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PRE FACE.

troduction, whereby the indufirious
Learner; without the Affiflance of
! £ a Mafier, might arrive to a-fmall
.Degree of Skill in the Doélrine of Fluxions,
was the only Inducement to this Work ; *tis bop-
ed the following Sheets will need no Apology ;
they being principally de ﬁgned to fupply this.

§S the Want of a plnm and ea_[y s

Deficiency, and to affif the ingenious Student,

by removing, in fome Meqﬁzre, thofe Clouds of
Darknefs and Obfcurity, in which the Treats jés
on this Subje& are too often involved. I

~

The
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Tho' in,what is bere delivered, neither any of
the moft difficult and abfirufe Parts of the Doc-
trine of Fluxions are contained, nor many new
Difcoveries made ; yet as it may tend to give
the Learner a perfect Notion of, and excite bim
to fearch farther into that noble and ufeful
Science, it may juffly d fer've Jome Favour from
© the Public. v

The Entrance on every Science is always the
moft difficalt ; and the gaining clear and juft
Ideas at firft, as it is the moft uneafy Part, fpit
is the fureft Pledge of future Succefs.

- The Mind cannot be eafily brought to conceive
of things entirely unknown before, or in a Man-
ner different from that to which it bas bitherto
been accuflomed, Men are ufed to talk and rea-
Jon of finite Quantities only ; but bere we muft
 concesve -of thofe whick are lefs than can be af-
Sfigned ; of thfe which are but juft coming into
' Bemg, or juft 'vamjbmg out of if. '

Here anntzttes are coryfdered as ge;zerafed
by a continual Increafe, after the Manner of a
Space, which a Thing or Point in Motion de-
Jeribes : Thus a Line is couccived to be generated
by a Point in Motion, a Superficies by a Line,

and
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and a Sokid by a Superficies. Now gsa Line
generated by a Point muft be paffed over, or de«
Sferibed, with fome certain Degree of Velocity
in the defcrsbing Point, in every where or Point
of that Line ; fo any Quantity may be conceived.

- %o flow, or increafe, with a certain Degree of

Velocity in every Point of its Defeription: And

if this Velocity be not Uniform, but is either ac= - -

celerated or retarded, then there will be a cer<
tain Degree of Increafe, peculiar to every Point
of the Thing defcribed. Now the Velocity with
wbhich any RQuantity flows at any particular
Point, is what we call the Fluxxen of that
Quantity at that Point.

This Treatife being only defigned as an Intro-
duction, we bave carefully avoided, in the In-
Verfe Method, the giving of Examples where the
Fluents of the Fluxions need Correétion : We
bave alfo avoided, not only in the Inverfe Me-
thod, but alfo in the Direé?, all thofe laborious
Operations which are more troublefome than in-
Sfruétive : And bave endeavour'd to. fleer be-
tween an obfcure Brevity on the one Hand, amz'
a tedious Prolixity on the other.

The Queftions left unaiy’wered for the Amufe- .

ment of the Learncr, may be eafily folved by an

Applzcatzon of tke Rules bere delivered.
Tte
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The Examples for lluflration, are many of
them borrowed from Books already wrote on this
Subjec?, and bave only to boaft, that they are fot -
bere in a different, and perbaps, a clearer
Light. The Whole is calculated for the unaf-
Jfifted Learner 5 and, we flatter ourfelves; is a
ﬁ:ﬁamt Guide to lead bim to the Underfland-
ing of a compleat, tho' puzzling Syﬂem And if
it anfwers this End, *tis all that is either dea

Sired or expe&eéﬁ

EXETER,
April 30, 1751,
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| INTRODUCTION
k ' TO THE

DOCTRINE

W .FLU‘XIONS'

CHAP I.

N Order to render the Doc-

trine of Fluxions plain and

eafy, we fhall endeavour to

explain the Nature of F LUX-

ron in general, as deliverd

% both by Sir Ifzac Newton
(the great Inventor of Fluxions ) and by Leié-
-2 nitz and his Followers.

B DE-

r————-
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DEFINITION I

" 1. Frux1on (according to Sir Ifaac Ne'zbtoﬁ)‘

is that'whereby' a0Body in Motion is carried

over a-given Space in a given Time ; that is,
Fluxion is the fame as Velocizy. © Thus (Quan-
tities being here concewcd to be generated by

continual Increafe, after the Manner of a Space

which a Thing or Point in Motion defcribes ;
" as aLine by a Point, a Supetficies by a Line, and
aSolid by a Superficies, inMotion:) if we imagine
any Point A, to be mov’d along the me AB
the Velocity, or Swiftnefs, \ .

with which it movesat A B

any Point of that Line is

truly and properly the Fluxion of it at that Po‘mt ,
1f this Velocity be uniform thro’ the whole

Line (7. . if it has nio Variation) the Fluxion
will bé every where the famic ;Mt if it be any
Way accelerated or retarded, then there will be a
"cgrtain Degree of Velocity or Fluxion peculiar
to every Point; and the Velocity wherewith
the firft Velocity is either acceleratedor retarded;
is called the Fluxion of the Fluxion, or the fe-
cond Fluxion: And again, if this Acceleration
or Retardation be_not uniform, but is inereas’d
- in different Degrees of Proportion in different
Parts of the Line; .then the Vclocxty of this

Ac-
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DoctriNe of FLuxions.. g
Acceleration or Retardation is called the Third
Fluxion 3 and fo on. This is the juft and ac-
cprate Notion of FLux10N. -

But, becaufe in fome Cafes Velocxty may not
feem fo particularly concern’d; it may be ne-
ceflary to give the Foreigners Definition of it,
that nothing be wanting to give the Learner as
clear an Infight as poffible into the Nature of
the Subje ; which, as it is highly neceflary in
all Parts of Science, fo it is particularly in this,
where an Obfcurity of Conception in the Out-
fet may lead him into endlefs Error and Con-
fufion. "

DEFINITION II

1I. Quantities are here fuppos’d to be gene-
rated by a continual Increafe, as before ; and

~the indefinitely fmall Particles whereby they

are contmually mcrcas’d are call’d the Fluxions
of thofe Quantities. Thus, in the Curve ABD;

if 5 ¢ be fuppos’d to be indefinitely near and
parallel to the Ordinate B C, and B e parallel to

the Abfcifs A C; then Be or Ccis call'd the  °

Fluxion of the Abfcifs A C, and e b the Fluxion
ef the Ordmate CB; and if nd be fuppos’d in-
definitely near and parallel to b¢, and b equal
and parallel to ¢ 4 or Be; then the Difference
between ¢4 and m 7 is call’d the Fluxion of the
Fluxzon or the Secopd Fluxion; that is, the

B2 Fluxion
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Fluxvon of ¢ b or Second Fluxion of CB; and

again, if sf be fuppos’d indefinitely near and

parallel 'to'n d, and #'7 equal and paralle] to df
: G .

: T A Cc Jf
or Beorém; then the Difference, between
the Second Fluxion and r s, is call’'d the Third
Fluxion of CB; andfoon. ThisistheNotion
" of FLux1oN as deliver’d by Leiénitzand hisFol-
lIowers. But thefe Fluxions, we fhall, in the ~
following Sheets, call by the Names of Mp-
- ments, Increments and Decrements ; that is, y 3

. m Increments when the variable Q;n«

nnes are mcreaﬁng, and Decrements when they
are decreafing. '
. 3. Now, if the Lines AC and CB could
increafe in an exat Proportxon in every Point -
«of the IncrementsBe and e 5, (as they would
do if the Curve B4 did exaé?ly coincide with
the Right Line T B G; that is, if the Quanti<
ties A Cand C B flow'd on with equable or
umform

]
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uniform Motions ) it is evident that then
the Increments would be accurately as the
Fluxions/ ot | Velocities 5 fince Velocity is al-
ways meafured by the Space umformly de-
{cribed in a gnven Time: But as in Curves, the

