triangles AN O, 4 CD,
AN :AC=NO: CD ; therefore (Axiom IV.), MN:BC=
NO:CD. Inthe same way it follows that VO: CD = OP: DB,

c. ; therefore the polygons AMNOP, ABCDE are similar.

If AQRST is a polygon constructed in the same way as
AMN OP, but Iarger than 4 B C D E, we may prove in precisely
the same way that it is similar to 4 83 CDE. Hence we arrive at
the following useful theorem : —

Theorem I.—If two polygons are composed 0f the same number
of triangles, similar each to eack and similarly placed, the polygons
are similar.

The converse theorem is also true. State it.

If each side of a polygon is 2, 3, 4, etc., times as great as the
homologous side of a similar polygon, the sum of the sides, or
the perimeter, of the first polygon, must be 2, 3, 4, etc., times as
great as the perimeter of the second polygon.

Theorem II.— Zke perimeters of similar polygons are fo each
other as any two homologous sides.
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§ 178. If two similar polygons, the sides of one of which are
double those of the other, are divided into triangles, by drawing
diagonals from the vertices of two equal angles, then each triangle
in the first polygon is;(by, § 164), four times as great as the corre-
sponding triangle on the second polygon ; hence the sum of all
the triangles in the first polygon — in other words, the area of the
first polygon — is four times as great as the sum of all the triangles,
or the area, of the second polygon. Hence the areas of the two
polygons are to each other as 4: 1. But this is the ratio of the
squares of any two homologous sides. A like result would follow
if the sides had any other ratio than 2: 1. Hence, —

Theorem. — Similar polygons are to each other as the squares
of their homologous sides.

Therefore, if we have a polygonal figure on the ground, and
construct a similar figure on paper with its sides reduced to 4, 4,
L ¥, etc,, of their lengths, the area of the figure on the paper will
be }, 4, v, réu, etc., the area of the larger and similar figure on
the ground.

Exercises. — 1. Prove that similar polygons are to each other as the
square of their perimeters (see § 177, Theorem IL.).

2. Prove that regular polygons of the same number of sides are similar.

8. What relation exists between the areas of similar regular polygons and
(.) their sides ? (ii.) their perimeters ?

4, Two parks have the shape of regular hexagons. If a side of one is

four times a side of the other, how much larger is one park than the other?
Find, also, the ratio of their perimeters.

§ 179. Problem.— 70 construct a polygon similar to a given
polygon.

There are various methods of solving this problem.

1st Method. — When one side # G of the required polygon is
given.

Solution. — By means of § 177, Theorem I. Divide the given
polygon A BCDE (Fig. 170) into triangles by diagonals ; then
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construct upon the given length # G, homologous to 4 B, a series
of triangles similar to those of the given polygon respectively, and
similarly placed. The poly-
gon FG HK L)s)the
polygon required.

E,

Give the construction in > K
full, [

2d Method. — One side 4K
F G being given, as before. 4

Solution. — On one side
AB of the given polygon
ABCDE (Fig. 17r1) take Fig. r70.
AM = F G, construct the
polygon A MNOP~ ABCDE (how is this done?), and then
construct (by § 117) upon the side #G the polygon FGHK L
2 the polygon A M NOP.

Give the construction in full.

D

Fig. ryr.

84 -Method. — When the homologous sides of the two polygons
are to be to each other in a given ratio.

Solution.— Choose any point O, either within or without the
given polygon (see Figs. 772 and r73), and join it to all the cor-
ners by straight lines. Divide one of these lines at a point 4/, so
that O M : O A = the given ratio, and then draw M N | 4 B, NP
I BC, etc. MNPQR is the required polygon.
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In Fig. 172,0M:04 = 1:3; in Fig. 173. OM: 04 = 3:5.
Give the construction and proof for both cases.
D

Fig, 173,

Exercises. — 1. Given a hexagon; construct a similar but larger hexagon.
2. Given an octagon; construct a similar but smaller octagon.
8. Upon the lengths 20™ and 30°™ as homologous sides construct two
similar pentagons.
. 4. Draw a polygon, and then construct a similar polygon, whose sides
shall be,—
(s.) one-half those of the first polygon ;
(#i.) two-thirds those of the first polygon ;
(#7i.) twice those of the first polygon ;
(7v.) three and one-half times those of the first polygon.
5. Draw a polygon, and then construct a similar polygon, —
(i) one-ninth as large as the first (§ 178);
(3i.) nine twenty-fifths as large as the first ;
(3i1.) four times as large as the first ;
(#2.) twice as large as the first.
6. Construct two similar pentagons which shall be to each other as 4: 9.
7. Construct two similar regular pentagons, one having three times the
perimeter of the other. What is the ratio of their areas?
8. Construct two regular hexagons about the same point as centre, making
the less radius of one = 1} times that of the other.
9. Construct two regular octagons, making the’ less radius of one = § that
of the other. What is the ratio of their perimeters ? of their areas ?
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REVIEW OF CHAPTER VIII.
SYNOPSIS.

A proportion is an equation between two equal ratios.

The truth of a proportion is not affected if the terms of both ratios are
transposed.

The truth of a proportion is not affected if the extremes are transposed,
or if the means are transposed.

In every proportion the product of the extremes is equal to the product
of the means.

Two squares are to each other as the squares of their sides; two paral-
lelograms, or two triangles, as the products of their bases by their alti-
tudes.

If two parallelograms, or two triangles, have equal bases, they are to
each other as their altitudes; if they have equal altitudes, they are to
each other as their bases.

Similar triangles are triangles that have the same shape.

Similar triangles are mutually equiangular, and have their homologous
sides proportional.

In two similar triangles, the sides that include equal angles have the
same ratio.

A line drawn through two sides of a triangle parallel to the third side
cuts off a smaller triangle similar to the entire triangle.

A line drawn through two sides of a triangle parallel to the third side
divides those sides proportionally.

I. Law of Similarity.— Two triangles are similar if they are mutually
equiangular.

II. Law of Similarity. —Two triangles are similar if they have an
angle equal, and the sides including this angle proportional.

III. Law of Similarity. —Two triangles are similar if two sides of one
are proportional to two sides of the other, and the angles opposite the
greater sides are equal.

IV. Law of Similarity. —Two triangles are similar if their sides, taken
in order, are proportional.

Lines through a common point divide parallels proportionally.

If in a right triangle a perpendicular is drawn from the vertex of the right
angle to the hypotenuse, —
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(1) each leg is a mean proportional between the hypotenuse and the
adjacent segment ;

(2) the perpendicular is a mean proportional between the segments of

the hypotenuse.

The homologous sides|oft similar triangles are to each other (1) as the

corresponding altitudes, (2) as the perimeters.

Similar triangles are to each other as the squares of their homologous

sides.

Problem. — To find the fourth proportional to three given lines.

Problem. — To find the mean proportional between two given lines.

Problem. — To reduce or enlarge given lines in a given ratio.

Problem. — To divide a given-line into equal parts. (Two ways.)

Problem. — To measure the distance from an accessible to an inaccessi-

ble point. . .

Problem. — To measure the distance between two inaccessible points.

(Two cases.)

Problem. — To measure the height of an object. (Three methods.)

Similar polygons are polygons that have the same shape.

Similar polygons are composed of the same number of similar triangles

similarly placed.

Similar polygons are mutually equiangular, and have their homologous

sides proportional.

Regular polygons of the same number of sides are similar.

The perimeters of similar polygons are to each other as any two homo-

logous sides.

Similar polygons are to each other as the squares of their homologous

sides.

Problem. — To construct a polygon similar to a given polygon. (Three

methods.)

EXERCISES.

A square and a rhombus have equal areas: find the ratio of their
perimeters, if the altitude of the rhombus is one-fourth that of the
square.

What single condition will make two right triangles similar? also two
isosceles triangles ?

Given a triangle, two of whose angles are 55° and 80°, construct a simi-
lar triangle one-fourth as large.
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Given a right triangle, an acute angle of which = 35°; conmstruct a
similar triangle four times as large.

Construct an isosceles triangle with the angle at the vertex = 30°, and
one side = 60°™, Then construct a similar triangle one-ninth as large.
Construct a triangle similax to d trianglewhose sides are to each other as
the numbers 7, 8, 11.

If a triangle is to be made three times as large as a given triangle, but
similar to it, what values must its angles have ? its sides?

Prove that parallels divide all lines that intersect them into proportional
parts.

Hints.— This is an extension of § 112, Compare also this theorem with the
theorem of § 165.

The sides of a right triangle are 21™, 28, and 35™; find (i) the seg-
ments of the hypotenuse made by a perpendicular let fall from the
vertex of the right angle, (#i.) the length of this perpendicular.

Prove that the bisector of an angle of a triangle divides the opposite side

into parts that have the same ratio as the adjacent sides.

Hints.—1f ABC is the triangle, B D the bisector, prolong A B till it is met
at £ bi‘g parallel to the bisector through & A ABD~ A ACE, and
A\ CBE isisosceles.

The three medians of a triangle meet in one point. (A median is a line

drawn from a vertex and bisecting the opposite side.)

Hints.— Let A BC be the triangle, Draw two of the medians 4D and BE
meeting at a point O, and then draw D F{| AC meeting B E in F, Show
that A DFO ~ A AOE; whence show that 40 : 5D =2:1. Draw
the third median C G, cutting 4D in P, and show in like manner that
AP:PDIl 2:1; therefore 2 must coincide with O,

The point O is called the centre of gravity of the triangle,

Construct a right triangle having given, —

() The hypotenuse 70°®, and the ratio 3: 2 of the legs.
(#i.) The altitude 40°m, and the ratio 3: § of the legs.
Construct on the diagonal of a rectangle an equal rectangle.
What is the ratio of the area of a field to that of its plan on paper, —
(¢.) if the scale of reduction is 1®® to the meter ?
(#.) if the scale of reduction is 1™® to the meter ?

Wishing to find the distance from a point 4 on the mainland to an

island B, I erect at 4 a line AC L 4 B, measure upon it a length 4C =

9oo™, and also measure the angle 4C B, which I find to be 80°. From

these data find the distance 4 B.

In Fig. 163, let 4 X = 542, AY = 735™, and the angle 4 = §7° 30';

find the distance X'Y.
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17. A vertical rod 5™ long throws upon a horizontal plane a shadow §.ym
long. At the same time a tower
throws a shadow 130™ long. How
high is the tower ?

18, Explain how to find the height 4 B
(Fig. 174) by means of the right
triangles 4 BC and 4 BD.

19. Explain how, without measuring
any angles, the distance X' ¥ (Fig.
775) can be found by means of

~ observations and measurements
Fig. 174. performed on this side of the
water. '

20. The sides of a pentagon are 12™, 20™, 11, 1§, and 227 ; the perimeter
of a similar pentagon is 16 ; find its sides.

‘M———j

N

Fig. 175,

21, Construct a polygon similar to a given polygon, and having to it the
ratio 4: 9.

22, Construct a rectangle similar to one given rectangle and equal to another
given rectangle.

28, Transform a given square into an equilateral triangle.
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CHAPTER "IX.

THE CIRCLE.

CONTENTS.— I. Sectors, Angles at the Centre, Chords, Segments (§§ 180-184).
I1. Inscribed Angles (§§185-188). III. Secants and Tangents (§§ 189-193).
IV. Two Circles (§§ 193, 194). V. Inscribed and Circumscribed Figures
(§§ 195-207). VI. Length of a Circumference (§§ 208-211). VII. Area of
a Circle (§§ 212-218).

I.— Sectors, Angles at the Centre, Chords, Segments.

§ 180. Review §§ 26, 27, 28.

Some new definitions will now be given : —

Definitions. — 1. 7%e parts into which a circle (Fig. 176)
is divided by two radit are called SECTORS.

I1. T%e angle between two radit is called an ANGLE AT THE
CENTRE.

III. A straight line joining two points of a circumference is
called a CHORD.

IV. A chord passing through the centre is called a DIAMETER.

V. A chord divides the circumference into two arcs ; if equal,
these ares are called SEMI-CIRCUMFERENCES ; if unequal, the GREATER
and the LESs arcs, respectively.

A chord is often said to subtend the arcs into which it divides
the circumference.

VI. A chord divides the circle into two parts, called SEGMENTS ;
tf equal, they are called SEMICIRCLES ; if unequal, the GREATER and
LESS segments, respectively.

In Fig. 176 point out or name sectors, angles at the centre,
chords, a diameter, greater and less arcs, greater and less seg-
ments, semi-circumferences, and semicircles.
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‘Two radii form at the centre #wo angles (§ 47, Note 2); but,
unless otherwise stated, the concave angle
(less than 180°) is always to be under-
stood., To_every such angle there corse-
sponds a definite arc, a definite chord, a
e 4 definite sector, and a definite segment.
\ / Point out those which correspond to the
E G angle 40 B (Fig. 176).
\/ From what precedes several properties
F;_ 6. of the circle follow as corollaries, or by
the method of superposition.
Corollaries. — 1. A4 circle has only one centye.
2. Al radii of a circle are equal.
3. A diameter is twice a radius of the same circle.
4. Al diameters of a circle are equal (why?)
5. An arc can be placed on an equal arc of the same circle (or
an equal circle) so as to coincide with it.
6. Circles are equal whose radii or whose diameters are equal.

Exercises. —1, Draw a ﬁgure of your own, and illustrate the definitions
of this section.

2. Of what is a circumference the locus ?

8. What determines (z.) the position, (#4.) the magnitude, of a circle ?

4. What three different positions can a point have as regards the circle ?

b. Given a circle, and the distance of a point from the tentre ; how can
you tell whether the point will be inside, in, or outside the circumference ?

6. Draw a circle, having given its diameter.

7. In a given circle make a chord equal to a given line.

8. Make a few sectors differing in magnitude.

9. Make two sectors differing in magnitnde, but having the same angle at
the centre.

10. What arc (greater or less) corresponds to a concave angle at the
centre ? to a straight angle ? to a convex angle ? What segment in each of
these cases ?

11, Make a few segments (greater and less) and name the corresponding
arcs and angles at the centre.
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12, If the angle at the centre is 200°, what is the corresponding arc ? the
corresponding segment ?

18. If the angle at the centre is 180°, what is the corresponding arc?
sector ? segment ?

14. Divide (free-harid)\alsector(into(two.equal parts. Are the parts also
sectors ?

15. Divide (free-hand) a segment into two equal parts. Are the parts also
segments ?

16. If you subtract a segment from the corresponding sector, what figure is
left 2

17, Prove that a diameter is the longest chord in a circle. (Use § 62.)

§ 18L. Theorem.—/n the same circle, or equal circles, to
equal angles at the centre correspond equal arcs, chords, sectors,
and segments.

Draw a suitable figure, state hypothesis and conclusions (as
concisely as possible in terms of the letters marked on the figure),
and prove by superposition.

Remark.—There are altogether four converse theorems. State
them, and prove them (by superposition).

Hence it appears that the equality of any one pair of the five
elements mentioned in the theorem implies the equality of all the
other pairs.

Corollaries. — 1. If the angle at the centre is a straight angle
(780°), the corresponding arc is a semi-circumference, and the
corresponding seclor is a segment equal to a semicircle.

2. Since the sides of a straight angle form a diameter, every
diameler bisects a circle and also its circumference.

3. If the angle at the centre is a right angle, the corresponding
arc is half of @ semi-circumference, and the corresponding sector
is half of a semicircle.

4. Two diameters at right angles to each other divide a circle
and also its circumference into four equal parts.

Deflnition. — One-fourth of a circle is called a QUADRANT.

The corresponding arc is the arc of a quadrant.
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Exercises. — 1, If the angle at the centre is 180°, what is the arc? the
chord ? the sector ? the segment ?

2. How many degrees are there in an arc of a quadrant ?

8. What is the ratio of a quadrant and a half to the whole circle ?

4. In a given circle make (s.) anarc equal to a given arc, (¢i.) a sector
equal to a given sector, (#72.) a segment equal to a given segment.

5. Make an arc of 225°.

6. Make an arc equal to twice a given arc.

7. Make an arc equal to five times a given arc.

8. Make a sector equal to twice a given sector.

9. Can you make a segment equal to twice a given segment ?

§ 182, If (Fig. 777) the angles 4OM, MON, NOP, POB,
COQ, QOR, ROD, are equal, then the
corresponding arcs and sectors are also
equal (§ 181). And it is obvious (by
simple comparison, as in § 37) that the

following ratios hold true : — ¢ 4
Angles AOB:COD=4:3; ¢
Arcs AB:CD =4:3;
Sectors AOB: COD = 4:3. Fig. 177,

This reasoning may be applied to any
angles which have a common measure, and, in higher works on
Geometry, is extended to incommensurable arcs with the same
result. Hence, —

Theorem. — /n the same circle, or equal circles, two arcs, or
two sectors, have the same ratio as the corvesponding angles at the
centre.

Corollary. —A sector has the same ratio lo the entire circle
that the corresponding arc has to the entive circumference.

Exercises. —1., Make two arcs which shall be to each other in the ratie
2:5.
2. What ratios have the following sectors to the entire circle ?
(i) A sector of 30°. (7ii.) A sector of 9o°.
(#i.) A sector of 75°. (32.) A sector of 325°.
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§ 183. Theorem 1. — 7%ke diameter perpendicular to a chord
bisects this chord and also the arcs sublended by it.

Progf.— Draw radii to the ends of the chord, and apply § 74.
To prove that the,arcs iare: bisected; make use of § 181 and
Axiom IIIL.

What two other properties does this
diameter possess?

Theorem II.— A perpendicular erected
at the middle of a chord passes through the
centre of the circle (or is a diameler).

Progf. — This perpendicular passes
through every point which is equidistant
from the ends of the chord (§ 87), and Fig. 178.
the centre of the circle is such a point.

What other properties does this perpendicular have?

Remark. — We see (Fig. 778) that the middle of the chord,
the points of bisection of the major and minor arcs, and the centre
of the circle are in one straight line ; further, that this line is per-
pendicular to the chord ; and, finally, that it bisects the two angles
at the centre, their corresponding sectors and segments. This
makes, in all, eleven conditions which the line C.D fulfils (or
eleven properties which it possesses). They are so related that,
if any two of them are known to be fulfilled, it follows that all the
others must also be fulfilled.

Problem. — 70 find the centre of a given circle (or arc).

Analysis, — Use the method of loci (§ 92) in connection with
Theorem II. of the present section.

Corollaries. — 1. Through three points not in a straight line
a circle can always be drawn. (Compare Exercise 7, page 102.)

2. Two circumferences that have three points in common coin-
cide wholly. ‘

Hence, a circle may be named by three letters at points on its
circumference.




204 GEOMETRY FOR BEGINNERS. [§ 184

Exercises. — 1, Bisect a given arc.

2. Bisect a given sector.

8. Bisect a given segment.

4, Find the centre of a given circle.

5. Find the centre/of a| given)circle,lusinig only one chord and one per-
pendicular.

6. Find the centre of a circle which shall pass through three given points,

7. Given a curve, how can you ascertain whether it is the arc of a circle
or not ?

8. Find the locus of the centres of all the circles which pass through two
given points.

9. Draw a circle which shall pass through two given points, and whose
centre shall be in a given line. (In what case is there no solution? In what
case is the problem indeterminate ?)

10. Draw a circle with a given radius and passing through two given points.
(Two solutions. In what case only one ? In what case uo solution ?)

11, Find the locus of the middle points of a system of parallel chords.

12, Through a given point within a circle draw a chord which is bisected
at this point.

§ 184. Let the radius O 4 (Fig. 779) remain fixed, and con-

ceive that a second radius turns about O

D 2 as a centre, starting from the position

B OA, and coming successively into the po-

sitions OB, OC, OD, etc. The greater

& 4 the angle at the centre, 40 B,40C, A0 D,

etc., the greater the corresponding chord

AB, AC, AD, etc. Likewise the greater

the chord the nearer it approaches the

centre O; and finally, when the moving

radius arrives at the position OZF, the

<chord passes through the centre, and becomes a diameter. In
this way we may arrive at the following conclusions: —

Theorems. — 1. Z%e greater the angle at the centre, the greater

the corresponding chord (the angle being supposed less than

780°),

Fig. 179.
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NOTE.— The chord does not, however, increase in the same ratio as the angle
at the centre. The chord, for instance, of twice an angle is greater, but not twice
as great, as the chord of the angle itself.

II.  The diameter is the longest chord of a circle.

II1. Egqual chords arel equally distant from the centre.

IV. Of two unequal chords, the greater is nearer to the centre,
and conversely.

Exercise. — Draw through a given point within a circle the longest chord ;
the shortest chord.

II, — Inscribed Angles.

§ 185. Deflnition.—An angle B A C (Fig. 180) whose vertex
is in the circumference of a circle, and whose sides are chords, is
called an INSCRIBED ANGLE.

To every inscribed angle corresponds a definite arc and a defi-
nite chord. The inscribed angle is often
said to ““ stand upon” its arc.

By an angle incribed in a segment F
(DEFM) is understood an inscribed B
angle (DZE F) whose sides pass through
the ends of the arc of the segment.

Exercises. — 1, Draw a few inscribed angles,
and point out the corresponding arcs and chords. (5

2. Inscribe several angles in the same seg-
ment. Fig. 180.

§ 186. Theorem.— An inscribed angle is equal to one-half of
the angle at the centre whick has the same arc.

Progf. — The centre of the circle may lie (7.) in one of the sides
of the angle (F¥g. 781), or (ii.) between the sides of the angle
(Fig. 182), or (#ii.) without the sides of the angle (Fig. 787). So
there are three cases, but the second and third are closely con-
nected with the first.

Case (&,). — Draw the radius OC, and use §§ 66 and 80.
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Case (#i.). — Draw the diameter 4 D, apply the proof for Case
(i) twice, and add the results.

C C

Fig, 181. Fig. 182, Fig. 183,

Case (4it.). — Draw the diameter 4 D, apply the proof for Case
(s.) twice, and subtract the results.

Corollaries. — 1. [nscribed angles which stand upon the same
arc are equal.

Proof. — They are the halves of the same angle at the centre.

2. Al angles inscribed in the same segment are equal.,

Progf. — They are inscribed angles standing upon the same arc ;
namely, the arc found by subtracting the arc of the segment from
the whole circumference.

Upon what arc does the angle D E F (Fig. 180), inscribed in
the segment D £ F M, stand?

3. An angle inscribed in a semicircle is a right angle.

Proof. — The angle at the centre having the same arc is equal
to two right angles.

4. The sum of the angles inscribed, one in a greater, the other
in a less, segment, is equal to two right angles. Why?

Illustrate by diagrams these four corollaries.

Exercises.— 1, What is the value of an inscribed angle standing upon an
arc of 60°? 153°2 320°?

9, What value has an angle inscribed in a segment whose arc is equal to
90°? 135° 180°? 270°7 300V?

8. Is the angle inscribed in a greater segment greater or less than go®?
What is its value inscribed in a less segment?
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4, The arcs included by two parallel chords are equal. (Two methods of
proof.) ' °

b+ Parallel chords drawn from the ends of a diameter are equal. (Use
Corollary 3 of this section, and.§ 72.)

6. Find the locus of 'the'vertex of 'a ‘right -angle whose sides pass through
two given points.

Hints.—See Corollary 3. Make the line which joins the given points the diame-
ter of a circle,

7. Construct a right triangle, having given its hypotenuse. Is the problem
determinate or not ?

8. Construct a right triangle, having given the hypotenuse, and the altitude
upon the hypotenuse as base. Is this problem determinate or not ?

9. Construct a right triangle, having given the middle point of the hypote-
nuse, the vertex of the right angle, and the length of one leg.

10. Find the locus of the vertex of a given angle whose sides pass through
two given points.

11. Find the locus of the middle points of all chords drawn through a given
point in the circumference of a given circle. (Use § 183, Theorem II., and
Corollary 3 of the present section.)

§ 187. If at any point D (Fig. 718¢4) of the diameter 4B of a
circle we erect a perpendicular DC,
and join AC and BC, the angle
ACB = 90° (§ 186, Corollary 3);
whence it follows, from § 166, that,
I. DC'=ADx BD;
I {E: AB X AD; A D 0o
"\BC'=AB x BD. Fig. 184.

Exercises. — 1, State the above results in general terms as two theorems.

