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A TREATISE

ON THE
GEOMETRICAL REPRESENTATION
OF THE

SQUARE ROOTS OF NEGATIVE QUANTITIES,

CHAP. L

DEFINITIONS, ADDITION, SUBTRACTION, PROPORTION,
MULTIPLICATION, DIVISION, FRACTIONS, AND RAIS-
ING OF POWERS.

(Art. 1) Auwx straight lines drawn in a given
plane, from a given point, are represented in length
and direction by Algebraic quantities; and in the fol-
lowing Treatise whenever the word guantity is used, it
is to be understood as signifying a line.

(2.) Der. The given point from which the straight
lines are measured is called the origin.

(3) Der. The sum of two quantities is the di-
agonal of the parallelogram whose sides are the two

quantities.
A



)

Thus if a represent 4B in length and direction,

(o] D

A B

and b represent 4C in length and direction; and the
parallelogram 4BDC be completed, and the diagonal
AD be drawn; a+ b represents AD in length and di-
rection.

(4.) Der. Subtraction is the reverse of Addition,
or if the sum of any two quantities a, b be ¢; b is called
the difference which arises from subtracting a from c.

(5.) If three quantities be added together, the sum
will be the same, whatever be the order in which the
quantities are added together.

Let a, b, ¢ be the three quantities.

G F

A C
Let AB=a, AC=b, AD=c.
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Let the parallelogram 4BEC be completed, and
the diagonal 4E be drawn '

AE=a + b.
Let the parallelogram 4EFD be completed, and
the diagonal 4F be drawn
AF = (a + b) +c.
Again, let the parallelogram 4BGD be completed,
and the diagonal 4G be drawn

AG = a + c.
Join CF, GF; ~
" . BG is parallel and equal in length to 4D,
and EF also parallel and equal in léngth to 4D,
BG is parallel and equal in length to EF;
. GF is parallel and equal in length to BE, and
therefore to 4C; ,
., . ACFG is a parallelogram, and AF the diagdna];
. . “AF =(a +c) + b; -
S(@+bd)+e=(@+c)+d.
In like manner (@ + b) +¢=(b+¢) +a.

(6.) The sum of any number/qf quantities ts the
same, whatever be the order in which the quantities
- are added together.

First, let there be four quantities, a, b, c, d.

By the preceding article, the sum of any three of
these will be the same, whatever be the order in which
they are added together.
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Let a + b + ¢ =35,

a+bdb+d=t¢,
at+c+d=u,
b+c +d=wv.

To prove that s +d =t +ec=u+b=7v+aq,
s=a+b+ec
=(a+b)+c;
.84+d=1{(a+b)+c} +d
= {(a + b) + d} +¢, (byArt.5.)
=t+ec
In the same manner it may be proved that
s+d=u+db=v4a;
therefore if four quantities be added together, the

sum will be the same, whatever be the order in which
the quantities are added together.

In like manner it may be proved, if there be five
quantities, &c.; therefore the sum of any number of

quantities is the same, whatever be the order in which
the quantities are added together.

(1.) Let there be any number of quantities AB,
AC, AD; and let BE be parallel and equal in length
to AC, and EF parallel. and equal in length to AD,
and let AF be joined; AF=AB+AC+AD.

For join AE, CE.
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Then ABEC is a paralielogram, and AE the di-
agonal ;

" AE = AB + AC.
In like manner it may be proved that AF=AE+4D;
‘. AF = AB + AC + AD.
B
A

C

(8.) Der. If a represent a quantity in any di-
rection, —a will represent a quantity equal in length
to the former, but drawn in the opposite direction :
thus if 4B be represented by a, and BA be produced
to C, and AC taken equal in length to 4B, AC
will be represented by — a.

(9.) The difference which arises from subtracting
b from a =a + ( —b).
Let AB =a, AC = b. ‘
Join BC, and complete the parallelogram 4CBD,
AB = AC + 4D,
ora= b + AD;
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. AD is the difference which arises from subtracting

b from a.
B

Again, produce C4 to E, and make AE equal
in length to 4C, and join ED; therefore since DB
is parallel and equal in length to 4C, ‘it is also parallel
and equal in length to EA; therefore EDBA is a
parallelogram, and 4D the diagonal;

. 4D = AB + AE
= a + (- D);
therefore the difference which arises from subtracting
b from a =a + (- b).

(10.) Der. a + (— b) is expressed a — b.

(11.) Der. Quantities drawn from the origin in
a certain direction, which direction is arbitrarily as-
sumed, are called positive quantities; and those
drawn in the opposite direction are called negative

quantities.

(12.) Der. The first of four quantities is said to
have to the second the same ratio which the third has
to the fourth; when the first has in length to the
second the same ratio which the third has in length
to the fourth, according to. Euclid’s definition; and
also the angle at which the fourth is inclined to the



7

third, is equal to the angle at which the second is
inclined to the first, and is measured in the same di-

rection*.
E

Al B

Thus let 4B in length : AC :: AD in length :
AE, and also let angle DAE be equal to angle BAC, -
and be measured in the same direction from AD,

* Angles are said to be measured in the same direction, when the
arcs, which subtend them, are measured in the same direction round
the circle; and are said to be measured in opposite directions, when the
arcs are measured in opposite directions. :

C

E

Thus angle DAE is said to be measured from 4D in the same
direction that angle B4C is from 4B, because arc DE is measured from
D in the same direction round the circle that arc BCis from B; and
angle EAD is said to be measured from 4E in the opposite direction
that angle BAC is from AB, because arc ED is measured from E in
the opposite diréction that arc BC is from B.
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that angle BAC is from 4B : then 4B is said to
have to AC the same ratio which 4D hes to AE.

(13.) If d be a jfourth proportional to a, b, c;
there i8 mo other quantity different from & which is
-also a fourth proportional to a, b, c.

For, (by Euclid, Book v. Props. 8 and 13.)

a has in length a greater ratio to b than ¢ has in
length to any quantity greater than d; and ¢ has in
length a greater ratio to any quantity less than d,
than a has in length to b; therefore there is no
quantity greater or less in length than d, which is a
fourth proportional to a, b, c.

Neither is there any quantity different in direction
from d, which is a fourth proportional to a, b, c.

For since d is a fourth proportional to a,b,c; dis
inclined at the same angle to ¢, which b is to a.

Let this angle be 4.

Since b is inclined to e at the angle 4, it is also
inclined to a at the angles 44360°, 4+ 2.360°, &c.
A —360°, 4 - 2.360°, &c.;
therefore any quantity which is equal in length to d,

and inclined to c at any of the angles,
A, 4 +360°% A4 + 2.360°, &c.
A - 360, 4 — 2.360°, &c.
is by the definition a fourth proportional to a, b, c.

But since d is inclined to ¢ at the angle 4, it is

also inclined to c¢ at the angles
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A + 360°, A4 + 2.360°, &c.
A — 360°, 4 - 2.360°, &c.;

therefore there is no quantity different in direction
from d, which is a fourth proportional to a, b, c;

therefore there is no quantity different from d, which
is a fourth proportional to a, b, c.

(14.5 df four quantities be proportionals, they
are proportionals also when taken inversely or alter-
nately.

Al B

Let 4B : AC : ;4D : AE.
Then inversely AC : AB :: AE : AD,
and alternately 4B : AD :: AC : AE.
For since :
AB in length : AC :: AD in length : AE,
(by Simson’s Euclid, Book v. Prop. B.)
AC in length : 4B :: AE in length : AD.
- And since angle DAE is vequal to angle B4C, and
is measured in the same direction from AD, that BAC

is from 4B; angle EAD is equal to angle CAB, and
B



10

is measured in the same direction from 4E, that C4B
is from AC; R
+.AC : AB = AE : AD.
Also since
AB in length : AC :: AD in length : AE,

(by Euclid, Book v. Prop. 16.)

AB in length : AD :: AC in length : AE.
And since angle DAE = angle BAC, angle CAE =
angle BAD;

. A4B : AD :: AC : AE.

(15) Ifa:buc:d and c:d::e:f; then
a:bzuxe:f
For since a in length : b :: ¢ in length : d,
and c in length : d :: e in length : f
(by Euclid, Book v. Prop. 11.)
a in length : b :: e in length : f.

And since the angle at which f is inclined to e is
equal to the angle at which d is inclined to ¢, and the
angle at which d is inclined to ¢ equal to the angle
at which b is inclined to a; the angle at which f
is inclined to e is equal to the angle at which &
is inclined to a; )

soa:bie:f
(16.)) Ifa:b:c:d, thena+b:b :: c+d:d.
Let AB=a, AC = b, AD = ¢, AE = d.
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Complete the parallelograms ABFC, ADGE, and
draw the diagonals 4F, 4G.
G

F
B
Then AF=a+ b, and 4G = ¢ + d.

And since 4B inlength : 4C :: 4D in length : AE,
and angle DAE = angle BAC,
parallelogram BACF is similar to parallelogram DAEG;
therefore triangle FAC is similar to triangle GAE,
therefore angle FAC = GAE,
and AF in length : AC :: AG in length : AE;
. AF : AC :: 4G : AE,
ora+b: b :c+d:d

(17.) Der. Unity is a positive quantity arbitra-
rily assumed, from a comparison with which the
values of other quantities are determined.

(18.) Der. If there be three quantities such that,
unity is to the first as the second to the third; the
third is called the product which arises from the
multiplication of the second by the first.
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Thus if, 1 : @ :: b : ¢, ¢ is called the product
which arises from the multiplication of b by a.

(19.) If ¢ = the product which arises from the
multiplication of b by a, c 8 also equal to the pro-
duct which arises from the multiplication of a by b.

For since 1 : a :: b : ¢,

alternando 1 : b :: a : c;
therefore ¢ is also the product which arises from
the multiplication of a by b.

(20.) a:ac:b: be
For (by definition of multiplication)
1:c¢cza:ac
] and 1 :¢ 2 b : bc;
s (by Art. 15.) a : ac = b : be.
(21.) Cor. Hence alternando
a:b:ac: be
(22.) If three quantities be multiplied together,

the product will be the same, whatever be the order
in which they are multiplied together.

Let a, b, ¢ be the three quantities.
Letab=4d, and cd =,
and let ac = f, and bf = g.
To prove that e = g,
1:az:b:4d,
and 1 : a :: ¢ : f;
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“b:di c: f :
i be : bf (Art. 21.)
2 be : g;

also b : d :: be : dc (Art. 21.)
2 be : e;

. (by Art. 13.) g =e,
" or (a.c).b=(a.b).c
In like manner it may be proved that
(a.¢).b=(b.c).a;
therefore the product is the same, whatever be the

order, in which the quantities are multiplied toge-
ther.

(23.) Cor. Hence the product of any number
of quantities is the same, whatever be the order, in
‘which the quantities are multiplied together.

(4.) (a +b).c=ac +bec.

For (by Art. 21.) @ : b :: ac : bc;
.. (by Art. 16.) d+b : b s ac+ be : be;
.. alternando @ + b : ac + bec :: b : be.
But by definition of muitiplication
1.:¢cub: bec;
“1:¢c:a+b: ac+bc;
“ (a+byc=ac +bc
(25.) (@ +b+c)d=ad+bd + cd

For (by preceding Artxcle) (a+b+c)d=(a+b)d+cd
» = ad+bd+cd.
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(26.). (a+b).(c +d)=ac +ad+ bc + bd.
For (@ +b).(c+d)=a.(c+d) +b.(c+d)
=ac + ad + bc + bd.

(27.) ax (—b)=—ab.
' For let ab=.z',.
1:a:b:ax

~ But since the angle at which — z is inclined to
— b is equal to the angle at which 2 is inclined
to b,

b:x::-b:—-x;
“1:a:-b: -x;
“ax (-b)=-2=—ab
(28.) (-a).(—b)=ab.
For by the preceding'article |
(-a).(-b)=-(-a)b
= — (- ab)
= ab.
(29.) Der. If three quantities be such that the
first is to unity as the second is to the third; the

first quantity is called -the quotient which arises
from the division of the second by the third.

~ Thus if ¢ : 1 2 a: b; cis called the quotient
which arises from the division of a by b.
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(30.) Der. The quotient which arises from the
division of a by b is thus expressed a = b,

a
or thus 3

8lL) Ic= %, then a = bc and conversely.

a
Let c=-5;. |
c:1:u2a:b;

.. invertendo 1 : ¢ :: b : a;

a=bec.

In like manner the converse may be proved.

w T

For let %:c;

thenc:1: a:bd

‘. alternando ¢ : @ :: 1 :b
. —cCc:=a: 1:b

b

. alternando —¢c : 1 32 —a :

]

(33) S=-6):

a
Let -b = C,



c 1 a: b
—a :—b
c:—aq 1:-b;
—c a 1 :—b;
—-c 1 a:-b;
a a
?7;=—c=_(7))'
—a a
(34.) 5= 5

c:1 b
—a :—b;
-e___a
—»=°=73
(35.) !fa:b::c:d,tlzen%:
Let%:m,
r:1l a:hb
c:d;
c___a
.d—w-—z.

(36.) !f-E:g,a:b::c:d.

a c
For let ¥~ or -~ =2
b d ?