Proportions of Increafe or Decreafe are con-

tinually varying, fo it is evident there muft be
a different Degree of Fluxion or Velocity.
afcnb’d to every Point of thefe Increments;

and that therefore thefe Increments are not ex=

altly as the Fluxions. However, as the Point

4 is continually nearer to a Coincidence with

the Tangent T B G the nearer it approaches
the Point'of Conta& B; fo if we conceive the
Ordinate ¢ 4 to be moved on till it comcxdc
with. CB; the very firt Moment before its

Coincidence, the Curve B4, and Right-line

BG will be infinitely, or racher indefinitely

near to a Coincidence - with each other; and
confequently, in ‘that Cafe, the Incrcmcnts Be RIS
and ¢ 4 will come indefinitely near to meafure # . ~
the Ratio of the Fluxions of the Abfifs and

Ordinate A C, and CB, or the Velocities with
which they flow at the PointB: or becaufe,

if we fuppofe the Particles of Time in which
any Increments are generated to be indefinitely
fmall, the Acceleratlon or Retardation of the

Fluxion or Velocity with which they are gene-

rated will be {o too; therefore they are inde-
A ' finitely

el A T
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finitely near i Proportion to the. Fluxions of
the Quantities of which they are Increments;
and, therefore (becaufe) when any Quantity is .
increas’d or decreas’d, but by only an infinitely
or indefinitely fmall Particle, that Quantity

- may, be confider’d as remaining the fame as it
was before;) thefe Increments may be taken as
Proportional to, or for the Fluxions in all Ope-
rations; and, on the contrary, the Fluxion for
the Increment. -

4. INote. ThofeQuantities which are fuppos’d
to flow, or be generated by continual Increafe,
are call’d Fluents, andvariable or flowing Quan-
tities ; and thofe which admit of no Variation,
are call’d, fixt, given, and invariable Quantities,
~——The Beginning of the Alphabet, viz. a,
b,c,d, e, &c. is ufed to exprefs invarible
Quantities : andthe End, viz. 2, y, x, &c. va-
riable or flowing Quantities: and the Flux-
3ons of thofe variable Quantities 2, y, x, are de-
noted by 2, y, x5 and their Second Fluxions, or
the Fluxions of %, y, %, by %, J» & ; their %ir:a,’

Fluxions, or the Fluxions of 2, Iy %, by £, 5, x’
and fo on: Alfo the Moment, Increment or De-
crement of % js denoted by 2'; of y by y', of
by x’; and the Second Moments, Increments or
Decrements of z, y, x, or the Moments In~
crements ot Decrements of &, y', ', by =", y" "
and foon. - o "~ The




.Doctrine of FLuxioks. %

*The Fluxions and Increments of 4, 4, ¢, &c.
@12, of invariable Quantitiesare = o,

o /’35 Noge, Th!%igluents which are fuppos'd o e P &
&Mr, or inequal Times, are call’d
Contemporay Fluents; and the Fluxions of
thefe Contemporary Fluents are call’d Contem-~
porary Fluxions: So that if two or more of .
thefe Contgﬁ?ggmz_ Fluents are equal, or in
any certain Ratio to each other, their Fluxions
will be likewife equal, or in the fame Propor.
tion,

BEFORE we proceed to the finding of the
Fluxions of Fluents (which is the Bufinefs of ~
the Dire&t Method of Fluxions,) it may not be
improper to premife a few Things concerning
the new Method of Notation in Algebra.

6. To render the Ufe-of Surds as little trou-

blefome as poffible, and to accommodate them
to fluxional Operations; the Index of the .
Power to which any Quantity is to be rais’d, is
plac’d as the Numerator of a Fraction, “whofe
Denominatoristhe Root to be extracted: Thus
the fquare Root of the Cube of 2, which a¢c-
éotjding to the old or common Way of Nota-
tion is exprefs’d by, /aaa,is here exprefs’d ] or

» and the Cube Root of ax—xx, whichus'd

. to be exprefs’d thus */ax=-xx is here exprefs'd
thus

Ed
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thus “ax—ax'li Alfo the Squaffe Root. of
%, or \/x is thus exprefs'd, x:

The Reafon of which is plain if we confider
that the Index or Exponent of the Power of
any Quantity, x, is always equal to the Num-
ber of the Plaee that Power bearsin a2 Geome-
trical Progreffion.whofe firft Term and com-

“mon Multiplier is the Quantity’ itfeif; or, in
. other Words, is equal to the Number of Times

which the Quantity x muft be multiplied into .
itfelf in order to produce that Power: that is,
it we take the Geometrical Progreflionof 1: x:
xx: xxx &c.and make an Arithmetical Pro-
greflion of o. 1.2. 3 &¢. then the Numbersin
the Arithmetical Progrefiion will be the Indices
or Exponents of the correfponding Terms in.
the Geometrical Progreffion, and therefore may
be confider’d as the Logarithms of thefe Terms. -
From hence it follows thas the Acithmeticat
Mean between 1 and 9, for Inftance, 7. e. 5,will
be the Index of the Geometrical Mean be-
tween x or x' & x°* which is x*. The Ahth-,
metical Mean between o and ro will be 7 o

* g fo the: Geometrical Mean- between x> of r

& x'”will be x% or x°, that is \/x PRI

::, & Thus hkewxfe A/ x* wxll be exprefs'd by x3

& "\/ap* by 1534 &c. For the fame Reafon
alfo if we take a defcending Series as axix: 1z

a1 &c, & takethe Anthmeucal Series 2. 1. 0.
- x -.2 e
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~—1I.—2.,—3. &c. the Number in any Place of

the Arithmetical Series will be the Index of
the correfponding Place in the Geometrical

‘ Series: Thus the Index of —:;3- will be ~~3, that

2

S x* .
is;c— is=a—3, Thus, alfo —x- Is = x=="=x"

- ¥

*

Exponents of Powers, Addition has the Ef-
fect of Multiplication on the refpective Roots 3
and Multiplication’. of Involution, and e con-
tra, Subftra&ion of Divifien, and Divifion of
Evolution, or in a Word, Exporients of Pow-

L
— =x° =1, - :_—-..x—"', and fo on. In the

_: ggs are entirely Logarithmical with regard to
C . . X,
their Roots.  So that —is =xi—i=x% m’
h . : Xz o ? .

-"'~:.~4« .~ .. , ‘. o ;_“'I:f . . xﬂ : .
15 == x3+t3x, —ﬂ'ﬂf =% , Andf?;f is =
] )

e AT e

18 ==X a,"
xa

- If what has been ﬁud be duly conﬁder’d

.. no Difficulty in the new Notation will occur ;

and the Knowledge of it is abfolutely neceflary

4n order to underftand the following Chapters.

E N
\ .

Cc CHAP,

i
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N CHAP II
of ﬁndiné the FLUXION of a given FLUENT,

p2 ULE 1. To find the Fluxion of a

fimple Fluent wherein there is but one
\vanable Quantity. Mark the variable Quan..
tity, or flowing Term with a Dot over it -
‘Thus the Fluxion of ax is g%, F or,

Let AD=B C=q, [, e e .
and AB=DC=ux, B c
and let 4 ¢ be fuppos'd

~equal and indefinitely

- near and parallel to BC. A
1. e. let B6=Cc=x'. Then will CB x Bé==

‘ax’ be the Moment of the ReGangle AC or ax ;
and becaufex may be fubftituted for x (by ﬂrt

3.) ax will be = its Fluxion. -

~ & RULE 3. To, find the Floxion of a
Quantity compounded of different fimple Quan-
tities or Fluents’ conne@ed together with the
Signs 4 and —. Find the Fluxion of each
fimple Fluent by Rule 14, then conne& thefe
Fluxions together with the Signs of their re-

-fpeive Fluents, and you will have.the Fluxion
of the Quantity requxr’d "Thus the .Fluxien
of a*+ax—by isotax—by. For fince x

~and y flow or increafe together; when ax is
increas’d
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_increas’d by its Moment 2x”; that is, when ax.
~bccomes ax+ax yoredy wﬂl become — fy—
&'; and a* will remain the fame, as being in-
variable, and confequently its Moment will be
== 0: therefore, then the Quantity 2, 4. ax—
by with its indefinitely {mall Increafe or De-~
creafe will become 4* +ax— by + ax'— by'
and the Increafe or Decreafé_alonc will be =
— by". Wherefore, becaufe x' and y’are ex+
prcﬂive of % andy (drt. 3.) ax ——-Qy is == the
Fluxion of a* 4ax—18y. '

Again, the Fluxion of x—~¥ 4.cz is = % — j
+cz. And the Fluxion of &' + bz is=
a* i + bz.