2. Verify the theorems for the case where D is at the centre of the circle.
Draw a diagram.

8. If (Fig. 184) OB =24 and 0D = 10", find DC, AC, and BC.

§ 188. Through a point P (Fig. z85) within a circle draw any
two chords 4 PB and CPD. Join AD and CB. Show that
AAPD~ A CPB (§§ 54, 186, 161); whence PA: PD =



208 GEOMETRY FOR BEGINNERS. [§ 189.

PC:PB; or, multiplying together the extremes and the means,
PA X PB= PC x PD.

Theorem. — If chords are drawn
through any point within a circle, the
product of the two parts into which the
F chord is divided by the point is the same
Jor all the chords.

Corollary. — Among the chords which
may be drawn through 2 is the diameter
EPF; therefore, the constant value of
the above-mentioned product, for a given
position of P, is the product of the two parts of the diameter drawn
through P.

Exercises. — 1, Prove § 187, Theorem I., using this Corollary and § 183.

2, If the radius of a circle = 24®, find the product of the parts of any
chord drawn through a point 10 from the centre.

8. Prove that the angle 4 P C (Fig. 185), between two intersecting chords
AB and CD, is measured by half the arc 4 £C included between its sides +
half the arc DFB included between its sides produced. (Use § 66 and
§ 186.)

D
Fig. 185.

III. — Secants and Tangents.

§ 189. Definition I.— A4 straight line of indefinite length
AB (Fig. 186), which culs the circumference of a circle in two
points is called a SECANT.
€ If we conceive the secant 4.8 to turn
about the point A4, towards the right, the
other point of intersection B will ap-
< proach nearer and nearer to A4, and will
finally coincide with 4. At this instant,
the secant takes the position C.D, and
has only one point 4 in common with
Fig. 186. the circumference.
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Definition II.— A4 &ne whick touckhes a circumference in one
point without cutfing it is called a TANGENT.

Such a line is usually said to #uck the circle; and the point
where it touches the circle,is called the goint of contact,

Exercises. — 1. In what relation does a secant stand to a chord ?

2. Can a straight line cut a circle in more than two points ?

8. What three different positions may a straight line have with respect to
a circle ?

§ 190. Let BC (Fig. 187) touch the circle at the point 4. Join
A to the centre O, and also join any other o)
point of BC, as D, to O. Then OD> : D
OA (why?). That is, OA4 is shorter
than any other line which can be drawn

from O to the line BC ; therefore (§ 83), A4
OA1 BCand BC1 OA.

Theorem. — A fangent fo a circle is
perpendicular to the vadius drawn lo the B
point of contact. Fig. 187.

Exercises. — 1, Find the locus of the centres of circles which touch a given
line in a given point.

2. Find the locus of the centres of circles which have a given radius and
touch a given line. (Two lines. See § 90.)

8. The radius perpendicular to a tangent bisects every chord parallel to
the tangent.

§ 191. Problem.— Z%krough a given point to draw a tangent
to a given circle.

There are three cases; for the given point may lie, (i.) within,
(#2.) in, (77i.) without, the circumference.

Case (4.) cannot be solved. Why?

Case (ii.). —§ 190 supplies the means of solution. How?
Give the construction.
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Case (#4i.). — Construction.— Let A (Fig. 188) be the given
point, O the centre of the given
circle. Join 40, and upon 40
as a diameter describe a circle
cutting the given circle in B and
C. AB and AC are both tan-
gents to the given circle.

Proof.—§ 186, Corollary 3,
and § 190.

Corollary. — 7%e tangents

AB and AC (Fig. 188) are equal.
Proof. — Show that the triangles 4 B O and 4 C O are equal.

Exercises. — 1. Draw a tangent through a given point in the circumfer-
ence of a circle.

2. Draw tangents through a given point without the circumference of a
circle.

8. If tangents are drawn from a point without a circle, the line which
joins the point to the centre of the circle bisects the angle made by the tan-
gents.

4. If the angle between two tangents drawn throngh a point without a
circle is a right angle, find the angle at the centre formed by radii drawn to
the points of contact.

5. Draw a circle with a given radius that shall touch a given line in a given
point. (Two solutions.)

6. Draw a circle with a given radius that shall touch a given line and pass
through a given point (two, one, or no solution, according as the distance from
the given point to the given line is <, =, or > the diameter of the circle).

7. Describe a circle that passes through a given point and touches a given
line in a given point. (Where cannot the first point be ?)

8. To a given circle draw a tangent which, —

(a) is parallel to a given line.
() is perpendicular to a given line.
(¢) makes a given angle with a given line.
9. Describe a circle that touches two given intersecting lines, and, —
(a) whose centre is in a given line.
() which touches one of the lines in a given point,
(¢) which has a given radius.
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10. Describe a circle that touches two given parallel lines, one of them in
a given point.

11, Describe a circle that touches two given parallel lines, and passes
through a point between them. (Two solutions.)

12, Describe a citc¢le/\tHat| touches. thrée given lines. (Four, two, or no
solution.)

§ 192. Let (Fig. 189) AD be a tangent to a circle at 4, and
AB any chord drawn from 4. Draw C
the diameter 4C, and join B to the
centre O of the circle. CA.D = go°
(why?) = 3 arc 4BC (measured in
degrees). CAB = 4 COB (why?) o
= 4 arc C B (measured in degrees).
The angle between the tangent and
the chord BAD =CAD — CAB. - >
Therefore, BAD = 4 arc ABC — } Fig. 189,
arc C B =} arc BD.

Theorem. — 7%e angle between a tangent and a chord drawn
through the point of contact, is measured in degrees by half the arc
included between its sides.

Exercises. — 1, Prove that the obtuse angle BA E (Fig. 189) made by
the tangent and the chord is measured by half the arc included between its
sides.

2. The angle made by two secants that meet without the circle is measured
by half the difference of the arcs included between its sides.

Hint.— Join two alternate points in which the secants meet the circle. Use
§ 66 and § .

8. The angle made by two tangents drawn through a point without a circle
is measured by half the difference of the arcs included between its sides (§ 66
and the Theorem above).

4. The less arc between the points of contact of two tangents drawn
through ‘a point without a circle = 120°. Find the angle between the tan-
gents.

-8« The angle made by a tangent and a secant that meet without the circle
is measured by half the difference of the arcs included between its sides.
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IV.— Two Circles.

§ 193. The relative position of two circles depends upon the
positions of their centres and the lengths
of ‘their-radii.

Deflnitions. — 1. Zwo circles that
have the same centre (Fig. 190) are said
Zo b¢ CONCENTRIC.

I1. The plane figure lying between their

circumferences is called a RING.
) II1. Two circles that have different cen-

Fig. 190. tres are said to be ECCENTRIC.

IV. The line joining thetr centres is called the LINE OF CENTRES.

§ 194. Let (Fig. 791) O and P be the centres of two eccentric
circles, with the radii » and #' respectively, and let us proceed to
examine the different positions which these circles will have, as the
distance of their centres OP = ¢ is supposed continually to in-
crease. There are five different cases.

Case (4.) (Fig. 192). ¢<r— 7. If the distance of the centres
is less than the difference of the radii, #e smaller circle lies wholly
within the larger.

ClCC

Fig. 191, Fig. rga, Fig. 193,

Case (#.) (Fig. 7197). ¢=r — 7. If the distance of the cen-
tres is equal to the difference of the radii, tke circles touch, or are
langent, internally.



§ 194.] CHAPTER IX.—THE CIRCLE. 213

Case (iii.) (Fig. 193). ¢>r— 7 and <7 -+ /. If the distance
of the centres is greater than the difference, but less than the sum
of the radii, ke circles intersect in two points.

Case (iv.) (Fig, 194):i1¢= 7+ ~Af the distance of the cen-
tres is equal to the sum of the radii, #he circles touch, or are
langent, externally.

Fig. 194. ) Fig. 195.

Case (v.) (Fig. 7195). ¢>r+ 7. If the distance of the cen-
tres is greater than the sum of the radii, #he circles lie wholly
outside eack other.

Exercises. —1. Can you give a reason why two circles cannot meet in
more than two points ?
2. What different positions can two circles have relatively to each other ?
8. Let 7 and 7/ be the radii of two circles, ¢ the distance of their centres.
What relative positions have the circles for the following values of 7, 7/, and ¢?
(a) r=35, r'=3) c= 8. Nr=6 =6, ¢
(b) r=1p, r'=4, 2. (g‘) r=10, 7= 3
6

~
I
I

o
[

~
I
-
©nY 0N »

° (t) r=6, =2 ¢ (o ) r= Sy r’:s,
(d)r=8, =3, X G) r=12, =7,
(&) r=9, 7'=35, c= 4. ) r= 9, r'=2, c=
4, Describe, with the radii 35¢™ and 25°®, two circles which shall touch
each other (7.) internally, (#:.) externally.
8. In a given circle make two circles such that they shall both touch the
given circle internally, and also touch each other externally.
6. With three given radii, », #, and g, describe three circles which shall
mutually touch one another externally.
Hint. — First construct a triangle having the sides m + », m + 2, and 2+ 2.

i

o
o
Il
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V.—Inscribed and Circumscribed Figures.

§ 195. Deflnitions. — 1. A circle is said to be INSCRIBED inz @
polygon when its circumference touches. all the sides of the polygon ;
and the polygon s said fo be CIRCUMSCRIBED about the circle (Fig.
196).

II. A cirele is said to be CIRCUMSCRIBED about a polygon when
its circumference passes through all the corners of the polygon ;
and the pohgon is said fo be INSCRIBED in the circle (Fig. 197).

In Fig. 196, the sides of

the polygon are tangents
to the circle; in Fig. 197,
they are chords of the cir-
cle.

NOTE.— In treating this sub-

X - . ject we shall first suppose the poly-

Fig. 196. Fig. 197. Jgon to be given, E\Eld the (?irc)l'e

inscribed or circumscribed (§§

196-201); and then suppose the circle to be given and the polygon to be
inscribed or circumscribed (§§ 202-207).

>

§ 196. Problem.— 7v inscride a circle in a given triangle
ABC (Fig. 198). '

Construction. — Bisect the angles 4 and B, and from the inter-
section O of the bisectors draw
ODJL AB. O is the centre of
the required circle, 0D the ra-
dius.

Proof. — Draw OE 1 AC,
OF 1 BC, and join OC. Show
that A4OD >~ A AOE,and
ABOD >~ A BOUF, whence
OD = OF = OF; therefore,

Fig. 168, the circle with O as centre and
O D as radius touches the sides of the triangle in D, £, and Z.
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Compare this proplem with § 92, Exercise 8.
Corollary. — A circle can always be inscrided in a triangle.

§ 197. Problem. — 7o circumscribe a circle about a given tri-
angle.

Analysis, by means of §§ 87 and 92.

Draw a figure, and give the construction.

Compare this problem with § 92, Exercise 7.

Corollary. — A circle can always be circumscribed about a
triangle.

Exercise. — Prove that if a triangle is equilateral, the radius of the circum-
scribed circle = twice the radius of the inscribed circle (see § 112, Exercise).

§ 198. Theorem. — If a guadrilateral ABC D (Fig. 199) is
circumscribed about a circle, the sum of two opposite sides is equal
lo the sum of the other two sides.

Progf.— Apply § 191, Corol- 2
lary ; then add the equal parts
of the sides together.

The converse is also true, but
the proof will not be given.

Conversely.—If in a quadri-
lateral the sum of two opposite
sides is equal to the sum of the
other two sides, a circle can be in- A4 Fig. 109. ‘B
scribed in the quadrilateral.

Exercises.— 1. How is the centre of the inscribed circle found ?
2. In what two kinds of quadrilaterals can a circle always be inscribed ?
8. Draw a rhombus, and inscribe in it a circle.

§ 199. Theorem. — [f a quadrilateral is inscribed in a circle,
the sum of the opposite angles is equal to 180°.

Progf.— Draw a figure of an inscribed quadrilateral, then draw
a diagonal, and apply § 186, Corollary 4.
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The converse theorem without proof is as fellows : —
Conversely. — If the sum of two opposite angles in a quadyri-
lateral = 180° a circle can be circumscribed about it.

Exercises. — 1. 'How'is the centre of the-circumscribed circle found ?

2. About what two kinds of quadrilaterals can a circle always be circum-
scribed ?

8. Draw a rectangle, and circumscribe about it a circle.

§ 200. Theorem.— A circle can always be inscribed in a
regular polygon.

Progf.— Use § 119. What is the radius of the circle, and what
point is its centre?

Exercises. — 1, Show how to find the centre of the inscribed circle.

2. Inscribe a circle in a regular hexagon.

8. Within a square describe four circles touching each other, and also the
sides of the square. What is the common radius of the circles ?

§ 201. Theorem.—A circle can always be circumscribed about
a regular polygon.

Proof. —Use § 119. What is the radius of the circle, and what
point is its centre?

Exercises. — 1. Show how to find the centre of the circumscribed circle.
2. Circumscribe a circle about a regular hexagon.
8. Circumscribe a circle about a regular octagon.

§ 202. In order to inscribe regular polygons in circles, or to
circumscribe them about circles, it is necessary to divide the cir-
cumference of the circle into as many equal parts as there are
sides in the polygon.

Problem. — 70 divide with ruler and compasses the circumfer-
ence of a circle into equal parts.

This problem can be solved only in the following cases : —

Case 1. — Two, four, eight, sixteen, thirty-two, etc., equal parts.
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Solution. — A diameter bisects the circumference (§ 181, Corol-
lary 2); two diameters perpendicular to each other divide it into
four equal parts (§ 181, Corollary 4); repeated bisection of the
arcs will divide it into, eight, sixteen, thirty-two, etc., equal parts.

Draw a circle, and divide the circumference into two equal parts ;
four equal parts ; eight equal parts.

Case 2. — Three, six, twelve, twenty-four, forty-eight, etc., equal
parts.

Solution. — If we Cconstruct in a
circle (#ig. 200) an equilateral tri-
angle OA B, having each side equal
to the radius, it is clear that, since
AOB = 60°, the arc AB =} the
circumference. Therefore, the ra-
dius applied as a chord six times
to the circumference will divide it

into six equal parts. A
The alternate points of division, Fig. 200,
as A, C, E, divide the circumference .

into three equal parts (Axiom IL.).

How can the circumference be divided into twelve equal parts?
into twenty-four? into forty-eight?

Divide a circumference into six equal parts ; twelve equal parts.

Case 8. — Five, ten, twenty, forty, D
eighty, etc., equal parts.

Solution (Fig. 201). — Bisect AO
in C, and with C as centre, and a
radius equal to C D, describe an arc
cutting OB in £; OF applied as a
chord ten times to the circumference
will divide it into ten equal parts, and
DE applied as a chord five times
will divide it into five equal parts.

Fig, zor.
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The proof that this solution is correct cannot be given here.

How will the division into ten equal parts enable us, without the
use of D E, to make the division into five equal parts?

How can a circumference be divided into twenty equal parts?

Divide a circumference into five, and 'into ten equal parts.

Remark. — With the aid of a protractor (see Fig. £6) a cir-
cumference may be divided with sufficient exactness for all practical
purposes into any number of equal parts. Suppose, for instance, that
the number of equal parts is 25 ; then the angle at the centre cor-

]

responding to each part = 3—‘:5)_ = 14°24'. Construct with the pro-
tractor, placed so that its centre shall coincide with the centre of
the circle, an angle of 14° z4'; the arc of the given circle con-
tained between the sides of this angle will be 5% the entire cir-
cumference.

NOTE. — An angle of 1° (among others) cannot be constructed with the ruler
and compasses. The question may here occur: how is a protractor itself gradu-
ated into degrees? One way is as follows: divide with ruler and compasses the
entire circumference into six equal parts, and then into five equal parts. The dif-
ference between two of these parts (3 — 1) = sk;, the circumference = ¢ the semi-
circumference. Bisect twice in succession each of these fifteen parts; this divides
the semi-circumference into sixty equal parts; finally, each of these sixty parts is
trisected by repeated trials, opening or closing a little the compasses till the right
opening is obtained. But the most perfect method of graduating a.circle into
degrees and subdivisions of a degree is by means of nicely-adjusted screw-motion
in machines made for this express purpose.

Exercises. — 1. Find all the angles between 1° and 360° which can be
constructed by Case 1.

2. Find all the angles which can be constructed by Case 2.

8. Find all the angles which can be constructed by Case 3.

4. What angle can be trisected with ruler and compasses ? Trisect it.

5. Divide with the protractor a circumference into seven, nine, fiftec:
equal parts.

§ 203. Problem. — 7v inscribe in a given circle a regular
polygon (Fig. 202). .
Construction. — Divide the circumference into as many equal
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parts as the polygon has sides, and join in order the points of
division by straight lines.

Progf.— The sides 4 B, BC, etc.,
are equal, and the angles 4B €;
B CD, etc., are equal (§ 181, Re-
mark). Therefore, the inscribed fig-
ure is a regular polygon (§ 118).

Remark. — By means of the fol-
lowing construction, the side of any
inscribed regular polygon (except the
triangle and the square) can be found

to a close degree of approximation. Fig. 202.

Divide the diameter 4 B (Fig. 203)of the given circle into as many
equal parts.as there are sides in -

the polygon to be inscribed. 1

Draw CD_L AB. Prolong AB =

to £ and CD to F, making 4 £

= D F = one of the equal parts.

Join EF, and finally join the

intersection G of £ F with the . L.

circumference to the third point £ 4 AC z
C . . Fig. 203.

of division A of the diameter;

G H is the side of the polygon required.

G,

Exercises. — Inscribe in a given circle, —

1. A square. 4. A regular polygon of seven sides.
2. A regular pentagon. 5. A regular polygon of nine sides.
8. A regular octagon. 6. A regular polygon of eleven sides.

§ 204. Problem.— 7o circumscribe about a given circle a reg-
ular polygon (Fig. 204).
Construction.— Divide the circumference into as many equal
parts as the polygon has sides, and draw tangents through all the
points of division. '



220

GEOMETRY FOR BEGINNERS. [§ zos.

PFrogf.— Show that the quadrilat-
erals ABCO, CD E O, etc., are equal
(by the method of superposition).

Exercises. — Circumscribe about a given

D Ccircle, —

1. An equilateral triangle.
2. A regular hexagon.

8. A regular heptagon.

4. A regular nonagon.

5. A regular decagon.

6. A regular dodecagon.

§ 205. Regular polygons are most easily constructed by employ-

ing circles.

Problem. — 70 construct a regular polygon, having given the

Fig. 205.

number of sides, and the length AB
(Fig. 205) of one side.

Solution. — Find the centre O of
the polygon (§ 121), and about O,
with a radius = 0 4, describe a cir-
cle; then apply 4B to the circum-
ference as many times as there are
sides in the polygon.

Remark. — Every regular poly-
gon is composed of a series of equal
right triangles (§ 119, Corollary 2).
The sides of one of these triangles,

AOD (Fig. 205), are the greater radius, the less radius, and

the half-side of the polygon.

It follows, from § 142, that these

sides cannot have any values which we may choose to give them,
but are so related that 40° = 4D + OD'. The following table
gives the values (near enough for most purposes) of the less
radius and the side, the greater radius in each case being taken

equal to 100.
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Polygon | Orewter | Less Radius. | One Side.

3 sides 100 50 173

4 sides’ 100 71 141

5 sides 100 81 118

6 sides 100 87 100

7 sides 100 90 87

8 sides 100 92 76

9 sides 100 94 68

10 sides 700 95 62

12 sides 100 96 52
Exercises. — Upon a line 20°™ long construct, —
1. A regular pentagon. 8. A regular octagon.
2. A regular hexagon. 4. A regular decagon.

Construct a regular polygon, having given, —
5. Perimeter = 1.2™, number of sides = 8.
6. Greater radius = 60°®, less radius = 30°™.
7. Greater radius = 50°®, one side = 26°™,
8. Less radius = 27°®, one side = 39°™.

9. Greater radius = one side.

10. One side = 36°m, one angle = 135°,

11. Greater radius = 45°™, angle at the centre = 30°.

12. Less radius = 32°™, angle at the centre = 40°.

18. Since a regular polygon is composed of a series of equal right triangles,
any two parts which determine one of these triangles will determine the entire
polygon. What are the six parts of one of these triangles ? What two parts
can always be found if the number of sides is known? How ?

14. Give all the cases of two parts that determine a regular polygon.

158. The radius of a circle = 10°™, Find the side of the inscribed equilate-
ral triangle ; also a side of the inscribed regular decagon.

16. The perimeter of a square = 40°™. Find the radii of the inscribed
and of the circumscribed circles.

17. In a regular hexagon the line which joins the middle points of two
ppposite sides is 2™ long. Required the perimeter of the hexagon.

18. A square, whose perimeter = 40°™, is changed into a regular octagon
by cutting isosceles right triangles from its corners. Find the sides of one of
these triangles.
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19, One side of a marble slab in the shape of a regular octagon = 42°=
Find the radius of the inscribed circle.

20, In a circle whose radius = 15°™, a regular hexagon and a regular
dodecagon are inscribed. Find the difference of their perimeters.

§ 206. Problem.— Having given the side A B (Fig. 206) of an
inscribed regular polygon, to construct the side of an inscribed regu-
lar polygon having twice as many
stdes, and to compute its length.

Construction. — Bisect the arc
AB in D,and join 4D. AD
is the side of the polygon re-
quired.

Proof.— Apply § 181.

Computation. — If AB and
AQO are known, then in the right
triangle 40OC we can compute
the value of CO (how?). Sub-
tract CO from DO, and we ob-
tain CD; lastly, in the right tri-
angle ACD, in which 4C and CD are known, compute 420D
(how?).

Fig. 206,

Exercises. — 1. In a circle whose radius =1™ a regular hexagon is in-
scribed.  Find the side and the perimeter of the regular inscribed dodecagon.

Solution.—In this case, 4 B (Fig. 2060)=A0=1m; AC=0.5"; co=VA40'—ac*
=‘\/x’_—755_=0.3660854“‘: CD=DO0— CO=1—08660254 =0.1339746™; A D
=ZC+ D= \/Qs'+o.1339746*=o.51763818m. The perimeter of the do-
decagon =12 X 0.51763818™ =6.211658™,

9. Find the area of the triangle 4 D B (Fig. 206).

8. If the radius of the circle = 1™, compute the side and the perimeter of
the inscribed regular polygon of twenty-four sides.

The radius of a circle = 10™. Find,— ’

4. The perimeter and the area of the inscribed square.

5. The perimeter and the area of the inscribed regular octagon.
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§ 207. Problem.— Having given the side AB (Fig. 207) of
an inscribed regular polygon, to construct the side of the circum-
scribed regular polygon having
the same number\\of | sidesyand.
to compute its length. ‘

Construction. — Bisect the arc
AB in D; through D draw a
tangent, and prolong it until it
meets OA4 and OB prolonged
in £ and in #. EF is the side
of the polygon required.

Progf — Conceive the same
construction carried out for all

Fig. 207.

sides of the inscribed polygon ; then prove that the triangles O £ 7,
OFG, etc., are equal (by showing_that the right triangles which
are their halves are all equal).

Computation.— AB and E F are parallel, both being perpen-
dicular to OC; therefore, A AOB ~ AEQOF, and OC: OD =
AB: EF. Inthis proportion, 0D and 4 B are given, and OC
can be found from the right triangle 40C (how?). EF can then
be computed (how?).

Exercises. — 1. In a circle whose radius= 1™ a regular hexagon is in-
scribed. Find the side and the perimeter of the regular circumscribed
hexagon. )

Solution.— 1f (Fig. 207) O D=1m, then AB=1m,and OC=V 0 A" — AC' =
A/1*—0.52 =0.8660254™; hence 0.8660254:1=1: E F. E F=1.1547005™ =one
side of the circumscribed polygon. And the perimeter=6 X 1.1547005™ =6.928203™.

2. In a circle whose radius = 1™ the side of the inscribed regular dodeca-
gon has been found (§ 206) equal to 0.5176318™. Find the side and the
perimeter of the circumscribed regular dodecagon.

The radius of a circle = 10™. Find, —

8. The perimeter and the area of the circumscribed square.

4. The perimeter and the area of the circumscribed regular octagon.
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VI.—Length of a Circumference.

§ 208. In order to find the length of a circumference, we make
use of two general truths, which are sufficiently obvious from what
precedes.

L. The perimeter of an inscribed regular polygon is always less,
and that of a circumscribed regular polvgon is always greater, than
the length of the circumference.

I1. The greater the number of sides, the nearer the perimeter in
either case approaches to the length of the circumference.

If the radius of the circle = 1, the perimeter of the inscribed
regular hexagon = 6 (§ 202, Case 2), and that of the circum-
scribed regular hexagon = 6.928203 (§ 207) ; therefore, the length
of the circumference is more than 6, but less than 6.928203, times
the length of the radius.