(81.) % =

For (by Art. 21.) a : bt ac : be;

a_ac
" (by Art.35.) 5 = be
(88.) b _c_bte
a a a
b c
For let ==, ==Y

. (by Art. 31)) b=az, and c = ay;
cob4c=azx+ay=(by Art. 24.) a(z+y);

Cb+e




(40.)

For let - = x,

I

then b = ax and d =cy;
‘. bd = azx x cy =ac x zy, (by Art. 23.)

b _ b, d
ac - WE=ELxe
b_d_be
(41.) 2T a
b d
For let =8 =Y

then b =azx, and d = cy;
s be=(ax)c = (ac) 2,

and ad = a(cy) = (ac)y;

_ e = e I e e~

(42.) Der. Any quantity @ x @ x a, &c. to =
factors' is called the #™ power of a, and expressed

a".
(43.) If b be an n™ power of a, b is the only
n® power of a.

For 1 :a :: a: a*
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therefore since a® is a fourth proportional to 1. a, a;
it is the only fourth proportional to 1, a, a;

therefore there is only one second power of a.

In like manner since 4’ is a fourth proportional to
1, a, a*; it is the only fourth proportional to 1, a,
a’;

therefore thére is only one-third power of a;

therefore only one-fourth power of a, &c.;

therefore only one n™ power of a.

(44.) a™ x a" = a™*"
For a" =a x a x a....to m factors,
and a*=a x a x a....to n factors;

S.atxa* =a xa x a....to m+ n factors

= a‘m+ﬂ.

m
(45.) .Z-—,; = a™~", when m 1is greater than n;
a™ 1 ,
and o = oo when m is less than n.

For, when s is greater than =
(by Art. 44) a" x a"~" = @'t™m-" = am;

~. (by Art. 31.) t;—:): = am "
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Again when 7 is less than », a™ x a"-™ = a";

1
ar-m *

a” a”
e F '—'m-—” = (by Art. 37.)

(46.) (ab)™ = a™.b™
For (ab)™ = (ab).(abd).(ab)....to m factors

=a.a.a...tomfactorsx b.b.b...to m factors
=a™.bm,
a\™ a™
(41.) (B) = -
For (%)m = g % g X g....to m factors‘

axaxa....tom factors
bx bxb....to m factors

(48.) (a™)" = a™°.
For (a™)" =a™ x a™ x a*....to n factors
= a", (by Art. 44.)

(49.) If a and b be positive quantities and a
greater than b, a™ is greater than b™.

Let a =b + ¢,
a =b"+2bhc +¢*;
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.. a* is greater than J°
Let a’=0* +d, .
@=a.0*+d)=(b+c). (0’ +d)=b" +bc+bd +cd;
coa s greater than b°.

In like manner it may be proved that a' is greater
than %', &c.;

.. a™ is greater than b".

(50.) If a and b be any quantities, and a in
length greater than b, a™ is in length greater than
b™.

Let ¢ be a positive quantity equal in length to a,

and d.....cocovviinn et reeee e e AN H

c is greater than d;

therefore by the preceding Article ¢™ is greater than d™;

but ¢ is in length equal to e~, and d” to b™;

*. @ is in length greater than b".

(51.) If ab =c, and a be inclined to unity at
an angle = A, and b at an angle =B; ¢ will be
inclined to unity at an angle = A + B.

For let AB = unity, AC =a, AD =b, AE =c,

then angle BAC = 4, angle BAD = B;
and since ¢ = ab,

1:a:0b: c;
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.. (by Art. 12.) angle DAE = angle BAC = A ;
and angle B4AD = B;
E

Al B
therefore angle BAE = A + B;
therefore ¢ is inclined to unity at an angle = 4 + B.

(52.) If b=a™, and a be inclined to unity at
an angle = A; b will be inclined to unity at an
angle = mA.

For since a°=a.a,

(by Art. 51.) @ is inclined to unity at an angle

=A+A4=24;
and since @’=a.a’, @’ is inclined to unity at an angle
=A+24=34; _
~ in like manner a' is inclined to unity at an angle
=44; &c.;

* b=a" is inclined to unity at an angle = m 4.
(53.) If a be inclined to unity at an angle
= A, and b at an angle =B, and ¢ = E; c will

be inclined to unity at an angle = A - B.
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Let AB=unity, angle BAC= A, angle BAD=B,
AC=a, AD=b, AE=c;

C

c:1:a:b;
therefore angle CAD = angle EAB;
therefore angle BAE = angle BAC - angle BAD
’ = A4 - B;

therefore c is inclined to unity at an angle = 4 — B.



CHAP. IL

ROOTS OF QUANTITIES, FRACTIONAL AND NEGATIVE
INDICES.

(ArT. 54.) DEF. ANy quantity, which when raised
to the n™ power produces a quantity a, is called
the n™ root of @, and expressed thus ,:/I{,

(65.) DEr. The m™ power of the n™ root of

a, or (o/a@)" is expressed thus a*#,

m

(56.) DEr. ;l— is expressed thus a;m, where m

may be either whole or fractional.

* This as a general definition of a power of any quantity is defective,
for, if the p*® power of a be required, where p is a surd, since no fraction,
whose numerator and denominator are whole numbers, will accurately
represent p, this definition cannot strictly be applied. But, as the fifth
definition of the fifth Book of Euclid is a correct and general definition of
proportion of magnitudes, and that usually given by Algebraists a de-
fective one, so a general definition of a power of any quantity might have
been given, bearing the same analogy to the fifth definition of the fifth
Book of Euclid, which the definition in Article 55 bears to the common
Algebraic definition of proportion, Nevertheless, as the demonstration
of the propositions, necessary to establish the properties of powers of
quantities, would by this definition have been rendered tedious: the
definition in Art, 55, being one in use amongst Algebraists, has been
adopted, notwithstanding its imperfection as a general definition,
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(567.) If b be the n™ root of a, and d the n*
root of ¢, and c be in length equal to a; then
shall d be in length equal to b.

For if not, let one of them, d, be the greater in
length.

Then since d is g'reéter in length than b; (by
Art. 50.) d* is.in length greater than 5";

But d*=¢, and »* = a;

therefore ¢ is in length greater than a, which- is
contrary to the hypothesis ;

therefore d is in length equal to &.
(58.) Cor. Hence all the n™ roots qf any quan-
tity a are in length equal to one another.

(69.) If a be in length equal to b, a* i8 in length
equal to be.
For, by the preceding Article,
/@ is in length equal to /b;
s (@)™ is in length equal to (J/B)™,

that is, a* is in length equal to b%.

(60.) If a be in length equal to b, a™% is in length
equal to b=, '

For a™* ='l..7 and b = —

a

ald

S

‘D
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gm] -
°:13| -

and by the preceding Article b is in Iength equal to ag;

‘. @ " is in length equal to 6™ *.

(61.) Ifb=,/a, b has n different values.
For let @ be inclined to unity at an angle = 4.
Then a is also inclined to unity at angles
= A4+ p.360°,
where p is any whole number, either positive or
negative.
Now in order that & may be an »™ root of a,

it is necessary that b should be inclined to wunity
at an angle B, such that

nB = A4+ p.360° (by Art. 52.);
0
. p=4+*p.360 .
n
For p substitute successively 0, 1, 2, &c.
n—1, n, n+ 1, &c.

also — 1, - 3, &c.

The corresponding values of B will be respectively

A A4360° A+2.360°
> s F) &C.,

n n n




Py
A+n-1.360° A+4+7n.360° A+n+1.360°

n ’ n E) n &c',
A - 360° A~ 2.360° &
2 ’ C.
n n
0
But i"ﬂ = 1.1-‘- 3600,
(] n
— 1 0 0
and A+ n+ 1.360 ___A+360 + 360°;

n

therefore the value of b, which is inclined to uﬁity at
an angle = né’ is also inclined to unity at an angle

p )
== + 360° or

9

A+ n.360°
——

and all the values of b are in length equal to
one another (by Art. 58.); therefore the value of

b, which is inclined to unity at an angle = ‘.3,

coincides with the value of & which is inclined to

. 0
unity at an angle = f1—-!'::'—360-, and therefore is

equal to it.

In like manner the value of b which is inclined

y 0
to unity at an angle = ﬁl—-i-n—:;@, is equal to the

value of & which is inclined to unity at an angle

A+ n+1.360
" .
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4 - 360° _A+n=1.360
n

~ Also since - - 360°,
— 0 P o . .
and A - 2.360 ___A+n 2.360 _ 360

n n

The value, of b, which is inclined to unity at an

— (1]
angle = A+n-1.360 , is equal to. the value of

n
4-360°

>

b, which is inclined to unity at an angle =

and the value of b, which is inclined to unity at

A+ n—2.360°
o

an angle = , is equal to the value

of b, which is inclined to unity at an angle

= &c.;

pherefore b has n different values.

(62.) Der. If a be inclined to unity at an angle
= A, A being positive and less than 360°; a ex-
[1]

presses a considered as inclined to unity at an angle
= A, '

@..o.........atanangle = 4 + 360°
1

Bevsereniinne iane e = A4+ 2.360°

2
&ec. &ec.
also ¢....coveiiviiiviiio = d - 360°

-1
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@oooesooces at an angle =A - 2.3600, X

&ec. , &c.
and generally a...............c..... o= 4 4 p360°,

where p = 0, or any whole number, either positive
or negative.

Thus ;/é expresses that value of ./a, which
arises from considering @.as inclined to unity at the
angle = 4, :/Zf expresses that value of /a 'which
arises froﬁl considering a. as inclined to unity at
the angle = 4 + 360°, a’nd generally ./ § expresses

that value of ,/a which arises from considering a-
as inclined to unity at the angle = 4 + p.360°

(63) If (a)"T =b, b is inclined to unity at an
P
angle = ;1"1 (A 4+ p.360%.
For let »/a = c, then ¢™ = b (by Art. 55.)
b 4

(By Art. 61, 62.) ¢ is inclined to unity at an angle

A +p.360°
- n ’

0
ctﬂq:

1
n

C;
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then since b = ¢™, b is inclined to unity at an angle
=mC

= %‘ (4 + p.360").

64) If (a)’g = b, b is inclined to unity at an
P
angle = - ? (A + p.360°).

1

(@

and 1 is inclined to unity at an angle = o,

b=

and (a)‘ is inclined to unity at an angle

= g (4 + p.360°) (by Art. 63.)
therefore b is inclined to unity at an angle

=0 - %" (4 ;|-p.360°) (by Art. 53.)
= - Z.(4 + p.360°).

(65.) Cor. In the two preceding Articles if a be
a positive quantity, 4 = 0; therefore b is inclined to

unity at an angle = + %p.360°.

In this case; if p =0, b is inclined to unity at an
angle = 0, that is, is a positive quantity ;
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If p=1, b is inclined to unity at an angle

=+ 2360,
n

m
-
n

(66.) (%)% = (t:) , & being a positive quantity.

For let J/a = b, and /% = ¢,
0 0

then (bj Art. 65.) b and c¢ are positive quantities ;
And a=0", b =4,

o a = (c*)" = (by Art.'48.) c*,
. ¢ is a value of \/a;
And ¢ is a positive quantity,
¢ = a,

(1)
- &= (a),
(Va)
b= () a\*
sob= (J gz) A

s b= (Vapn = (@)

But b" = (a;):2 (by Art. 55.)
[}
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(67.) (%)5 X (%)E = (g)m_qﬁlg, a being a positive
quantity.

For (by Art. 66) (4)" = (?)-" = (V)

"lo

(a)F = (ay

.. (by Art. 44.) ((:)%' X (?)f = (;’/é)nqi-np

<l

- @3y

mqg+ np
= (a) e,
[}

68) (2)f x (a})'?’ = (8)™", a being a positive
quantity. '
First let mq be greater than zp,

Next let mqg be less than np,

(a)* x (‘:)_T’= s (by Art. 45.)

“ (Va)



(69) ()7 x (8) = (8) ", @ being a posi-
tive quantity.

For(g)—ax(?)‘f= lgx 1£= :1

1

mg + np

(%)

(by Art. 67.)

a\" :
(70 %;—;T = (a)'”-“, where a is a positive quan-
0
0
tity, and m and n either whole or fractional, positive
or negative.
[}

rur = 7+ (9

= ((:)”‘"‘ (by Art. 67, 68, 69).
E
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)‘? = (ab)‘z“, a and b being positive

o

o g
quantities.
Let \/a =c, /O = d, then ¢, d are positive
(]

b):: = d";

quantities ;
' (‘:);: c" (o

. (':)z)-_': x (‘l)))?' =c".d" = (c.d)™ (by Art. 46.) ; -

Now c¢*.d*=a.b,
(c.d)* = ab (by Art. 46.),

since ¢, d are positive quantities ed = /ab
00

(cdy" = (ab)*;
(@) * (&)= (3t
(-a).‘u a . S
(12) 2L = {2} , a and b being positive quan-
o b
tilzes: ‘ ) o
Let w =, ,:/é =d,

(a) =F=(5) tyarna)

O

s ) =
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. since ¢, d are positive quantities :1; = \-/

-

N

° Ovjo

’

(13.) (z:)" (b)'; = %.l:)_“-, a and b being
posilive quantities.
For (a)gg.(b)“ =1
0 0 ] s .
@)
= —1 (by Art. 71)
(32)
= @)
GIHE
(14) 22— = {7‘;} , a and b being positive
(b) n ° .
0
Quantities.
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=2 = (by Art. 73.)