9. RULE 3. To find the Fluxion of the
Produc of two or more Quantities drawn into
each other. -Multiply the Fluxion of each
Quantity fcparately by the other, or Product of
the Reft ; and the Sum of thefe Producs will
be the Fluxion requird. Thus the Fluxion

- of ayis xy+xy, and the Fluxion of axyd
axy+axy Alfo the Fluxion of xyzis ¥yz 4.
+42 + xy%; and ‘the Fluxion of axyz is
axy% 4 G2 4 aXYZ. :
_ 1. That the Fluxion of xy is xy «}- xy may
be thus demonftrated : 4

s C 2 : ‘f.qt
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Let the ReCangle o,

ﬁowmg Quantity, 7. e. ' |
Tet it increafe by a con- y oy ¥

tinual Enlargement of
its Dimention, or Sides
AB:x and BC:)'. :
‘Now in order to re- aA : B
~prefent this increafe
in its nafcent State, let the prick’d Lines
ad and dc be drawn very near and parallel to
ADand DC; and let'CD and A D be con-
tinued on to Hand K ; then Ag or DH and
Ccor DK will reprefent the Increments of the -
Lines CD and AD, and adcCDA the Mo~
ment or Increment of the whole Rectangle AC.
Now if DK=y'and DH =, the whole in-
creafed Retangle will be = xyxy'+xy 425"
and confcqucntly the whole Increment or Mo-
ment is =xy'4x’y4x’": Butin the very firft
Moment of the Exiftence of this Increment, or
juft as it is coming into Being, or Beginning to
be, x' bears no aflignable Ratio to either x’y-
“or xy'(for asx’y’: x%y :: "¢ y and y' by Suppo-
fition is infinitely lefs than ¥, ergo, &c.) and-
therefore may very well be expunged or rejec-
ted : So that x’y4-xy" will exprefs the Moment
or Increment of the above ReGangle as foon as -
i bc"mq to be; and then oply itis that the In- ~

crcment
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srement is expreflive of the Fluxion, or of the
V;:locuy thh which the Rectangle flows ee
: 'Hence by fubftituting the Fluxi-
on for the Incremcnt (fee Art. 3.) we have
xy4xj = the Fluxion of the ReQangle xy.

2. Much after the fame Manner it may be
‘demonftrated, that the Fluxion of axy is axy+4
axy. ‘Thus let %' exprefs the very firft Mo-
ment of x, or the Increafe of x juft as it begins.
to be, and y'of y. Now when x becomes
x4x', y will become 49, but 2 will remain
the fame as being invariable ; and therefore axy
with indeﬁnitely {mall increufe will become =
axxtx Xy4y = = axy+ax'yLaxy +axfy' and its
increafe alone —ax y+axy "+ax'y’: But as ax y :
ax'y’::y:y ; and therefore, becaufe y is in-
finitely greater than y', ax’y is infinitely greater
- than ax’’: So that (becaufe when any Quan-
tity is increafed but by an indefinitely fmall
© Particle, that Quantity may be confidered as
remaining the fame as before) the above In-
crement or Increafe of the Fluent axy, may
very well be confidered as =ax’y+axy’, and by
fubftituting the Fluxion for the Increment
(Art. 3.) we have its Fluxion =axy+axy,

- 3. Alfo that the Fluxion of xyz is xyz+xyz
+xyz may be proved afterthe fame Manner ;
thus, when x flows and becomes x4x', then y°
and 2 will flow, and become equal to y45' and

. 2 + 2? .
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242’ ; und therefore then the Fluent xyz will
become —x+x Xy+y’><z+z'——xyz+x yztxyz
oyl 4xy'zhxyzHxyz'+xy'z’ from which
fubtra@ing the faid Fluent xyz, we fhall have its
Moment or Increment alone =xyz+xy'2+txyz’

x'y'z4xy'z'+xyz'+x'y's’ which may very

juttly be confidered and taken as =x: yz+xy z+
xjiz’ ﬁace the Ratio of this to x'y’z+xy'z'fx yz’
+'x'y'z is indefinitely great, or greater than any

that can be affigned, as may be proved ‘thus,.

xiyz:xyz:i:y:y, and 9’z xy’2’ i 2 2,
and xyz’ sxyz’ i x:x, and xyz:xly'% s
sz < y'z'; therefore, (becaufe y is infinitely
greater than y', 2z than 2, x than &', and yo
thany'z’) x’yz is infinitely greater than x%'z
and xy'z’, xy'z than x'y%, and xyz’ than xy=’y
and therefore &c. wherefore, becaufe (A472. 3.)
x' is expreflive of %, and ¥’ of y and =z’ of z, by
fubftituting the Fluxion for the Increment, we
have the Fluxion of xyz=—=sxyz4xyz-4-xyz.
Or thus, fubftitute v for xy ; ther by Demontt.
1. will ==#y4-xy, and the Fluxion of xyz—=
9z-}-vz 3 therefore, by reftitution or writing
%y-}-xy inftead of v, and xy inftead of v, we
fhall have xyz +xyz+xyz-—-— the Flumon of
xyz, as before.

4. And thus, alfo it may be proved that the
Fluxion of axyz is .._.axyz-{—axyz-{—axyz for
fub{htutmg v for axy we fhall have by Dem. 2.

V==

k4
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-v_...a:cy-{—axy, and the Fluxion of vz=v2z-4-
== the Fluxion of 2xyz, which by Refhtq-
t:on is _asz-l-aag'z-{-axyz '

' chce,

" 10. The Flaxxon of xx is s=xx-}-x%, the
Fluyion of xxx: is —-—xxx-}—xxx-{-xxx ; -that is,
the Fluxion of x* is =2xx, the Fluxion of «*
is 3x*%; and if we put w=1,2,3, or any pofi-
tive Number whatfoever, thc F hmon of
x will be mar=—1x, ‘"

- 11. RULE 4, To find the Fluxxon ofa

Fra&ion. Multiply the Fluxion of the Nume- |

rator into the Denominator, from the Produ&
of which fubtra& the Fluxion of ‘the Denomi-
nature drawn into the Numerator; then this
Remainder divide by the € Square of the Deno-

mijnator, and you will have the Fluxion fought. '

Thus the quxxon of fff s =2 ;—:}' 2, For

make 2=2% rk ; then lel yz..ax, and therefore .

the Fluxion of yz= that of ax (4rt. 5.) that ,

is, yz+yz=ax~ whereforc by Tranfpofition

and Divifion 2= --—-Z- i e, (by re(htutxon '

| or writing 7 % for z) z—-m : the Fluxi-

9}.1

1
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on of z or f_‘;_‘ . Alfo the Fluxion of 3"5; is =

3””3}’;“:‘27}.’" 3 ; the Trutfx of which, may be
" demonftiated as before, by making Z= f—:
Again the Fluxion of ;:. is =— ; the Fluxion

I . - —2xx . ,
of —is = ; the Fluxion of = is==
X x* oL X3 ;

_ifzx, &c. But by the new Notation (See

I . I . I “‘.“.‘.
. ) - -—x—l. -—-ls.._.x-—z
Art. 6.) S8 =xT; Fis= x,ns '

—_ . . ——2XX  ——2X,
35 and-;;—ls_-:——x‘“‘x; o Or ———is

; . =X —3X
=—2X73 ; ¢ o . or pe ls-—--—-3x‘"‘f%,f'

.

&c. Hence therefore, ‘

12. The Fluxion of =% is = — x—2x ; the
Fluxion of ¥ is = —2x—3x ; the Fluxion of
%3 is =—3x4%, &c. and if m reprefent any
Negative Number whatfocvcr, the Fluxion
- of x» will be ==mx™—"4%.