If now we inscribe and circumscribe regular polygons of twelve
sides, twenty-four sides, forty-cight sides, etc., and compute to the
sixth decimal place the values of their perimeters, we shall obtain
the following results : —

Number of PERIMETER OF THE POLYGON.
Sides in

the Polygon. Inscribed. Circumscribed.

6 6.000000 6.928203

12 6.211658 6.430782

24 6.265257 6.319320

43 6.278700 6.292172

96 6.282066 6.285430

192 6.282905 6.283746

384 | 6.283115 0.283325

768 6.283168 | 6.283220

1536 | 6.283181 6.283194

3072 ’ 6.283183 6.283187

1




§ 208.] CHAPTER IX.—THE CIRCLE. 225

Since the length of the circumference always lies between the
perimeters of the inscribed and circumscribed polygons having the
same number of sides, and the perimeters of these polygons having
3072 sides agree in value in the first five decimal places, therefore
the number 6.28318 expresses the length of the circumference
correctly to five decimal places ; that is, the length of the circum-
ference is 6.28318 times the length of the radius, or 3.14159 times
the length of the diameter.

The number which expresses the ratio of the circumference of
a circle to its diameter, is often denoted, for the sake of conve-
nience, by the Greek letter 1 ; that is, = = 3.14159, very nearly.

For most practical purposes we may take = = 34 = 22, or, deci-
mally, = = 3.14. When greater accuracy is required, more decimal
places must be used. If more than five decimals are desired,
they may be obtained by continuing the above process, or much
more easily by means of other methods known to mathematicians.

But whatever method be used, the exact value of the ratio of the
circumference of a circle to the diameter cannot be found. The
farther the computation is carried, the nearer we approximate to
the true value, but the series of decimals which we obtain never
comes to an end. This amounts to saying that the circumference
of a circle and its diameter are two incommensurable lines (§ 38).

NOTE.— The problem of finding the ratio between the circumference of a circle
and its diameter exercised the minds of geometers in very early times. In an ancient

Brahmin work, called Ayeen Akbery, the value is assigned as 39—:7 =3.1416. Archi-
250

medes, the greatest geometer of antiquity (died 212 B.C.), using the method of
inscribed and circumscribed polygons, up to polygons of g6 sides, found that
the value lay between 3} and 3%¢. Ludolph of Cologne, with prodigious labor,
carried the computation to polygons of 32,212,254,720 sides, which gives the value

correct to 35 decimal places. Metius found it to be 355, which is correct to six
1

3
decimal places. And Professor Richter of Elbing, Germany, has computed the
value of m to 500 decimal places!
But there is no practical advantage in obtaining more than the first five or six
places; the value m = 3.14159 is so near the truth that the error made in computing

1 & (pronounced like p) is the first letter of a Greek word meaning circumference.
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the circumference of a circle with a diameter of one mile is considerably less than
one inch. Accordingly, this problem, which engaged the attention of geometers
so deeply when their methods of approximation were less perfect, has now sunk
to the rank of those useless questions over which only persons ignorant of geo-
metrical science are willing to waste their time.

§ 209. Let 7, 4, and ¢ denote the numbers which express, in
terms of the same unit, the lengths of the radius, the diameter, and
the circumference, respectively, of a circle ; then, from what pre-
cedes, —

c=wxd=2xr. [10.]

Read this formula in words. If 7 is given, how can ¢ be found?
If ¢ is given, how can 7 and & be found? :

For example, if 7= 4™, then #=8",and ¢ =8 X 3.14 = 25.12™.
Conversely, if ¢= 20", then /= f% = 6.36™, and = 3.18™,

It is obvious, from Formula [10], that if either 7 or # be doubled,
trebled, quadrupled, etc., ¢ will be doubled, trebled, quadrupled,
etc. ; in other words, —

The circumferences of two circles are to eack other as their radii,
or as their diamelers.

§ 210. An arc may be measured in degrees, minutes, and sec-
onds (angular measure), or its length may be expressed (like that
of any line) in meters, feet, or other linear units.

It follows, from § 181, that, —

Length of an arc: whole circumference = corresponding angle at
the centre : 360°.

By means of this proportion such questions as the following may
be solved : —

1. In a circle whose radius = 5™, find the length of an arc
of 45°.

The circumference = 10 X 3.14 = 31.4™. Length of arc of 45°:

31.4 = 45°: 360°. Length of the arc = ‘}%(%ﬁ = 3.92™.



§ 211.] CHAPTER IX.—THE CIRCLE. 227

2. in the same circle, how many degrees, etc., are there in an
arc 6™ long?

The above proportion in this case becomes, 6 : 31.4 = No.
of degrees in the arc|Hiz6of.cONa:of degrees in the arc =
6 X 360

68° 47' 23".
314

§ 211. PracticaL EXERCISES.
(Take x = 3.14 with Metric units, 3} with English units.)
Find the circumference of a circle, if the radius is equal to,—

1. 7™ 4, 6740 7. 3.2jm.

2, 236™. 5. 8in, 8., 75 (7 = 3.14159).

8. 4.38km, 6, jmile, 9. 8425%™ (m = 3.1415926).

Find the radius and the diameter of a circle, if the circumference is equal
to,—

10, 1™, 18. 15§t 16. 9.74™.

11. 162.4™ 14, 11in, 17. 64 (7= 3.14159).

12, 2.16%m, 15, 1mile, 18, 40k (7w = 3.1415926).

19. How many revolutions does a car-wheel, the diameter of which= 1.4™,
make in going a distance of 132k=?
1.4 X 22 132,000
7

Ans. Circumference of wheel= =4.4m; No. of revolutions =

= 30,000.

20, If the driving-wheels of a locomotive have a radius of 3®, how. many
revolutions will they make in going from New York to Boston, a distance of
236 miles?

21. The diameter of a wheel = 75°®, and in going a certain distance it was
observed to make 3000 revolutions. Required the distance.

22. What is the diameter of a circular reservoir, if 2 man in walking around
it makes 840 paces, and each pace = 0.625™?

23. What must be the diameter of a round dining table for eight persons,
if 775 is allowed to each person ?

24. How many nails are required to fasten the cloth covering about the
~ edge of a circular table 147 in diameter, the distance between two nails to
be 4°m?

28. A toothed wheel 3.756™ in diameter has 360 teeth. Find the distance
between the centres of two teeth.
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26. On the circumference of a wheel are 36 teeth, and the distance between
the centres of two teeth = 18™™, Find the diameter of the wheel.

27. The radii of three concentric circles are I, 2, and 3@, Find their
circumferences.

28. The diameters of two concentric circles are 12°@ and 20°™, ~ Find the
diameter of a circle ‘whose'circumference lies 'half-way between the other
two.

29. The diameters of two concentric circumferences are 8@ and 10t™
Find the circumference lying midway between them.

80. If the diameters of the ends of a smooth log are 39m and §dm, what is
the diameter of a section midway between the ends ?

81. Find the exterior and interior circumferences of a circular tank, the
exterior diameter being 1.08™ and the thickness of the side 3em.

82. A circular reservoir is dug 9.6 in diameter, 7.2™ deep. Its side is
lined with stones 28°® long, 12°® wide, 8@ high. Find the number of stones
required. )

88. An iron wheel 1.26® in diameter has teeth upon its circumference,
distant 6™ from centre to centre; (#.) how many teeth are there, and (i7.)
what is the length of the circumference in which the highest points of the
teeth lie, the height of the teeth being 7°m?

84. If the length of the minute-hand of a watch=18"m, what distance
does its end pass over in one day ? in one year ?

86. What distance is traversed by a point in the circumference of a water-
wheel 2™ in diameter, if the wheel makes 1400 revolutions in one hour ?

86, The earth turns on its axis once a day. If its diameter = 8000 miles,
find the velocity per second of a point on the Equator.

87. What ought to be the diameter of a millstone which is to make
100 revolutions per minute, if experience teaches that to secure good grind-
ing a point on the circumference should have a velocity of about 8= per
second ?

88. Draw two concentric circles with the radii 25°™ and 40®; then de-
scribe a concentric circle whose circumference equals the sum of the two other
circumferences. Find, also, its length.

89. What is the radius of a circle whose circumference is equal to the
difference between the circumferences of circles 24°® and 45 in diameter ?

40, Find the diameter of a circle whose circumference is equal to five
times that of a circle 30°® in diameter.

41. Describe two circles, making the circumference of one equal to one-
quarter that of the other.
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42, The circumferences of two concentric circles are 50 and 8o™. How
far apart are they ?

43. Of two toothed wheels which work together, the first has fifty, the
second eighty teeth. How many revolutions will the first make while the
second makes sixty 2, What; diameter- has. the, first, if that of the second =
1.32™? ‘

Hint.— The distance between the centres of the teeth on both wheels must be
the same.

44, The diameter of a toothed wheel having 100 teeth = 60®. How
many teeth must a wheel have, which, when connected with the first wheel,
makes ten revolutions while the first makes one? And what must be its
diameter ?

45, Of two belted wheels in a machine, the first makes twelve revolutions
while -the second makes five. If the diameter of the first wheel =9g6¢®, find
that of the second.

46. Invent and describe an arrangement of toothed wheels, such that,
if the first wheel revolves once a day, the last wheel will revolve once a
second.

47, The hind wheels of a carriage are 1.5™ in diameter. How many
revolutions will they make while the fore wheels, 1™ in diameter, make 2500
revolutions ? .

48, In a circle 2™ in diameter find the length of the arc subtended by
one side of, —

(i) The inscribed square.

(¢2.) The inscribed regular pentagon.
(37:.) The inscribed regular octagon.
(#v.) The inscribed regular decagon.

49. Diameter of a circle = 3.3®. How long is an arc of 140°?

50. What is the diameter of the circle if an arc of 40° has a 1ength
of 8.3m?

51. What is the radius of a circle in which each degree of the circumfer-
ence has a length of 1m?

52. What is the-length of 1° on a protractor, the diameter of which = 48em?

53. Find the ratio between the lengths of degrees on two concentric cir-
cles, the radii of which are 19m and 8dm,

54. How many degrees, etc., are there in an arc equal in length to the
radius of the circle ?

58, Find the ratio between an arc of a quadrant and the corresponding
chord.
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VII.— Area of the Circle.

§ 212. The area of a circle is always less than that of a circum-
scribed regular polygon, and greater than that of an inscribed
regular polygon'; ‘moreover, the dreas”of these polygons approach
nearer to each other, and to the area of the circle, as the number
of their sides is increased. We might, therefore, find the area of
a circle by a process similar to that employed for finding the
length of the circumference. The following method, however, is
much better : —

Circumscribe a regular polygon about a circle (as in #7g. 204),
and let » = its less radius = radius of the circle. Now it is clear,
that by increasing the number of sides in the polygon, we can make
its area approach the area of the circle as nearly as we please, but
we cannot make it absolutely equal to the area of the circle ; in

other words, —
that value which the area of the polygon

Area of the circle = { approaches, but never absolutely reaches, as
the number of its sides is increased.

This value of the area of the polygon is termed its Zmifing value,
or simply its LiMIT ; so that we may write the above equation more
briefly, thus : —

Area of the circle = limit of area of the polygon.

By § 133, area of the polygon = }~ X its perimeter. This equa-
tion is true, no matter how great or how small the number of sides.
Now, by increasing the number of sides, the perimeter can be made
to approach the circumference of the circle as nearly as we please,
but can never quite reach it. Therefore, —

Limit of area of the polygon = 47 X circumference of the circle.
Therefore (Axiom IV.), —

Area of circle = % r X its circumference.
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§ 213. If we substitute for the circumference the values < and
277, we obtain the very useful formula, —
Area of a circle = } xd? = »r%, [11.]
For example : 'if the radius’ 7= 8™, "the area S= 3.14 X 64 =
200.96%™.
From Formula [11] we find that the values of & and of 7 in
terms of .S and = are, —

d=—"4_‘s=2‘v!§-, r= 5,
n T T

Read these formulas in words.
For example : if S = 20™, then » = 20 \/6._37 = 2.52",
314

In Formula [11] assume any value for » (or &), then double it,
treble it, quadruple it, etc., and work out for each case the cor-
responding value of the area of the circle. We find that the areas
are to each other as the numbers 1, 4, 9, 16, etc. That is, —

The areas of circles are to each other as the squares of thetr radii
(or their diameters).

§ 214. Problem.— 70 transform a given circle into a square.

By computation. Find the area of the circle, extract its square
root, and the result will be one side of the square required.

Let @ = the radius of the given circle ; then its area = =4? and
the side of the equivalent square = Vral=czVr =a V3.14159
=a X 1.77245.

By construction. Draw a straight line equal to half the circum-
ference, and then find, by § 170, a mean proportional between
this line and the radius ; this will be a side of the required square.

Remark. — A square which shall be exactly equivalent to a
given circle cannot be found, because the value of = cannot be
exactly found. In other words, the problem of *squaring the
circle”” admits only of an approximate solution. But the value
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7 = 3.14159 gives a result far more accurate than could be actually
constructed with ruler and compasses.

Exercises.— 1. Draw a circle, and then find the side of an equivalent
square, (i.) by compptation,){(éf.) by)construction. How do the results
agree ?

2. Construct a square, and then make a circle equivalent to the square.

8. Find the ratio of the areas of a square and a circle, if, —

(i.) A side of the square is equal to the radius of the circle.
(#i.) A side of the square is equal to the diameter of the circle.

§ 215. Upon the sides of the right triangle 4 BC (Fig. 208),
as diameters, describe circles. By
§ 1&, -
AC'=4B'+ BC'.

If we multiply the terms of this
equation by }=, the equality is not
destroyed (Axiom VII.), and we ob-
tain, —

B 17X AC=}xxAB+}xx BC".

Now these three quantities, taken
in order, are the areas of the circles
Fig. 208, described upon the hypotenuse and

the two legs as diameters.
Theorem. — 7The area of the circle described upon the hypote-
nuse of a right triangle as diameter is equal lo the sum of the areas
of the circles described upon the two legs as diameters.

NoTE. — This is a special case of a very general theorem, which may be callea

the Generalized Theorem of Pythagoras, namely: if upon the sides of a right trian-
gle we construct any three similar figures, the area of the figure constructed upon the
hypotenuse will be equal to the sum of the areas of the figures comstructed upon the

legs.
Exercises. — 1. Make a circle equal to the sum of two given circles.
2. Make a circle equal to twice a given circle.
8. Make a circle equal to the difference of two given circles.
4. Make a circle equal to half of a given circle.
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§ 216. Problem. — 7v find the arca of a circular sector AOB
(Fig. 209), having given the radius of the circle and the angle of
the sector.

Solution. — From, § 182, Corollary,-and
§ 212, it follows that the area of a sector
is found by multiplying its arc by half the
radius of the circle.

Example.— Let the radius = 14™, and
the angle of the sector = 40°. Then, —

Circumference of circle = 2 X 34 X 14.

Arc of sector =#f X circumference.

Area of sector = its arc X 7=68.44%™.

Compute the sector for the following
values of the angle : 9o°, 180°% 270°

§ 217. Problem.— 70 find the area of a circular segment
CED (Fig. 209), having given the radius of the circle, the angle
at the centre CO D, and the height E F of the segment.

Solution. — Compute the areas of the sector COD and the tri-
angle COD. Then, segment C £ D = sector C O D — triangle
COD.

Example.— Let the radius = 1™, the angle COD = 40° and

the height £/ = 6. Then (§ 216), the sector COD = ﬁ;
360

= 0.349™. Inthe triangle CO D, the altitude OF = OF —

EF =o0.94™; by § 187, L, half the base CF=VEF (z — EF)

= 0.342™ ; the base C.D = 0.684™; and the area of the triangle

__0.94 X 0.684
2

ment = 0.349 — 0.32148 = 0.02752% ; an answer correct enough

for all practical purposes.

NOTE.— The height £ F (Fig. 209) of a segment, and the angle CO D at the
centre, are not inde‘gendent of each other, but are connected by a relation which

it is the business of rigonometry to investigate.

oA

= 0.32148%". Therefore, the area of the seg-



234 GEOMETRY FOR BEGINNERS, [§ 218.

§ 218. PracricAL EXERCISES.
Take w = 3.14 with Metric units, 3% with English units.
3 5

Find the area 'of d/civclé, having given, <

1. The diameter = 11™. 4. The radius = 37°m,
2. The diameter = 4.37™. &+ The radius = 3}2.
. 8. The diameter = g™, 6, The radius = 43miles,
Find the area of a circle (7 = 3.1416), having given, —
7. The diameter = 8.346™. 9. The radius = 27.19m,
8. The diameter = 16.37%™, 10. The radius = g}f.
Find the radius of a circle, having given, —
11. The area = 100%=, 14, The area = 2000%- &,
12. The area= 9469, 15. The area = 682.4%-in,
18. The area = 23.37%=. 16, The area = 72%- miles,

17. The radius of a circle=7™. Find the area, (¢.) taking = = 31, (5i.)
= = 3.14159. What is the difference (in square centimeters) of the results?
‘Which result is more correct? )

18. The diameter of a circular park is 1¥®, Find the difference in its
areas computed, (£.) taking m = 3}; (#7.) taking ™ = 3.1416.

19. A man buys a circular field, diameter = 16008, for four cents per square
foot. What difference will there be in the price paid for the field according
as 7 is taken equal to 3} or equal to 3.14159?

20. Describe a circle, and then find its area.

21. Find the area of a circle if its circumference = 8o™.

22, The circumference of a tree measures 2.6®. Find the area of a cross-
section.

28. If the length of a circular race-course is to be 1mile, how many acres
of land will it cover?

24, If the circumference of a garden-bed = 48.25™, what is its area?

25. Around the banks of a circular pond are planted 256 poplars, 6= apart.
Find the area of the pond.

26. What will jt cost to cover a round table the radius of which = 75°=,
if the cloth is 60°™ wide and costs $2.00 per meter?

Find the radius, the circumference, and the area of a circle equal to, —

27. The sum of two circles whose diameters are 5™ and 6™.

28. The sum of two circles whose areas are 609™ and 8o,

29, The difference of two circles whose radii are 3™ and 4™.

30, The difference of two circles whose circumferences are 33™ and 44™.
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Find the radius of a circle,—

81. Three times as large as a circle whose radius = 7=.

82. Five and one-half times as large as a circle whose diameter = 12.6™,

88. One-ninth as large as a circle whose circumference = 45.23™.

34. If a horse,'tied 'by'a’'rope’ 4™ long ‘to'a stake driven in the ground,
eats all the grass which he can reach in three hours, how long must the rope
be in order that the grass may last twelve hours?

85. If the diameters of the holes in the side of a tank are as 3 : I, how
much more water will flow in an hour out of one than out of the other?

86. If 8o flowers will grow on a circular garden-bed, and I wish another
bed on which 800 of the same flowers will grow, what diameter must it have
compared with that of the first bed?

87. Find the area of a circular ring (Fig. 209), the radii of the circles
being 6™ and 7™.

88. Find the area of a ring, the two circumferences being 20™ and 30m.

89. Describe two concentric circles; then find the area of the circular ring.

40. In the middle of a circular pond 400™ in diameter stands a circular
island go™ in diameter. Find the area of the surface covered by the water.

41, Find the area of a ring if the outer circumference = 85¢™ and the
breadth of the ring =

42, What will it cost to have a walk 1™ wide about a circular reservoir
64™ in diameter, the price of paving being $2.50 per square meter?

48. A target consists of a black circle 0.75™ in diameter, surrounded by a
white ring 0.28™ wide. Find the total area covered by the target.

44, The outer and inner circumferences of a round tower are 17.2™ and
12.8m. Find the ground area covered by the wall.

45, How wide is a ring if the areas of the two circles are 200%™ and 643™?

46. If a ring is to be 4™ wide, and is to contain 80%®, what must be the
radii of the two circles?

47. To the shorter sides of a table, 2@ by 1.25®, semicircular leaves are
added. Find the total area of the table.

48, Find the total area of the figure formed by adding semicircles to the
four sides of a square, one side of which = 1.2m.

49, A square, a rectangle, and a circle have the same penmeter, 8m, Find
the three areas, the rectangle being two-thirds as wide as it is long.

50. The circumference of a circle is equal to the perimeter of a square
whose side is 10®. Find the difference in their areas.

NOTE.— Of all plane figures with equal perimeters the circle has the greatest
area.
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51, A circle and a square have the same area, 1209, Find the difference
between the circumference of the circle and the perimeter of the square.

52. If a circle, a square, a regular hexagon, and a regular octagon each
contain 10.4% find the differences between the perimeters of the polygons and
the circumference of\the\circle.

58. A circular piece of lead is recast in the shape of a square, the thick-
ness remaining the same. If the radius of the circle = 45°m, find a side of the
square.

54. Find the diameter of a circle equivalent to a regular octagon whose
side = 2m.

6. The radius of a circle=8=. Find the difference between its area and
the area of the inscribed regular hexagon.

56. Ina picture-frame 60°® square is a circular picture, the radius of which
=20°®, Find the area of the part not covered by the picture.

57. In a circle whose radius = 30°™, find the area of a sector of 80°.

58, If the radius of a circle = 76®, find the area of a sector whose arc is
20°® long.

59. How large is a sector if its arc contains 120° and is 40°™ long?

60. What part of the entire circle is the sector whose arc equals the radius
of the circle?

61. If the area of a sector of 45° = 2™, find the radius of the circle.

62. The radius of a circle = 4™. Find the area of a segment cut off by a
chord 0.2" long.

In a circle whose radius == 4™, find the area of the segment cut off by the
side of, —

63. The inscribed equilateral triangle.

64. The inscribed square.

65. The inscribed regular hexagon.

66. The inscribed regular octagon. .
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REVIEW OF CHAPTER IX.

SYNOPSIS.!

I.—8ectors, Angles at the Centre, Choris, S8egments.

§ 180.

§18L
§ 182.
§183.

§ 184.

§ 185.

§ 187.
§ 188.

§ 189,
§ 190.

§ 191

§192.

§ 193.
§194.

Review of §§ 26-28. Definitions of a secfor, an angle at the centre, a
ckord, a diameter, a semi-civcumference, greater and less arcs, a seg-
ment, greater and less segments.  Six corollaries. )

Equal angles at the centre, their arcs, chords, sectors, and segments.
Five theorems. Four corollaries. Definition of a guadrant.

Unequal angles at the centre, their arcs and sectors. One Zkeorem.
One corollary.

Properties of a diameter perpendicular to a chord. Two Zkeorems.
One problem. Two corollaries.

Equal and unequal chords, their angles at the centre, and their dis-
tances from the centre. Four theorems.

II. —Inscribed Angles.
Definition of an énscribed angle.
Measure of an inscribed angle. One #keorem. Four corollaries.
Application of § 166 to the circle. Two tkeorems.
Product of the parts of a chord passing through a point within a
circle. One #keorem. One corollary.

III. —Secants and Tangents.
Definitions of a secant and a Zangent.
Relation between a tangent and a radius drawn to the point of con-
tact. One theorem.
Tangent to a circle through a given point. One problem. One corol-
lary.
Measure of the angle between a tangent and chord. One #eorem.

IV.—Two Circles.

Definition of concentric and eccentric circles, a ring, the line of centres.
Relative positions of two eccentric circles. Five cases.

1 Here, and in the remaining chapters, the synopsis is presented in a condensed
form which may be made the basis of a more or less extended review according
to the discretion of the teacher.
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§ 195.

'§ 208.
§ 209.

§ 210.
§ 211

§212.
§ 213.
§ 214.

§ 216.
§217.
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V.—Inscribed and Circumscribed Figures.

Definitions of énscribed and circumscribed figures.

Circle inscribed in a triangle. One corollary.

Circle circumscribed about a triangle. _One corollary.

Relation between the sides of ‘a circumscribed quadrilateral. One
theorem. One corollary. ’
Relation between the angles of an inscribed quadrilateral. One Zzeo-
rem. One corollary.

Circle inscribed in a regular polygon. One tkeorem.

Circle circumscribed about a regular polygon. One Zeorem.

Division of a circumference into equal parts. Three cases.

Regular polygon inscribed in a circle.

. Regular polygon circumscribed about a circle.
. Construction of regular polygons.
. An inscribed regular polygon, and the inscribed regular polygon with

twice as many sides.

. An inscribed regular polygon, and the circumscribed regular polygoa

with the same number of sides.