]

(15.) If (f:); = b, and (lo))E = ¢, a being a positive

quantity ; (aon)" = C.

For let e = \/a, f = /e, then e and fare positive
(] 0

quantities,
a=c¢e" and e = f9,

. a = f"1 (by Art. 48.)
. since f.is a positive quantity, f'= /a,
[}
(o=
Again b = (t:)" = e",
and e = fY,

o b= = ()
.. since f is a positive quantity, /™ = /b,
(1}



(76.) If (g)-":.= b, and (b)f =c, a being a

positive gquantity ; (?) g c.

For let (a)E =e,

0

1

mp
g

(by Art. 75.)

.y If (g)? =b, ‘and (?)‘*-i =c, a being a

positive quantity ; (a) =c.
_ ‘ "
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For let (b)% = e,

0

then e = (a):_: (by Art. 75.),
0

(18) If (%)‘? = b, and (b)

positive quantity ; (%)H = c.
E
For let (0b)' = e,
then e = (c:)";f (by Art. 76.),
and ¢ = (?)—f =-l- =-—L.-'-’ = a\gf.
v 0/

(19.) If(?%)m = (b)" (2)™* = (b)™ where a and
b are positive quantities, and m, n, k either whole

or fractional, positive or negative.

For let ¢ = (a)"‘ = (b)",

0 0

then ¢ is a positive quantity,
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since ¢ = (a)"', (c)" = (?)"" (by Art. 75, 76, 77, 78.)

[ 0
0 0 0
(@)= 0™

(80.) If () ( ) b= (0)3, where a and b
are positive quantities, and m and n either whole
or fractional, positive or negative.

)"

also since ¢ = (b)", (c)" = (b)",’“;

’Since() (
(= g O A1)
- 0= @

@)

or b =

(81.) (})‘“ x (})“ = (})"*“, whére m and n are

either whole or fractional, posilive or negative.

For (})"‘ is in length = 1,
and (})" is in length =1,

(l)”‘ X (l)" is in length = 1;

1 1
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Also (l)’“” is in length =1,

1
(})“‘ X (})" is in length = (})”‘*";
Also (by Art. 65.) since 1 is a positive quantity,

(l)"‘ is inclined to unity at an angle = m.360°,
1 .

and (l)", at an angle = n.360°,
1
therefore (by Art. 51.) (})"‘ x (})" is inclined te
~ unity at an angle =m.360° + n.360° = m + n.360°;

Also (by Art. 65.) (l)"‘+" is inclined to unity at an
1

angle = m 4+ n.360°;

(})"‘x (})" and (i)"‘“‘ are inclined to unity at

the same angle;

- And they have been proved to be equal in length;

R el Y Ml )

1\" .
(82.) % = (}')"' , where m and n are either

whole or fractional, positrve or negative.

For (})”‘ = (l)’".(l)"‘ = (})”"‘" (by Art. 81).

(1) W



41
(83)- (1)"= (1), where m is cither whole or
P 1 C .
Sfractional, positive or negative. .
For (by Art. 65.) (l)"‘ is inclined to unity at
4
an angle = mp 360,
And (by same Art.) (})"‘P is inclined to unity
at the same angle, .
RO
(84.) (2)“‘ = -(%)‘“; (:)"', where m is eitherr whole
or fractional, positive or negative.
For (l)" is in length = 1,
»
. (g)”‘.(‘l)”‘ is in length = (t:)".‘; :
»
And (l:)” is in length = (coz)”‘;
. (a)" is in length =.(a)”'.(l)""
4 b 4

0

-

Let a be inclined to unity at an angle = 4,
A being positive and less than 360°,

then';(a)’“ is inelined to unity at an angle =m 4,
a. B

and (l)”‘ che i aseiaaees e =MPi360°; .

»

(a)"‘(l)”‘ Ceere s =MA‘4Fmp:360°-'—-ﬁi‘(%{p~33i");

\O f

Also (a)"‘ ......... N =m (4 +p.360°;

14
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(85.) "Any quantity a may be erpressed in the
Jorm b ( {)", where b i3 a positive quantity, and n

positive and less than unity.

For let b be in length = a, and let @ be inclined
to unity at an angle = 4, A being positive and less
than 360°,

Take n = then 7 is positive and less than

A
360°°
unity,
And (by Art. 65.) (l)" is inclined to unjty at
1

an angle = n.360°

=2
~ 360°
b (l)" is inclined to unity at an angle = 4, that
1 : .
is, at the same angle that a is inclined to unity;

.360° = 4;

And b (})" is in length' equal to a;
' b (})" = a.

(86.) Ifa=b (})", where b 18 a positive quantity,
and n positive and less than 1; (s:)"‘= (l:)"‘.(})"‘“,
where m may be either whole or fractional, positive .
or negative.

For let a be inclined to unity at an angle = A,v
A being positive and less than 360°,
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Then (by preceding Article)

3600 =™ OF A = n.360°

(a)"‘ is inclined to unity at an angle = mAI;
]

And (1)’*" .................. =mn.360=m A,

.. since b is a positive quantity,

(b)"‘ ( 1‘)""' is inclined to unity at an angle = m 4;

0 1

And since b is in length = a,
(i))".(})"‘" is in length = (?)’";
) = o

(87.) Ifa=>DH (})“, where b is a positive quantity,
and n positive and less than unity ; ( )“‘ = (b)"‘. (l)““‘,
P

1

where m may be either whole or fractional, positive
or negatwe
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(88.) (t:)“.(g)":(?)"‘“‘, where m, n may be
either whole or fractional, positive or megatroe.

Forlet a=1» (1)", where b is a positive quantity,
. 1

and k positive and less than 1,

en (8 = (8- ()
- O
- )™
(8= (B (3 (1)

miyn.k (Art.67,68,69,81 )

(= O 0 (™
( .

- N—
3

+

]

. L]

.

P e

-

S

(a)" = (:)"‘"’, where m and n are either
P

whole or fractional, positive or negative.

For E?’;: = (c:)"‘. (a)"' = (e:)”‘"' (by Art. 88).

p
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90.) - (g.)o = 1.

For (a)"‘“" = ((:)"‘

P

Let m =n,
(a)°=l.
v \p

(91.) If a.b =c, and a be inclined to unity
at an angle = A, and b at an angle =B; A and
B being positive and less ‘than 360°;

. (%)"‘.J(l:)m = (g)"‘,,gf A +'bee less ‘than 360°,
= ((l:)"_', if A + B be greater than 360°,

where m may be either whole or fractional, positive
or negative.
For let a be in length =¢, and b be in length
=f; e and f being positive quantities ;
. ¢ is in length = e.f;
. (g)"‘ or (cx)"‘ is in length = g.of)"';

And (a)"‘. (b)"‘ is in length = (g)"‘ . (f)"‘

0 0
= (f:f)m (by Art. 71, 73);
. (-gt‘."‘. (b)"‘ is in length equal to (ﬁ)"‘ or (c)l" ;

0 1
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Also (a)"‘ is inclined to unity at an angle = m 4,
0 '

(I:)”' .......... ee ven vieecereann . =mB;
((:)"' (51)"‘ ............ Cestaeesaeans .=mA+mB
=m.(4+ B);

Again ‘. ¢ =a.b, c is inclined to unity atan angle =4 +B,

. if A+ B beless than 366°, c represénts ¢ considered

as inclined to unity at the angle = 4 + B;

. (c)"‘ is inclined to unity at an angle = m (A + B);

0

*. when 4 + B is less than 360° (l:)"', (5})"' = (c)"‘;

0
But if 4 4+ B be greater than 360°; since 4+ B
is less than 2.360° ¢ represents ¢ considered as

inclined to unity 'ﬁt.tﬁe ar;gle = A +.B‘;

. (lc)"‘ is inclined to unity at an angle = m . (4 + B);

*. in this case (a)"‘. (b)”‘ = (c)"-'.

0 0 1

~(92) Ha.b=c, and a be inclined to unity at
an angle = A, and b at an angle =B, A and B
being positive and less than 360°;
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P

(a)"‘. (lq))"‘ =.(p$q)'", if A + B be less than 360°,

= (p.'.ﬁ.;.t)m" v ece ne .'.gTeater---- cesey

where m may be either whole or fractional, positive
or negative. '

For (a)" = (8- ()" = (&)"- ()™
(?)"‘ = oaiiieeeeas (?)"‘ . (})"";
o= @O

= (c)~ ) (1)m-m, if 4 + Bbe less than 360°,

0 1

}by Art, 91.

= (f)"‘ (})*m, oo .eogreater. .......

= ( c )"‘, if 4 + B be less than 360°,
p+4q

(93.) If % =c, and a be inclined to unity at

an angle = A, and b at an angle=B; A and B
being positive and less than 360°;
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= )“‘, tf A be greater than B
]

—

o

~—
B

where m may ke either ‘whole or Jractional, positive
or negative.

. a .
For since 3= b.e =a,

(b) ( ) is equal in length to ( )

g; is equal in length to (c) or (C)"';

-1

Now )"‘ is inclined to unity at an angle = m 4,

3

(¢
(¢
B

) .................. eereneeteeeeneas =maB,
)

ymmmmmmmmmmmmm=m4-m3

—_—

b
[
=m (A~ B);
Again ' ¢ = %, cisinclined to unity at an angle = 4~ B,
And if 4 be greater than B, 4— B is positive; |

and it is also less than 360°, since 4, B are each
less than 360°;
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therefore in this case c represents ¢ considered as
inclined to unity s;t the angle = 4 - B; "

o (g)"‘ is inclined to unity at an angle = m(4—B) ;
@) _
)"

But if 4 be less than B, 4— B is negative;

. when A4 is greater than B,

therefore in this case ¢ represents ¢ considered as
inclined to unity at the angle 4—B;
( ) is inclined to unity at an angle = m(A B), ,
-1

- when A4 is less than B, L) o (c)"{.

o

(94) Con Hence gf% =c,

_(F)T"‘ = (f)m’ if b be a positive quantity,
0

= (Ac )"‘, .if b be not a posi'tz‘ve quantity.
' 1
For putting @ =1, in the preceding Article, 4 = o,

-» . and if b be a positive quantity, B=0;

L A-B=0;
G
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V) PN T
. %j}l)?"' I Rt
But if 4 be not u positive quantity, 4 — B=0 - B,
.. A- B is negative;
‘ 1

(S

95.) If % =c, and a be inclined to umity at

an angle = A, 'and b, at an angle = B; A, B
being positive and less than 360°;

%%ﬁ = (,gq =, tf A be greater than B,

q

=< c )"‘, ............. less....ccoanneny
p—q—1/

where m may be either whole or fractional, posiiive
or megative.

o OO
o dro T o 0

q 0 1 0

(g)"‘ . ({)’-F—_«, if 4 be greater than B,
} (by Art. 93.)

= (_cl)"'. (})"--P_—'«,.............1ess....' ...... ,
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=(c )"‘ if 4 be greater than B,
T \p—g

2

= (p_f_l)"',..... ..... less....cuuee.s .
{96.) Cor. Hence, if % =c,

— = (c)"‘, if b be a positive quantity,
—q

Q)"

( c )”‘, if b be not a positive quantity.
—g—1 .
(97.) (a)’;n = (a)k"?, where m, n, k are whole
' P 14
numbers.

For let ¢ be a positive quantity equal in length
to a;

then (c)‘i is in length = (a)* (by Art. 59,
[} P

km

and (vz)"_=(
(

Bu Q) =

)
) (by Art. 66),
)

(a)z': is in length = (a "5

b 4

Let a be inclined to unity at an angle = 4,
A being positive and less than 360°,



b2

then (a)g i8 inclined to unity at an angle = %‘(A +p.360°),

b4
and (a) ...... Cereinens =—H(A+p.360°)

= %(A +p.360°);

(98.) If a®.=b, and b* =c; c is in length
= a""; where m, n may be either whole or frac-
.tional, positive or negative.

For let e be a positive quantity in length = a;

then (e)”‘ is in length = a™ = b;
0

socis inie’ngtﬁ': (€)™ (by Art 75,76, 77, 78.)
0 . .
But (g)"‘" is in length = o™,
since e is length = a;

~ .~ cis in length = ™.

- 3 ? k m
(99.) Let (3) =b, and (l:) = ¢, where 1, —
are fractions in their lowest terms; to investigate

km
in what cases c is a value of a™.