13. RULE 5. To find the Fluxion of
any Power of a Fluent or flowing Quantity,
" Multiply the whole Term by the Index of the
Power, then fubtratt 1 from the faid Index,
and multiply this whole Term into the-Fluxi-

\ on
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oh of the Root' of the Fluent ; and you will
have the Fluxion of the Fluent required. Thus
the Fluxfon of &ga" is =3 x 2" %,
%f2xs i 6. =3 x X+ & xa42x%; the

coe | S 1
chqun_ of zax——x‘lf Is. =7 x 28%X—X* —t'x?

:...:_,_.—__—_. R . . ) 1 )
2ax—2%x, which i§ =—Lx———=x_
~ Vv 28 %—x

RBE—2%% 1.6, 2= \/

-, the Floxion of

2 ax—u

atax—x is =-;-xa-[-ax—-x""-”§ X

5:? O X—mRX X i.' e. =—,’4 %!

R \/4—]-&2(5-':3 U
— X
2% _ér i =2 Andg umfaﬂy, .

3% ¢a+ax

PPN \ - . -

%‘ iy ‘
:.,ghe Fluxion of #*is == 2 dyiher mor

n, or both, miay be elthew Affirmative or Ne~
gatxve whole Numbers or Fra&wns, fo that

she Index or Exponem ~ exprefles or repre- -

‘fents any Affirmative or Neap.tlve whole Num-
“ber or Fra@ion whatfoever. For by 47t 10

“and 12, if m reprefents any Affirmative or Ne-
. gitive whole Number, tlwl?luxmof a wdl

‘be mxm=ti; therefore, if we fappofe y__x s
‘or which is the fame, y"=x", (» being any

D ~ ~ Affirma.

/
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Affirmative or Negative whole Number likes
.wife) by drt. 5. we have ny—‘j=—mx"—'%

whxch divided’ by ny: 7! gives y= mxy e

]l—l.
u 4
mxmIx
by writing x* for its equal y, _y =
: : nx 2
1.5 2 )
m_ xX"'x m T, . . )
X ‘=—x"- % which is = the
n mn n
x .
ol

Flyxion of x” above ; therefore, &ec. And
that either 7 or 7, or both, may reprefent any
Frations as well as whole Numbers is plain,

fince this ;’:’- exprefles the Quotient of any whole

Number divided by another, and may be taken

for a new m or n; and fo on, ad infinitum.

14 RULE 6. To find the Fluxion of a
Logarithm. The Fluxion of the Hyperbokc
Logarithm of any Quantity, is equal to the

: huxxon of that Quantity divided by the O\an- )

tity itfelf: Thus the Fluxmn of the hyperbolic
Loganthm of x 1s= ~; the Truth of whxch

— wc fhall hereafter Demonﬁrate (See Chap. 14.
 Queft.
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Queft. 10.) then, as the hyp. Log. of 10 (viz.
2.3025850929 &c.) : is to the common Log,.
of rov(vizia) cefolis the hyp. Log. of any
Number x : to the common' Log,. of that fame
Number; that is, if we put L=2.30258 &o.
AsL: 1 :: hyp. Log. of x : common' Log.
of x, and therefore, (Arz. 5.) :: Fluxion of
hyp. Log. of x : Fluxion of common Log. of
w. Hence we have L: ..’i :—-"—c——the
. x Lx

Fluxion of the common Log.of x; or-, be-

,caufeL 04342944319 &c. if we put this

\-.- =M, then the Flumon of the common

L .
Log. ofx, ViR, —L—, lelbe...—xM zethc

Fluxion of the hyperbolic Loganthm of any N
Number multiplied by (M or) 0.434294 &c.
_gives the Fluxion of the comman Loganthm
of that fame Number,

“15. Note, It is fometxmes expedient, in
ordcr to find the Fluxion, to divide the Equa-
tion given, by one or more of the variable
- Quantities contained in moft of the Terms :

"And to fubftitute fingle Letters for compound - -

"Quantities. Thus if the given Equanon were

Pz ot

. -
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xyto—azy4y*=yz, ﬁvde both Sides &f tiid
Equation by 2; then x—{i;—-ax—l-yz.-é 5 fami

the Fluxio;a of this Equation is x——c-?— —ak
+y==:z. And if the Equation given were x—
'5)-{- o =42, fubflitute w for ’l then x-~

b'+fu_az, apd .this'in Flu,xxons is xe—é_y-b'q
=az.

16. Note, Hitherto we have fuppofed, whea
‘one variable Quantity in any Fluent increafes,
‘that the others, if any, increafe likewife ;
but it fometimes happens, that fome of
them decreafe while the others increafe:
in which Cafe, the Fluxions of thefe de-

. creafing are Negative, with refpe@ to thofe
of the increafing ‘Quantities ; and therefore the
“Signs of the’ Tertiis which are affe@ed with
‘them, ought to be Negative. Thus, if whilft
% increafes, y dccreafcs, the Fluxion of the
Flaent xy will be =sy—azp. To prove which,

et theLine AB be -~ A" c
fuppofed perpendi- P Qge———t
_cular to the Line DE : L ;
and equal and parak ' |
lel to the Line CD p—35— D

and to move along .




~angle B # cannot properly be faid to: be dmu-

-nifhed or leflened by the fubtra&mg from it the

little Re@angle ¢# which is fo infinitely lef.: -
- Wherefore the faid little Rc&anglc B & may be

DocrriNe of FruxioNs. ar’
ofi the fiid Line DE towards E; 4nd ‘at the
@ame Time, let the Point A-be fuppoled ta
move along the Line' AB towards B, fo as that
when the Point B is advanced to 4, :thic Poins
A miy be arrived at 4 (g6 and ac being fup-.
pofed indefinitely near and parilld to A:B and
AC;) then. the little_Parallclogram ‘A Cee
fubtracted from the other Bead will be the
Monsent of the Rectangle ABD C. "Now if
‘we put AC or BD=x, ABar CD=y, It
crement B 4 6r e a=x', and decrement Aear
za=y'; then will eB::.y*'—y', and. the. little
Re@angle Ba=y—y' x x'=yx'—xy', i.e. =
the little Reétangle Bn, lefs the little Ret-
angle e ; but fince thefe two litfle Rectangles

ATE to Qach other as BA to ¢ A; and the Poiat
¢ is fuppofed to be mdcﬁmtely near to the Point
A, or Ac to be but juft beginning to be, or

~coming into Being ; therefore the little Re&-

confidered as equal to'yx’ ; from which if we
fubtra@ the little Rc&mglc A¢, whichis =

xy', we (hall have yx'—xy'= the Moment of

: the Re@angle xy or BC ; ‘therefore by fubfti-
- mtmgxandyfogx andy (Art 3.) we fhall

have
‘ .oy
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havg the Welocity with which the faid ReG=
angle increafes or decreafes ¢ or
the Fluxion of it atsthme=Peimt —yx—xy. A-
gain, if = decreafes whilft y and x increafes,
then the Fluxion of the Fluent xyz will be =
syz+4xyz—uxyz, Underftand the fame of the
Fluxion of any other Fluent of a like Nature
whatfoever.

¥ what has been already delivered, be

.thoroughly underftood, we hope the Learner

will meet with but &w Difficulties in the Ap-
plication thereof ; to which we now proceeds

CHAP. 1L

Of finding the Maxima and Minima (or greaf-
¢ff and leaft) of variable Quantitics.