VI.—Length of a Circumference.
The general truths which enable us to find the length of a circumfer-
ence. Method of applying these truths. Value of =,
Formula for the length of a circumference. Relation between two
circumferences, their radii, and their diameters.
Two ways of estimating the length of an arc.
Practical exercises.

VII.—Area of a Circle.
Method of finding the area of a circle.
Formula for the area of a circle. Relation between the areas of circles,
their radii, and their diameters.
A circle and the equivalent square.

. Relation between the areas of circles described upon the sides of a

right triangle as diameters.
Area of a sector.

Area of a segment.
Practical exercises,
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EXERCISES.

In a circle, as the angle at the centre increases, the corresponding arc,
chord, sector, and segment also _increase. Which increase at the same
rate as the angle, and which-do niot?

Upon a given straight line as a chord describe a segment which shall
contain a given angle.

Hints.—1f AB is the given line, draw 4 C, making B 4 C equal the given
angle. Then find the centre of the circle which has 4B fora chord and
which A4 Ctouches at 4. ‘Then apply §§ 189 and 192.

Construct a right triangle, having given the hypotenuse and a line in
which the vertex of the right angle must lie.

In a given circle draw a chord parallel to a given straight line and having
a given length.

Find the locus of all points from which tangents drawn to a given circle
shall have a given length (§§ 73, 190).

Given two circles; find the point from which tangents to the circles
shall have the same length a.

Draw a circle which shall touch two given parallel lines and pass through
a given point lying between the lines. (Two solutions.)

About a given point describe a circle that shall touch a given circle.
(The point may be either without or within the given circle.)

About each of two given points describe a circle so that the two circles
shall touch each other, and one of them shall touch a given straight line.

Hint.— First construct the circle which touches the line, and then use the
preceding exercise.

With a given radius describe a circle which shall touch a given circle and
pass through a given point. (Discuss the problem.)

Construct a triangle, having given two sides and the radius of the cir-
cumscribed circle.

Construct a triangle, having given two angles and the radius of the in-
scribed circle.

Divide a given circle into four equal parts by describing concentric circles.
If the perimeter of a sector is equal to the circumference of the circle,
find the angle at the centre.

If the area of a sector is equal to the square of the radius of the circle,
find the angle at the centre.

If the perimeter of a sector is equal to twice the diameter of the circle,
find the ratio of the sector to the circle.
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CHAPTER X.
THE ELLIPSH.

CONTENTS.— 1. The Properties of the Ellipse (§§ 219-221). II. Construction of
Ellipses (§§ 222-224). )

I.— The Properties of the Ellipse.

§ 219. Among curved lines the eXspse ranks in importance next
to the circle.

Fig. 210 shows how an ellipse may be described. Fasten a
piece of paper upon a smooth sur-
face, stick in two pins at any dis-
tance apart, and tie to the pins the
ends of a string longer than the
distance apart of the pins. Then
describe the curve with a pencil, as
shown in the figure, taking care to

0 B/ keep the string constantly stretched
M to its full length.
As the point of the pencil moves

Fig. 2r0. around the pins, its distance from
either one of the pins is constantly
changing ; but it is clear that the sum of its distances from the two
pins must always remain the same.
Thus, in Fig. 270, AP+ BP=AQ+ BQ = AR + BR, etc.
Definition. — 7%e ELLIPSE is a curve suck that the sum of the
distances of every point in it from two fixed points is the same.
The two fixed points are called the foci.
The point O, half-way between the foci, is called the cen#re.
Define the ellipse regarded as the /ocws of a moving point.




§ 220.] CHAPTER X.—THE ELLIPSE. 241

The distance O 4 or OB from the centre to either of the foci, is
called the Zuear eccentricity of the ellipse.

The less the eccentricity, —that is to say, the nearer the foci are
to each other, — the wider the ellipse becomes in proportion to its
length, and the more nearly it approaches to the form of the circle.

Describe several ellipses with their foci at different distances from
each other.

What does the ellipse become if the foci coincide, or what comes
to the same thing, if only one pin is used, to which both ends of
the thread are fastened?

NOTE 1.—The ellipse is a more beautiful curve than the circle. Ellipses, or
curves closely resembling ellipses, are much used in the arts; in cabinet work
(tables, mirrors, etc.), in various designs and patterns, in the arches of bridges, and
in architecture. Itis to the skilful use of the ellipse and still more complex curves, that
the superiority of Greek art over that of other nations is largely due. Astronom
presents us with examples of ellipses on the grandest scale. Our earth and ail
the planets of the Solar System revolve around the sun in elliptical paths in obe-
dience to the law of gravitation, the sun being at one of the foci.

NOTE 2.— The ellipse is connected with the circle in a remarkable way. A
section of a cylinder (pa%e 4, Fig. 3) made by a plane parallel to the bases is (like
the bases) a circle; but if the section is inclined to the bases, the boundary of the
section is an ellipse; and the more inclined the section, the longer the ellipse in
proportion to its breadth. All this is easily shown by making sections through a
wooden cylinder.

If we look at a circle on paper with one eye placed directly in front of the
centre of the circle, and then gradually turn the paper till its edge comes in front of
the eye, we shall find that, as the paper is tusned around, the circle will present the
appearance of an ellipse which becomes narrower and narrower, and tends to pass
finally into a straight line. In this way we pass, by imperceptible gradations, from
the circle to the straight line, .

§ 220. In an ellipse CDEF (Fig. 211), the line C D, which
passes through the foci, and is lim-

E
ited by the ellipse, is called the
Major Axis; and the line EF, .

: D
which passes through the centre '0 44 5 7
perpendicular to the major axis,
and is limited by the ellipse, is
called the Minor Axis. F

Fig, 211,

I. From the definition of the
ellipse, it follows that AC+ BC=A4AD + BD, or 2AC +
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AB = 2 BD + A4 B; whence (Axiom VL.) 2 4C = 2 B.D, and
AC = BD; that is,—

The vertices of an ellipse are at the same distance from the foci.

II. Since OA4 =08, and AC = BD; therefore (Axiom V.),
OA+ AC = OB+ BD,or’'OC='0D; that is,—

The centre of an ellipse bisects the major axis.

11I. Because (Fig. 210), AP+ BP=AC+ BC,and AC =
BD; therefore, AP+ BP=BD + BC = CD; that is,—

The sum of the distances of any point of the ellipse from the foci
is equal to the major axis.

IV. Since AAOE > A BOE, therefore A £E= B E ; and since
AE 4+ BE = CD, therefore 2AE=CD,and 4E=3CD =
BE ; that is,—

The ends of the minor axis are equidistant from the foci, the
distance being equal to half the major axis. -

V. Since A AOE > A AOPF, therefore OF = OF; that is, —

The centre of an ellipse bisects the minor axis.

Exercises. —1, To what are the three sides of the right triangle 40 &
(Fig. 211), respectively equal ?

2. What kind of plane figure is 4 £ BF (Fig. 2r1)? Why?

8. Given the axes of an ellipse, find the positions of the foci.

4, Given the major axis and the positions of the foci, find the minor axis.

B. Semi-major axis = 18®; semi-minor axis = 12™. Find the eccentricity.

6. Semi-major axis = 1.3™; eccentricity =0.34®. Find the semi-minor axis.

7. Semi-minor axis = 2.9™; eccentricity =0.9™. Find the semi-major axis.

8. Major axis = 589m; minor axis = 45, How far ‘apart are the foci ?

9. The path of the earth about the sun (at one focus) is an ellipse whose
axes are 20,657,700 and 20,655,100 geographical miles. How can the least
and the greatest distances of the earth from the sun be computed ?

§ 221. AreA oF AN Ervripse. — If we describe circles about the
axes of an ellipse as diameters.(see F#g. 277), it is obvious that
the area of the ellipse is less than that of the circle with the semi-
major axis as radius, and greater than that of the circle with the
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semi-minor axis as radius. Now it can be proved that the area of
the ellipse is exactly equal to #kat of the circle whose radius is a
mean proportional between the seini-axes of the ellipse.

If a and 4 are the semi-axeéscof an jellipse,  the radius of the
circle equal in area to the ellipse, then @:7=7r:4, or 7 = aé.
The area of this circle = =7? (§ 213) ; therefore the area of the
ellipse = n7?; or, since 7’ = a4,

Area of the ellipse =wab, [12.]

That is to say, #ke area of an ellipse is equal to the continued
product of its semi-axes and the number =.

Exercises. — Find the area of an ellipse, if, —
1. The semi-axes are 129® and 84m, Find the area.
2. The axes are 8.5@ and 4.5™. Find the area.
8. The major axis = 9™, the eccentricity = 1.5™. Find the area,
4. The minor axis = 2@, the eccentricity = 1®. Find the area.
6. The major axis = 5™, the focal distance = 3®. Find the area.
6. The area = 681m, the major axis = 12™. Find the minor axis and the
eccentricity.
7. How much cloth will cover an elliptical table 2.4™ long, 1.3™ wide ?
8. The famous amphitheatre at Verona, built by the Emperor Domitian,
and which seated 24,000 spectators, has for its base an ellipse whose axes are
133 and 105™. Find the area of this ellipse.
9, The section of an arch has the shape of a semi-ellipse 16™ long, 4.8m
high. Find the area of the section.
10. The diameter of a circle =7™. Upon this diameter as major axis an
ellipse is constructed half as large as the circle. Find its minor axis.
11. A pond in the shape of an ellipse, with the axes 60™ and 44™, is changed
to a circle with the radius 30™. How much larger is it than before ?
12. Find the radius of a circle equal in area to an ellipse whose axes are
13™ and g™,
13. Find the side of a square equal in area to an ellipse whose axes are
17™ and 107,
14, Find the area of the largest ellipse that can be made out of a hoard
2™ long and 0.6™ wide.
16. The axes of an ellipse are 4™ and 3"‘ Upon these axes as diameters
circles are described. Find the areas of all three figures.
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II.— Construction of Ellipses. -

§ 222 Problem.— 7o construct an ellipse, having given the
major axis and the eccentricity.

Let (Fig. 212)'C'D'be''thegiven major axis, O its middle point.

. 3 E3 , Make O A = OB = the given ec-
L centricity ; then 4 and B are the
foci. Find the points £ and Z
y such that the distance from each
of them to 4 and to B is equal
T~ L 1 to the semi-major axis; £ and
Fig s, F are the ends of the minor

axis.

In order to find more points of the ellipse, assume any points
m, n, p, etc,, lying in the major axis between 4 and O. With a
- radius equal to Cm, describe arcs from each focus as centre, both
above and below CD; and'likewise do the same with a radius
equal to D m ; the four points marked 1, where these arcs intersect,
are four points of the ellipse. For, by this construction, the sum
of the lines drawn from either of the points marked 1 to the two
foci is equal to the major axis. (See § 220, III.)

In like manner, by the use of 7, the points marked 2, and by the
use of g, those marked 3, are found.

By drawing (free-hand) through all these points a curved line,
making the curvature as nearly uniform as possible, we obtain a
curve which approaches the nearer to the exact ellipse required,
the greater the number of points that are previously determined.

Exercises. — 1. How can an ellipse be described by continuous motion
(§ 219). (Gardeners sometimes use this method to trace the outline of an
elliptical flower-bed.)

2. Construct the ellipse whose major axis = 80 and eccentricity = 30°m,
by finding sixteen points in the ellipse.

8. Construct the ellipse whose major axis = 60t™ and eccentricity = 16cm,
finding fourteen points.
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§ 223. Problem.— 7v construct an ellipse, having given the
axes, by the aid of circles described about the axes as diameters.

Let AB and CD (Fig. 213) be the given axes intersecting at O.
Describe circles about A Brand C 22
as diameters. Through O draw any
radii O, OF, etc. Through the
points where these radii cut the
inner circle draw lines I| 4B, and
through the points where the radii
cut the outer circle draw lines |
CD. The intersection of each
pair of these lines is a point in the
required ellipse; so that nothing
remains but to draw (free-hand)
through all the points of intersection Fig. 213.
a smooth curve.

Exercises.— 1, Construct an ellipse having for its axes 72°® and 40, and
find the positions of the foci.

2. Construct an ellipse whose major axis is to the minor axis as §: 4, and
find the positions of the foci.

§ 224. Problem.— 70 construct with arcs of circles a curve
that resembles an ellipse.

Draw a line 4 D (Fig. 214), and divide it into three equal parts,
AB, BC, CD. With a radius equal to
one of these parts describe about B and
C as centres two circles, cutting each
other in £ and #. Through these
points and the two centres draw the
lines £G, EH, FI, FK. Then de-
scribe about £ and F as centres, with
a radius equal to £G, the arcs G A and
IK. The curve AGHDIK is the required curve.

Fig. 214,
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The elliptical curves employed in the arts are usually constructed
in this or a similar way from arcs of circles. By compounding
arcs of circles, in different ways, a great variety of curves may be
constructed. Some examples are added below, in Figs. 275-222.
Explain how each figure is constructed.

LN N[
\J\J\J

Fig. a15.

Fig. 216.

Fig. ar9.
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Fig, 231, Fig. 222,

Exercises. — 1. Construct an elliptical curve with arcs of circles.

Construct the curve shown in Fig. 2z5.
Construct the curve shown in Fig. 276.
Construct the curve shown in Fig. 2r7.
Construct the curve shown in Fig. 278.
Construct the curve shown in Fig. 2rg.
Construct the curve shown in Fig. 220.
Construct an ova/ like that in Fig. 22r.
Construct a spiral like that in Fig. 222.
Find the area of an oval like that of Fig. 227, if the diameter 48 = 4™,

Explain each step of the solution, stating the truth on which it depends.

§ 219,
§ 220.
§ 221
§ 222.
§ 223,

§ 224.

SYNOPSIS OF CHAPTER X.

Definition of the ellipse, its foct, its centre, its eccentricity. Relation
of the ellipse to the circle.

Definition of the axes of an ellipse. Relations between the ends of
the axes, the foci, and the centre. Five general relations.

Area of an ellipse. Formula for the area.

Construction of an ellipse, given the minor axis and the eccentricity.
Construction of an ellipse with the aid of circles, given the axes of the
ellipse.

Construction of a curve resembling an ellipse by means of arcs of
circles. Other instances of the use of circular arcs in constructing
curves. '



248 GEOMETRY FOR BEGINNERS. [§ 225.

CHAPTER XI.

PLANES.

CONTENTS.—I. Straight Lines in Space (§§ 225-227). II. A Plane (§§ 228-230).
III. A Plane and a Straight Line (§§ 231-235). IV. Two Planes (§§ 236-239).
V. Three Planes (§ 240). VI. Solid Angles (§ 241).

I.— Straight Lines in Space.

§ 225. Thus far the figures studied (triangles, polygons, circles,
etc.) are such as can be represented in their true shape on paper
or the blackboard ; they are figures which lie wholly in one plane.

We shall now proceed to consider some of the properties of
figures which are not confined to one plane. Every actual body
which we can see or handle is an example of such a figure.

We shall begin by examining the relations of lines and planes in
space to one another.

NOTE 1.— In this part of Geometry the ﬁﬁr.ft and chief difficulty encountered by
beginners lies in conceiving and holding firmly in the mind the true relative posi-
tions of the lines and planes under consideration. Without the power to do this
the proofs of theorems amount to mere words ; with it the proofs are easily mastered ;
in fact many of the theorems will seem self-evident. Accordingly, in the brief space
here devoted to the sub‘ject, rigorous proofs will not always be given, hut care will
always be taken to set forth the truth so that it shall be completely realized in
thought. The geometric imagination must be exercised and strengthened before
the mind is prepared to study the subject with all the rigor of logic.

NOTE 2.— An additional difficulty arises from the fact that in representing
magnitudes in different planes upon a single plane surface (that of paper or the
blackboard) these magnitudes must, in general, be chan in size or shape or
both. Lines and angles must be altered in size, plane ﬁgures in both size and
shape. The rules for doing this correctly are based on the principles of Geometry,
andp constitute the Art of %’erspec’dvc, of Isometric Drawing, etc. There is one
general rule of Isometric Drawing which it is useful to bear in mind : a sguare, not
in the plane of the drawing, is represented in that plane by a rhombus, a rectangle
by a parallelogram, and a circle by an ellipse. Beginners should make a habit of
comparing the figures in the book, and those which they draw themselves, with actual
lines and planes placed in the proper relative positions, until they are able to recog-
nize at once the true relative positions of the parts of a drawing, and to make similar
drawings themselves. For lines, wires and stretched threads may be employed;
for planes, paper, cardboard, a thin piece of board, glass, the floor and sides of the
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room; for bodies, suitable models made of wood or cardboard (see Figs. 7-6) or
constructed simply of stiff wire for the edges.

NOTE 3.— Some of the relations of lines and planes have been noticed in Chap-
ter I.and in §§ 24, 25. The learner should refresh his memory, if necessary, by
reviewing them.

§ 226. Two straight lines in space may have either of three
relative positions, as follows : —

(z) They may be parallel to each other.

(#i.) They may intersect each other.

(#1.) They may be neither parallel nor intersecting.

In the first two cases the lines must lie in the same plane (§ 29).
Give examples of both cases. If the lines intersect, they may be
either perpendicular to each other or inclined to each other (§ 48).

In the third case the two lines do not lie in the same plane. A
line from north to south on the table, and a line from east to west
on the floor, is an example of two such lines.

Let AB and CD (Fig. 223) represent two lines which are not
parallel and do not intersect, and let £

be the point of 4 B which is nearest to n

CD, and F the point of C.D which is \
nearest to AB. Then the line EF is c

the shortest distance between the lines AB A E B
and C D, and is a common perpendicular Fig. 223.

2o both lines.

NOTE. — In Fig. 223, A B is to be regarded as in the plane of the paper, CD as
nearly perpendicular to this plane.

§ 227. Let ABC and D E F (Fig. 224) be two angles in space,
and let 4B | DE,and BC | EF.
Conceive the angle 4 BC to move
so that its vertex B keeps in the line
BE, and AB and CAB to remain
parallel to their first positions. When
B reaches £, it is evident that 4 B 4 c D F
will coincide with D £, and C B with Fig. 22¢4.

E
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FE, and therefore the angle 4 BC will coincide with the angle
DEF.

Therefore, the theorem of Plane Geometry (§ 58) that angls,
whose sides are, respectively-parallel and directed the same way
Sfrom the vertex, are equal, also holds true of any two angles in
space.

II.— A Plane.

§ 228. The surface of still water, the surface of a table, the floor,
or the blackboard, are examples of plane surfaces, or planes. Give
another example. How can a plane be generated by motion?
(See § 28.)

How was a plane defined in § 28?7 And what is the test of a
plane surface?

The following is the more abstract but more precise definition
commonly given by mathematicians : —

Definition. — A PLANE #s @ surface such that the straight line
whick joins any two points in the surface lies wholly in the surface.

A plane (like a straight line) may be conceived to extend indefi-
nitely. The surface of the table may be extended in thought as
far as we please, and in such a way that the surface which we
imagine will be everywhere a part of the same plane as the actual
surface which we see.

Exercise. — Give an instance of a vertical plane, a horizontal plane, an
inclined plane.

§ 229. When we conceive a plane as containing a given point
or straight line, we are said % pass the plane through the point or
the line.

Through oz point an endless number of planes in all conceiva-
ble positions may be passed.

Through #fwoe points, also, we may pass as many different planes
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as we please ; for if we pass a plane through the line joining the
points 4 and B (Fig. 225), and then rotate the plane about this
line as an axis, it will assume different positions, in all of which it
contains the line, and therefore the points 4 and B.

But if a #ird point C be given, through which the plane must
also pass, it is evident that as we rotate the plane there is only one
position in which it will contain all three points. Through three
points not in the same straight line only one plane can be passed ;
and the same is obviously true of a straight line and a point not in
the line.

It is likewise true of two intersecting lines and of two parallel
lines ; for if we pass a plane through one of the lines, and then turn
the plane about this line, there is only one position in which it can
contain the other line.

Therefore, a plane is determined, —

1. By three points not in the same straight line.

2. By a straight line and a point not in the line.

3. By two intersecting lines.

4. By two parallel lines.

§ 230. Any two planes which are passed through a straight line
AB (Fig.225) have this line for their
intersection ; and it is quite clear that
through a curved line only one plane
at most can be passed.

The intersection of two planes is
always a straight line.

Exercises.—1. How many planes can Fig. 225,
intersect in the same straight line ?

2. How many planes can be passed through a curve drawn on the black-
board ?

8. Make (with a wire) a curve such that no plane can be passed through it
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III.— A Plane and a Straight Line.

§ 231. A straight line may be either, — ~

(z.) Parallel to a plane.

(#.) Perpendicular'to a plane.

(#1.) Inclined to a plane.

An edge of the ceiling is parallel to the floor; a plumb-line is
perpendicular to the surface of still water; a rafter of a common
roof is inclined to the level ground. Give other examples.

In Fig. 226, the line A B is parallel to the plane #.! The line
PO is perpendicular to /£, and the lines 2C and PD are inclined
to M.

Exercises.—1., Draw a figure like Fig. 226, to illustrate the different
positions which a straight line may have relative to a plane.

2. Hold a pencil, (¢.) parallel, (sz.) perpendicular, (si7.) inclined, to the
table.

§ 232. Deflnition. — A4 straight line and a plane are parallel,
if they cannot meet however far extended.

This condition will be fulfilled if the straight line 4 B (Fig. 226)
is parallel to a straight line CZ£ in
the plane ; for, since 4B can never
meet CE, and can never leave the

" plane determined by 4 8 and CE
(§ 229, 4), it can never meet the plane
M in which C £ lies. Hence, —

1. A straight line is parallel to a
Fig. 226, plane if it is parallel to a straight
line drawn in the plane.
11. If two lines are parallel, every plane passed through one of
the lines will be parallel to the other line.
What exception is there to-this last statement?

4 P B

1 In naming a plane, a single letter, as M or N, is usually sufficient.
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Exercises. — 1. How many lines parallel to a plane can be drawn through
a point outside the plane ?

2. If two lines are parallel to a plane, are they parallel to each other ?
Give illustrations.

§ 233. A straight line, perpendicular or inclined to a plane, will
(prolonged, if necessary) meet the plane in a point. This point
is called the foo# of the line.

Deflnition. — A straight line is perpendicular to a plane, if it
is perpendicular to every straight line that can be drawn through
its foot in the plane.

It is also said to be normal to the plane.

A line having this property can always be drawn from a point
P (Fig. 227) to a plane M. For,
among all the lines that can be P
drawn from 2P to meet the plane,
there will be one, PO, shorter than
any other. If we draw through its B
foot O any straight lines 4.8, CD,
etc.,, PO will be the shortest line 4
from 2 to each of these lines ; there-
fore (§ 83), perpendicular to each
and all of them.

Hence, a perpendicular measures the distance from a point to a
DPlane.

Through the intersection O (Fig. 228) of two lines, 4 B and CD,
draw any line OF 1 CD, and revolve O£ about C.D, keeping
OE 1 CD; there is one, and only 2.
one, position in which the line will [/\
also be L 4B8. Let OP be this =
position ; then O /2, being the only :
line through O perpendicular to both A '
A B and CD, must be perpendicular D
to the plane passed through 4 B and Fig. 238,
CD. Therefore, —

Fig, 227,
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If a straight line is perpendicular to two straight lines drawn
through a point of the line, it is perpendicular to the plane contain-
ing those two lines.
This proposition enables us to solve the problem :
To make a plane perpendicular to a straight line.
We have only to draw through any point of the line
two perpendiculars, and then to pass a plane through
these perpendiculars. Explain how a carpenter would
proceed in order to saw squarely in two the beam of
wood shown in Fig. 229.

Exercises. — 1. Give examples of a line perpendicular to
a plane.

2. When a right triangle revolves about one of its legs,
what is generated by the other leg ?

8. At a point of a straight line in space, how many perpendiculars can be
erected ? From a point not in the line, how many perpendiculars can be let
fall to the line ?

4. Find the distance from a point P to a plane, if its distance from a
point A in the plane = ¢, and the distance of this point from the foot of the
perpendicular let fall from the first point to the plane =4. Solve for the
case where a=17,56=38.

5. Prove that lines drawn from a point meeting a plane at equal distances
from the foot of the perpendicular let fall from the point are equal ; and that
of two lines drawn to unequal distances from the foot of the perpendicular,
the more remote is the greater.