(By Art. 98.) ¢ is in length = a™ ;
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therefore if any value of @™ be inclined to unity at
km .
the same angle that c is, that value of ¢™ is equal
to c;
km

Assume (a)" to be such a value of a

z

and let @ be inclined to unity at an angle = 4,
A being positive and less than 360°,

L)

hm . .
then (a)* is inclined to unity at an angle
y g

km
= H(A +l‘.3&)o),’

i

Also since (a) = b, b is inclined to unity at an angle
P

(4 +p.360%;

' \l::n

Let (44 p.360°) = B +r.360°, where B is

posmve and less than 360°, and r =0, or some
whole number, either positive, or negative,

: (b)* = ¢, c is inclined to unity at an angle
q9

= 7—:;1(8 + q.360°),



b4
k 200 0
But B = 7 (4 + p .360% — r.360°

-. ¢ is inclined to unity at an angle
km m
= -i-’T(A +p.3600) + -E.(q—'r) 360°;

i , .
But (a)" is inclined to unity at an angle

km
= T’T (A +$.3600);

km

.. since (a)“ is inclined to ynity at the same angle

z

that ¢ is,
k 0 0

Tnm (4 + x.360° + y.360

_km

= 7= (4 + p.360) + = (¢ - ) 360°,

where y must either = 0, or some whole number,
either positive, or negative ;

El—n'f‘.x.aGo" +y.360°

km , m
= 5y P 360" + =.(g—7) 360",
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“hkmz + lny = kmp + lm (q-7),

- kz + ln%=kp+l(q-r);

In which equation, that x may be a whole number,
it is necessary that y should either = 0, or some
multiple of m; let y = ms,

then kz + Ilns = kp + L (¢ -1),

where if k be prime to Im, integer values of x and
z can always be found, which will satisfy the con-
ditions of the equation,

but by the hyp;)thesis k is prime to /,

.. whenever k is prime to n, k is also prime to In

km
.. whenever % is prime to n, c is a value of a™.

If & be not prime to =,
let e be the greatest common measure of k& and .z,

and let k =ef, n = eg,
then efx +legz=e¢fp +l(g-71),

fx+l¢rz—fp+l(q r)
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the conditions of which equation canuet be satisfied
by integer values of z and s, unless l(_qe-_r) =0,

or some whole number, either positive, or negative;
And .qu;_r) cannot = O, unless ¢ ~ r =0,.
Also since ! is prime to k, /is prime to e a part of k,

l_(q_e:_r) cannot = a whole number, unless ¢ —

be a multiple of ¢;

H

. if & be not prime to m, ¢ is not a value of o™,
unless, either ¢ — r = 0, or the greatest common’

measure of & and n be also a measure of g—r.

(100.) Cor. 1. It will appear frem a similar
investigation, if (a) T b, and (b) p- c, that c is

» q

km
a value of o™, whenever & is prime to %; and that

km
when % is not prime to n, ¢ is not a value of a'*,
unless either ¢ — r = 0, or the greatest common
measure of & and n be also a measure of ¢ —7r;

a) 1 b, and (b)g = ¢, or (a)"" = b,

14 q P

also that if (

km

m
and (b) "=¢, ¢ is a value of a ™ in the same
q . :

cases.
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-

101.)) Cor. 2. Let (a)*= b, and let a be in-
( (¢)

4

clined to unity at an angle = 4, A4 being positive and
less than 360°, and let B + ¢.360" = 8 (4 + p.360°),
where B is positive and less than 360°, and ¢ =0
or some whole number either positive or negative,
and let (b)‘ =¢, and let s and ¢ be either whole

or fractional, positive or negative; then (a)" = c.
14

First let s and ¢ be both positive whole numbers,
then ¢ = a** (by Art. 48),

also a’* has no other value different from ¢ (by Art. 43.)

. ((:)“ = c.

Next let s and ¢ be both positive, bu¢ one or both

fractions.
Let § = E, t = m R
{ ”
0 k ‘ 0)
then B + ¢.360 =1 .(A+p.360°;

But B + r.360° = %‘(A+ p360°%) (by Att. 99),

J.g=1r 0r g-17r=0;
.*. the equation kz + Inz = kp + I(q¢~—7) (in Art. 99)

becomes kz + Ing = kp;
H
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where if we make z =0, and z=p, the conditions
of the equation are answered;

km

e

Next let s be negative and ¢ positive, or s positive
and ¢ negative, or both s and ¢ negative.

These cases may be demonstrated by means of
Art. 100, in the same manner that the preceding
case was demonstrated by means of Art. 99; there-
fore whether s and ¢ be whole or fractional, positive

o= (o

or negative,

(102) Ir (a)“‘ = b, where m is either whole or
P

fractional, positive or negative, and a be inclined to
unity at an angle = A, A being positive and less
than 360°, and m. (A + p.360°) =B + q.360°, where
B is positive and less than 360°, and q=0, or
some whole number, either positive or negative;

then (b)'%' = a.

\q

For let (b)'l‘ =c,
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then ¢ = (a)E (by Art: 101.)
» '

-y -

.. (f)'l' = a.

(103.) If ¢ be a value of a' and also a value
of b‘-, where %‘ s % are fractions in their lowest

terms; then if k be prime to m, b is a value of
ka
a™,

For since c is a value of bE, b is a value of

- (by Art. 102.)

.. since k is prime m, b is a value of a;":‘ (by Art. 99).

(104.) Cor. In like manner it may be proved,

if ¢ be a value of a“’ and also a value of 5° , where

!;—, g are fractions in their lowest terms; that, if &

: kn
be prime to m, b is a value of a ™.

(105.) The values of the square root of — 1
are inclined to unity at angles = 90° and 270°.

~For (by Art. 61.) ~/ =1 has two values,
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viz. (—%)*, and (—})*;

Now - 1isinclined to unity atanangle =180,

s (-1} =1 % —Qo°

| %) ............ Ceeveaees 1(180°) =90*,

and (5-})* ........................ =1(180°+360°)
= 270°.

(106) If (- l)* be represented by + ./ — 1,
o
(-— l)i will be represented by — i/ —1.
1
For by the preceding Article
(-1)* is inclined to unity at an angle = 90°
0
-1 et = 270°
(=3) 27
(- z)i is inclined to (—lo)i at an angle
= 270" — 90° = 180°;
*. since (— l)l is represented by + ./ -1,
0

(— l)l' will be represented by — ./~ 1 (by Art. 8).
1

(107.) " The values of 1t are 1, +/ -1, -1,
",\/ -1,

For (1)* =1,

(]
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. 3 ! 3 . 3&0 o
(})* is inclined to unity at an angle = — = 90°,
0
(l)*no.ooo--ooo-..o--...o..oo=gﬂ=1800,
2 4
3.360°
IV, e e e = ———=270%
(s) 4 7
But o/ —1.eiiiiiiiniiiiienninnn. = 90°,
=1 .iiiieranns sieseeeceecans = 180°,

N 2 TP = 270°; |
(= (=T (o (-

o 3

('108.)' () t=-J-1.

For (by Art. 65.)

(1)‘* is inclined to unity at an angle = — } 360",

1
and (1o, ereeeereeeans =$360°
3
................. veereeeenens.=360°—1360°

s+ (1) coincides with (1)3,

1 3

o (1)TH= = =1 (by Art 107).
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(109.) Any quantity may be expressed in the form
+a+b,/~1, where a, b are positive quantities.

Let 4 be the origin, and 4B = unity;

From centre 4 with radius 4B describe circle
BCDE, and produce BA to D, and draw EAC
perpendicular to DB;

Let BC be the direction in which positive angles
are measured,

then AC=,/-1, AD= -1, AE = — ,/ —1;

Let ¢ be the given quantity;

Draw AF =¢, and draw FG perpendicular to
DA, and FH perpendicular to AC;

Since AGFH is a parallelogram,
AF = AG + AH (by Art. 3.)
or ¢c = AG + AH; '
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Let a be a positive quantity in length = 4G,
b veie i i e = AH;
Then AB : a :: AD : AG,
or léa::—l:AG,
S AG=ax -1 =—a;
And AB : b :: AC : AH,
or1:b: ./-1: 4H,
o AH = b,/ =T;

°. c=—a+b.,./— ;

In like manner it may be proved in any other case.

(110.) Cor. 1. Let ¢ be inclined to unity at an
angle = C, C being positive and less than 360°;

Then if C be less than 90°,

¢ is of the form +a + b,/ —1;

if C be greater than 90° and less than 180°,
c is of the form — a + b,/ —1;

if C be greater than 180° and less than 270°,
c is of the form — a - bJ:T;

if C be greater than 270°,

¢ is of the form+a—b\/——-_f;
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(111.) Cor. 2. Hence if ¢ = e(})", e being a

positive quantity, and n positive and less than 1;

Then if n be less than 1,

cisof the form +a + b/ —1;
if n be greater than } and less than 1,

cisof the form —a + b,/ —1;
if n be greater than % and less than £,

cis of the form —a—b./—1;
if » be greater than £,
cis of the form + a — b/ —1.
(112) Cor.3. When z is less than },
. b,
as n increases, ~ increases; and conversely;
when # is greater than } and less than §,
. b
as n increases, - decreases ; and conversely;
when 7 is greater than } and less than 3
as 7 increases, -z increases ; and conversely;
when n is greater than £,

. b,
as n increases, - decreases; and conversely.
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“(113) To express the values of 1% in the Jorm
tat b/ -1, where a, b are positive quantities.

The values of

1

e 1) (1) @ @ @ @F

of which (1)* =1;

0

And since § is less than 1,

(l)' is of the form a + b,/ 1,

(1) = ("= ("

.. since § is greater than ; and less than I,

(l)‘l’ is of the form —a +b,/-7;

O =)="="u
O ==
.. since 3 is greater than j and less than 3,

1

(})' is of the form —a, —b,/"71;

(1) = ()"

|
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~. since § is greater than 3,

1

(l)" is of the form +a - b, /—1;

8
1l
Let 1* =z,
then 2°=1, or 2°— 1 =0,

From the solution of this equation we obtain

the following values of x;
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(114.) Ifa +b (})"‘ +c (})" =f (})", and a, b,
c, f be positive quantities,
B () (1) = (1)

Let A4 be the origin, and 4B = a.

From B draw BC parallel and equal in length
to the line which represents & (1 =, and from C
1

draw CD parallel and equal in length to the line
which represents ¢ (l)", and join 4D;
1

AD =a + b (})" +c (})" (by Art. 7.)
=1 ()

On the other side of 4B draw BC' making angle
ABC' = ABC and make BC’ in length = BC,

D

c ’
D'

In like manner make angle BC'D' = angle BCD,
and C'D in length = CD,

Join AD';
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Since BC' is equal in length to BC, and angle
ABC’ equal to ABC, but in the opposite direction,
and BC parallel and equal in length to the line
which represents b (})"'; BC' will be parallel and

equal in length to the line which represents b ( ll)";

In like manner C'D is parallel and equal in length
to the line which represents c (l)" ;
. . -1

-1

-1

.. AD'=a+bl(l)"'+c(l)";

But since figures ABCD, ABC' DV are similar and
_equal, AIr is equal in length to 4D, and angle
BAD' equal to BAD, but in the opposite direction,

.*, since 4D =f(§)”, AD' =f(_ll)l’;

.. a+b(_ll)"'+c(l)"=f(l)l’.

-1 -1

(115) Ifa+b (})"‘ +c (l)‘- = f(})", and a, b,

1

¢, f be either positive or negative quantities;

a+b(l)“‘+c(l)"=f(l)".

S | = -l

For let one of the quantities b be negative, let
b=-g;

then a — g (})"‘ +c (})" =f(1)";

1
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Now —g =g l)i,
1

(
ERLIDREID U
e (e () =)

.'.a+g<_ll)"‘+i+c( ) f( ) (by Art. 114.).

1

But g ()™ =& (1) (2)" = -8 (1)"

sasg (L) e () =S (L)
ora+b(11)m+°(ll)"=f(_:,)P‘

“In like manner it may be proved if any other
of the quantities be negative.

(116.) Ifa+b (})"' +c (11)" = f(})", and a, b,

c, f, be either pbsz‘tive or negative quantities,
B ()T ae ()T =r()

For a + b (_!l)”' +c (_ll)" =f(_}l)i’ (by Art. 115.)
s (1)"= (1)
+

(1) =/(1)

Soa+b (})-"'
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1) Fa+b/TT+c(l) =f(1), and s,

b, ¢, f be either positive or negative quantztws,

nbY T e (1) 1()”

. For +J- () (by Art. 107.)
LBt e (1) =S,

arb() e ()T =r ()T
But (1)~ =~ /=7 (by Art. 108.)

BT (= )
(118) Ifa+b/—1=e+f /-1, and a, b,

e, f, be either positive or negative quantities; a = e
and b = f.

For since a + b /-1 =e+f /-1,
a-b/=1=e-f /=1 (byArt. 117.)

*. by addition and subtraction,

2a = 2e,
and 2b./ -1 =2//—1;
. a=e,

and b =/
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(119.) Ifa= +b+c./—1, where b and c are,
positive quantities, a will be in length = /D" + c*

I+

| Forlet a = ( ) here e is a positive quantity,
then ‘e (}) +b J—
ce()™=1bFe/—1 (byArt. 117)
.. by multiplication,
e = b4 c
e=./b+ ¢,

*. a is in length = \/* + ¢*.

(120.) Let a=b (1)", where b is a positive

1

quantity, and n positive and less than 1; then if
n be either not greater than }, or not less than %,
a + 1 i8 greater in length than 1.

For since a = b (l

)", and n is either not greater
1

than } or not less than £, a is of the form e + f.,/—1
(by Art. 111), where e = 0, or some positive quan-
tity, and £ is a positive quantity ;

ca+l=14e+f/—1,
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. a+1 is in length equal to ./ (1 +€)* + f%;

. a+1 is in length greater than 1.