17, JF 2 variable Quantity is of fach a Na-

ture that it increafes continually with-
out end, or decreafes till it vanithes, its. great-
eft or leaft .Magnitude cannot be affigned ar
determined ; but if there is a certain Limit be-
yond which it cannot pafs, and it is determinable
when it arrives at that Limit ; or, if at firft. it

-increafes till a certain affignable Term and then
-decreafes, or firft decreafes, and then increafes ;

its Magnitpde at fuch Term, is called a Mz~




* and make this plain- . )
er: Let the right b -
Line BA be fup- | - .
pofed perpendicular | - |Ege :
to the right Line &% c
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mum or - Minimum : Now every fuch Maxi-
swum or Mirimum; muft be in its own Nature
a ftable or invariable Quantity ; and therefore,
becaufe an invariable Quantity has no Fluxion,

its Fluxion is equal to nothing.
18. To illuftrate

AC (Fig.1.yor BE 4\
(Fig.2.) and to be
carried along the
fdid Line with any
given Velocity, and g

‘in fuch a Manner, F

as that it always be parallel to_its firft Situati-
on ; and, at the fame time, let a Point be con-
cexved to move along upon the Line A B, front

‘A, with fuch Velocxty, as that it be always in

the Curve ADC: Then will the Velocity

‘with which the Line BA moves along the

Line AC, or BE, be the Fluxion of the Ab-

fciffa; the Velocity with which the Point
moves along the Line'A B, be the Fluxion, \gﬁ”

the Ordinate ; and the Velogity with whigh
the Pomt moves along the Curve, be the
: Fluxion

E.
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Flaxion of the Curve. Now when the Point;
moving from A towards B, arrives at D, &
can proceed no: father, but muft retarn towards
A agiin ; becaufe the Ordinate FD (Fig. 1.}
is the greateft, or (F7g. 9.) the leaft poffible,
i.e. before the Point arrives at D, the Ordi-
nate (Fig. 1.) is continually mctcaﬁng, and af
terwards continually decreafing, or (F7g. 2.) is
continually decreafing, and afterwards, conti-

nually increafing ; thercfore at that Point, it is
neither increafing nor decreafing, but is in- - -

variable, and therefore its Fluxion'is' =o.

19. When there are two or more variable
Quantities in an Expreffion, reprefenting the
Value of a Maximum or Minimum, the Value
of thofe Quantities may be determined by fup~
pofing them to flow feparately, or one by one,
~whilft the reft ‘are’ confidered as invariable.
‘For Inflance, if it were required to find the
grcate& Parallcloplpedon, that can be con-"

under a given Superficies, it is evident
that each of its Sides muft feparately. flow out
to a certain determinate Point, beyond which
it muft not pafs ; and therefore its Fluxien at

‘that Point muft ceafe, or become —o; or,

becaufe if the Fluxion of the given Expreflion
of the Maximum or Minimum, when only onge
of the Quantities is eonfidered as variable, be

. . not
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. be not =o, the fame Expreffion may become

greater of lefs without varying -the Values of

thofe which are confidered as conftant; there~

fore, when it.is the greateft or leaft poflible,
cach of thofe F luxxons muft then bccome ==o.

. 20, Note, 1. In curvilineal Spaces, it is i
effe@ the fame Thing to ‘feek the greateft Area
that can be contained under a given Perimiter,
as to feek a given Area under the leatt Peri-

“miter : And the fame holds good, in refpcét of

Solids and their Surfaces.

" Note, 2. If any Quantity is a Maximum or
Minimum, all the Powers of it will be fo too s
as-will alfo the Produ or Quotient, arifing by
its being multiplied or divided by any invariable

) . ) . ) . * ab z . N
or given Quantity, Thus, if —xx -2aﬂ§
reprefent a Maximum or Minimum, then x*—
2ax will be alfo a Maximum or Mmmmm, and

.confcquently its Fluxion muft be =o.

Note 3. Generally, when a variable Quan<-

“tity admits of a Maxsmum, its Minimum is no=

thing ; and when it admits of a .Mzmmum, its
Maxsmum is infinite, .

E | Ex-<
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_Examrre L o+

- avuTo,find the Vake of x, inTerms of a aud:

3, woben bu—ax® is 8 Maximum. | -

" Because the Fluxion ofa Maximum is =o,
therefore the Fluxion of sx—-ax’ muft be =o;
that is dx——2ax%==0, Now if we divide this
therefore, by Tranfpofition, we have 2ax=6b
and by Divifion x= 'f; which s the Value of

% required.

‘ Examrre IL |

22. Tojt:ndtbeA r_m B
Point p in the \
ghoen right Line AB, where the Reflangle
Ap into pB is a Maximum, or greater than

_any other Recangle A n into 2 B.

T““Li‘l"‘tr'r the given right Line A B=2, and Ap
=z 5 thenp B==a—x, and by the Data Ap x

$ B=x x a—x==ax—x"==2 Maoximum thero~ -

fore the Fluxion of ax—x" is =0, that is, 4%
—2x%==0, which divided by % gives ¢—2¥
==0, therefore 2x=g, and x=1a. Confe-

quently

‘Equation by %, we fhall have s—2ax=0; 3

e -
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quently the Re@angle of the Parts ApandpB
are the greate(t when thofe Parts are equal.
Or, thus, Put A p=—x, and pB=y; then

. A p x p B==xy— a Maximum : Now it being

evident that if x increafe, y muft decreafe,
thereforé (Art. 16.) % and y are Negative - to
¢ach other ; and confequently the Fluxion of
xy, when a Maxsmum, is xy—xy—o0: But it
i6 likewife evident, that the Increment of x'is
equal to the Decrement of y, or x=y; there~
fore ftrike both out in the above Fluxion of xy;
then we fhall have y—x=o0, and thcreforc x=
Yy, as before.

‘Examere IIL
23. %ﬁndtbePomt A& B
p in the given right '
Line AB, when AQ"x ? pBlisa Maxxmum

PuTt the given right Line'A B—=¢, and A p
e=x; then pB=a—x, and Ap[" x pBr=x"
x a—x| == a Maximum, therefore its Fluxion
is =o0; thatis, (fee Art. 13.2nd 9.) mx"—'x
xT—-_a—c}”-{—n X X % x X" =20 (. e.)
mxT% % a—=x|'—na—zx," "% x x"=0, which
divided by %1% gives ma—ux)—na—x]|""'x
&=0; therefore m.a—u"=n.a—x|'""x; then
Ea_ © divide
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* divide by a—x|"" and it will be m .s—x=
nx, i, e, Ma—mx=nx, or mx-\-nx=ma, there=

o
fore x=

m-+n

4, and "the Point p is deter-

mined.
Or tbus Put Ap__x, and pB=y ; then y"x~
== a Maximum, which in Fluxions is n#y"~’yx=
—mx™—1%y"=o, ( fee Art..16.) but x and y are
equal (Art. 22.) therefore throw both % and y
secipthen ny" " 'x"—mx™y"'=0. And my"x"=
mx*—y".  Now by dividing both Sides of this
Equation by y"—*x»* we fhall have nx—=my
therefore m : 7 :: x : y: -So that the Segments
are in direct Proportion to the Powers in the
Maxsmum. . . .

EXAMPL_.E IV. .

24. To find the Values of x, y, and =, when
x4y+z=a and xy+z’= a Minimum.

BECAUSE x+y+z__a, therefore x—a—y -
—z2, which fubflituted for x, gives xy4-z"=
ay—y*—yz43" = a Mmmum Now by
Art. 19. we may confider ¥ as variable whilft
= remains invariable, and % as variable whil®t
y remains invariable’; therefore, by fuppofing
z invariable, the Fluxion of the above Expre-
fion of the ﬂlmmmm will be gj—2yy—jz=0, -

and -



" ¢; then BD—=ag—ux.
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and by fuppofing ¥ .invariable, it will be —yz
+-222=0: Now by dividing the Firft of thefe
two ﬂuxxonal Equations-by y we have a—2y
—z=—0" : B=a—12y, and by dividing the
Second of thcm by % we have —y+2z=0 =
z=1y. Hence Ly==a—2y, and therefore y—=
$4, and confequently z= ({y=) 4, and x.
= (a-—-y-—z—-) ta. )

Exampepre V.