6. Prove the converse of the first part of the last exercise.

7. Find the locus of points in a plane equidistant from points not in the
plane.

8. Find the locus of points equidistant from two given points.

9. Find the locus of points equidistant from three given points.

Fig. 229,

§ 234. Let 4B and CD (Fig. 230) be normal to the plane 47,
and suppose 4B to move along 4C, keeping parallel to its first
position. Then its position relative to the plane will not change,
that is, it will remain normal to the plane ; and when 4 coincides
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with C, AB will coincide with CD. Therefore, AB I CD.
That is,—
Two lines that ave normal to a plane are parallel to each other.
The converse is'also'true.)' (State it.

b [

Fig. 230. Fig. 231,

§ 235. Lines neither parallel nor perpendicular to a plane are
inclined to the plane.

Let AO (Fig. 231) be inclined to the plane M. Draw AB L M,
and join OB ; then OB is called the ProjecrioN of the line 40
upon the plane. When is the projection of a line equal in length
to the line? less than the line? When is it a point?

The acute angle 4 0 B, which 4 O makes with its projection B0,
is the smallest angle which 4O makes with any line drawn through
its foot on the plane #7. To see this more clearly, revolve B0
about O in the plane A7, The angle which the revolving line
makes with 40 will continually increase, becoming equal to a
right angle 4O0C after one-fourth of a revolution, and attaining
its greatest obtuse value 4O D after half a revolution. During the
remaining half of the revolution what changes does the angle
undergo?

The angle which a line inclined to a plane makes with its pro-
jection in the plane, is called the snclination of the line to the

plane.

NOTE.— What is said above may be illustrated by drawing lines through a
point on a sheet of paper, and placing the end of the pencil held in an inclined
position against this fpoint. If in this position we let the pencil drop, the angle
which it describes in falling is the inclination of the pencil to the table.
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IV.— T'wo Planes.

§ 236. Two planes may be either, —

(¢) Paralle] to eachother.

(¢2.) Perpendicular to each other.

(##i.) Inclined to each other.

The floor and ceiling of the room are parallel planes ; the floor
and a side of the room are perpendicular to each other ; the floor
and the roof of the house are inclined to each other. Give other
examples.

Exercises.— 1, In Fig. 232, which planes are parallel ? perpendicular ?
inclined ?

2. Draw two planes of each kind.

8. Hold two planes (books, thin sticks of wood, etc.) parallel ; perpen-

dular ; inclined.
. F

77 Al
7 L

[
Fig. 232. Fig. 233.

§ 237. Definition. — 7o planes are parallel if they cannot
meet however far extended.

This condition is fulfilled if the planes A7 and NV (Fig. 233) are
both perpendicular to the same line 4B8. For if we pass a third
plane through 4 B, it will intersect 4/ in a line CD L 4 B (why?),
and &V in a line £EF 1L AB. Therefore, CD and £ F, being in
the same plane, are parallel (§ §7), and can never meet. The
same reasoning may be applied to all planes that can be passed
through A4 B ; therefore, the planes 47 and /V can never meet.
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Therefore, —

1. Planes that have a common normal are parallel.

The converse is also true. State it.

It is also evident from what precedes, that,— =

II. The intersections of two parallel planes by a third plane are
parallel lines.

If, also, CE | DF (Fig. 233), then CDFE is a parallelogram
(§101), and 4C = BD (§ 102); that is, —

III. Parallel lines between parallel planes are equal.

Among these equal parallel lines are the common normals
(§ 234), which measure the distance apart of the planes; there-
fore, —

IV. Parallel planes are everywhere equally distant.

§ 238. If two planes, M and /V (Fig. 234), are not parallel, they
will intersect in a line AB. Through any point D of 48 draw
DE in M perpendicular to 4B, and D C in N also perpendicu-
lar to A B ; then, if the angle CDE is a right angle, the planes
M and NV are said to be perpendicular to each other.

Definition.— Zwo planes are perpendicular if the angle of two
lines drawn, one in each plane, from any point of their intersection
perpendicular o the intersection, is a right angle.

This angle will be a right angle at

all points of the intersection. Thus, CF
FGH= CDE (§§ 57, 227).
Since CDE and CDA are right (Vi

angles, C' D is normal to M/ (§ 233).
Now, there can be but one normal _";;[]
to M at D; hence the normal to A at JK_—_E
D must lie in V. L4
And if NV revolve about C D, it will

clearly remain perpendicular to A7.
These results may be stated in general terms as follows: —

A
Fig. 234.




258 GEOMETRY FOR BEGINNERS, [§ 239.

1. Two planes must be perpendicular, if a single normal to one of
the planes erecled at a point of the intersection lies in the other plane.

I1. Every plane passed through a normal to a plane is perpen-
dicular to that pldne;

Exercises. — 1. How can a plane perpendicular to a given plane be passed
through a given point ?

2. How can a plane perpendicular to a given plane be passed through a
straight line, (¢.) when the line lies in the given plane? (si.) when it is
inclined to the given plane ? (#77.) when it is parallel to the given plane ?

§ 239. Two inclined planes M and NV (Fig. 235) intersect each

other and form what is called a DiHEDRAL ANGLE.! This angle

may be conceived as generated by

the revolution of one of the planes 47

about the line 4 B until it comes into

the position of the other plane V.

The planes £ and NV are called the

B . faces of the angle; the intersection

i AB is called the edge of the angle.

0// l- A dihedral angle is always measured

J by the angle of two lines. If OCis L

] Fig. 135, A B, during the revolution of Af about

AB, OC describes the angle COD,

which has the same value wherever the point O is situated in the

line AB (§ 227). This angle may therefore be used to measure
the dihedral angle made by the planes. That is, —

A dikedral angle is measured by the angle made by two lines
drawn through any point of the edge, perpendicular to the edge, one
line in one plane, the other in the other plane.

Exercises. —1. Illustrate, by the leaves and edges of a book, dihedral
angles, and how they are measured.

2. If the angle of the lines which measure a dihedral angle is 9o°, what
position do the planes have ?

1 From Greek words meaping #wo-faced.
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V.— Three Planes.

§ 240. Three planes may have five different relative positions,
shown in Figs. 236-238;
(¢.) In Fig. 230, the planes are parallel to one another.

A
L/ [XPFT

Fig. 236, Fig. 237.

(#2.) In Fig. 237, the two planes A and /V are parallel, and the
third plane 2 (or Q) intersects A/ and AV in parallel lines. (See
§ 237.)

(#72.) In Fig. 237, the planes &V, P, and Q have a common line
of intersection.

(7v.) In Fig. 237, M, P, and Q intersect in three lines, which
are parallel to one another.

7~ (s 1

Fig, 238, Fig. 239.

") In Fig. 238 there are also three lines of intersection. These
lines meet in a common point O ; so that O is a point common to
all the planes.
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If two of the planes M and WV (Fig. 239) are both perpendicu-
lar to the third plane &, it follows, from § 238, that their inter-
section must be a normal to the plane £ ; for the normal to &,
erected at the point O, must lie in both A7 and V.

Exercise. — Give an example of three parallel planes; of two planes, both
perpendicular to a third plane.

VI.—Solid Angles.

§ 241. When three or more planes meet in one point O (F.
241) they are said to form.at that point a SoLip ANGLE. The
0 planes are called the faces, their lines of in-
tersection the edges, and the angles at O,
made by the two edges of each plane, the
Plane angles of the solid angle.
If there are only three planes, the angle
is usually called a #7Aedral angle.
1 In order to form a trihedral angle from
i three angles in one plane, 408 = a, AOC
=&, BOD =c¢ (Fig. 241), of which we
will suppose @ to be the greatest, turn the
plane 4OC about 40, and the plane 40D
about B0, till they meet, if possible, and the lines CO and DO
coincide.

If 4 4 ¢ = a, CO and DO will just coincide when turned through
half a revolution, so that both again lie in the plane of the paper ;
if 6+ ¢<a, CO and DO cannot be made to coincide. In both
cases no trihedral angle will be formed. Butif & 4+ ¢>a, CO and
DO will coincide in a line O £, either in front of the plane of the
paper (Fig. 242), or behind it (Fig. 243), according as the motion
is forward or backward,; and a trihedral angle is formed. And,
since @ is supposed the greatest of the three angles, it follows that
a + 8>c¢,and that @ + ¢> 5. Hence, in every trikedral angle the
sum of any two of the plane angles is greater than the third,

Fig. 240.
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If the motion is forwards, the trihedral angle shown in Fig. 242
is formed ; if backwards,” the trihedral angle shown in Zig. 2¢3.
These two angles are composed of equal plane angles, taken in

Fig. 241, Fig. 242, Fig. 243.

order ; yet they cannot be made to coincide, because their equal
parts follow in reverse order,—in one, from left to right; in the
other, from right to left.

They stand to each other in the same relation as an object to its
image in a mirror, or as the right hand to the left. Two such solid
angles are said to be symmetrical.

Two solid angles are egua/, if they are composed of equal plane
angles taken in the same order. We may conceive two equal
solid angles placed one upon the other so as to coincide in all
their parts. '

Whatever be the number of plane angles which compose a solid
angle, their sum, estimated in degrees, must be less than 360°; it
it were equal to 360°, the plane angles would necessarily lie in one
plane, and would ot form a solid angle.

Exercises. — 1. Give examples of solid angles.

2. In a solid angle, how is the angle which two faces make with each

other measured?
8. Draw a solid angle having three faces; four faces; six faces.
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REVIEW OF CHAPTER XI.

1.— Straight Lines in Space.

. Nature of\Solid/Geometry)

Two straight lines in space.

. Two angles in space.

II.— A Plane.

Definition of a plane.
Determination of a plane.
Intersection of two planes.

III. — A Straight Line and a Plane.

Positions of a straight line with respect to a plane.

. The straight line parallel to a plane.

. The straight line perpendicular to a plane.
. Two normals to a plane.

. The straight line inclined to a plane.

IV.—Two Planes.

Relative positions of two planes.
Two parallel planes.

Two perpendicular planes.

Two inclined planes.

V.— Three Planes.

Relative positions of three planes.

VI.—8olid Angles.

Solid angles. Symmetrical solid angles. Equal solid angles.



§ 242.] CHAPTER XII.— GEOMETRICAL BODIES. 263

CHAPTER XII.

GEOMETRICAL BODIES.

CONTENTS, — I. Polyhedrons (§§ 242, 243). II. The Prisn;, Cylinder, Pyramid,
and Cone (§§ 244-250). III. The Sphere (§§ 251, 252).

I.— Polyhedrons.

§ 242, A limited portion of space regarded as possessing solely
form and magnitude is called a GEoMETRICAL Boby, or a SoLip
(see § 7).

In this sense a room is a body as much as a stone or piece of
wood. Speaking exactly, it is the space occupied by the air, etc.,
in the room, and limited by the floor, sides, and ceiling of the room.

A geometrical body bounded on all sides by planes is called a
. POLYHEDRON.

Give examples of polyhedrons.

The bounding planes are called the faces of the polyhedron,
their intersections are called the edges, and the intersections of
the edges are called the corners.

The faces that meet at each corner form a solid angle, composed
of as many plane angles as there are faces.

A polyhedron must have at least four faces ; for it takes at least
three planes to form a solid angle, and a fourth plane is required
to close the opening between the three planes.

A polyhedron with four faces is called a TETRAHEDRON ; with five
faces, a PENTAHEDRON; with six faces, an HEXAHEDRON; with
eight faces, an OCTAHEDRON ; with ten faces, a DECAHEDRON ; with
twelve faces, a DODECAHEDRON ; with twenty faces, an ICOSAHEDRON.

A very simple relation exists between the faces, corners, and
edges of a polyhedron.
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If we examine the polyhedrons in . 2, page 4, we find that, —

No. 1. has 5 faces, 6 corners, and g edges.
II. has 6 ({3 8 {3 114 12 [
IIL. has (8170 1207 “ “ 18 «
IV. has 5 [ 5 [{4 €« 8 [}

In each of these cases, the number of faces + number of cor-
ners = number of edges + 2.

This relation is perfectly general, and is called Euler’s Theorem.!
Let F denote the number of faces, C the number of corners, £ the
number of edges ; then we may state Euler’s Theorem as follows : —

In every polyhedron, F+C=E+2, [13.]

§ 243. A polyhedron whose faces are equal regular polygons,
and whose solid angles are all equal, is called REGULAR.

It is easy to show that only five regular polyhedrons are possible.

We know already that at least three faces are necessary to form
a solid angle ; also, that the sum of the plane angles at each corner
must be less than four right angles (§ 241).

The angle of the equilateral triangle = 60°, and 3 X 60° = 180°;
therefore, three such triangles may form a solid angle. Likewise,
four such triangles may be used, since 4 X 60° = 240°; also five
such triangles, since 5§ X 60° = 300°. But 6 X 60° = 360°, so that
six, or more than six, equilateral triangles cannot form a solid angle.

Therefore, only three regular polyhedrons are possible whose
faces are equilateral triangles.

The angle of a square = go°. Since 3 X 90° = 270°, while
4 X 9o° = 360° three is the only number of squares that can
form a solid angle.

The angle of a regu]ar pentagon = 108°. Since 3 X 108° = 324°,
while 4 X 108° = 432°, only three regular pentagons can be used
to form a solid angle.

1 Euler was a famous German mathematician, born 1707, died 1783.
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The angle of a regular hexagon = 120°. Since 3 X 120° = 360°,
three hexagons placed together with a corner common would lie
in one plane and could not form a solid angle. Therefore, no
solid angle can be, formed with regular hexagons; still less with
regular polygons having more than six sides.

Fig.‘ 245. Fig. 246.

-
Fig. 247. Figr. 248,

Therefore, only five regular polyhedrons are possible. They
are, —

(1) The regular Tetrahedron (Fig. 24¢4), bounded by four

equilateral triangles.
(2) The regular Octahedron (Fig. 2¢5), bounded by eight

equilateral triangles.
(3) The regular Icosahedron (Fig. 2¢46), bounded by twenty

equilateral triangles.
(4) The regular Hexahedron (F7g. 2¢47), bounded by six

squares.
(5) The regular Dodecahedron (Fig. 248), bounded by twelve

regular pentagons.
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To pEVELOP! the surface of a solid is to draw in one plane the
various parts of the surface, so that when folded up they shall form
the solid.

The surface of the solid, when drawn in one plane, is called the
DEVELOPMENT of the surface.

The surfaces of many solids cannot be developed ; but when
this can be done, it is easy to construct by this means models of
the solids.

The surfaces of the regular polyhedrons are all developable, and
their plane models are shown in Figs. 249-253.

Fig. 252.

To make models of these solids, draw on cardboard the diagrams
shown in these figures, cut them out of the cardboard, and then
cut half through the edges of the adjacent polygons. The figures
will then readily fold up into the shape of the solids, and can be
retained in shape by means of glue or paste.

1 Literally, unroll,
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Exercises. —1. Give examples of polyhedrons.

2. How many edges have each of the regular polyhedrons?

8. How many corners have each of the regular polyhedrons?
4. Verify Euler’s theorem for each of the regular polyhedrons?
5. Construct models, of the regular polyhedrons.

NOTE.— In making the model of the regular dodecahedron, the diagonals, shown
dotted in Fig. 2537, may be used to advantage.

Il.— The Prism, Cylinder, Pyramid, and Cone.

§ 244. If the polygon 4 BCDE (Fig. 254) move along the
line A F, keeping parallel
to its first position, its sides
will describe parallelograms,
and the polygon will gener-
ate a solid called a Prism.

Deflnition. — A Prism
is a polyhedron bounded by
parallelograms and by two
equal and parallel polygons.

The parallelograms are
called the /a#eral faces, their lines of intersection the lateral edges,
and the two polygons the dases of the prism.

The Aeight of the prism is the distance (A4 L) between the bases.

A prism is called #iangular, quadrangular, etc., according as
the base is a triangle, quadrilateral, etc.

A prism is odligue if the lateral edges are inclined to the bases
(Fig. 255); right, if they are normal to the bases (Fig. 256); and
regular, if it is a right prism with a regular polygon for its base.

A parallelopiped is a prism whose bases are parallelograms. It
is, therefore, a solid bounded by six parallelograms.

A

| BTN S

Fig. 255. Fig. 256. Fig. 257. Fig. 258.

Fig. 254.
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What is an oblique parallelopiped (£ig. 257)? A right parallelo-
piped (Fig. 258)?

A rectangular parallelopiped is a right parallelopiped, all of
whose faces are rectangles.

A cube is a right’ parallelopiped, 'dll'of whose faces are squares
(Fig. 259)-

Exercises. — 1, Can you give an example of a prism? What kind of
a prism is it ?

2. In Fig. 254, point out lateral faces, lateral edges, the bases, the height,

8. Name a prism with a base of five sides, six sides, eight sides.

4. What are the lateral faces of a right prism? Why is a lateral edge
equal to the height of the prism?

5. How many faces, edges, corners, in a prism with a base of three sides,
four sides, six sides, eight sides, twenty sides? Apply Euler’s formula to each
one of these cases.

6. Draw the following: —

(i) Oblique triangular prism. (».) Oblique parallelopiped.
(#2.) Right pentagonal prism. (#3.) Right parallelopiped.

(#7i.) Right hexagonal prism. (v#i.) Rectangular parallelopiped.
(¢v.) Regular hexagonal prism. (wiii.) Cube.

§ 245. If a circle (Fig. 260) move in the direction normal to

its own plane, keeping always parallel to

ﬁ its first position, it generates a solid called

the 7ight circular Cylinder. The same

solid is also generated by a rectangle

; ABCD (Fig. 257), whichrevolves about
one side CD.

Deflnition. — A4 right circular Cyir-

INDER 75 the solid produced by the revolu-

tion of a rectangle about one of its sides.

NOTE.— In future, by the word “cylinder” the right circular cylinder will be
meant.
A cylinder is bounded by a curved surface called the convex

surface, and by two equal and parallel circles called the &ases.
The line joining the centres of the bases is called the axis; its
length is equal to the Zeight of the cylinder.
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§ 246. If the polygon A BCDE (Fig. 26r) move along the
line 40, keeping parallel
to its first position, but
diminishing in sizeyatyd
uniform rate, without al-
tering in shape, until it is
reduced to a point O, its
sides will describe trian-
gles, and the polygon will
generate a solid called a
Pyramid.

Definition. — A PYRAMID is @ polyhedron bounded by triangles
that have a common vertex, and by a polygon whose sides are the
bases of the triangles.

Fig. 261.

The triangles are called the Jazral faces ; their lines of intersec-
tion, the Jateral edges; their common vertex, the zerfex of the
pyramid ; and the polygon, the asz of the pyramid.

The Aeight of the pyramid is the distance (OF') from the vertex
to the base. 0

A pyramid is #riangular, qguadrangular, etc., ac- ;
cording as its base is a triangle, quadrilateral, etc.

A regular pyramid is a pyramid which has a
regular polygon for its base, and in which the
perpendicular from the vertex passes through the
centre of the base (Fig. 262). The distance OM [
from the vertex to a side of the base is called Fig, 262.
the slant height.

Exercises. — 1. In Fig. 267, point out lateral faces, lateral edges, the
base, the vertex, the height.

2. Name a pyramid with a base of five sides ; 6 sides; 8 sides.

8. What kind of a pyramid is the tetrahedron (Fig. 24¢)?

4. What kind of triangles are the faces of a regular pyramid ?

§. Draw (i.) a triangular pyramid ; (#7.) a regular hexagonal pyramid.



270 GEOMETRY FOR BEGINNERS. [§ 247.

§ 247. If a circle (Fig. 263) move in a direction normal to its
own plane, keeping parallel to its
first position, but diminishing in
size.at.a uniform rate till it is
reduced to a point O, it will gener-
ate a solid called a 7right circular
Cone.

The same solid is also generated
by a right triangle 40 B, which
revolves about the leg OB.

Deflnition. — A #ight circular CONE is the solid produced by
the revolution of a right triangle about one of its legs.

NOTE. — In future, by the word “ cone " a right circular cone will be meant.

A cone is bounded by a curved surface called its convex surface,
and by a circle called its éase. The point O is the verfex of the
cone, and the line O B joining the vertex to the centre of the base
is the exis, its length is equal to the Aeighs of the cone. '

The length of the line 40 (Fig. 263) is called the slant height.

Fig. 263.

§ 248. From the mode of generation of the four bodies now
described, — Prism, Cylinder, Pyramid, Cone,—it follows that a
section made by a plane parallel to the base is, —

Fig. 264.

In a prism, a polygon equal to the base.

In a cylinder, a circle equal to the base (Fig. 264).

In a pyramid, a polygon similar to the base (Fig. 2771).

In a cone, a circle smaller than the base (Fig. 272).

The section of a cylinder made by a plane inclined to the base
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is an ellipse (Fig. 265). Such sections are made when two cylin-
ders intersect each other, as in the case of two pipes meeting at
right angles (Fig. 266).

In a cone, a section inclined (tortherbase cuts the surface in
an ellipse (Fig. 268), if it does not meet the base ; in a parabola
(Fig. 269), if it meets the base and is parallel to the side of the
cone ; in a kyperdola (Fig. 270), if it meets the base and is not
parallel to the side of the cone.

Fig. 267, Fig. 268.

The four sections shown in Figs. 267-270 — namely, circle,
ellipse, parabola, hyperbola — are sometimes called the conic
sections.

NOTE.— These sections may be shown to the eye by holding a cone partly
under water, at first with the axis vertical, then with the axis more and more
inclined. If the water is colored red, the effect is better seen.

Exercises. — What is the section made by a plane passing through, —
1. Two lateral edges of a prism ? 8. The axis of a cylinder ?
2, Two lateral edges of a pyramid ? 4, The axis of a cone ?

§ 249. A plane parallel to the base of a pyramid, or of a cone,
divides the body into a smaller pyramid or cone, and a body called
the frustum of the pyramid or cone (Figs.27r and 272). The
base and the section parallel to the base are called the Jower and
upper bases of the frustum ; their distance from each other is the
height of the frustum. '

If we know the height PQ (Fig. 27r) of a frustum of a pyramid,
and two homologous sides 4 B and £ F of the bases, we can find
the height O P of the entire pyramid, as follows : —

Through OP and the edge O4 pass a plane intersecting the
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bases of the frustum in the parallel lines 4 Pand £Q (why paral-
tel?), and draw £M || OB. By § 159, —

0Q_OE 4 OE_EF
PQ EA EA AM
Therefore, —
OQ_EF 4 0Q=PQxEF=PQxEF
PQ 4AM AM AB—EF

And 0P=0Q + Q2.

Fig. 271. Fig, 272,
Exercises. — 1. What are the faces of the frustum of a pyramid ?
2. If (Fig. 2771) PQ=5™, AB=4™ EF=2™ find OQ and OP.
8. Given the height 2 Q (Fig. 272) of the frustum of a cone, and the radii
of the bases; find the height of the cone cut off, and also the height of the

entire cone.
Hint,—Draw BC || O P, and use the similar triangles O BQ and 4 BC.
4, If (Fig. 272) PQ=4", AP= 3™, BQ=1", find OQ and O 2.

§ 250. The surfaces of the prism, the pyramid, the cylinder, and
the cone are all developable.

Fig. 273 shows the development of a regular hexagonal prism;
Fig. 274 that of a regular pyramid whose base is a square.

The auxiliary lines in the two figures serve to illustrate how they
are to be constructed. F7g. 275 is the development of a regular
hexagonal pyramid. How is it constructed ?
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The development of the convex surface of a cylinder is a rect-
angle ; for we can roll up a rectangular sheet of paper, for exam-
ple, into the shape of a cylindrical surface ; and conversely, a cylin-
drical surface can be unrolled-into-a rectangle (£7g. 276).

Fig. a73. Fig. 274, Fig. z75.

L
o>

H
H
)

Fig. 276, Fig. 277. Fig. 278.

The development of the convex surface of a cone is a circular
sector whose arc is the circumference of the base of the cone, and
whose radius is the slant height of the cone (Zig. 278).

Fig. 276 shows the development of the entire surface of a cylin-
der; Fig. 277, that of the entire surface of a cone; Fig. 277, that
of the entire surface of the frustum of a cone.

Exercises, — Make models of the following solids : —

1. A regular triangular prism. 6. A cube.
- 2, A regular hexagonal prism. 7. A cylinder.
8. A right prism, not regular. 8. A cone.
4. A rectangular parallelopiped. 9. A frustum of a pyramid.

5. A regular hexagonal pyramid. 10, A frustum of a cone,
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III.— The Sphere.

§ 251. Deflnition. — A SPHERE is Zke solid produced by the
revolution of a semicircle (or circle) about the diameter (Fig.279) .