(121.) Let a=b(l)“, where b i3 a positive
1

gnantity, and n mnot less than } and not greater
than %; then a — 1 is in length greater than 1.

For a is of the form — e ij\/—-—_l..(by Art. 111),
where e and f either = 0, or are positive quantities;
coa- 1=;l—eif~/———l,

. @ =1 is in length equal to /(1 +€)* + /*;
.a — 1 is in length greater than 1.

(122) Let a =b(l)“, where b 18 a positive
1
quantity, and n positive and less than 1; then if n

be either less than L, or greater than %, :;: is in

length less than 1; but if n be greater than %, and
less than 2, z—:-:- is in length greater than 1.

First let m be either less than I, or greater

than 3;
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" Then a is éf the form e £ f./—1, where e
and f are positive. quantities ; . .
a—1 is in length equal to J m, ‘
and @41 viiinieenneniiiveenennne A @F 1P+ 15

a+1 eveesescccerses J(e+l)° +f9
a— . .
Ta+1

is m length less than 1.

Next let n be greater than 7,‘;, and less than 3,
Then a is of the form —e + £/ -1,

a;:_i,s m length 'equal‘ to \/l (e+ 3: +~;::,

a-=1- ) »
Sy — e th reate than 1.
4 F1 is in length g T

(123.) (l )" + (l)"n 18 equal toa positiz;e quantity,
1 1 .
when n is positive and less than §. -
For if = be positive and less than Z, (l)" is of
1

the form a + b/ —1, where a and b are positive
quantltles,

- (‘)’"“‘ BT (by Art 117). N

1
Sy Ee
K
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(124.) Leta=Dh (})"‘ and a +1 = c(.{)’, where

b and c are positive quantities, and m and p positive
and less than 1;

Then if m be less than %, p will be less than m,

First let m be less than 3,

¢ D

A B

And let 4B = unity, AC = a, and let the paral-
lelogram ABDC be completed, and the diagonal AD
be drawn;

Then AD=a+1=c (ﬂr;
-. angle BAD = p.360°;
and angle BAC = m .360°;
*. p is less than m.
Next let m be greater than I,

The same constructlon bemg made, AC falls on
the other side of AB;
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. angle BAD =1 — p.360°

eeereenesee BAC = 1-m.360";
A B
c D

*. 1—m is greater than 1—p;

.*. p is greater than m.



'CHAP. III.

BINOMIAL THEOREM, EXPANSION OF @ IN A SERIES
ARRANGED ACCORDING TO THE POWERS OF I,
DIFFERENTIATION OF @°.

(125.) Ir a=1+b, it is proved in the bino-
mial theorem that ’

m_ m.m—1,, m.m-1.m-2,,
a _1+m§+ I 3 b T2 3 b? + &ec.

which is a comverging series when b is n lenéth
less than unity;

Now if m be not a whole number, a® has many
values;

To investigate which of the values of a™ is
represented by the series

m.m-1,, m.m-1.m—2
b+ 2.3

1+ mb + T3 T b® + &c.

First let a be a positive quantity,

then (coz)"' is also a positive quantity ;
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" (a)"' is that value of a™ which is represented by the
0 .

series . . .
' 1+mb+ ™1y ge.
+ + T3 + &

Nextlet a=c¢ (l)", where ¢ is a positive quantity
1

and n positive and less than %;

When b= 0, the series

m.m—1

1 + mb + )

b+ &c.=1;

*. when b = 0, that value of a™ which is represented

by l+mb+——-b’+&c must = 1;

*.” But 1is inclined to unity at an angle = 0;

.. when b = 0, that value of a™ which is represented'

m.m—1
1.2

by 1 +mb + b + &ec. muqt be inclined to

ynity at an angle = 0;

" Now (by Art. 86) (@)™ = (&) (1)~

0 1

e .(a)”' is. inclined to unity at an angle = mn .360°"
o .

‘And ‘ais of the form e + f/—1 (by Art lll)
where e and f are positive quantities, * =
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.._.-b.-._:e_'_l‘_’_f /_"'"‘"; o

. as b décreases, e approaéhes to 1 and f to o,
R { decreases,
.. (by Art. 112.) n decreases,
And when b = 0, f=0, ande=1,
Lo, cn=o,
€
? . mn 360° = 0,

. when b=0, (a)"‘ is inclined to unity at an angle =0;
o/. - 5 o

(a)"‘ is that value of a™ which =1 +mb +
0

m.m—1
) b + &c.

" Next let n be not less than 1 and not gl"e'tite;r.
tha“ %; B . . ) v e e?

In this case, since b=a—1, b is always in

length greater than 1 (by Art. 121.)

—

m.m-—1
1.2

;. the series 1 + mb 4 b + &c. is .not .a

converging series,--and therefore it does not represent
any value of a™.

t
R
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-7 Next let n be greater than £ and less than 1;
- 'Then a is of the form eff\/——_i, .
: And b=e—-l—f.\/—-}‘; |
*. as b decreases, { de«,:rea_se:s,
<. (by Art. 112.) n increases;
And when b =0, {:0, and n = 1;. |
Now (&)7 =" (&)= (@™ ()™
=" OO
=G
( gl)"‘ is inclined to unit:y ati an angle
i =m.n—1.360%
But when b=0,n=1; ...m.n-1 .360"'-;'- 0,
.. when b=o; (_al)"' is inclined to unity at an ahgle =0;
i;“th'is casé ( fi)"' is that value of a® which !

: m.m-—1
1 +mb
=1+mb+——

b + &ec.
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(126.) Let a=c (l)", ~ where ¢ {s''a positive
1
quantity, and n positive and less ‘thar 1, and let
a—1=Dh, where b is in length less than unity;

Then, if n be less than %,

(2)" = (\1) {1 +mb +

If n be greater than %, '

-———b’+&c}

(2)‘“ = (})ﬁ-‘fm {1 +mb 42 m2 w1 b* +'&c.} .'

First let 2 be less than },

Then (by Art. 125),

b’+&c

(=1 +mb+=

Y

Bt (9)" = ()" (9" = ()" (é)% -'

o @)= (1 mb o+ T - S

. Next let n be greater than: i

(By Art. 125), () _1+mb+m L b & .

. (a)"‘.(l)"“ =14+mb+ mlm; ! ¥ + &ec.

0 1
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L= () e+ B s,
’ (a)“‘ = (l)v_-l-l-"' {l +mb + m':i:—lb’ + &c.}.

? 1

(127.) Let 1+ Ax + Bx* + Cx® be a series
such that ’
(1 + Ax + Bx* + &c.). (1 + Ay + By® + &c.)
=1+A.(x+y)+B((x+y)+ &
whatever be the values of x and y;

To ﬁml the law of the series.

By multiplication,
(1+ Az + B2 + &c). (1 3|-Ay+By’+&c.)=
1 + Az + Bz* + C2° + &c.
+ Ay + A'zy + AB2’y + &c.
-z + By’ + ABxy’ + &c.
-+ Cy* + &c.

And by expansion,
| 1+A(@+y) +B@+y) + & =
1+{ Azy + ( Bay+( - C& ) + &
+/ly} 3+2Bmy} +3C2y (.
+ By +3Czy’

+Cy®
L
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". equating the coefficients of the combinations of
the like powers of & and y, '

sB=4; . B=2,
2
- 3C=4B; . c=22 - L,
1t A:t:+flf';2 1423:33 +&c is a series such that
(l +Ax+‘f—%+&c.). A‘é’g'-l--&c.) -
=1+A(x+y)+w+&

whatever be the values of z, y, or A.

(128) Let a =c (I)", where ¢ i8 a positive
S \1 4

quantity, and n positive and less than 1, and let -
a—1 be in length less than unity, and- A = (a-1)
~$@-1 +5@-1) - |
Then if n be less than %,

. A’ Asxl

@r=

1.2.3
Ifn *bc greater than £

+ &e.

@Yél+éx+..+ =+ &
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For. it is proved in the Appendix to Woodbouse’s
Tngonometry, that

. - At A%*"
- a =1+ Adzx + 12 ° + 123 + &c
And the proof given by Woodhouse depends upon

the binomial theorem ;
‘. (by Art. 125.) If n be less than %,

o £ A
(@) =1+ dz+ T+ 755

" If n be greater than 2,

’ L7 A
(a) =1+ dz+ 1= + 53

(129.) 7o express (})‘ n a series qf'the Jorm
a + bx + cx® + &c.

Let (})’ =a + bx + ca* + &c.
Let z = 0, then (})° = a,

Sol=an;

. (1)r=l+bx+¢;a:’+&c.

1

Now (1)7. (1) = (1)



84
. 1 + bx + ca® + &c. is a series such that
(1 4 bx + c2® + &c.).(1 + by + cy* + &c.)
=14+b.(z+y)+c(r+y)”+ &

<. (by Art. 127.) ¢ = I—;:, &c.

. (l)’=i+bx+?§+&c.

1

To find the value of b,

Since x may be any value, let z be positive and

less than ;

l1+a
l—a

And let (})’ =

Also let (})’=k, lta=m l—a=mn

. then ™_ k;
n

and a = ((}l;,—: where since  is positive and less
than %, a i; in length less than unity (by Art. 122),

(-2 2y
(H=+1 (1) + (1)’*+(1)"

and m =1 +
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Let —.—2-———.=g,

ORION

then g is a positive quantity (by Art. 123.)

. m is inclined to unity at an angle = 3 Z 360",
L T —(l-—-) 360°;

And 1-2 Tis greater than = 5 since x is less than I,

< (by Art. 93.) (;;

But k = (}:)',

.. since z is positive and less than 1,

(k) = (1) (by Art. 86)
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Since m = g ({);, and ; is positive and less than £,
) 2,2 .
(m)" =1+ My + ]:1—21 + &c. (by Art. 128),
o/ .
where M= (m—1) — L (m— 1) + %(m—l)“’ -

And since n = g (1)‘_", and 1 — g is greater than
. 1 .

2 and less than 1,
(n)*v =1—-Ny+ —IAT‘—Z—Q — &c. (by Art. 128),
-1 . - .
where N=(n-1) - l(n— 17 + l(n—l)“ -
M N
)-(1- My )

(M N)’

..1+(M N);y+ + &e. (byArt 127)

b’m’y’ )
1.2 + &e.

o1+ bay +

(M-N)y*

T2 + &c.

=1+(M-N)y+
sobx = M—»M .

.(M-N);
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Now m>=l+a,ln=l—a,
S m‘—\l=a, n—1=—a;
.M= a—%ae-}-%az—%a‘.;l;%;5—&C.

= 1 9 1 35 1 4__1 5
N——a—aa ) ie —5a — &e.

e M-N=2{a j-:l;az +§§5+&c.} :

b=2{a+la +1a"’+&c‘

&llo

1
Let z = 3,

“Then '(’})* =A;.; V] ..— /=1 (by Att. 113.)

*+£\/__l‘l=;1+\/— J=1
%+>Z—J—+1 3+ a/3.0/-1

_WB+/ DS ST
3+4/3./-1 3

2. b=2.6. {“/h (“/ l) (%)6+&¢.}

ey () () - ),
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1 14° 1,\°
Let 12 {ﬁ -3 (:7—3) +3 (ﬁ) - &c.} =c,
then b = c./—1, where c is a positive quantity ;

. . c*a® s’
. (})’-— 1+cx /-1 - 1.2—1.2.3~/—1+&c.

(130.) Cor. 1. (l)' g

b4

e TS e
For (}»)‘ = (})P'

B — P —pscswa .
=1+pecx/—1 3 T35 — 1+ &

(131.) Cor. 2. If a be a positive quantity

(@) =1+ @ +pe/-Dz+ 4 +p‘i 2-1 Ra

[ 3 3
+(A+pll:23 1)z + &c.

where A=2tc—z—+_l+ (a+l (a+l) +&c}.,

For by the Appendix to Woodhouse’s Trlgono~
metry,



. A 2? A
(a) = 1+A""+11 T3 + &

wliereA=2{a ts (a+l l(a+l) +&c}
(a) = (1 +Aw+%+&c.).(i)’

—(1+Ax+£—+&c) (1+pea/=1 1+(—"M+&c>

= 1+(A+pc./—1)w+(A+pcl‘/2_l) Cal + &c. (by Art. 127.)

(182) Let a=b (l)”, where b is a positive
1
quantity, and p positive and less than 1;
Then if p be less than 1,

2 2

(2)‘=1+Ax+‘l\; + &c.

Then if p be greater than 3,

2 ¢

(_‘) =1 +Ax+%—’;-+&c

where A-2{a-l-: +l (a+l) *3 (a+l) +&c}

1+e

—e

For let a = ,and let 1 +e=m, 1 —e=mn,

M
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thene—w“l m = 24 n 2 .
Ta+1’ " T a+1’ a+1’

Let a+1 =f (})’, where f is a positive quantity,

and ¢ positive and less than 1,

—_ ._2__ —_ g - = 2 1—-¢,
"SRy T )=z 0G)
First let p be less than },
Then ¢ is less than p (by Art. 124),

. p— q is positive and less than }, and 1 — ¢ is
greater than § and less than 1;

Also m is inclined to unity at an angle = p — ¢.360°
Neooos L R R N N I RN I A A A S AP I =l—q.3_60°,

And p- g is less than 1—g¢,

(2)

. (a )‘ = ('}), (by Art. 93.')
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RPN L S
@y ey

=(1+Mw+%+&c.).