 25.T0find a Cone inferibed in a given Sphere,
whofe convex Surface fball be a Maximum,

- PuT the Diameter of v
the given Sphere (VD) 4
—a, the Altitude of the
inferibed Gone (V B)=
X, and 3.14159 &c. =

Now, by a well known
Property of Circles, VB

x B D_.-_A]z thatis, x x g—x—ax—x"=

BA': And by 47 E. 1, AV=VB| +BAY|%,

5.6, AV=x"tax—x*i —axt. But BAxc

: =ax—-x‘|% X C=C¢ ax—-—c‘x’[é—’ the Circum-

fererice of the Cone’s Ba[e, which drawn into

its ﬁanf. Hexght (AV=)ax3 ) Bives " ax—c’ 27t

xa?‘:
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x @it ==c*@" % =—c"ax*|t = its Curve Superfi-
cies, which by Queft. muft be a Maximunz ;
therefore c*a*x*~=c'ax® = the Square of a
Moximum, or a Maximum alfo (Art. 20, Note
2.) and its Fluxion, therefore 2c%a’x% —
3¢*ax*x =—o, which divided by c*axx gives 24
~—3%=0; therefore 3x—24 and x==}a. So
that the Convex Surface of the Cone will be
the greateft, when its Altitude is =% of the
Sphere’s Diameter.
26. N. B. There was no need of introduc-
ing ¢ in the. above, for VA x A B=— a Maxi-

mum ; the Radii of Circles being as their Cir-.

cumferences. And therefore in fuch like Cafes,

we fhall omit inferting it as often as may l;e in

thc following Examples.

Examprp VL

- e7. To find the - v
greatefi Cylinder that
can be infcribed in a
given right Cone e.g.
whofe Altitude BY
js =4, and Bafe-
diameter AC=b.

o PUT the Diame-
ter of the Cylinder

e L . .



e
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‘ed in a given prolate

 Tranfverfe and Conjugate C}
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DE or FG=x; then, the A’s VAC and .

-VDE being Similar, as AC :BV::DE:

HYV, i basixs: ‘-‘ZJ-‘—-_:HV:.‘ HB=BV

“HV=s— % = the Altitude of the Cylin-

‘der.  Whence (fee Art. 26.) FOI x BH=

ax  gbx*——ax? -, '
X' x a— 7= 3 =a Maximum. Con-

- ‘fequently ( fee Aft. 20, Note 2.) bx*—x' =2

Masximum, in Fluxions 2bxx—3x*x==0, which

divided by xx gives 26—3x==0"." 3¥==25 and

x=%=F G or DE. Confequently BH (....a
—_ f;) =={4. So that the Diameter and Alti-

tude of the Cylmder, will be to the Diameter

-and Altitude of the Cone, a8 % to 1, and as &

to 1, whcn the Cylinder is the greatcﬁ poﬂiblc

ExAMrLz VII.

28, Tofind the largeft .
Cone that can be infrib-

Spheroid,  viz. whofe

Diameters 'T' S and’ CN Ak
érea and b.,

PUT the Altitade of - S
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the infcribed Cone B T, then BS=T S—
T B=g—=x. - Now by a well known Proper-
ty of Ellipfes TS|" : CN]" :: TBx BS : AB|

. abx—b’
f.e.a*: 5’:.xxa—x,—-——-a-—————-]§ [

~which (4rz. 26.).drawn into (B 'I‘) x gives
| 453————-——_-;‘-}—’:—- = a Maximum. Confcquently,
(4t 20. Nete 2.) ax*—x*=— a Maximum,
which in .Fluxions s 2ax5—3x"%=0 ; then
divide by x% and it gives 24—3x=—0. Con~
‘fequently 3x=24 and x==24, that is, the Al-
titude of the Cone muft be =2 of the Diame~
-ter of the Spheroid. '

‘Examrrs VIIL
" 29. Tofind the internal Dimerg/iom of a cy-
lindrical Cup, whofe Capaczt:y 15 given =a;

- when ‘made with, the leaff pofible Quantity of
Silver of a given thicknefs. -

PUT the Diameter ”.—:.a;:, and 78539 &c. =
; then cx’ — the Area of the B()ttom, and

therefore —-—; — the Altitude : But 4cx being
= the Clrcumfcrcnce of the Bottom, thcrcfore

4cxx£~-—'—§-= the infide Curve Surper- .
| fices.
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ﬁaes# which, becaufe the Quantity of Sllvcr #al) cat

s the leaft poffible, is a Mmmum. this Y

therefore in Flixions'is 2cxx—-—4—f— =0, whxch fé‘—' = wé&

multiplied by «* glvcs 20x* §—qa% =0, and l/:?w%:;;a

this divided by 2% gives cx*—24=0; there- -

2a)
fore ¢x* =24, and x =— -

Exaurre IX
30. To find the internal Dimenfions of a Gif-

tern, in the Form of a rectanglar ‘Solid, i, e,
. avhofe Bottom and all jou‘r Sides are rectangular ;

when its Capacity is —a and made with the
leaft poffible anntzty of Lead of a given thick-

nefs.

- Purthe mﬁde R
Length AB or
CD «, Breadth
AC or BD=y, |
and Depth AE
or CF=z;then

a .
xyz==a, and therefore x=— }—z- Now thein-

fide Superficies of the Bottom and foﬁr Sides is
#=CDxDB+2BAxAE+2CAx AE,i.c.

E . A =Xy



34 An INTRODUCTION 20 #he
- smy+awm-tays (or, by fu'hmtutmgai for

x,) =— -]- -——-« +.2yz, which, becaufe thc

Clﬁcrn is. made of the leaft poﬁ'xblc Quantity
of Lead, is equal @ Minimam ; and this there-
fore, by making y and = flow feparately ( ji'e

. _Art. 19.) in Fluxians is zyz—fgygg —o, and

2yz— —E%— —o ; the firft of which Equations
inultiplied by y* gives 2y ay’—~2470, and this
divided by 2y givc§ zy’—ﬂ#@.’z::}: And the
fecond Equation multiplied by 2* gives 2ya®
—az=a, and this divided by = f_g):z’«—a:m:

alr alk a
o ..z=-—|. Hencewehave —f = and
' 2y . A B

" this fquared is f;=§— which multiplied by 2y*
gives ay'=2a", therefore y ‘=24 amd yzw.
‘Whence 2 (= --)

24 ax-‘jr
aalh. Andx(z-a-— =)= T

2(13)( 243'*

- a
xza =2““ Sa that x==y=r2z, thatis, the
T Length

e




h
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Length and Breadth will be equal, and each

‘equal to twice the Depth.

- Or'thus; 'Létthe infide Length = x, Breadth
=3y, and Depth = 2z ; then the Superficies of -
the Bottomand four Sides ==%y-4-2xz-}2p2—
a Minimum, as before ; or, by fubftituting —
b for x, it will be =—=—+#y—252+2y2. In Fluxi-
ons —by—2bz+2y24292=0. And taking
the hotzologous Terms * zjg—bj=ro, and
29z—2b%=0 ; by Divifion and Tranfpofition
2%=b, and y==b, therefore, by Reftitution x=

—=22. But xyz=a, f.e. ;x*, or 3y'=a K
or y__za |F and g=Lt2a|f=1all.

® This in'Effe is the fame as making y and % flow fepmtely
according 10 Art. 1. .

Examrre X

3t. A Gentlemsn
wants to ride from
the Gty A 1o the
City C, the Cities
being aMiles apart;,
now from A to B,
which is b Miles, or
rom A to any Place
P in the RoadCB
which is perpendicu-
kar to the Road BA
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. be can ride after the Rate of ¢ Miles an hour,
but from B to C be canride fafter, or after the
. rate,of A Miles.an bour : To find P, the Place
to which be muft direétly ride in order to perform
bis Sfourney in the leaft poﬁble Time.

By 47 E. 1. BC=CA)—AB|'*=a"—F}}
which put =¢; alfo let BP = x, then PC=
e=x ; therefore by Queft. e--—E—x = the Num-
ber of Hours he will be riding from P to C.
Again by 47 E.1. AP=PB"4BA| | =
m therefore by (LS"P‘ -—4-_2—-= the
" Number of Hours he will be rxdmg from A to

bi
+ 4 =* =

- Number of Hours he w1ll be pcrformmg his
Journey, which by C&e{’c muft bea Minimum:

Therefore in Fluxions =¥ "N x 2wk

P. Hence we have

¢
‘2 e v
1 g ==X 2XX .
x * T xr b -
7= o,-that is,- + = ' - — 7==0,0r

‘ x___ % =o, then multiply by ¢ x
cxx+&)E 4 _ ? .