NOTE.— Spin a'piece 'of 'money 'rapidly' on the table, and it will present the

appearance of a sphere.
The semi-circumference PMQ describes the surface of the
sphere ; and it is clear that this surface

must be everywhere equally distant
from O, the centre of the semicircle
This point O is called the cenére of the
sphere.

Therefore, a sphere may also be de-

Q Fig. zp9. fined as a solid bounded by a surface
whick is everywhere equally distani
Sfrom a point called the centre.

What is a radius of a sphere ? a diameter ?

An orange may be taken as a good example of a sphere. If we
cut an orange into a series of paralle/ slices,
the planes of division between the slices
are circles differing in size, the largest being
that which passes through the centre of the
orange.

Every section of a sphere made by a plane
is a circle.

If the section passes through the centre
of the sphere, it is called a great circle ;
in all other cases, it is called a small circle.

The equal parts into which a great circle divides the sphere are
called Hemispheres.

In Fig. 280, the sections PAQ B and 4G B H are great circles ;
the sections C £ DF and M.SN T are small circles.

Al great circles of a sphere are equal; they have the same centre,
the same radius, the same diameler, as the sphere itself.

Fig.()a%.
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All great circles divide each other into two equal parts; every
great circle divides the sphere and its surface into two equal parts.

Small circles are the smaller the further they are from the centre
of the sphere.

Every small circle divides the sphere and its surface into two
unequal parts.

The centre of any circle of the sphere must lie in the diameter
of the sphere which is normal to the plane of the circle ; the two
points where this diameter meets the surface of the sphere are called
the Poles of the circle. In Fig. 280, the points P and Q are the
poles of what circles? :

On the earth (or tervestrial sphere), parallels of latitude are small
circles, the equator is a great circle, and the north and south poles
are the poles of all these circles.

All points in the circumference of a circle (great or small) are
equidistant from either one of its poles, whether this distance be
measured in a straight line or along the arc of a great circle pass-
ing through the point and the pole. Since the latter way of meas-
uring distances is much more convenient on a sphere, it is always
employed. Thus, in Fig. 280, the distance from the point C to
the pole Pis the length of the arc PC.

Of all lines that can be drawn oz #ke surface of a sphere from
one point to another, the arc of the great circle passing through
the two points is the shortest. In this respect, the arc of a great
circle is to the surface of a sphere what the straight line is to the
plane.

By means of arcs of great circles (never small circles), spherical
triangles and spherical polygons may be drawn on the surface of a
sphere.

The portion of the surface ‘of a sphere comprised between the
circumference of two parallel circles is called a Zone.! The dis-

1 From a Greek word, meaning de/t or girdle.
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tance between the planes of the circles is the Zeight of the zone,
and the circumferences of the circles are its dases. If one of
the planes touches the sphere without cutting it (or is a zngent
plane), the zone, is called, a| sone of ope base. Point out zones in
Fig. 280.

Exercises. — 1. Give examples of spheres (globes, balls).
2. Draw a figure of a sphere with lines in it to illustrate the definitions of

this section.
8. How will a sphere be divided by three great circles mutually perpen-

dicular to each other ?
4. In what zones is the surface of the earth divided ? Which are zones

of one base ?

§ 252. An orange, after the peel is removed, is easily divided
into wedge-shaped slices, separated by natural planes of division.
These planes are planes of great circles intersecting in a common
diameter. In the fruit, the number of the planes is limited ; but,
in any sphere, we may imagine as many such planes as we please,
all passed through a common diameter, and each cutting the sur-
face of the sphere in the circumference of a great circle.

Fig. 281 shows several such planes passing through the diameter
PQ. They intersect the surface in the
circumferences, the front parts of which
are the semi-circumferences P4 Q, PBQ,
etc.

These semi-circumferences are called
Meridians, and the portion of the sur-
face of the sphere comprised between two
meridians is called a Zzne. Point out
lunes in Fig. 281.

Terrestrial Meridians are the circum-
ferences of great circles on the earth’s surface made by planes
passing through the earth’s axis.

The surface of a sphere is not developable, but a close approxi-

Q
Fig. 281,
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mation to it can be constructed by drawing a series of equal lunes
in one plane, as follows : —

Divide a line A8 (Fig. 282), which must be made equal to 3}
times the diameter, of the proposed sphere, into twelve equal parts,
and add nine of these parts to each end of the line. Then, with a

Fig, 282.

radius equal to ten of these parts, describe arcs from the points
marked 1, 2, 3, etc. ; and, likewise, arcs from the points marked
I, II,, III,, etc., as shown in the figure. These arcs will inclose
lunes which, cut out and properly folded up, will very nearly form
a complete spherical surface.

It is by a process of this sort that the surfaces of balloons, base-
balls, globes, etc., are made.

Exercises. — 1, Describe how a hemisphere would be generated by

motion.
8, Make a model of a sphere.
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REVIEW OF CHAPTER XII.

I.—~Polyhedrons.

§ 242. Definition of the Polyhedron. Specific names of polyhedrons. Euler’s
theorem. ’

§ 243. The five regular polyhedrons. Development of their surfaces. How
models of them are made.

II. —The Prism, Cylinder, Pyramid, and Cone.

§ 244. Definition of the Prism. Different kinds of prisms. The parallelo-
piped.

§ 245. Definition of the Cylinder.

§ 246. Definition of the Pyramid. Different kinds of pyramids.

§ 247. Definition of the Cone.

§ 248. Sections of the prism, cylinder, pyramid, and cone.

§ 249. Frustum of a pyramid or a cone.

§ 250. Development of the surfaces of these four solids. How models of

them are made.

III. — The Sphere.

§ 251. The Sphere defined. Section of a sphere made by a plane. Great
and small circles. Spherical triangles and polygons. Zones.
§ 252. Meridian lines. Lunes. How a model of a sphere may be made.
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CHAPTER CXIIT!

SURFACES AND VOLUMES OF BODIES.

CoONTENTS. — 1. Surfaces of Bodies (§§ 253-258). II. Volumes of Bodies (§§ 259~
274). 111 Exercises and Applications (§§ 275-279).

I.— Surfaces of Bodies.
§ 263. THE PrisM. The lateral surface consists of parallelo-
grams ; the bases are polygons. Therefore, —
1. Lateral surface = sum of the areas of the parallelograms of
which it is composed.
1I. Tvtal surface = lateral surface + areas of the bases.

Exercises. — Find the total surface of a cube if, —

1. The edge = 8=. 8. The edge = 4®.

2. The edge = 3.5™. 4. The edge = 7}in.

5. If the edge of a cube contain a unit of length, how many units of area
are there in the entire surface ? Ans. 6a8.

6. The total surface of a cube = 6009™. Find the length of the edge.

7. If the total surface of a cube contains S units of area, how many units
of length are there in one edge ? Ans. A/S—+6.

8. Find the total surface of a rectangular parallelopiped if the length =
15™, the breadth = g™, the height = 6™.

9, Find the total surface of a rectangular parallelopiped if the length = q,
breadth = &, height = c. ' Ans. 2ab+ 2ac+ 26c.

10. How many bricks, 818 by 3}in, are required to line the bottom and sides
of a reservoir 60" long, 24% wide, 12% deep?

Find the total surface of the following regular prisms: —

11, Triangular prism, height = 76¢®, side of base = 4o0°m,

12. Quadrangular prism, height = 6#, side of base = 27in,

18. Hexagonal prism, height = 2.46™, side of base = 84¢m,
* Hints.— Find less radius of base by use of § 202, Case 2, and § 142, and area
of base by § 133.
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14. How would Exercise 13 be solved if the less (or the greater) radius
of the base were given instead of a side of the base ? .

15. The total surface of a regular hexagonal prism = 8229, a side of the
base = 10™. Find the height (see Table, p. 221).

16. In a regular hexagonal prism; the height = 4, a side of the base = a.
Find the total surface. Ans. 6ak+ 3a°\/3.

§ 254. Tue CyLinDER. The development of the convex sur-
face is a rectangle (Fig. 276) whose base is equal to the circum-
ference of the base of the cylinder, and whose altitude is equal to
the height of the cylinder. The bases of the cylinder are equal
circles. Therefore (§ 128), —

1. Convex surface = circumference of base X height of cylinder.

11. Zvtal surface = convex surface + twice the area of either
base.

Exercises. — Find the convex surface, the areas of the bases, and the total
surface of the following cylinders: —

1. Height = 3™, radius of base = 1™,

2. Height = g6°®, diameter of base = 60°™.

8. Height = 4.5™, circumference of base = 3.64™,

4, Height= 34™, area of base = 16.747™.

5. Height = 9}, radius of base = 6%.

6. Height = 4, radius of base = 7.

7. Height = 4, diameter of base = 4.

8. How many sq. yds. of sheet tin are required to cover the convex surface
of a circular tower 40® high, the diameter of the base being 8?2

9. The length of a hollow tube = 3™, the outer diameter = 36°™, the thick-
ness of the metal = 2cm, Find the area of the inner convex surface.

§ 255. TuE Pyramip. The lateral surface consists of triangles ;
the base is a polygon. Therefore, —

1. Lateral surface = sum of the areas of the triangles of whick
it is composed.

11. 7Zvotal surface = lateral surface + area of the base.

Exercises. — Find the total surface of the following regular pyramids: — .
1, Triangular pyramid, slant height = 68cm, side of base = 42°®,
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2. Square pyramid, slant height = 15™, side of base = 3@,

8. Octagonal pyramid, slant height = 7.06®, side of base = 1.44™.

4. How can the above exercises be solved if the less (or greater) radius
of the base is given in place of a side? (See Table, p. 221.)

5. The height of a\regular |triangular pyramid = 8@, and the side of the
base = 2m. Find the total surface.

Hints.—Find less radius of base by means of the Table, p. 221, and then the
slant height by means of § 142

6. Height of a regular hexagonal pyramid = 18m, side of the base = 1.5™,
Find the entire surface.

7. The vertex of a pyramid with a rectangular base is vertically above the
middle point of the base. Find the total surface if the height = 6™, and the
sides of the base are 2.4™ and 1.6™.

8. The height of ,the frustum of a regular pyramid with a square base =
16m, and the sides of the bases are 4™ and 2™. Find the entire surface.

Hints.— The lateral surface consnsts of four equal trapezoids. Find their com-
mon altitude by means of § 142

§ 266. THE CoNe. The developed convex surface is a circular
sector (/#ig. 277) whose arc is equal to the circumference of the .
cone, and whose radius is equal to the slant height. The base of
the cone is a circle. Therefore (§ 216), —

1. Convex surface = circumference of base X half the slant
height.

1. Zotal surface = convex surface + area of the base.

Exercises. — Find the convex surface, the area of the base, and the entire
surface of the following cones: —

1. Slant height = 5™, radius of base = 2m,

2, Slant height = 60o®, diameter of base = 12f.

8. Slant height = 12.62™, circumference of base = 2.27m™,

4. Slant height == £, radius of base = 7.

5. Slant height = 4, diameter of base = d.

6. Height = 12™, radius of base = g™ (see § 142).

7. Height = £, radius of base=7.

8. How many square yards of sail-cloth are required to mike a conical
tent 60f high, if the diameter of the base is 4oft.

9. Two cones have equal bases, but one is three times as high as the other.
Compare their convex surfaces,
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§ 257. FrusteMm oF A CoNE.  The development of this surface
is a part of a circular ring (Fig. 287) whose arcs 48 and C.D are
the circumferences of the °
AN bases of the frustum, and
MY whose distance apart is
equal to the slant height
of the frustum. We shall
first find the area by the
method of reasoning used
in § 212 (a method which
we shall have occasion to
use again hereafter); and
shall then transform the
value of the area thus obtained into two other useful forms.

Construct a series of trapezoids, such as the three shown in Fg.
283, by drawing radii and parallel pairs of tangents (why are they
parallel?). The common altitude of these trapezoids = distance
between the arcs = slant height of frustum. By increasing the
number of such trapezoids we can plainly make the sum of their
areas approach the area of the frustum as nearly as we please,
although it will never quite reach it. That is to say, —

Surface of the frustum = limit of the sum of the trapezoids.

By § 131 and by addition, the sum of the trapezoids = 4 sum
of their parallel sides X slant height. As the number of trapezoids
is increased, the sum of their parallel sides approaches, but never
quite reaches, the sum of the arcs 48 and CD. Therefore, —
3(4 B + CD) X slant height
of frustum.

Fig. 283.

Limit of sum of the trapezoids = {

Therefore (Axiom IV.),—

1. Convex surface of frustum =} (AB X CD) X slant height
= y(sum of circumferences of bases) X slant height.

The result can be put into another form, as follows : Let a frus-
tum be generated by the revolution of the trapezoid 4 XBY (ZFig.
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284) about the side X ¥. Through A/, the middle point of 4 B,
draw MNIAX. MN is the radius of a circu- BEESS,

lar section of the frustum midway between the
bases. Draw B2 Il X ¥, and  intersecting M NV ml LIV
inQ; BY=QN=PX(why?)and AP=2MQ 1R
(why?). Put BY=a, MQ =4 ; then MN = -

@+b AX=a+26 By§200,— A2
. Fig. 284.
Circumference of upper base = zra.
«“ “ lower ¢ =2wra+ 4mb.
“« “ middlesection =272 4 27b.
4ma+4md

Whence, # (sum of circumferences of bases) =
2

= 2mwa + 2mb = circumference of middle section.

Therefore, —

II. Convex surface of frustum = circumference of middle section
X slant height.

Draw MR 1 AB; AMNR ~ AABP (why?); therefore,
MN: MR = BPorits equal XY: 4B ; whence, —

MNX AB=MR X XY.
If we multiply both sides of this equation by 2 7, we have
27 MN X AB=20MR X XY.

The first side of this equation is the value of the convex surface
given in II.; the second side is the product of the circumference
whose radius is #/ R and the height of the frustum. Therefore, —

III. Convex surface of frustum = circumference whose radius
is the length of the perpendicular erected at the middle point of the
side of the frustum and terminated by the axis X height of frustum.

Exercises.— 1, Prove that Theorems II. and III. hold true of the convex
surface of an entire cone.

Hint.— In the proof of II., make a=o, because there is no upper base.

2. Prove that Theorem III. holds true of the convex surface of a cylinder.

8. How is the #al surface of a frustum found ?
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Find the convex surface, and also the total surface, of the following frus-
tums of cones: —

4. Slant height = 117, radii of bases 5™ and 3™.

5. Slant height = 4, diameter of bases 18!® and 10i®,

6. Slant height,= 4, radii-of bases, ¢-and 5.

7. Slant height = 4, radius of middle section = 7.

8. The height of a frustum = 12™, the radii of the bases are 7™ and 2=,

Find the convex surface.
Hint.—1t is evident, from Fig. 284 and from § 142, that slant height =

Vit + (7—2)3
9. The height of a frustum = 4, the radii of the bases are 2 and 4. Find
the convex surface.

§ 258. THE SPHERE. Inscribe in the semicircle XBY (Fig.
285), with a radius OX = 7, half of a regular polygon with an
x even number of sides (here four). Draw the

less radii OM, ON, OP, OQ, and from the
2 vertices A4, B, C, let fall the perpendiculars
AD, BO, CE.

If the semi-circumference and the sides of
the polygon revolve about X ¥, the former will
describe the surface of a sphere, and the sides
of the polygon will describe the convex surfaces
of cones or frustums of cones. Which two
Vv sides will describe the former?

By § 257, III. (including Exercise 1), —

Surface described by side X4 = 22#0M x DX.

“ “ “ AB=27x0ON X OD.
“ “ “« BC=270P X EO.
“« « “ CYV=220Q X YE.

Adding these equations, and remembering that O = ON =
OP=0Q, we have, —

Total surface described by sides of polygon = 27 OM x X Y.

As the number of sides is increased, the total surface described
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by the sides approaches the surface of the sphere as its limit.
That is, —
Surface of sphere = { limit of surface described by sides of the
polygon, .
As the number of sides is increased, the less radius O M ap-
proaches 7 as its limit. Therefore, —

Limit of surface described by
the sides of the polygon

Therefore (Axiom IV.), —

Surface of the sphere = 277 X XV = 277 X 27 =4n7.

Or (§§ 209, 213), —

1. Surface of a sphere = circumference of a great circle X the
diameter = four times the area of a great circle.

The above method applied to a part of the semicircle, — as, for
instance, the arc 4 BC, which, by revolving, describes a zone,—
gives as the result, —

I1. Surface of a sone = circumference of a great circle X height
of sone.

}=21rr‘XXY.

Exercises. — Find the surfaces of the following spheres: —

1. Radius=g™. 4. Diameter = 44™.
2. Radius = 3}in. 5. Diameter = 128,
8. Radius=7~. 6. Diameter =d.

7. Find the surface of the earth, taking the diameter as 8000 miles.
8. If the surface of a sphere = 400%™, find the radius.
9. Find the fozal surface of a hemisphere if the radius = 6m,
10. Find the total surface of a hemisphere if the radius = 7.
11. How much leather will it take to cover a base-ball if the diameter =
432
12, If the radius of a sphere = 8m, find the area of a zone the height of
which = 2=,
18. Height of a cylinder = diameter of its base. Compare its total sur-
face with that of the largest sphere that can be inscribed in it.
Ans. Surface of the sphere = £ surface of the cylinder.
NOTE. — This curious fact was discovered by Archimedes more than 200 B.C.
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II. — Volumes of Bodies.

§ 259. In order to compare the sizes or magnitudes of bodies,
we select a body of known size as the common term of comparison
or unit, and then’find-how-many times' this unit is contained in
other bodies.

Definition. — Zke number of fimes the unit is contained in a
body, followed by the name of the unit, is called the VOLUME of the
body.

If, for instance, the cubic inch is the unit, and one body will
contain it four times while another body will contain it twelve
times, the volumes of the bodies are four cubic inches and twelve
cubic inches ; and one of the bodies is exactly three times as large
as the other.

The most convenient units of volume are cubes whose edges are
equal to the units of length.

The Cusic INCH (cub. in.), the CuBic Foor (cub. ft.), and the
Cusic YarD (cub. yd.), are such units. The BusHEL and the
GALLON are not such units. The bushel contains 2150.42 cub. in.,
the (United States) Zgwid gallon contains 231 cub. in., and the
(United States) 27y gallon contains 268.8 cub. in.

In the metric system, the units of volume are always cubes
whose edges are units of length. The three most used are the
CuBic METER (cbm.), the CuBic DECIMETER (cdm.), and the
Cusic CENTIMETER (ccm.).

The cubic decimeter is often called a Lrrer (1.). A HEcro-
LR (hl) = 100 liters.

The cubic meter, when used for measuring wood, is called a
STERE. ‘

NOTE.— 1 cubic foot = 0.0283 cubic meter. 1 cubic meter = 35.3156 cubic feet.
1 bushel = 35.24 liters. 1 liter = 0.02838 bushel.
1 liquid gallon = 3.78j5 liters. 1 liter = 0.264 gallon.
Exercises. — 1, The bushel contains 4 pecks. How many cubic inches in
one peck ?
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2. The gallon of either kind is divided into four guar#s, the quart into two
pints, the pint into four gé//s. How many cubic inches in the quart, pint, and
gill, both liquid and dry ?

8. Reduce 6000 cubic feet to cubic meters. 6000 cubic meters to cubic feet.

4. If I pay $1.20/per bushel'for' wheat, what must I ask per hectoliter, in
order to make a profit of 25 per cent ?

H. A hectoliter of wine will fill how many pint bottles ?

§ 260. To measure the volume of a body is to find how many
times it will contain the unit of volume.

The volume of a liquid body may be found directly by repeat-
edly filling a vessel which is known to hold exactly a unit; as, for
example, a quart pot or a gallon jug. But this method could not
be applied to bodies of fixed shape, such as a stick of timber or a
cannon-ball.

Geometry teaches how volumes are measured indirectly, by
showing that they depend upon the lengths of certain lines (for
instance, the length, breadth, and height of a parallelopiped), and
can, therefore, be found by performing simple operations upon
the numbers which express the lengths of these lines (compare
§ 126).

We shall deduce a general rule for computing the volume of any
prism or cylinder by treating as special cases, —

(z) The rectangular parallelopiped ;

(#2.) The right parallelopiped ;

(##2.) The oblique parallelopiped ;

(#v.) The triangular prism ;

(2.) Any prism;

(vi.) The cylinder;
and another general rule for computing the volume of any pyramid
or cone by treating as special cases, —

(2) The triangular pyramid ;

(72.) Any pyramid;

(#7.) The cone.
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§ 261. THE RECTANGULAR PARALLELOPIPED. In the rectangu-
lar parallelopiped 4 P (Fig. 286) let the edges be A B = 5™, 4D
= 3™, AM = ™. Then the base 4 BC D con-

tains | 1577 (§ 428) ;-and upon each square me-
hity ter of the base we can construct a pile of 7
iy cubic meters, such as DQ, so that the solid
iy must contain exactly 7 X 15 = 105 cubic me-
ZJ; ters.
L/ A like result would be obtained if the edges
had any other values. If there were fractions
A B .
Fig. 236, of a meter, we would proceed as shown in find-

ing the area of a square (§ 127). Therefore,
the number of units of volume in a rectangular parallelopiped is
found by multiplying the number of units of area in the base by
the number of linear units in the height. Or, more briefly, —

Volume of a rectangular parallelopiped = base X height.

If @, 4, and ¢ denote the length, the breadth, and the height
of the solid, then the base = @ X 4, and therefore the volume =
aXxXbxXe.

In the case of the cube, @ = é = ¢ ; therefore, —

Volume of a cube = a X a X a = a®

Here a® is a short way of expressing that & is taken as a factor
three times, o7 s raised to the third power. Hence the third power
of a number is often called the cxde of the number.

Remark. — Since the edge of a cubic meter = 10 decimeters,
therefore, 1 cubic meter = 10 X 10 X 10 = 1000 cubic decime-
ters (liters). For a like reason, 1 cubic decimeter = 1000 cubic
centimeters. In general, —

The ratio between two units of volume is the cube of the rabio
between the corresponding units of length.

Exercises. — Find the volumes of the following cubes: —

1. Edge = 8=, 8. Edge = y2°m, 5. Area of base = 36am,
2. Edge = 3.17™. 4. Edge = g3in. 6. Area of base = .
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Find the volumes of the following rectangular parallelopipeds: —
7. Length = 4.5™, breadth = 7™, height = 3.4™.

8. Length =/, breadth = 4, height = 4.

9. Length = breadth =/, height = 4.

10. Area of base' =/819™, height =4,

11. Area of base = S, height = 4.

12. How many cubes, each with an edge == 19m, can be put into a box
129m by 8dm by 64m, inside measurement ? ’

18. Find the number of cubic decimeters of wood in a board 5= long,
0.6 wide, 0.03™ thick. What kind of a solid is the board ?

14. How high must a box §4 long and 2= wide be to hold 30 liters?

15. Volume of a cube = 74,088¢™. Find the edge.

16. Volume of a cubical tank = 474.552°®. Find its depth.

17. Volume of a cube =¥. Find the edge.

18. Two dimensions of a rectangular parallelopiped are 9.37™ and 5=,
Find the third dimension.

19. A room is 8™ long, 6™ wide, 2.5™ high. How many cubic meters does
it contain ? How much more space would it inclose if the floor had the same
perimeter, but were in the shape of a square ?

20. How many stones 39 long, 1.59= wide, 0.759® thick, are required to
build a wall 40™ long, 3™ high, and o.5™ thick ?

21. How many liters of water have fallen in a garden 42™ long and 32=
wide, if a vessel standing in it is filled to the height of 12¢m ?

22, How many hogsheads will a tank 10% by 128 by g% hold ? (1 hogs-
head = 63 gallons.) '

28. Why does one cubic foot contain 1728 cubic inches.

§ 262. THE RIGHT PARALLELOPIPED. — If from the right paral-
lelopiped 4G (Fig. 287) we take away the
prism B G, by passing through the edge L N6
BF a plane BFMN perpendicular to the
base, and then place this prism on the left
in the position 4 A, the right parallelopiped

will be transformed into an equivalent rec- c
tangular parallelopiped having the same height %
and an equivalent base (§ 129). There- Fig. 287.

fore, by § 261, —
Volume of a right parallelopiped = base X height.
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Since area A BCD = AB X B M, therefore, the volume of the
right parallelopiped AG = ABX BMX BF=ABX BFX BM
=area ABEF X BM = a rectangular face laken as base X the
corresponding height

Exercises. — 1. Find the volume of a right parallelopiped if the height =
117, and the base is a parallelogram having the length 12™ and the altitude §™.