2
(l — Nz + % - &c.) (by Art. 128.)

where M = (m—1) — L (m—-1)* + L (m—-1)°-
=Mn-1)-Lt(m-1¥2+L(n-1) -

n(ey =1 +(M—N)x+QI—_l—%r)—!£ + &c.

But m=14¢, n=1-¢;
.‘.M-—e—-e’+ e’—:e‘+ e - &c.
N=-e—j¢ -}~ ¢ —16 — &e.

o M-N=2{e+je +;eé + &}
- H A EH) +‘(a+1) "ol
(o)

where A—2{a+l+ (a+1 (a+1) +&c}

which is a converging series (by Art. 122).
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Next let p be greater than i
Then ¢ is greater than p (by Art. 124.)
. p—gq is negative and between - } and 0;

But m = Zé . (l)""‘" = ?_f.é. (1)l+p—-q,

S U 1
where 1 + p — ¢ is between £ and 1;
Also 1 — ¢ is between 0 and %;
And m is inclined to unity at an angle =1+p=-g¢q .360°,
Teeodoaassoseos snnnes snosnes = l—'q.3600,
And 1 +p = ¢ is greater than 1 —g,
(%) by |
. (a)' = 2= (by Art. 93);

@)

(e

=(1+Mx+ —lngg—+&c)

(n)" = (ﬁ)’ ) (?)—,

. Nz
(1 ~No+55 - &c.) (by Art. 128.)

o - 2 .2
= 1+(M-N)w+(—b—ll—]\;)—f-+ &c.

2

A x
1+ Ax +_-i—-5‘+ &ec.
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(1383) Let a=b (1)", where b s a positive
1

quantity, and p positive and less than 1; then if p
be greater than L and less than 3,

c (a+5v/=1)x
(2)‘=l+(A'+§\/——l)x+ 5 + &e.

where A’—2{a+l i(a+l a+1) + &c }

and c is of the same value as in Art. 129.

For first let p be less than 1.
Let f=—-a,
then f=—-1.a =~(})i.a = ({)*b(})”:b (l)“’i,

1

where since p is greater than £ and less than I,

_.(f)" =1+ Az +

~1

where 4' = 2 { 7T 1 ( T 1) (%)5 + &c.}
(by Art. 132.)

f-1_-a-1 _atl
Butf+l —a+1 a-1

a proper fraction (by Art. 122.)
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{a+l+ (a+l + (a+l) &c}
Butf:-l.a,
(f) = (— ‘1)) (c:)' (by Art. 91.)

0

1

(L) = O @) () = (@)
(@)= (f)-(l)‘

_(1 + A

- (1)5 .(a)" (by At 86)
)

)
{1 + & (—-———c i) }

1.2
+ )’z’
: (45~
=1+(A’+-2-~/-l)w+ l 2 &c.
Next let p be greater than I;

As in the first case, let f= - a,
thon = B (14 = b (1)1~ = b (1)

where since p is greater than L and less than 3,

P—3eeiieiiin, Oiveennvanns 53
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e

(_of)' =1 +A’a:-}-‘f f + &e.

But f=-1.a;
.. in this case ( f) = (-1)'. (a)' (by Art. 91.)
()()
S =M= <>*

= l+44'1'+—,—-r& )

(A+ J—)

1.2

=1 +(A’+92~J:7)x+

(134.) Cor. Let a=1b (I)P, where b is a posi-
1

tive quantity and p positive and less than unity, and

ar1 (a+l) +3 (a+l> + &"}
A,=2{a+l (a+l) 41 (a+1) +&c}

and let ¢ be of the same value as in Art. 129,

let A4=2{2=%

Then if p be less than Z,
/_ 2
(a)’ =14 (4+ qc~/—l)z + (A+qcl 2 DL + &e. .
. .
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If p be greater than ; and less than £,

4 _l_ — 2
(a)'= 1+(A+q+L.ei/-1)z + (4 +q+2l'c2\/ D2 | &e.
" ;

If p be greater than 3,

(A+F'—:'; v/ —1)° x*+ &ec.

(a)‘=l+(A+m.cJ:i)x+
q N
For first let p be less than Z,
Az
Then (o = (3 (1) = (1 + 4o+ T3 + &),

(1 +gex /=1 + (—ch-l—— “’_2_1)2+&c.)

' —1)
=1+ (A+qc~/ -1)z + (A+qc15[2 1) e + &c.

Next let p be greater than § and less than 3,

Then (6" = (5)"+ (3) =

4 f 1\ 2
{1+(A’+§J:7)x+(A "5 +&c.}'

1.2

(l +gex/—1+ (q_ca:l___ “2_1)2 + &c.)

=1+ +gFh e/ D)o AHeHT o/ =1

1.2 c.
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Next let p be greater tl;an 4,
 Then (a) = (g (1) |
= () )0y =@y

_(1 +Ax+££+&c)

(l+q+l.ch—l+(q+l e/ = 1) +&c),

1.2

1 (4T ie/ T e ALY TDE | g

(185.) Let a=b(l)", where b is a positive
1
quantity, and p positive and less than 1, .

Then (a)’

_ /1) 2
=(B+p+q.c~/-—l)x+(B+p+g"; 1\x + &c

whoe =3 (071 41 G3) + 1 G7) + 8

and c 18 of the same value as in Art. 129.

For;(b) -l+Bx+?—f—2:+&c

N
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(o = (O ()
= O (= O

= (1 +Bx+-?’-.—';‘+&c.).

(1 +p+gq.cx/—1+ (p+q.lca;v —19) + &c.)

- n4a —7\¢
=‘+(B+P+q-cd-1)w+(B+p+§"c;/_l) 4 &e.

(136) To find the differential of (a)"

Let a=1b (l)”, where b is a positive quantity,
. :
and p positive and less than 1;
First let p be less than },
Let =
(@) =

(o™ =%
q

AR (GRS

= (3)’{1 +(d+gen/=Dh + (A+9";f/2:_l)gl"’+&c.-1},




{A+ch—l+(A+qc' 1) 4 +&.c.};
=u(A+ch:_l)-

Next let p be greater than { and less than %,

It may be proved nearly as in the ﬁrst case, that
is tlns case,

U (4 +7FF /7D,

Next let p be greater than 3,

In this case,

d
-d—u—u(A+q+l cy/—1). .

OrnfB_2{z+l+ (b +§(§;—:5+&c.},

it may be proved in all cases that

g ,
3.5=u(B+p+q.cJ-1).

. du
(137.) Cor. Hence if u = (}) s = ue /—1.
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(138.) To integr g—:{ =(+by/-1)u

Let. u = C. (e)"".(l)"', where e is the l;ase of

0 1

the hyperbolic logarithms, |

du
then a;

= C.(g)-m. (1) + C. (o)™ (1) -me /=T |

0 1 1

; C. (e)"". (.})"A’ .(m +nc, /7)

(]

=u(m+nc/-1);
.’.‘m+nc~/-l'=a+b./—l,
~. (by Art. 118.) m =a, ne=2>,

b

SN =~
c’

e O ()

where C is an arbitrary constant.

du
If b=o, T = %

and u = C.(e)‘", _

0
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<. ax = hyp. log. u — hyp. log. C.

du
If a=o0, H=(b~/ —-l)u,

and » = C. (l)%'

1



CHAP. 1IV.

EXAMPLES ILLUSTRATIVE OF THE PRINCIPLES ESTABLISHED
IN THE PRECEDING CHAPTERS.

(189.) To express the sines, cosines, &c. of
" arcs in terms of the powers of unity.

: Let AB = unity, BCDE be a circle described
with radius 4B;

Let BA be produced to D, and through A let
EAC be drawn perpendicular to DB;

Let BF be a given arc;

Join AF, and draw FG perpendicular to 4B,
and FH perpendicular to AC;
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Let BF = 6, and 2» = whole circumference,

Then AF = (1)*’7,

1

AG = cos 0, AH = sin 6 ./ -1,

. (})’:_"=i:os 0 +sin 0./ -1,

(1)

.. by addition (})’L" + (l)

1

“lg

*=cos 0 - sin 6,/ —1 (by Art. 117.)

| =

*=2.c08 0,

By subtraction (l)é’*-r - (1) I*=2.5in 0 /-1,

[}

N O e O i
sin 6 = 2/ =1 ;

In like manner it may be proved that

sec 0(})20—* =1+tan 0./—1,

1

- sec 0 (l)—?if =1-tan 6./ -1,



104

. by addition sec 6 l;-’“ 1—5%" =2
; 0+ ()% =2

1

[ -2
by subtraction sec 6 {(l)’* ~ (l) 2*} =2tan 0 /1,

1

2

. sec 6 = 3

QRO

1)i7 — 1
<. tan 0 = ! 1-(1)20 H
F e

Cotan 0 = tan (g - 0)



ﬁ
-1 ()T
= - _1.——-—-'-——2:‘;
_.1.'.({)27
20
2n
=\/‘:‘{ (}) !

(140.) Der. When 0 is said to be equal to
any angle, it is to be understood that 6 is equal
to the arc which subtends that angle to a radius
equal unity; thus if 6 be said to be equal to angle
BAF in figure Art. 139, it is to be understood
that @ = BF.

o
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(141.) To express the relations of the sides and
angles of triangles by means of powers of unity.

C

Let ABC be a triangle, and let its angles be
= 4, B, C, and the opposite sides be in length
respectively equal to a, b, c;

Let 4B be in the positive direction, and let the
parallelogram ACBJ]) be completed, and let BAC
be a positive angle;

Then BAD = — B, and 4AD-is in length = a;

o AC = b(}):—r, AD = a (l) 2x;

A _B
e = bb(l)zx + a(}) Sx;

1

In like manner it may be proved that

c A

ey ee ()
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In which two equations, together with the con-
sideration that 4, B, C being angles must be each
less than =, are contained all the properties of tri-
angles.

(142.) Ex. 1. To prove that the three angles
any triangle are together equal to =.
Yy iruang ge q

c 4
Since b=a (1)5— +c (})—2_*,
4

by multiplying both sides of the equation by ( )2

Now — 1= (I)Pﬂ, where p either = 0, or some
1 . :
whole number éither positive or negative;

A+B+C

’

p+i=



108

A+B+C

Since
27

is positive, p+4 is positive,
.. p cannot be a negative whole number;

And since, 4, B, C, are each less than =,

A+B+C .
— s less than 3,

.. p cannot be a positive whole number;
LS Pp=0;
_4+B+C

L
2 27 ’

s A4d+B+C=nm.

(143) Ex. 2. To prove that the sides of tri-
angles are to one another as the sines of the opposite
angles.

First to prove that
b:c:sinB:sin C

ra(l)

c=b(l)

1

1l

) ér-£B+C)- B
=} (l) = +a (l) t T

1

= b ()7 ey



1

soa=c¢ (1)_57 +b (})22' (by Art. 116.)

. by subtraction

o=e{(y=- 0 sl - 07,
0=c.28in B ./—1 -b.2 sin C /=1,
0 = c¢.sin B — b sin C,
oo b:ec:sin B:sin C
It may be proved in like manner that
a:b: sin 4:sin B,

and a : ¢ :: sin 4 : sin C.

2, 2 2
(144.) Ex. 3. To prove that cos A = b ';(;)c 2.

A _B
— 2r 2x
C = b(} + a ({) E)
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B A
Sa ()= e-yE

1
B 4
La(tyFee-b )
. by multiplication
4

a*=c*— be {(1)3_’r + (1)—.2%} + b

1 1

=c'- bc.2 cos A+ b,

2
A=bi*i:_“f

‘. CO8
2bc

In like manner any other properties of triangles
may be established.

(145.) Cor. Hence all the properties of triangks
are contained in the two equations

A _B
c=1b (})27 +a (l) 2=,

1

A+ B+C=n.

(o

For the equati'on b=a (})57' +e (})—%' may be

deduced from these two equations in the same manner

B -L
that the equation a = ¢ (1)‘3’r +b ( }) 2= was deduced
1

from them in Art. 143.
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(146.) To find the lengths of curves and the
position of their tangents.

Pl

§ // -
Let NPP’ be any curve,
A the origin, AB the positive direction,

AP, AP two radii, PT a tangeunt at P;

Let P'P be joined and produced to S;

Let AP be represented in length and direction
by p, '
Let AP be represented in length .and direction
by ¢’ ,
Let NP be in length = s,
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Let angle BAP = ¢,
vererreeseenn APT = ¢,
eecessvevcrcene TPS = 3;

Then angle BTP =6 + ¢,
and ......... BSP=0+¢+8;

"Now let PP’ be diminished sine lLmite,

Then limit of é; =1 (Newton, Lemma 7.)

and limit of (})9+2”+‘ = (1)9_;52 (Newton, Lemma 6.)
dp e
= ()"

" From which equation the differential expressions
for determining the lengths of curves and the position
of their tangents may be deduced.

(147.) Ex. 1. Let the curve be a circle,. and
A s centre.