0t xd, and we fhall have dyi—c x

~ - as




¥
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&5 %= o, and this tranfpofed and divided

by % gives dx = ¢ x x*+44*}F which fquared is
& x* =t x" 48, therefore d'x*—c*x*=c*4*

and x*= -d-,ﬁ___—b-c—, con[equentry x=
B P [ .

Or thus, Let Ap be fuppofed indefinitely
near to A P, and the little circular Arch Pz de-
fcribed with the Radius A P ; that is, let Pp
exprefs the indefinitely fmall Increment of BP
and np that of AP. Now it is evident, if P be
the Place to which he muft direcly ride, that
the Increments Pp and 7p muft be asdtoc,
fince then only can they be pafled over in the
fame time ; but the little Triangle Pzp is Simi-
lar to the rlght angled Triangle ABP ; (for
the Arch Pz being indefinitely fmall, may be
confidered as a little right Line perpendicula

to Ap; and fo the Angle PA p being indeﬂ/-'
nitely little, the Angle A p B or 7p P may be
confidered as equal to the Angle AP B, and
therefore the Angle pPz as equal to the Angle
PAB) Confequently as d:c:: AP:PB:
But when the Hypothenufe and Perpendicular

c—
—

[
3

:ij@

_ 4re d and ¢, the Bafe by 47 E. 1. will be

d——c‘ therefore, &*—c*|*: (AB) b::¢:

zl—;‘ =B P as before.

Ex.
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EXA}\IPLE XI1.

32. Let the Triangle ABC have one Angle
B in the right Line DE. To find 2 Maxzithum
of the Sum of its Perpendiculars AD and CE
dropt from the other two Augles on the rngt
Line aforefaid.

N.B. A B.__3z4, B Cz:4.:=b and the
LABC:go

c

. Put DB==x; then by 47 E. 1. AD ==
ABwBD]’)==s"—x"}, Now, becaufe
the 2 A BC isright, the - CBE is the Coms
. plement of the 2 ABD, and therefore it =
LBADj confequenty the Triangles AB D
and CBE are Slmilar therefore AB : BD :

BC CE, i.e.a: x--fb-é;—-—CE Hence

we have AD-+CE=Z"=7)i 4 & Z=a Maxx}. -

mum




T

l ,,W—W-————-—"W"

g
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.mum by (Lgﬂ: in Fluxions & x @*—x*]"% x

x xx% 6x '
—2xx- - =5 £, O ==y =0,

__x}s

which multiplied by a"—x")* x 4 gives —ax%

Fa—x pibi=0: Therefore by Tranfpofiti-

on and dividing by & we have a¥—=a"—x"|

by Involution #’x*—=g"5"—5x". Conﬁzquent-
: ) : 2 bz

ab
= . . D- o
fm”mm 24 HGBQQ A +CE

(== P ) = 1,843,275 the Sum

of the Perpendicolars, when that Sum is the
grcateﬁ yoﬂible . ‘

ExAmPLE XilL

.33 Te ﬁmd the grtateﬁ Ellapﬂs that can -he
infribed in a Rbombus, 'wﬁq/é Dmgonals are

g“veﬂo

Let the Rhombus be drawn, and the El-
lipfis -infcribed as in the Fig. and from the
Point of ‘Conta@ B the Ordinate BC let fall.
Put ET=g, EF=5, and EA or ED=—x,
Then (ﬁ:& D L’ Hofpital's Conie Seftions 4r+.

57)
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© )
A

57)a.sET EA::EA:EC ica:x

z

orE —---EC CA_—-_:x—--’i-:a : ‘,,
. ] a
CD= ‘”‘+",andc'r-—- p By}Sim.

- 'As' TE ::EF : : TC:CB, ¢ Le a: b

a-;—x : 5:f{=CB Nowbyawell’
known Property of Ellipfes DCx CA : 5—)
i DExEA:EN",i e (232 ""‘;‘i
a’x*—x* 7 =
=)"""—'5.'— ( ax =)
Y S
a‘_ o L4

a*h’x za‘bx‘—f—abx__:b 5x‘ E-‘wz'

a° % —atx*

Now, becaule the Ellipfis is to be the greateft
pofiible

an
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b*x*

poflible (4. 26.) EN|" x E AY'=4"— vl

b*xt ’ L
X x*==b"%"— = the Square of a Maxi- .

mum, which therefore divided by 4* (fee Ars.

0] x4‘ .
20, Note 2.) gives x*— — = a Maximum, -
2 a

R e . 4X'X .
which in Fluxions is 2xx—i‘—z—— =0, and this

multiplied by 4* and divided by 2x# gives 4*

—2x*=0 *.* 2x*’=4" and x=ay/ %,

COROLLARY,

The tranfverfe Axis of the greateft Ellipfis
that can be infcribed in a Rhombus is equal the
greateft Diagonal drawn into /T, and the

. conjugate Axis equal the leaft Diagonal drawn

into /T, that is, the Axesare to the Diago-

nals, as /= to 1; which is the fame Propor-
tion, as the Diameter of a Circle bears to the
Diagonal of its circumfcribing Square.

e CHAP

L
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CHAP 1V,
Of drawing TANGENTs o CurvVES.

34 AS it is the Nature of all Curves, to
have their Dire&ions alter’d in e-
very Point, fo the Directions of every Curve
will be various as the indefinite Number of
Particles or Increments, of which it is com-
pofcd and to find the Dire&ion of a Curvein .
. ariy given Point, or a gencral Expreﬂion for its
Dire@tion in all Points, is what is meant by
drawmg a Tangent to it.

WA CC

If the right Line T B be drawn fo coincide
with any Point B of the geometrical Curve
ABD fo as to touch, but not to cut it, that
Line is a Tangent to the Curve in that Point :
And becaufe no two [ines can coincide, unlefs
they have thc fame Dire&ion, therefore the

. Dire&ion
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Direction of the Tangent, is properly, the
Diretion cf the Curve in the Point of Cone
tact : VAnd''what s 'required, by drawing a
Tangent, is generally to find the Sub-tangent.
C T, or the Diftance from the Point C, of the
Ordinate BC to the Point T, where the Axis
produced, if cccafion, is interfeCted by the
Tangent.
35. Let cb be fuppofcd parallel to CB, and
B n equal and parallel to Cc; then if the Line
¢ b be removed towards C B, in a parallel Mo-
.tion, till it coincides with it, the Moment be-
fore its coincidence, the Triangle Bn4 will be

in its evanefcent State; er, which is the fame = .

thing, if the faid two Lines be feparated from
their Coincidence, the very firft Moment of
their Separation, produces the faid Triangle in
its nafcent State ; and in that Moment, the
Line 75, terminated by the Line Bz at one
End, and by the Curve at the other, comes
indefinitely near to the Tangent T B produced:
Confequently the Triangles 2B and BCT
come indefinitely near to Similarity, dnd may
be confidered as Similar: Wherefore, then,
ém:nB::BC:CT, or, (putting AC--x,and

CB= y)y X1y T;:CTthatg FE
G2 y:
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y: -’;‘ly- =CT. And this is a general Expre-

flion for the Subtangent of every Curve whofe
Abfciffa is x and Ordinate y.—Now by means
of the Fluxion of the Equation of the Curve,
we may get the Value of % exprefs’d in Terms
that will be all affe@ed with 7, which there-

fore being muluplxed by wnll give the Sub—

tangent CT in deﬁmtxve ‘or known Terms
freed from Fluxions; by which the fought
Tangent BT to a given Point may be drawn.

36. Note,When # and § are Negative to each
. other,(Ar¢.16.) the general Exprcﬁion (__y_ for

b

the Subtangent,will be jy which thews that

it lics on the other fide of the Ordinate, with
regard to the Abfciffa x : For tho’ — -X_may
J

be, and really is a negative algebraic Quantity,
yet it may alfo reprefent a geometrical Quan-
- tity, which is always affirmative ; and as every

Subtangent is in its own Nature pofitive, there-
fore the negative ngn (either in the general or
definitive Expreflion) only fhews where we

muft
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muft look for the Subtangent; that is, whe-
ther x the Abfcifs, or fome Part of it be (as in
- the Affirmative it always is,) or be not (as in

the Negative it never is,) included in the Ex-
preffion for the Subtangent.