2. A wall 20m long, 3™ high, is 0.8™ thick at the bottom and o4™ thick at

the top. Find how many cubic meters it contains.

Hint. — Consider the wall a right parallelopiped having for base a trapezoid
whose parallel sides are 0.8m and o4™.

§ 263. THE OBLIQUE PARALLELOPIPED. — Let AG (Fig. 288) be
an oblique parallelopiped. Through the corner £ pass a plane
perpendicular to the edge £, cutting from the parallelopiped the

" ¢ R solid AMDNEHO, and place
ﬂ_\ this solid on the right in the
AR positon BPCQFGR. By
‘\ £ this operation, the oblique par-

Y / %
\ FA allelopiped is transformed into
\ \ an equivalent right parallelo-
& \ (‘\ i‘ Q piped, having the same height,
“‘-.\ AR AN and a rectangular base £ # RO
N equivalent to the base £Z # G H
A M 5 p

Fig. 288, of the oblique parallelopiped
(§ 129). Now the volume of
the right parallelopiped = its base £ FR O X the height (§ 262) ;
therefore, —
Volume of the obligue parallelopiped = base EF G H X /mghl

§ 264. THE TRIANGULAR Prism. — If through the edges 4 B and
G H of the oblique parallelopiped 4G (Fig. 288) we pass a plane,
it will divide the solid into two oblique triangular prisms. The
same plane divides the equivalent right parallelopiped into two right
triangular prisms. These right prisms are equivalent, each to its
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corresponding oblique prism, because each is formed by cutting
off (by the plane through £ L the edge £F) a portion of the
oblique prism, and transferring it to the right of the figure. Now
these right prisms\are/dlso| equivalent toeach other ; for, if one of
them is inverted, it is then clear that it has precisely the same
shape as the other, and that its faces are equal and parallel to those
of the other. Therefore, the two oblique prisms are equivalent,
and hence each is half of the parallelopiped. Take 4 D E H as the
base of the parallelopiped ; then the distance between the planes
ADE H and B C FG is its height, the two prisms have the same
height, and their bases are the triangles 4 £ & and 4D H, each of
which is half the parallelogram 4D E H. So that the volume of
either prism (half the volume of the parallelopiped) is equal to its
base (half the base of the parallelopiped) X its height. In general,—

Volume of a triangular prism = its base X its height.

Exercises. — Find the volume of a regular triangular prism, having given, —

1. Height X 75°™, area of base = 140%™,

2. Height = £, area of base = S.

8. Height = 8.5™, one side of the base = 3m,

4. Height = %, one side of the base = a.

B. The bases of a triangular prism 80 high are isosceles right triangles,
a leg of which = 12°™. Find the volume of the prism.

6. If the volume of a triangular prism with isosceles right triangles for
bases = 600°™, and the height = 14™, find (z.) area of the base, (#7.) perime-
ter of the base.

§ 265. ANy Prism. — Any prism (F%. 289) can be divided into
triangular prisms by passing planes, as shown in the
figure, through one of the lateral edges. The trian-
gular prisms have the same height as the entire
prisms, and the sum of their faces is equal to the
base of the entire prism. Therefore, by § 264 and

by addition, it follows that the — P
Volume of any prism = its base X its height. A\
Hence, any two prisms having equivalent bases Fig. 289.

and cqual heights are equivalent.
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Exercises. — Find the volumes of the following regular prisms: —
1. Hexagonal prism, height = 17, side of base = 2™.

2. Hexagonal prisim, height = 4, side of base = a.

8. Octagonal prism, height = 85¢m, side. of base = 10°®@

4.

Octagonal prism, height = £, side of base = a.

§ 266. THE CyLINDER. — If we inscribe in the bases of a cylin-

der regular polygons of the same number of
sides, so that their sides, taken pair by pair, are
parallel, and then pass planes throﬁgh each pair
of sides, these planes with the polygons will form
a prism inscribed in the cylinder (Fig. 290).
Now the greater the number of lateral faces in
the inscribed prism, the nearer does its volume
approach that of the cylinder ; that is to say, —

Volume of cylinder = limit of volume of in-

Fig. 290 scribed prism.

The volume of the prism = its base X its height ;

and its base has the base of the cylinder for its limit. Therefore,
limit of the volume of the inscribed prism = base of cylinder X its
height.

Hence (Axiom IV.), —

Volume of the cylinder = its base X its height.

Exercises. — Find the volumes of the following cylinders: —

1. Height = 6™, area of base = 429™,

2. Height = 8m, radius of base = 2™,

8. Height = 64°™, diameter of base = 16°™,

4. Height = 7}®, circumference of base = 44In.

5. Height = %, radius of base = 7.

6. Height = 4, radius of base = d.

7. The volume of a cylinder = 200%™, the height = 13™. Find the radius
of the base.

8. The volume of a cylinder =/, the height = 4. Find the radius of the
base.

9. A cylindrical pail holding exactly one liter is 18 high. Find the
diameter of the base.
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10. A hollow iron tube is 6™ long, the outer diameter = g2, the inner
diameter = 68°™. How many cubic decimeters of iron are there ?

11. How long is an iron tube, if the inner diameter = 3.5°™, the outer cir-
cumference = 15, the volume (1200

12, A vessel in the shape of a cylinder is to be made from sheet-iron 2em
thick. The vessel is to be 1™ high, and to hold 100 liters. What must be its
outer diameter ?

§ 267. Tue TRIANGULAR PvramMm.—Let S-4BC and S
-~ MNO (Fig. 29r) be two triangular pyramids standing on the
same horizontal plane, and having equivalent bases 4 BC and
MNO, and equal heights. Divide the common height into any
number of equal parts, and through the points of division pass
planes parallel to the bases of the pyramids. Since the bases are
equivalent, it follows, from the mode of generation of a pyramid
(§ 246), that any two sections, as D E F and PQR, situated at
the same distance from the bases, will also be equivalent.

In the two pyramids construct triangular prisms, suchas DEFGHI
and PQR T UV, having for upper base one of the sections ; for
lateral edges, lines parallel to SA4 or SA/; and for a common
height, the distance apart of two sections. It follows, from § 265,
that these prisms will be equivalent, taken pair by pair, in the
two pyramids; therefore,
the sums of their volumes
will be equal, no matter
how many or how few of
them there may be. But,
the greater their number
the nearer the sums of
their volumes approach the
volumes of the two pyra-
mids ; that is to say, —

Volume of each pyramid = limit of sum of volumes of the in-
scribed prisms.
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Now the sums of these volumes remain always equal ; therefore
their limits, or the volumes of the pyramids, must also be equal.
Hence, fwo triangular pyramids having equivalent bases and
equal heights are equivalent.
Now let S—ABC (Fig. 292) be any triangular pyramid. If
we pass a plane through BC | $4,and a plane through S| 4.BC,
we form a triangular prism
ABCSPQ. This prism is
divided by the plane SBC,
and a plane passed through
C and S 2, into three trian-
gular pyramids, S—-A4 BC,
P-SBC,and C-SPQ. Of
Fig. 292, these, S—4BC and C-SPQ
are equivalent because they
have equivalent bases and equal heights. Also, P—SBC and
C - .S P Q are equivalent, because we may take .S for the common
vertex, and then they have equal heights (the distance from S
to the plane B C P Q) and equivalent bases (the equal triangles
PBC and PC Q). Therefore, each pyramid = } the prism. Now
the volume of the prism = base X height ; therefore, the volume
of the pyramid S— 4 BC (which has the same base and the same
height as the prism) = } base X height. Therefore, —
Volume of a triangular pyramid = } its base X its height.

Exercises. — 1. Height of a regular triangular pyramid = 15™, one side
of the base = 2™. Find the volume.

2, Height of a regular triangular pyramid = %, one side of the base = a.
Find the volume.

8. A triangular pyramid go°™ high has an isosceles right triangle for base,
one leg of which == 40°™. Find the volume of the prism.

4. A triangular pyramid with an isosceles right triangle for base is 3.4™
high. Its volume = 8o°™. Find (i.) the area of the base; (ii.) the perime-
ter of the base.

5. The frustum of a regular triangular pyramid is 4™ high, and two homolo-
gous sides of the bases are 2™ and 1.25™. Find its volume. (See § 249.)
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§ 268. ANy Pyramip. — Any pyramid whatever can be divided
into triangular pyramids by passing planes through
one of the lateral edges, as shown in Fig. 293.
These triangular pyramids|allthave the,same height
as the entire pyramid, and the sum of their bases
= the base of the entire pyramid.

Therefore, —

Volume of any pyramid = } base X height. Fig. 293.

Exercises. —1. Find the volume of a regular hexagonal pyramid, if the
height = 36°™ and a side of the base = 8™,

2. Find the volume of a regular octagonal pyramid, if the height = 44™
and a side of the base = 4™.

8. Solve Exercise 1, if the height = % and a side of the base = a.

4, Solve Exercise 2, if the height = 4 and a side of the base = a.

8. The frustum of a regular hexagonal pyramid is 2.7m high, and two
homologous sides of the bases are 1.2™ and 70°™. Find the volume.

6. A vessel has the shape of the frustum of a regular four-sided pyramid.
It is 18°m high, and the outer edges of its bases are 24°™ and 16™, How
many liters of water will it hold if the material of which it is made is 26 thick ?

§ 269. Tue ConE.— Inscribe in the base of a cone (ZFig. 294)
a regular polygon, and pass planes through the
sides of this polygon and the vertex of the cone.
These planes with the polygon form an in-
scribed regular pyramid whose volume ap-
proaches the nearer to that of the cone the
greater the number of sides in the regular poly-
gon ; that is, —
Volume of cone = limit of volume of inscribed
pyramid.
But volume of any pyramid = % its base X its Fig. 204.
height. And in this case the base has the base
of the cone for its limit. Therefore, limit of volume of inscribed
pyramid = 4 base of cone X height. Therefore (Axiom IV.),—
Volume of a cone = } its base X its height.
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Exercises. — Find the volumes of the following cones: —

1. Height = 15™, area of base = 609™.

2. Height = 12™, radius of base = 3@,

8. Height = 4, radius of base = 7.

4. Height =\745%)/diamétér(of base|=: 6™,

5. Height = %, diameter of base = 4.

6. Height = 6%, circumference of base = 1§,

7. Slant height = 5™, radius of base = 3™.

8. Slant height = &, radius of base = 7.

9. Find the volume of a cone whose slant height = diameter of the base
= 2™,

10. Volume of a cone = 800°b™, radius of base = 1.8m. Find the height.

11, Find the volume of the frustum of a cone, if the radii of the bases are
7.5°= and 5@, and the height 25°m, (See § 249.)

12. A vessel has the shape of the frustum of a cone 1™ high, and the inner
circumferences of the bases are 5™ and 4. How many cubic meters of water
will it hold ?

18. What part of a cone remains if a cone two-fifths as high as the entire
cone is cut off ?

14. How many gallons of water will a vessel hold which has the shape
of the frustum of a cone, the height being 3%, the diameters of the bases 18in
and 12in ?

15. A Dutch windmill in the shape of the frustum of a cone is 12m high.
The outer diameter at the bottom and the top are 16® and 12™; the inner
diameters 12™ and 10®. How many cubic meters of stone were required to
build it ?

16. The chimney of a factory is 32™ high, and the outer circumferences of
its bottom and top are 20™ and 14™, while the bore is, throughout, 2™ wide.
How many cubic meters of brick does it contain ?

§ 270. The results obtained in §§ 261-266 may be summed
up in one general rule, as follows : —
Volume of a prism or a cylinder = base X height.

And the results obtained in §§ 267-269 may be summed up in
one general rule, as follows : —

Volume of a pyramid or a cone =} base X height.
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§ 271. THE SpPHERE.— In order to find the volume of a sphere,
conceive a series of pyramids formed, having for a common vertex
the centre of the sphere, and for bases the faces of a polyhedron
circumscribed about the sphere, (that,is; a polyhedron whose faces
touch the surface of the sphere, each in a single point). By in-
creasing the number of these pyramids, we can make their sum
approach the volume of the sphere as nearly as we please ; or, in
other words, —

Volume of sphere = limit of sum of the pyramids.

Now each pyramid = } height X base, and their common height
= radius of the sphere ; therefore, sum of the pyramids = } radius
of sphere X sum of the faces. The limit of the sum of the faces
(when their number is increased more and more) = the surface of
the sphere. Therefore, limit of the sum of the pyramids = 4 radius
X surface of the sphere. Therefore (Axiom IV.),—

Volume of a sphere = % radius X surface of sphere.

Exercises. —1. Find the volume of a sphere if the radius = 6m.

2. Find the volume of a sphere if the radius = 7.

8. Find the volume of a sphere if the diameter = 14°m,

4. Find the volume of a sphere if the diameter = 4.

b. Find the volume of a sphere if the circumference of a great circle = 10®.

6. Required the volume of the largest sphere that can be turned from a
cubical block of wood whose edge = 19m, How much of the wood is lost ?

7. The volume of a sphere = 180%™, Find the radius.

8. The volume of a sphere = 7. Find the radius.

9. Find the volume of the largest sphere that can be turned from a cylin-
der of wood whose diameter = its height = 12¢m,

10. The diameter of a cylinder = its height = 4. Compare the volume of
this cylinder with that of the largest sphere that can be inclosed in it.

Ans. Volume of the sphere = 4 volume of the cylinder,

NOTE. — This curious fact was discovered by Archimedes about 230 B.C.

11. Find the difference between the volumes of two concentric spheres
whose radii are 4™ and 5™,

12. In two concentric spheres, the volume of the larger = twice that of the
smaller. If the radius of the smaller = 1™, find the radius of the larger.
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§ 272. The volume of any body, whatever be its shape, may be
found by weighing it, and then dividing the weight by the weight
of one unit of volume. The quotient will be the number of units

of volume in the body.
In the metric system, the most common units of weight are, —

The GrAM (g.) = the weight of I°™ of pure water (at £° C.).
The K1LoGRAM (kg.) = weight of 1°™ of pure water (at 4° C.).

Since 1°™ = 1000°™, 1 kilogram = 1000 grams.

The ratio of the weight of any substance to the weight of the
same volume of pure water is called the SpeciFic GraviTy of that
substance.

SpecIFIC GRAVITIES OF SOME COMMON SUBSTANCES.

Platinum . . 22.00 Brass (sheet) . 8.40 Boxwood . . 1.20
Gold. . . . 19.35 Steel . . . . 780 Ice. . . . . o092
Mercury . . 13.60 Iron (cast) . . 7.25 Oak . . . . o9
Lead . . . 1135 Zinc . . . . 719 Alcohol . . . 080
Silver . . . 1051 Marble . . . 270 Pine . . . . o0.57
Copper . . . 880 Glass . . . . 260 Cotk . . . . o024

The gram and the kilogram being by definition the weights of
unit volumes of water, it follows that the above numbers express
the weights of 1™ of the substance in grams, or of 1°4™ (1 liter) of
the substance in kilograms.

Whence it is clear that in the metric system, —

its weight

Volu body = & T
obume of @ body its specific gravity’

the volume being expressed (z.) in cubic centimeters, or (#.) in
cubic decimeters (liters), according as the weight is expressed
(z.) in grams or (7Z.) in kilograms.

The most important English units of weight are the Pounp (1b.)
avoirdupois, the OUNCE (0z.) = %™, and the ToN = 2000,
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They are connected (nearly enough for practical purposes) with
the weight of unit volume of water by the relation, —

Weight of 1 cubic foot of water = 623 = 1000%.

The weight in gounds of a cubic foot of any other substance is
found by multiplying its specific gravity by 623, and the weight in
ounces by multiplying its specific gravity by 1000.

NOTE. — 2838 = 10z (nearly) ; 1%8 = 2.2!bs (nearly).

Exercises. —1. Find the volume of a piece of granite which weighs 4%s.

2. A piece of lead weighs 24%8. Find its volume.

8. What is the volume of 848 of silver ?

4. Required the edge of a cubical vessel which will hold 2000 (1 ton)
of mercury.

8. Tind the edge of a marble cube weighing 184%g,

6. An iron cylinder 2.5™ long weighs 680k8. Find its diameter.

7. Find the edge of a cube of cork which weighs the same as an iron ball
22°® in diameter.

8. How many liters will a vessel hold if the vessel weighs when empty
1.5%8, and when full of water 1.5%6 ?

9. An oak cone 40°™ high weighs 2¥8. Find its diameter.

10. What is the diameter of a cannon ball which weighs 641bs?

11. How can the weight of a body be found if its volume and its specific
gravity are known ?

12. Find the weight of 12! of water, 14! of alcohol, and 1% ® of mercury.

18. Find the weight of a rectangular parallelopiped of copper, 0.34™ long,
o.11™ wide, 0.03™ thick.

14. Find the weight of an oak cone, if the radius of the base = 32m ang
the height = goem,

15. Find the weight of a hollow brass cube, if the inner diameter = 3dn
and the thickness of the brass = 1™,

16. If a cube, whose edge = 8™, weighs 508, find the weight of the
largest cylinder that can be turned from it. Also the weight of the largest
cone. Also the weight of the largest sphere.

17. How can the specific gravity of a body be found, if its weight and its
volume are known ?

18. A cubical block of pine wood, an edge of which = 128, weighs 1k&,
Find the specific gravity of the wood.

19. If a mass of ice containing 270%™ is known to weigh 229,000%, find
the specific gravity of ice.

20, Find the specific gravity of cast iron, if 2}°u# weigh g53ibs,
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§ 273. Eguivalent solids have the same volume (size) ; similar
solids, the same shape ; egua/ solids, the same volume and the
same shape.

Equal polyhedrons'must fulfil three conditions : —

() They must have the same number of faces, egqual/ each to
each.

(#2.) Their homologous edges must be egual.

(#2.) Their homologous solid angles must be egual.

Similar polyhedrons must also fulfil three conditions : —

(2) They must have the same number of faces similar each to
each.

(¢2.) Their homologous edges must be proportional.

(#7.) Their homologous solid angles must be egza/.

In both cases, there are the same number of edges and also of
corners.

Conversely, if a// three of the above conditions hold true of two
polyhedrons, then these polyhedrons are equal or similar, as the
case may be.

There are four important classes of similar solids : —

() Al cubes and regular polykedrons of the same name are
similar.

(#.) In order that two regular prisms or two regular pyramids
may be similar, they must have the same number of faces, and their
homologous lateral edges must be proportional to the homologous
sides of their bases. But the homologous lateral edges in the
prisms are obviously proportional to the heights, and in the pyra-
mids they are easily proved to be proportional to the heights, by
reasoning as in § 249 ; and the homologous sides of the bases are
(by § 167) proportional to the less radii of the bases. Therefore,
two regular prisms or pyramids with the same number of sides are
similar, if their heights are proportional to the less radii of their
bases.
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(7ii.) By regarding the cylinder or the cone as the Zmi# of the
inscribed regular prism or regular pyramid, when the number of
its sides is increased more and more (§§ 266, 269), it becomes
evident that fwo cylindersl or fwo cones dre similar, if their heights
2re proportional to the radii of their bases.

(fv.) Al spheres are similar.

§ 274. If the edge of a cube = g, the (total) surface = 642 and
the volume = 4%

Now, if we have other cubes whose edges are 24, 34, 4a, etc.,
their surfaces will be 4, 9, 16, etc., times that of the first cube, since
(2a)?= 44, (32)? = 94? (4a)® = 164’ etc.; and their volumes
will be 8, 27, 64, etc., times that of the first cube, since (22)%= 843,
(3a)* =274’ (44)® = 644 etc.

Bearing in mind that 4, 9, 16, etc., are the sguares, and 8, 27,
64, etc., the cubes, of 2, 3, 4, etc., we see that in cubes the surface
is proportional to the sguare, and the volume proportional to the
cube, of the edge.

What has here been shown to be true of the surface and volume
of the cube in respect to its edges, can be shown to be true of
the surface and volume of all similar solids in respect to any
homologous lines (edges, heights, radii, diameters, etc.).

That is to say, —

1. The surfaces of two similar solids are proportional to the
SQUARES of any two homologous lines.

11. 7he wvolumes of two similar solids are proportional to tht
CuBEs of any two homologous lines.

Exercises.— 1. Compare the surface and the volume of a cube whos¢
edge = 2™ with those of a cube whose edge = 1™,

2. The edge of a cube = 1. Find the edge of a cube, (i.) having twice
the surface, (#7) having twice the volume of the first cube.

8. Required the depth of a cubical tank which will hold 64 times as mucb
as a similar tank whose depth = 3™,
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4. Compare (i.) the surfaces, (¢i.) the volumes, of the rectangular
parallelopipeds whose edges are a, 4, ¢, and 34, 34, 3¢.

8. Given two similar cylinders whose diameters are 4 and 44, and whose
heights are 4 and 44. Prove that Laws I. and II,, stated above in italics, hold
true of them.

6. Same exercise applied to two similar cones.

7. Given two spheres with radii » and 57. Prove that the above laws hold
true of their surfaces and their volumes.

8. The edge of a polyhedron = 8=, and the homologous edge of a similar
polyhedron = §®. How many times will the first polyhedron contain the
second ?

9. A box is go™ long, 58 wide, and 43°® deep. Find the dimensions of
a similar box twice as large.

10. Find the volume of the box in the last exercise if its three dimensions
are doubled.

11. Find its volume if one dimension is doubled. If two dimensions are
doubled.

12. I wish to make an iron cylinder, similar to a cylinder whose diameter
= 26°m and whose height = 64°®, but three times as large. What must be
its dimensions ? How many kilograms of iron are required ?

18. How far from the vertex of a cone §0™ high must a plane parallel to
the base be passed in order that the cone cut off may be exactly y¢y5 of the
entire cone ?

14. Divide into two equivalent parts, by a plane parallel to the base, a
cone 65 high, and having a base whose diameter = 30°™,

18. If the radius of a sphere = 37°®, what will be the radius of a sphere
ten times as large ? )

16. I have a cylindrical boiler 60% long and 8% in diameter, and I wish
another boiler similar in shape but § as large. What must be its dimensions ?

17. If the edge of a regular tetahedron = 1™, it can be proved that the
surface = 1.7329%, and the volume = 0.1178m=; find the surface and the volume
if the edge = 7™,

18, If the edge of a regular octahedron = 1®,it can be proved that the
surface = 3.46417=, and the volume = 0.4714®>®; find the surface and the
volume if the edge = 4=,
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III.— Exercises and Applications.

§ 275, PrisMs AND CYLINDERS.

1. How many steres of wood in a cubical pile one edge of which = 12m ?

2. Total surface of a cube = 80%®; find its volume.

8. Total surface of a cube = S find its volume.

4. Volume of a cube == 200°b™; find its surface.

5. Volume of a cube = ¥; find its surface.

6. A diagonal on one face of a cube = 12*®; find the volume of the cube.

7. Edge of a cube = 4°™; find the diagonal Zkrough the cube.

8. Edge of a cube =, find the diagonal through the cube.

9. A diagonal through a cube = 30°™; find the edge.

10. Find the edge of a cork cube which will weigh the same as 1°™ of
iron. (See Table, page 298.)

11. Volumes of two cubes are as 8 : 27; what is the ratio of their edges ?

12. Find the edge of a cube half as large as a cube whose edge = 16°m,

18. Edges of two cubes are 6@ and 12°®; find the edge of a cube equal
to their sum.

14. Edges of two cubes are 12°® and 16°™; find the edge of a cube equal
to their difference. .

18. Find the edge of a cubical tank which holds 1000h! of water.

16. A water tank has a rectangular base 3.2™ by 2.5™. How many liters
of water does it contain when the height of the water = 1.24m?

17, A tank has a square base one edge of which= 3®. How deep is the
water when the tank contains 18001?

18. A cubical reservoir whose edge = 24™ contains how many hectoliters
of water when the water is 4™ deep ?

19. If water enters the above reservoir, through a tube, at the rate of 160!
per minute, in what time will it be full ?

20, If it is found that in 24 hours the reservoir loses by evaporation a
layer 2°® in depth, how many liters does it lose ?

21. What time will be required to fill the reservoir, taking account of
evaporation ?

22. How large a field can be irrigated by the reservoir full of water if
8oocbm of water are required for every hectare ?

28. If the dimensions of a rectangular parallelopiped are a, 8, and ¢, find
the length of the diagonal from an upper corner to the lower opposite corner ?
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24. What is the cost of digging a cellar 11.5™ long, 8.8™ wide, and 2.62™
deep, at the rate of $0.80 per cubic meter ?