113

[
p=r (1)’*, where r is a constant quantity,

. dp _ . ¢ de . .
. ——r(})ﬁ .2"_.~/-—1.ds (by Art. 137.)

()

L do
. r(l)ﬂof.ﬁ-c—.\/——_l &= ()T

L 1

that is, the tangent is at right angles to the radius; -

()= ()= + Y
) o
e r.;e;al -1 ;l—s' = 4\/, ""l’
- c do

"o 1‘.-2-—1; ‘J‘&‘:
P

L,
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oo 8'=7y— 0 + const.
2
When -9 = 0, let.s =0, then const. =0, .

c
SeS=r.— 8.
L 2w -

(148) Cor. 1. Let r =1, then s = arc which
subtends angle :BAP to- radius = 1, that is, s = 6,

3 Y 2w=C= .
12 ) {71-3; -1 (:}—3—)3 4+'§' (71—3)5 - &c.}. (Art. 129).
(149.) Cor. 2. Hence s =r8.

(150.) Ex. 2. Let the curve be any spiral, A

.8 :
Here p =1 (})2_*, where r is a variable quantity ;
o p=r(})"‘ (by Art. 148.) L

& dr b de
()@ @Y



.. by multiplication,

A o -
-
which is the differential equation for" the length of

a spiral.
Also by addition and sn.lbtracﬁon,‘, -

g-{- 1—%=2é08 , i
(%) 4

1

dr
23 = (4

do N S

— 1 = ¢ - c =2 A —1

2T s ! ) (l) (}) o s ¢ V.

r

. CO8 ¢ = ds

] do\ equations for determining the po-
sin ¢ =735 sition of the tangent.

de
© tan ¢=T-d—;‘
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(I51.)"Ex. '3."' Let the curve be referred to
rectangular co-ordinales. ' '

Let A4 be the origin,
seeeee & be measured in the positive direction,

yeeereYeasnrensaraesnin the direction of + ./ —1;
then p=2 +y /-1,

.dp _dz  dy '
et g rIA

. dz  dy _ ke
CmraVTI=)

,'+ by multiplication,
dz\* rdy\?
x) +@) ="
the differential equation for the length of a curve.

Also by addition and subtraction,

2 g—‘; = (1)2'?? + (1)“94‘7‘o = 2 cos (0 +¢),

t+e 4o

2%\/-—1 = (})T - (l)- ¢ = 2Si;l (9+¢)\/-——l,
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s cos (0+¢) = 3—':,

sin (9-+¢) = g%’,

d
tan (0+¢) = ﬁ;

And 0+¢ = angle BTP (Art. 146.)

«eseens.. =the angle at which the tangent cuts
the axis;

.. the differential equations for determining the
position of the tangent have been found.

. 3 . 8
(152) Sin x =% — —— + ——

23T 12343 &
x* x*!
cos x=1-35+ 755~ &

For sin z = M——
2 -1

3 )
1+z./~ AV el SR Y 94

1.2 1.2.3 1.2.3.4

1

2 —l.' 2 m’ — 'y
—14an/ <1 +— vl ®

1.2  1.2.3 1.2.3.4

-_—

+ &ec.
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z i

=r—- 123 tiasas &
Ny
W
2
=1 ~£+ z’ &c

1.2  1.2.3.4

(158) Der. One second is assumed as the unit
of time; and apy other time #” is represented by a
line measured in the positive direction, and bearing
the same ratio to unity which ¢’ does to 1” (see
_Art. 1). :

(1564.) Der. The degree of swiftness or slow-
ness with which a body.is moving at any time is
called its velocify at that time: and the velocity is
thus measured, let t be the time, at the end of
which the velocity is required, and s the length of
the path described by the body in time ¢ (the path -
being either a straight line or a curve, and the mo-
tion of the body in that path being either uniform,
or accelerated, or retarded), let 8’ be’ the léngth of
the path described in the time ¢+%; and let 7 : 1 ::
limiting ratio of §~s : &, when % is diminished
" gine limite; then V is a line which in length
measures the velocity at the end of time ¢; also
let the direction in which the body is moving at the
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end of time ¢ be inclined to unity at an angle = q

and let u =/, (1)5, then % is a line which in
1

length and direction measures the velocity at the end

of the time ¢.
. ds d 2
(155.) Cor. 1. Hence V_.dt-, ﬁ.(l)c‘.
~ (156.) Cor. 2. Let NP in ﬁgure of Art. 146,
be the path of the body,

then a = ¢..|.no, oou= :il_:(})%t‘-”

But,(})"i“e=§-§,
Also ¥ = (
| andl— ) +r’( ) (Art. 150)

v - ()G )+"’(a)-(d—f
- (& )+"’(
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Also 1 = 2—':)’ + (gﬂg)' (Art. 151.)

= () @) + (‘23) @)
= (@) + (@)

(157) Der. If the velocity of a body be in-
stantaneously changed either in length or direction,
the cause which produces this effect is called an
tmpulsive force or an impulse; but if the velocity
be gradually changed, the cause which produces
this effect is called a continued force.

(158.) Der. A continued force, when its effects
are estimated with respect only to the change pro-
duced in the velocity, without regard to the magnitude
of the body moved, is called an accelerating force ;
and is thus measured, let u represent in lengthk and
direction the velocity of the body at the end of time
t, u/, at the end of time £ + k, and let £ : 1 ::
limiting ratio %' — » : A, when k is diminished sine
limite; then f is a line which represents in length
and direction the accelerating force at the end of

time ¢.

du _dip
(159.) Cor. Hencef-—a— dt
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(160.) Mhen a body revolves in a circle in
consequence of the action of a force tending to the
centre, lo determine the velocity and the periodic
time. ’

Let p represent the radius in length and direction
at end of time ¢,

Let r be a positive quantity in length = P
Let p be inclined to unity at an angle = 6,
6

then p =7 (1)3 ,

1

d2
force = 37‘: .

And this force tends to the centre,

2
%FP is a line measured in the opposite direction to

that in which p is measured,

Z—Z—f is inclined to unity at an angle = = +8,

>

d’p T+ . . .
Let -5 = P. (1 <, P is a positive quantity;
di 1)

[}
-

now p=r (})“,
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*. since r' is constant in a circle,
3f="(})5-3—§’~/——’
- dt’= (dt) 7 9((1;: V-1
<di’) e g1 =P
(Z) +rqE/1=P. ()E= P;

we have the two following equations,

-Gy --» }

de
rae="°
de
g =Y

dé
i const. = C;

o P =r.C% a constant quantity;

Andgi:—\/—g,

T

t=0 \/-;; + const.
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when 8 =0, let ¢ = 0, then const. = 0;
r
.t=0 \/;;
Let 0 = 2,
then periodic time = 2#\/%;
Let 7 be in length equal to the velocity,
2 2
then generally V* = (g;) + (%‘7’) (by Art 156.)
g ; = (B0 _ )
. in a circle /* =~ (dt) =rP,

V= J‘rP.

(161.) When a body is acted upon by a centri-
petal force, to find the sectorial area described round

the centre, and the velocity.

As in Art. 160. g—;—g = P.(}) c-,
s
and p=r(})?;



&r dr do
=dE T2 ac v !

doyz 4o
—‘l‘(-d—t +1'd—t,.~/———l;

. we have the two following equations,

d'r doN\?
» 75— r(z) =—P

dr de do
(Qa) QEE-H'F?‘(I-—P:O.
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multiplying all the terms of (2) by =, we have

dr d0+r’di=o,

riat v ae

.*. integrating, ""%g = h, a constant quantity,

= J7°d0 = kt + const.
when fr*d6 =0, let t =7¢,
then fr’do =h (t-¢),

e

or sectorial area = % (t-t).

Now multiplying every term of (1) by 2. % and

every term of (2) by 2'r‘ﬁ 70 We have

dr d'r dr d6\®
237-&7727‘3‘[.(Z£ ............ —_2PEE}

dr «d8 &9 ’
oooooooo ..47‘7{.( ) + (lt dt’=

*. by addition,

dr d’r dr (dO 2 ,do d'o Pdr

tmaE T w @) e = Py
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.. integrating, (g—:)2 + 7 (‘_‘g N =/ - 2Pdr,
. (by Art. 156.) P*........ ...l = f—2Pdr.

(162.) Cor. 1. From equation (1),

:zlt2 = ( )Q—P

= centrifugal force — centripetal force.

(163.) Cor. 2. Since 7 % = h,

%) =%
and (dt) +r ( ) =7,
o2t

w3

(164.) Cor. 3. Let u =;
du 1 dr
then 75 = TP de’

. V’=h’{ :—?of)’+u’}.
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(165.) Cor. 4. Since V*=/—2Pdr,
vty 2Pgdu’
() ) =S
*. differentiating, A* {23—;‘ Z’—oz,‘ + 2u Z:} 2P ZZ,
NS f N N
0 Z—g-‘;: + u — I},"l:? = 0.

(166.) Let P o %, to find the equation to the

curve described.

Let P =2 = mu';
r
d*u "
i Z=o, (by Art. 165.)
Létu—;—:—::.r,
, du_ds
“de " de’
Pu_ s
de* ~ de*’
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Let (e)“ . (1)7 represent a particular value of =z,
0 1

where ¢ is the base of the hyperbolic logarithms,

then 35—() 1 )c (k+n/ 1),
B = (o ()7 (ke

L3

n

) /T g () =
S(k+n /=1 +1=o0,
‘. k+n\/—~l= iJ-:i,

o k=o, n=+1;

.. the general value is,

-
[} [J

= Oy O

1 1

Let C=a(})§, C"=b(})g, where a, b are

positive quantltles and o, B positive and less than

27;

a0 B—9
then x = a (1) < 4+ b (})—Z‘_’



e=a () Ho()T
LrT=a (l)_'jc: +6 (})‘T;

.+ by subtraction,

atd atd -0

R e e
-l e - s

20 B. .

wo=fa(f -o ()"~ fo- )7 -0

*. since 0 is variable, we bhave the two following
equations, '

-2
c=0

“( -0y
JORELIH

from either of which we _deduce

el

=0

'b=d

T el
R
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8
*. substituting these values for 4 and (1)?,
1

. -_l_-'!‘:_g _a+6
cma oy,

1

=a.2cos (a+6);

. u-g—t=2acos(a+0), |
1 m
;—P=2acos(a+0),

equation to the curve described.

(167.) To solve a cubic equation x*—qx +r =0,

h qs . k ri
wnen 27 18 greater 1 an —.

By Cardan’s rule,
(3 VIR (5 VI
—{_g (27_—) “/_}
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Le{-5+ (F-2)'V=I) =),

where f is a positive quantity, and g positive and less

than 1;
e - (2= -

R =f(})% +f(})—% =f.2 cos 0;

By multiplication,

G- -r
S Sf= 37

-—r =f3{({)%o+(})'379}

= /.2 cos (30);



. LA S IV 7 {
<. cos (30) = T 2(5— 2.7

' Let — 1‘2% = cos ¢, where ¢ is positive and

less than 560°

Then ¢ is known from trigonometrical tables ;

r "/?_i
TS
g://-? = cos (360° + @),

= Co8 (2.560°+ ),

And since - = CO8 ¢,

*. cos (30) = cos ¢ = cos (360° + ¢) = cos (2.360°+¢);
. the values of 0 are

¢ 0, P 0o, 9.
5o 120°+ 2, 240° 4+ £,

.. the values of x are
2 \/;.cos (g), 2 \/g.cos (l20° +.%’),
2 \/g.cos (24_0" + gf) ,

which may be found from trigonomef.rical tables.
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(168.) To find the integral of d—x’f .

Let o = (e)"s. (1)'7',

0 1

" Then ':%-; = (e)""'.(}):‘!-(m + "\/-——l):

0

=z.(m+n./—1),

%:my+ny~/—_l;

Now z is in length = (e)”'!,
0 ..

‘. my is the hyperbolic logarithm of the length of z;

And ny is the angle, at which z is inelined to

unity,

" if this angle be called angle of «,

‘/'d?-r = hyp. log. of length of = + o/ —1.angle of .

e 2ad
(169.) To find the integral of ;,%
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2a 1 +
i arz. /-1 a-z,. /-1’

2adx dzx dz
@+t ‘/‘“+-‘”«/-l+fa—w\/':i
=_l__ dz/— 1 f—d.rf——l
V=1 “"‘“"\/—1 =1 a-z./-1
1
=Jj{hyp. log. of length ofa+xa/—1

—1.angle ofa+:c~/—1}

- l —_——
7= {hyp. log. of length of a — z ./ —1

+ 5/ —1.angle of.a—xJ:T}

‘_———l —
= NS {hyp log. of length of :j:”,_i

+ —l.angleofa"'x }
a—-x/-1

L a+w\/_'
= \/Ti 1hyp log. of length of — 1,}

Gty 1
a-z. /=1’

+ angle of
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(170.) Cor. Hence, if a and x be positive

.. ‘ . X
quantities, and v be an angle whose tangent is =
f‘)adx _
a’+x°

For in this case a—x§—_—= is in length =1,

.. hvp. log. of 1 “_"'_‘EL_
hyp. log. of length of T2 ~/__l 0;

And angle of a+e. ~/_V angle of (a+a: ” )’,

= angle of (1 + EN/:T)”
= 2.angle of (l + ‘2;/——1.)‘,

= 2v;
. f2adz — 20
ac+at

(171.) To find the integral of —-7-;—_'__:
Let +Jr+a =
2

then 2*+a* = ¥,
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and iy =r
dz y’

. dy+dx _ a:+y
T dx ’

Tty
dx . _ﬂ$+dy
. Ol'fi ﬁg_'_aa = z+y
= hyp. log. of length of (z+y¥)
+ &/ =1 .angle of (z+Y)

= hyp. log. of length of (z+ ./z°+a°)
+ /=1.angle of (z+ /7T +d°).

(172.) Cor. In like manner the integral of
dx

+ /2% + 2ax

hyp. log. of length of (z+a+ /2*+2ax)

+ &/ —1.angle of (z+a+ /2"+2ax);

And by similar investigations the integrals of

will be found to be

other logarithmic and circular functions may be ob-
tained.
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(173.) When a body is moving about a centre
of force as in Art. 161; a radius vector, and the
velocity of the body at the extremity of that radius
vector being known both in length and direction; to
Jind the value of the constant quantity h.

L4
Let V. (l)° be the velocity,
1

N
[

then V(})

¢! dr do
.. V.(l)c ="l—t+r7d_i\/_l:

1
or V.cos (p—8) + V.sin (p—0)../—1
dr de
=H+T.E't-.~/ -1,

. de
<. ¥V sin (¢p—0) =T.o0s

T, de
Buth=r’.a,

h'= r V.sin (¢ —0).
S
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(174.) Let a body be projected from the ezx-
tremity of a given radius wvector, with a gtven
velocity, in a direction perpendicular to the radius
vector, and let it be acted upon by a force tending
to the origin of the radii vectors, and varying in-
versely as the square of the distance; to find the
equation to the curve described by the body, and
the time of describing any part of that curve.

The equation to the curve described in this case
bas already been found in Article 166; but, in order
further to illustrate the principles established in the
preceding chapters, another method of finding this
equation is here given;

Let the given radius vector be in the positive
direction, and let it = ¢, '

Let the velocity of a body revolving-in a circle
at the distance ! with the same centripetal force be
in length = 7,

And let the velocity of projection be in length=nV;
Then velocity of projection = n¥” =1; -

Also ¥V = /P.1, (by Art. 160.)

_EL_
_VE_/E



139
som =1V,

Also A =1.n¥V (by Art. 173);

: dqp m ] L.V? [}
Now == (1) =-—F (1)
gL_1de_ 1 do

M S=%dt " nyde’

.

when 6 = 0, %21:,,7 -1,
nV./-1=— -1 + const.,

. ,
-1
-. const. = n—n—w.V.,./—l.
Let n*—1=e,

then const. =fn—k‘/ -1;



. a‘? 1
1 1 dé
Now e T L

1 1 _25dg

Fomp(}) “ar

p’.—t-=, ngl 1 1 .dt
-1 2% do 8 do
=l @m0 ‘T
RO,
l J:i e l ‘c (l 0}
_;=l—él {—21\/:.i+-—;1\/— + const.

1 _26 e
2.(1+e).1 {e (1) +2() ‘} + const.,,

When =0, p=1,

= et2 + const
1= " 2(+e.d, g
e+2-2-2e . e
.. const. = =

2(0+e).l ~ 2(1+e).l’

1 _2¢ _8
“20+e)! Aete(n) = +2 (1) <.

R
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L1 1 8 -
“EesaEar Q) e () o
= ETI-ET?)—l'@e cos 60+2)

1
= m.(e cos 9+l),

Then + = MSTQ, equation to curve described.
r a.(l—e) :

Next to find the time of describing any part of
this curve,

2 _20 )
= m°{“”(}) “H2(l) d

1

-

1 L 8
sieya o) ()

a _26 o _!
e po () e (h) S

1

_2.(1-€)a 1
- e p+? 1

2(1—¢) a  1-¢




—2 1 (pt+2ae).(1-¢€
(1) cte=*® ep? ’
_$ (p+2ac)* (1-e) _ L
w0 T et e’

d vV ¢
Now 2’?’=;~/—1.{e+(})c},

dt n 1
o.d—=V = . )
P M le+(¢

eV\f_ ( %

A { o
er_ * o+ 2ae)t. (l—e’)}}

. J1+e
Sot= S A er N {(1 eBp¥ (p+2 )§}+const.,
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S t=

1 id
—N, F [ L0l .
ep:ﬁ_e. ,__—-l .{(l eg) p+‘/‘(‘o+2ae)*}+c0nst.,

prdp
Nowf( + 2ae)t

d
= 2pt(p + 2ae)t — f(p + 2ae)*.P—':

td 2aed
= 2, 2ae) — pep P

3d aed

prep — f___3%¢edap
| f(p 2aell oo+ 2ae) / pt.(p + 2ae)d’
. ‘_T_/ P!dl’ =.—|:(P9+2aep)§+aef—dL;
' (o+2ae)? = (P +2aep)}

=F (p’+2aep)*+ae‘/'-m%7)*

=T (p"+2aep)! |
+ ae.hyp. log. of length of (p+ae+ \/p* +2aep)
+ ae /=1 .angle of (p+aetn/p"+2aep);

.
. = . —eB.0 F 2 3
oot PN AT {(l éhp F (0 +2aep)t

+ ae.hyp. log. of length of (o +ae + \/p*+2aep)

+ aen/ —1.angle of (p+ae + Jp’+2aep)} + const. ;
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(pt2ae).1—€P _ 2 1
ept =) “*e
]

14e (1)"'5
. £ (p*+2aep)t = P-—Tl—__—leijr':

Now +

When ¢=0, §=0, p=1—ce.a,

(1—¢€).a.(1+e€)
(1=c)

and + (p’+2aep)§ = =a.(1-€e)};

S.0= eV.\/l-l-e-,\/—l . {(l—e’)*.(l—e)a-a.(l—e’)*

+ ae.hyp. log. of length of (a +a~/T—¢)

+ ae.\/ =1 .angle of (a+a./1—e’)} + const.

1
RS N -
+ ae . hyp. log. of length of (a+a/1-¢)

+ae.\/—1.angle of (a+a/1 —;a’)} + const.,

1

ae +./p +2aep

_hyp. log. of length of 2T
+ ae . hyp. log. of length o ata T

+ae+ /p’+2ae
+ae./—1.angle of 2 = "}
g 'a+aJ1—e’ ’
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an equation which gives ¢ in terms of p, where that

value of + ,/p*+2aep must be used, which satisfies
the conditions of the equation

+ ( +2ae) nN g.
Pep* —P= ()

le—l

(176.) To find the time t in terms of the
angle 6.

1+e( )—%
$~/Pg+2ap=-p —(—7—)—;—
)
r.(})3+er
g

“A1-€.(p+ae) T (o*+2aep)}
(l—e’).{r (})% +ae} -r. (})% —er

(1-¢)

-fe’)i'{(l -—e“).a—r.[l +e(})§]}
{(1— )a-(f_e’)'“'{'+e(});}}

1+ecosf

P
—

T
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soAf1-€.(ptae) F P +2aep

1+ecosf—1—e (})3

= —e*)}
=ae.(1-€). 1+ecosf

cos @ —cos 0 — smO./
=aé(1-¢'t. 1+ecosé

ae’ (1 -€)h. sin 0 ./ —

1+ ecosé@

Also p + ae + /p* + 2aep

) ) r(l)g+er
=r(I) ree+r—aTean
(a\/l—-e’+l).(})-“+e
J1—¢é
.(~/1—e’+l).(§):‘~+e

1+ecdsb

=ae+T7T

= ae+a.\/l——e’l.

0
e+ecos 0+ (1-¢ + Jl—e”).(})? +e/1-¢

1+ecosé

+e /1—€+€ cos 0+(1— e‘+~/1-—e)(cos0+sm0~/ 1)

1+ecos@

e+e /1€ +(1 +4/1=€").cos0+(1—€*+./1— )sin 0,/ —1
=a. 1+ecosé '

=a.
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=a.(l+m) e+cosf+a/1-¢. smGJ

1+ecos6
. ptaext o +2aep _ e+cos 0+ /1—€.5in0,/—
at+a/1-¢ 1+ecosé

ae.hyp. log. of length of

1
Te. V./1i—e./-1° {

e+cosf+ /1—¢€.sin 0.,/ —1
1+ecos 6

+ ae JT] angle of 1080+ /1-¢sin 0./~ 1

1 +ecosf

ae’\/1—¢e.sin 6./ -1

1+ecosf

=7 ,Jl—e {J._ . hyp. log. of length of

e+cos 6 + ~/1-—e sin 9~/ 1

1+ecosé

e+cosO+~/1—e’.sin0../ -1

1 4+ecosf

e/1—¢€' .sin b

- ’

1+ ecosf

now V = \/%,

+ angle of




148

V.JT—?:V""?"—C=\/§;

a at

T i—e Jm'

a 1 '
Sl —_— ] = . . h
— { J= hyp. log. of length of

e+cosf+,/1—¢.sin0,/ -1

14+ecosf

+ angle of e+cosf+./1-¢.sin6../—1

1+4ecosf

_e(1-¢€)t.sing
1+4ecosé ?

an equation which gives the value of ¢ in terms
of 6.

(176.) To determine what this value of t becomes
according as different values are given to n.
First let » be less than 1,

Then ¢ is negative,

Let e= —¢,
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then ¢ = a

3 1
ﬁ{/\/—l
—€+cosf+,./1—¢%.5in0./ -1

1—-¢€ cos@

.hyp. log of length of

— .
+ angle of —€¢+cos0+/1—€”.5in0,/~1
1—¢€cosf

e’,,/l—e" sin 0

1—-€cos@
' T sin g
Now length of -d+°°so+«/} €®.sinf./ -1
1-¢ cosQ

{(—e’+ cos 0)° + (1 — €?).sin* O}i
1—¢€cosf

.. hyp. log. of length of

—€+cos0+./1—¢".sin0,/— o,
1—¢€ cos @ =

—¢ +cosG+\/1—-e”z sin 0./—

1—¢€ cosf

and angle of

= angle, whose cosine = —€+cosb
= angle, 1—¢€cos @’
A 1-¢€*.sin 0

and whose sine = ;
1—¢€cos @

2
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Let this angle = u,

Then ¢t = u+e’sinu}.

a? {
Jm
Next let n =1,

Then e = 0,

= — hyp log. of length of
f J
(cos 0 +sin 0,/ —1)

+ angle of (cos 6 +sin9~/—l)}

at 1 : 9
= . .hyp. log. of length of (1)¢
T L= P log: of length of (1)
]
+ angle of (1)3}
1

o

Next let n be greater than 1 and less than /2,

Then e is positive and less than 1;

e +cosf

Let u be an angle whose cosine = —————,
1+ecos6
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Then it may be proved nearly as in the first
case that '

at .
t= .{u—esmu}.
Jm
Next let n = /2,

Then e=1;

Here we must find ¢ by the method of deter-
mining the value of fractions, whose numerators and

denominators are evanescent;

By the preceding case, when e is less than 1,

t=7a!_;’—z. {u-—e sin u}

B wu-esinu

~Jm (1=

. . 1.3 ;. .
B smu+§.%sm’u+2—4.ésm5u+&c.—esmu

=T iep

. . 3 .
B (1-¢e) smu+%.sm3u+2‘—).sm5u+ &c.

= Jm’ (-ep ’
J1—€.sin J1-e./1+e.sin 0

1+e.cos 1+ecos 6

Now sin u = R
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L= B {./1+es|n0 1 (1+¢)t sin® 6
Jm’ 1+ccosd 18 (1+e cos 6)°

3 (l+e)" sin® 0
"'40'(l 2 (l+ecose)"+& }

Lete=1,

Tuen c= B {5 tn0 L2 a1

1+cos6 ' 6 °(1+cos 6)°

_B f { sin 0 , sin®@

T+cosd T3 (1 +cos 0y

_8/3 , ,e}
= Jm tan- + 5.tan 3

Next let n be greater than /2,

Then e is greater than 1,

() = (=)
__ B B/
T o d.e-1p T (e—1fF’

Let ——l— =d,

In this case a?

Then at = a?.. /—1;
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ah/
—— . hyp. log. of length of
S (=i e

etcos0+./€—1.,/—1.5in0../—1

14+ecos@

e+cosO+~/e’—l.~/ —1.8in0./—1

1+ecosb

-—efei:_l_.\/:_l .8in 0} |

1+ecos0

e+cos 0—./e—1.5in 0

= \/_ hyp. log. of length of TTecosd

Now

‘. hyp. log. of length of

e+cos0—./€—1.sin 0

+ / —1.angle of 1tecosO

+ eJe’—l .sinO};

1 +ecos @

. )
etcosf— /€ —1.8n6 is a positive quantity,
1+ecosf

e+cos0—,/e€—1.sin 0

1+ecosé
_ e+cos — . /e —1.sin 0
= hyp. log. 1+4ecosé
et+cosf—-./e-1. smO .
and angle of T+ecoso H

U
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. at e+cosf— /€~1.5in0
..ts-ﬁ.{hyp.log. TTecosd
+ e /e ~1.sin0
1+ecosf J°
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