235. What is the weight of a marble block 2.75™ long, 0.35™ wide, and
2.25™ thick ?

26. A body weighs\less \in water than \in| air by exactly the weight of its
vion volume of water. If a body 1.2™ long, 0.62™ wide, and 0.4™ thick weighs
400%8 in air, what will it weigh in water ?

27. Find the specific gravity of the body in the last exercise.

28. How much will a block of marble 2™ long, 1.6™ wide, and 0.8™ thick
weigh under water ?

29. Which will weigh the most in water, an iron cube whose edge = 12¢™
or a rectangular parallelopiped of lead 15 long, 10 wide, and 8 thick ?

80. In a room 6.2™ long, 4.75™ wide, and 2.88™ high are 6 persons. In
what time will the air in the room become unfit for respiration if each person
breathes 20 times a minute, and at each breath vitiates 400 of air ?

81. What is the weight of the air in the above-mentioned room ? (Specific
gravity of the air = 0.8013.)

82. What must be the height of a box 2.5™ long and 2™ wide, that it may
hold 22.5cb= ?

83. A rectangular vessel 48 long and 36°™ wide contains 56 liters of
water. What is the depth of the water ?

84. Into a corn-bin 8™ long and 5.2™ wide, 56 of corn are put; find the
height.

85. The total surface of a cube = 54¥™; find the sum of its edges.

86. Ten leaden cubes, each with an edge = 20°®, are melted into one
cube; find its edge.

87. If the dimensions of a trunk are 1™, 15™, and 2™, find the dimensions
of a similar trunk that will hold eight times as much.

88. Find the dimensions of a similar trunk holding twice as much.

89. A wooden trough is to be made, whose inner dimensions are to be,
length 3.35™, breadth 1.6™, depth 1™ ; the ends are to be 10°® thick, the sides
8cm, and the bottom 12°®, (i.) How many cubic metres of wood are required ?
(#2.) How many liters will the trough hold? If the trough is made of oak
wood, what will it weigh? (#7:.) when empty? (#z.) when full of water?

40. What will it cost to dig a ditch around a field in the shape of a square,
containing 4 hectares, if the ditch is to be 2m deep, 1™ wide at the bottom,
1.4™ at the top, and the price is $0.25 per cubic metre of earth thrown out?

41. How many cubic metres of manure are required to cover with a layer
2em thick a triangular field whose base = 840™ and altitude = 320m?
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42, If 7800h! of gravel are spread upon a rectangular meadow §560® by
280™, how much gravel is required to make a layer of the same thickness
upon a trapezoidal field whose parallel sides are 920™ and 740™, and alti-
tude 250™?

43. Through an orifice| in,the side of, a-vessel 6@ square, water flows at
the rate of 16® per second. How many hectoliters will flow out in one
minute?

44, Through a rectangular orifice 12°™ by 8™ water flows at the rate of
20™ per second. How much water will flow out in one hour?

45. If one bushel of wheat makes 48 lbs. of flour, and one barrel of flour
contains 196 lbs., how many barrels of flour can be made from the contents of
a bin 20f long, 10® wide, and 6% deep, filled with wheat ?

46. How many tons of ice can be packed in a building 6o® long, 40% wide,
and 30f high ?

47, How many tons of coal will a bin 20 long, 16® wide, and 12! deep
contain, allowing 40Pt to a ton?

48, How many gallons of water will a cistern 8% deep, and 6% square at
the bottom, hold ?

49. A merchant imports 40" of wine. What must be the dimensions, in
feet, of a cubical tank which will just hold it ?

50. After a shower, I find a dish, placed in the open air, filled with water
to the depth of half an inch. How many tons of water have fallen upon one
square mile, the fall being supposed everywhere the same ?

51. How many bricks 82 X 4i8 X 2i® will be required to build a wall 50%
Jong, 30% high, and 16}in thick, allowing }i® in each dimension for the mortar?

52. How many cords of wood in a pile 60® long, 8% wide, and 7® high ?

NOTE.— One cord of wood is a pile 8 long, 4% wide, and 4 high.

58. A stick of timber is 14i X 182 at the end. What length of it will
contain 30 cubic feet ?

54. Find the contents, in board feet, of a board 18® long, 15in wide, and
gin thick ?

NOTE.— One board jfoot is 1% long, 1f* wide, and 1™ thick.

55. Find the cost of 20 planks, each 16% long, 1812 wide, and 3in thick, at
$2.00 per hundred feet, board measure.

56. How many feet of lumber, board measure, will be required to make a
box 6% X 4% X 3%, outside measurement, the thickness of the lumber to be
1ia?

57. Find the volume of a 3-sided regular prism if a lateral edge = a side
of the base = 24°™.
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58. In a regular hexagonal prism the height = 3 times the less radius of
the base = 60*®. Find the height of a similar prism, made of glass, which
weighs 6k8, :

59. How high must a regular hexagonal prism be to hold one hectoliter if
one side of the base = 64°™2

60. A cylindrical vessel, the area of whose base = 59, contains 75! of
water when full ; find the height of the vessel.

61. Give the dimensions of a cylindrical vessel which will hold 1000 liters.
Is this question determinate or indeterminate? Why?

62. Required the dimensions of a similar cylinder that will hold } as much?

63. If a vessel holding one hectoliter is a cylinder whose height is equal
to the diameter of the base, find the height.

64. A cylindrical cistern 3.45™ deep and 1.1™ wide is to be lined with
stones, each of which, mortar included, measures 12°® by 6@, How many
stones are required ?

656. A cylindrical boiler is §8™ long and has a diameter of 0.g™. Find the
area of the convex surface exposed to the fire, if this surface intersects the
circular end of the boiler in an arc of 130°.

66. If a glass cylinder 0.35™ in diameter and 1™ in height is filled with
water, and the water is then poured into another cylinder 0.8™ in diameter,
how high will the water rise in the latter vessel?

67. Out of a cylindrical reservoir 8.8™ in diameter water flows at the rate
of 2! per second. Through what distance will the surface of the water fall in
one hour?

68. About the convex surface of a cylinder 0.8™ in diameter and 1.2™ high,
a cord 2™ in diameter is wound until the surface is completely covered.
How many meters of cord are required?

69. A well is to be 15™ deep and 2.3 in diameter. The price for digging
it is to be $0.40 per cubic meter for the first three meters of depth, $0.25 more
for the next three meters, and so on, $0.25 being added to the price for each
successive three meters of depth. Find the cost of digging the well.

70. A cast-iron cylinder 3™ long and 20°™ in diameter is reduced in a
turning lathe to a diameter of 18°®. Find the loss in weight.

71. The horizontal section of a bath-tub 1™ high is an ellipse whose axes
are 1.8™ and 0.64™. How many liters of water will it hold? (See § 221.)

72. How large a cylinder can be made by rolling up a rectangular sheet
of zinc 8o0°™ by 60°m, if the height of the cylinder is 80*m ? How large will
the cylinder be if the height is 6oem ?

78. Aniron cylinder 80°™ long and weighing 568 is bored through the
centre until § of the iron is removed; find the thickness of what is left.
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74. A cylindrical vessel 4 high and 1.6™ in diameter is half-full of water.
Through an orifice at the bottom 4™ in diameter the water is running out at
the rate of 6™ a second, and through a pipe 2°™ in diameter it is running into
the vessel at the rate of 12™ a second; find the level of the water after one-
quarter of an hour.

75. What must be the diameter of a supply-pipe, for the vessel in the last
exercise, which will supply water as fast as it runs out?

76. What must be its diameter in order that the vessel may be filled in
ten minutes?

77. What must be its diameter in order
that the vessel may be emptied in one hour?

78. The piston of a pump is 36 in diam-
eter, and moves through a space of 5o™m,
How many liters of water are thrown out by
100 strokes?

79. When a body is placed under water,
in a cylinder 60°™ in diameter, the level of the
water is observed to rise 30°™ (Fig. 295); find
the volume of the body.

80. How much will a brass cylinder weigh
under water if the height = 64°® and the diam- Fig. 295.
eter of the base = 40°m? (See Exercise 26.)

§ 276. Pyramips AND CONES.

81. Inaregular hexagonal pyramid a side of the base = 1™, and the height
of the pyramid = 1.8™; find (i.) the total surface; (#:.) the volume.

82, The roof of a summer-house has the shape of a regular octagonal
pyramid ; its height = 15®, and a side of its base = 9®. Find the cost of the
boards, 1i® thick, necessary to make it, at 2 cents a board foot.

88. A vat has the shape of an inverted frustum of a square pyramid; a
side of the upper base =4m, a side of the lower = 2@, and the depth of the
vat = g5®. How much water will it hold?

84. The pyramid at Ghiza, near Memphis in Egypt, is about 144™ high;
the base is a square whose side = 187™, and the top also a square whose side
= 3.7@. If the pyramid were solid, what would be its volume?

85. Divide a pyramid 24 high into two equal parts by a plane parallel
to the base.

86. Find (i) the total surface, (#4.) the volume, of a regular tetrahedron
whose edge = 8o,



308 GEOMETRY FOR BEGINNERS. [§ 276.

87. The base of a pyramid is a square, and its sides are equilateral tri-
angles ; find its volume if a side of the square = 40°™.

88. The edge of a regular octahedron = 2™; find (.) its surface; (4.) its
volume; (#is.) the ratio of its volume to that of a cube having the same edge.

89. A hill, haying/\the form)(of @(cone/is| to be removed, and the base
divided into building-lots. The slant height of the hill = 120.8™, and the cir-
tumference of the base = 750®. (i.) How many cubic meters of earth must
be removed? (éZ.) If the base is divided into six equal lots, how large will
each be?

90. The height of a cone = 86, and the slant height is twice as much;
find (¢.) the area of the base; (#i.) the volume of the cone.

91. A tower has a conical roof 5.8 high and 12.6™ in diameter; find its
area.

92. Three leaden cones, each 40°™ high, and having for diameters 12°®,
24°®, and 36°™, respectively, are melted together and cast into one having the
same height; find its diameter.

98. If the three cones of the last exercise had been cast in the shape of a
cube, what would be the edge of the cube.

94. How far from the base must a cone of sugar, 54°™ high and 18® in
diameter, be cut in two, parallel to the base, in order that the parts may be
equal?

95. Show how the cone of the last exercise may be divided by planes par-
allel to the base into three equal parts.

96. Out of a circular piece of sheet-tin 86°™ in diameter a sector with the
angle 150° is cut, and this is then rolled into the shape of a cone; find the
volume of this cone.

97. Explain how you would find the height of a cone having given the
circumference of the base and the slant height?

98, I wish to find the value of a straight pine tree that tapers to a point,
the circumference of the base being 4@. The tree casts a shadow 30™ long
at the same time that the shadow of a vertical rod 1.2™ long is 1.8™,
What is the tree worth at $8 per cubic meter (branches, etc., being regarded
as worth the price of felling and trimming) ?

99. A granite column has the shape of the frustum of a cone; the base is
2.12™ in circumference, the top 1.5™, and the height = 5™. Find its weight.

100. A vessel holding 12! has the form of the frustum of a conme; the
lower base is 28 in diameter, and the upper base 24°®; find its height.

101. How much sheet tin is required to make a speaking-tube 1.42™ long,
and 43°® and 36°® in diameter at the ends?
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102. How much metal is required to make a tin can, the diameter of the
bottom being 36°™, that of the open top 16°™, and the height being 48m?
108. Assuming the cask (Fig. 296) to consist of two frustums of cones
placed with their greatest bases together at the
middle, find its volume; having)given that thedi-
ameter of the middle section = 76, the diameter
of each end = 66°®, and length = 1™. Will the
answer obtained be too large or too small?
104. A more accurate value for the volume of
a cask may be found by use of the formula, Fig. 296.

Volume =} 7 % (2 + 2 &%),

where % = the length, » = radius of one end, R = radius of the greatest
section. Find the volume of the preceding cask by means of this formula.
105. How many bottles of wine, each holding 0.6}, can be filled from
a cask in which the greatest and the least diameters are 86°™ and 62°™, respect-
ively, and the length 1.5™?
106. How many gallons will a cask hold whose length is 3f, and greatest
and least circumferences 12® and 9, respectively?

-

§ 277. THE SPHERE.

107. How many bullets 15=™ in diameter can be cast from 10%8 of lead?

108. The English national debt is about $4,500,000,000. What would be
the diameter of a sphere of gold having the same value, assuming 1€ of gold
as worth $720?

109. The diameter of the sun is about 113 times that of the earth. Find
the volume of the sun, assuming the diameter of the earth to be 8000 miles.

110. Eighty bullets, equal in size, are thrown into a cylindrical vessel
68°m in diameter containing water. If the level of the water rises 2™, find
the diameter of a bullet.

111. A body sinks in water till the weight of the water displaced = weight
of the body. How heavy is a sphere 0.2™ in diameter which floats half under
water?

112. Find the weight of a wooden sphere 0.36™ in diameter if one-sixth
of its bulk is below the water-level when it floats on water.

118. If a wooden sphere 20°m in diameter is reduced to one-half its
original volume in a lathe, what will then be its diameter?
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114. Find the diameter of a sphere made by melting together three
spheres whose diameters are 1.2™, 0.8™, gnd 0.4™ respectively.

115. A sphere 0.6™ in diameter is reduced in size by turning till its
diameter is one-twelfth less than at first. How much is the volume reduced?

116. The outer circumferencé of-ayhollow sphere = 1.4™, the thickness
= 24™™, Find the interior volume.

117, An arch in the form of a hemisphere has an inner diameter of
4.8®, and its thickness =o0.7™. Find how many cubic meters of stone it
contains.

118, What is the value of a hemispherical copper kettle 1™ inside diame-
ter, if the thickness of the copper = 1°®, and copper is worth $0.75 per
kilogram?

119. The diameter of a balloon = 30™; the material of which it is made
weighs 0.5%€ per square meter; and the car attached below weighs 40%€. Find
its ascensional force if air weighs 1.38 per liter, and the balloon is filled with
coal gas which is half as heavy as air.

Hint.— The ascensional force = weight of the air displaced by the balloon
— weight of the balloon, the car, and the gas in the balloon.

120, What must be the outer diameter of a hollow sphere 25mm thick, in
order that it may hold just 60 liters?

121. How many bodies as large as the moon could be made from the
earth, taking the diameter of the latter body as four times that of the former?

122, If a drop of soap and water 4°™ in diameter is blown into a bubble
15°® in diameter, find the thickness of the bubble.

128. The two frigid zones contain 0.082 of the earth’s surface. What is
the height of each zone? What is the diameter of the Arctic circle?

§ 278. EQUIVALENT SURFACES AND SOLIDS.

124. A cube and a sphere have the same volume, namely 1000%™; which
has the greater surface ?

128. A cube and a sphere have the same surface, namely 100%™; which
has the greater volume ?

The radius of the base of a cone = 10°®, the height of the cone = 20m,
Find,—

126. The edge of an equivalent cube.

127, The height of an equivalent cylinder, etc., having the same base.

128, The radius of an equivalent sphere. .
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129. How high must a right prism be, whose base is a rectangle 16cm
X 12¢m, that it may be equivalent to a cube whose edge = rom?

180, A cube whose edge = 10°® is cut into two equal parts by a plane
parallel to the base, and the parts are then placed with the half sides together
so as to form a prism\/\/\Compare) this) prism jand| the cube as regards (i.) vol-
umes ; (#:.) surface ; (4#i.) bases; (i#v.) heights.

Note r,— Equivalent prisms have not always equivalent surfaces.

Note 2.— In equivalent prisms (also cylinders, pyramids, and cones), the bases
are snversely proportional to the heights (that is, the Jess the base the greater the
height, and conversely, so that the product of the two factors, base and height,
shall be always equal).

181. In two equivalent cylinders the ratio of the basesis 3:5. Whatis
the ratio of the heights ?

182, The dimensions of a cylinder are: diameter of the base = 7°m, height
=12m, Find the height of an equivalent cylinder, the diameter of its base
being 6¢cm,

188. Compare the surfaces of the two bodies in Exercise 129. Which is
the greater, and by how much ?

Note.— Among all equivalent four-sided right prisms the cube has the least
surface.

184. A cube with an edge of 8™ has the same surface as a right prism
whose base is a rectangle 6™ X 4°m; compare their volumes. Which is the
greater, and by how much?

Note.— Among all four-sided right prisms with equivalent surfaces the cube
has the greatest volume.

185. The base of a square pyramid is 6™ X 6™, and the height = r2em;
find the height of an equivalent prism with an equal base.

186. Transform a cylinder 10°™ in diameter and 12°™ high into an equiva-
lent square pyramid with a base 8 X 8m,

187. Transform a cube with an edge of 8m into an equivalent cylinder
the diameter of whose base shall be 10°m; then compare the surfaces of the
two bodies.

188. Transform the above cube into a cylinder with an equivalent surface,
the diameter of its base to be 10°™; then compare the volumes of the two
bodies.

189. Transform a cylinder, in which the diameter of the base and the
height are each equal to 10°™, into an equivalent cylinder having a height of
16°m; then compare the surfaces of the two cylinders.

Note.— Among equivalent cylinders that has the least surface in which the diam-
eter of the base and the height are equal,
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140. Slant height of a cone = 8m, and diameter of its base = 6™; find the
height of a cylinder 4°™ in diameter, having an equivalent convex surface.

141. Transform a sphere 6™ in diameter into an equivalent cylinder, the
diameter of its base to be the same as that of the sphere ; then compare their
surfaces.

142. A leaden sphere 9°™ in diameter is recast in the shape of a cube;
find the edge of the cube.

143. Another sphere of the same size is recast in the form of a cylinder
5°™ in diameter; find the height of the cylinder.

144. What must be the height of a cylinder whose base is 4™ in diame-
ter if it has the same surface as that of a sphere 4™ in diameter?

145. A sphere is 10°® in diameter, and the base of an equivalent cylinder
has the same diameter ; compare the surfaces of the two bodies.

Note,— Among all equivalent bodies the sphere has the least surface.

146. A sphere and a cylinder have equivalent surfaces; the sphere is
10°™ in diameter, and so likewise is the base of the cylinder; compare the
volumes of the two bodies.

lNote. — Among all bodies having equivalent surfaces the sphere has the greatest
volume.

§ 279. RATIOS OF SURFACES AND OF SOLIDS.

147, Two prisms have bases each containing 369™; what is the ratio of
their volumes if their heights are 10 and 15°™?

148, Compare in general the volumes of two prisms if they have equiva.
lent bases.

149. Compare in like manner the volumes of two cylinders, two pyramids,
and two cones, with equivalent bases.

150. The volumes of two prisms with equivalent bases are 360%™ and
560°tm; what is the ratio of their heights? If the height of one is 27°™, find
that of the other.

151. A cone 8 high is reduced in size till the height is 3.5, the base
remaining the same. What fractional part of the whole is left?

152. Into the ends of a cylinder 12°™ long two cone-shaped holes 3em
deep are bored. If the cylinder weighed at first 6008, what will it weigh after
the holes are made?

158. If a cylinder and a cone have equal bases, what must be the ratio of
their heights in order that their volumes may be equal?

154. The heights of two prisms are each 20°™; compare their volumes if
the base of one is four times that of the other.
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156, Compare in general the volumes of two prisms, two cylinders, two
pyramids, or two cones, having equal heights.

156. A cone 6°™ in diameter is turned in a lathe until the diameter is re-
duced to 5%, the height remaining unchanged; what part of the whole cone
is left?

157, If the above is turned till it is reduced to one-fourth its original vol-
ume, what will be its diameter?

The edge of a cube = 10%®; find, —

158. Volume of the largest cylinder that can be made from it.

159. Volume of the largest sphere.

160. Volume of the largest cone.

161. Compare the volumes of the ahove cube, cylinder, sphere, and cone.

The diameter of a cylinder = its height = 10°®; find, —

162. Volume of the largest sphere that can be turned from it;

168. Volume of the largest cone.

164, Compare the volumes of the above cylinder, sphere, and cone.

166. What part of a hemisphere is the largest cone that can be made
from it?

166, If the diameter and the height of a cylinder are equal, compare the
convex surface with the areas of the bases.

167. If the diameter and the height of a cone are equal, compare the
convex surface with the area of the base.

168. If the convex surface of a cylinder = sum of areas of the bases, com-
pare the height with the radius of the base.

169. I want a cylinder whose convex surface shall be six times the area of
the base. Find the ratio of the height to the radius of the base.

170. What relation must exist between the height of a cone and its diam-
eter in order that the convex surface may be equal in area to the base?

171. Compare the convex surfaces of a cylinder and a cone having equal
bases and heights. Compare, also, their total surfaces.

172, Compare the surfaces of two spheres whose diameters are 6°™ and
7°m,  What, in general, is the relation between the surfaces of spheres differ-
ing in diameter?

178. A cylinder and a hemisphere have equal bases and heights. Com-
pare (i.) their convex surfaces ; (#i.) their total surfaces ; (Zi7.) their volumes.

174. The diameter of a cylinder = its height = 10°®; find the volume of
the largest rectangular parallelopiped that can be made from it.

175. Compare the volumes of a sphere and the largest cube that can be
made from it,
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REVIEW OF CHAPTER XIIL

I+ Surfaces of Bodies.

Surface of a prism.

Surface of a cylinder.

Surface of a pyramid.

Surface of a cone.

Surface of the frustum of a cone.
Surface of a sphere.

II. — Volumes of Bodies.

Definition of Volume. Units of volume.

Measurement of volumes. Analysis of the different cases to bpe
considered.

Volume of the rectangular parallelopiped.

Volume of the right parallelopiped.

Volume of the oblique parallopiped.

Volume of the triangular prism.

Volume of any prism.

Volume of the cylinder.

Volume of the triangular pyramid.

Volume of any pyramid.

Volume of the cone.

Results of §§ 261-269 summed up in two rules.

Volume of a sphere.

Relation between volume and weight.

Equivalent solids, similar solids, equal solids.

Two laws applicable to similar solids.
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III. — Exercises and Applications.

§ 275. Prisms and cylinders.

§ 276. Pyramids and cones.

§ 277. The sphere.

§ 278. Equivalent surfaces and solids.
§ 279. Ratios of surfaces and solids,
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58. In a regular hexagonal prism the height = 3 times the less radius of
the base = 60°m, Find the height of a similar prism, made of glass, which
weighs 6%8, :

59. How high must a regular hexagonal prism be to hold one hectoliter if
one side of the base = 64m?

60. A cylindrical vessel, the area of whose base = 5™, contains 75h! of
water when full; find the height of the vessel.

61. Give the dimensions of a cylindrical vessel which will hold 1000 liters.
Is this question determinate or indeterminate? Why?

62. Required the dimensions of a similar cylinder that will hold } as much?

68. If a vessel holding one hectoliter is a cylinder whose height is equal
to-the diameter of the base, find the height.

64. A cylindrical cistern 3.45™ deep and 1.1™ wide is to be lined with
stones, each of which, mortar included, measures 12 by 6°m, How many
stones are required?

65. A cylindrical boiler is 58™ long and has a diameter of 0.9™. Find the
area of the convex surface exposed to the fire, if this surface intersects the
circular end of the boiler in an arc of 130°.

66. If a glass cylinder 0.35™ in diameter and I™ in height is filled with
water, and the water is then poured into another cylinder 0.8™ in diameter,
how high will the water rise in the latter vessel?

67. Out of a cylindrical reservoir 8.8™ in diameter water flows at the rate
of 2! per second. Through what distance will the surface of the water fall in
one hour?

68. About the convex surface of a cylinder 0.8 in diameter and 1.2™ high,
a cord 2™ in diameter is wound until the surface is completely covered.
How many meters of cord are required?

69. A well is to be 15™ deep and 2.3™ in diameter. The price for digging
it is to be $0.40 per cubic meter for the first three meters of depth, $0.25 more
for the next three meters, and so on, $0.25 being added to the price for each
successive three meters of depth. Find the cost of digging the well.

70. A cast-iron cylinder 3™ long and 20 in diameter is reduced in a
turning lathe to a diameter of 18™, Find the loss in weight.

71, The horizontal section of a bath-tub 1™ high is an ellipse whose axes
are 1.8™ and 0.64™. How many liters of water will it hold? (See § 221.)

72, How large a cylinder can be made by rolling up a rectangular sheet
of zinc 80°™ by 60°m, if the height of the cylinder is 80°™ ? How large will
the cylinder be if the height is 60cm ?

78. An iron cylinder 80°™ long and weighing 56%8 is bored through the
centre until § of the iron is removed; find the thickness of what is left.