There are other Methods of drawing Tan-
gents, but this is the moft general and eafy.

. A
Examrpre I

37. To draw a Tangent to a Circle.

T A C E D
Put the Abfcifs AC—x, Ordinate CB—

and Radius EA or ED=r; then CD—zr

—x. Now by the Property of Circles AC x - .
CD=CB? i. e. 2rx—x"=y", and this E-
quation put into Fluxions is 2rx—2xx = 2y,

which divided by 27—2x gives x= 29y

2r -—-2x

;2_-'_1_;, and this multiplied by ;;. (Art. 35.) or

fubftituted for # in (.’Ji}'_) the general Expref-

fion
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fion for the Subtangent, gives the Subtangent
_ N ' o

CT (= -;.. =—— = (by putting 2rx—a=
2r—x" *
—x _ EC-
Wherefore if the Diftance fignified by this Ex-
preflion be fet off from-the Pomt C in the Di-
meter D A produced, we fhall have the Point
T to which the Tangent may be drawn.

for its equal y* as above) ——

N. B. The Subtangent above, may be found
etherwife, by the Similarity of Triangles only :
For the LEBT being a right one, the right
angled Triangles ECB and BC T will be Si-
milar, and therefore EC: CB:: BC: C T....
CB= - :

EC”

"ExaMprs IL

38. To draw a Tangent 20 the Apollmian or
common Parabola.

Suppofc F to be the Focus; and PR the
Parameter, which put =a; alfo, put the Ab-
fciffa AC =x, and ordinate CB=y; B 'bcmg
the Point to which the Tangent T B is re-
quired to be-drawn. Then, as is well known,
by the Nature of the Curve PR x AC= CHy,
thatis, ux =y*. Now ’by putting both Sides

o of
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this Equation into Fluxions, we fhall have a%
=29y, thercfore s== 22 which fubftiuted for

%, gives the general Expreflion for the Sub-
tangent C'T, viz, -3}-'. (fee Art. 35.)== 3—-}: =

(by fubflituting for y*, its equal ax ::daovc)~
2ax __

=——=2x, Whence it appears, that the Sub-

&

tangent C'T is double the. Abfcifly AC, and
confequently AT is= AC. \
39. But to draw Tangents to all Sorts of

. Parabolas univerfally ; let the Abfcifla =,
ordinate =y, and the Parameter = 1. Then
the Equation will be =y~ and in Fluxions %
s==m~, which fubftituted for » gives the
. : Sub-
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Subtangent ij— = my" = (by putting x for y~ its

 value,) mx, fo that when m= 2, it will be =
* 2x as before,

Examrre IIL
40. To drew a Tangent to an Ellipfis.

AN,
7

o

. Pat the tran{verfe Diameter A D=7, Con~
jugate NO =¢, Abfiffa AC= x, and ordi-
nate CB=y. Now, by the Nature of the
Curve, AD|': NO)* :: ACxCD : CBJ},

. g
he £:c'iixxl—x: - tx—a =y, and
tl

by putting each Side of this Equation into
Fluxions we fhall havcg; t x—2xx = 2yy and

this divided by & #—2zx gives x== -—,35—2——
T s ' A e T

which

L
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wluch fubftitated for x in *-'E'Z— the general Ex~
preflion for the Subtangent ( fee Art. 35), gives

2ty .
the Subtangent C T——= ——— — it=
8 e (by writ
. O . 20 x—-20 2 5?
ing — fx—x* for y* its equal) — ,
X g‘t? x—" for y* its equal) P20tk

.-_—_th::: . Whenee we may obferve that
AT (=CT—CA=22"2 g% _
I—2x F—e2 X

‘=that Part of the Subtangent which falls

~ without the curve,

ExamprLeE IV, ‘
" 41, To draw a Tangent to an Hyperbola,

. Put
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. Put the tranfverfe Diameter D A — ¢, Con-
* jugate NO=, Abfcifla AC=x, and Ordinate
CB=y. Now, by the Nature of the Curve,
asﬁj N01 b DCxAC m i.e. t*

txfx'=y*, and by put-

C::

Atin'g both Sides of this Equation of the Curve

2

; . L —
into Fluxions, we fhall have - ta42xx=—

L Yooifon & 2LW
2yy therefore, by Divifion, ¥ = pTawy

which fubftituted for x in }'l or multiplied by

-7- (Art. 35.) givcs the Subtangent CT =

2t 2ty

’t+z

c - . 2fx+4-2x*

;,— ;‘x-{-x is) = Py So that, AT, that

Part of the Subtangent without the Curve, is
ztx+2x tx

DES .
Ttax t+4-2x

ExamprLE V.

42. To draw a Tangent to an Hyperbola be-
tween its Affymptotes ; that is, taking ome of its
Affymptotes for an Axis,

Let

*

(whxch by writing for y», its equal

"
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i D rd T

Let EG and ET be the Aflymptotes
of the Hyperbola H AB, whofe Vertex
is A, draw AP and BC parallel to the
Aflymptote E G: then will AP be the Para-
meter, and equal to PE, which put = ;’,’ EC
an Abfcifs, which put = x; and CB an
Ordinate, which put =y. Now, becaufe when
x increafes, y decreafes, # and y are Negative

- to each other, and the general Expreffion for

the Subtangent is — -"-;—{— which fhews that the

Point T lies on the other Side of the Ordinate
C B with regard to E (4r¢. 36.) By the pro-
perty of the Curve EC: EP :: PA: CB, 4.e.

. a . - » ° . R
xX:a::45y.0. x:—.-}- which in Fluxions is x=

. 2.0

7 and this fobftitoed for # n i‘;’- gives the
Hz = Sub-
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Subtangent C T= 222 —% — (by writin
Bk gen ¥y (by 3
xy for a‘)%’-.—:—.x, fo that CT muft becqilal
to CE. ‘

Exampre VI,

43. To draw o Tangent to the Comchoid of
Nicomedes *.

e»a
]

: D/F E
P . ¢

Yot fall the Perpendicular BE on the Af-
fymptote DE and draw BC equal and paraltel
to BD. PutPD—s DA—/—FB, DC=
x=E B, and CB=y=DE. Then by 47 E. 1.
FB i--BEH'zEF i.e. b*—x"|i=EF, But
the A’s CP B and BEF are Similar, therefore .
BE:EF::PC:CB, i.e.x:5’g-_-—axfﬁ i:a
e +x




~y
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+x: y=-a—_—Ef x b*—x** which is the Equa-
tion of;the, Curve ; and this in Fluxions is j=

’xx-—a-xx R .
— x b*—x"i—L x Fex’t2xxx -

a+x —as xx a+5c
X &' =" T x

which fubftituted fory in— =, "3 '

-—ab X%
x* x b’—x‘l" :
the general Expreflion for the Subtangent
when % and y are Negative to each other
( At 36 ) gives the Subtangent CT —=
e x o —xt

” 5“"' (whxch by fubftitating for y its

equal in the above Equation of the Curve, is)=
a+x x b*'—x* x x*  a+4x x b'x—x*

Bxtx . abgx -

* This Curve is thus generated ; from a fixt
Point P, which is called the Pole of the Con-’
choid, let any Number of right Lines PA, PB,

- be drawn cutting the right Line DE, which

is an Aflymptote to the Curve; and let the
Diftances D A, F B, be made equal to each
other, and a Line drawn thro’ the Points A, B;
then will this Line be a Curve, called by its
Iaventor Nicomedes, a Conchoid. '

EX-_
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EXAM.I"LE VIL

44. To/drewa Tan'geht to the Ciffoid of
" Diocles *.

Let ABD be the Cifloid, whofe generating
Circle is AF E and Aflymptote EG.  Put the
Diameter A E=a, Abfcifs A C=x, and Or-
dinate CB=y. Now by the Nature of the
Curve dC:CA:: AC: CB (For fince by
the Generation of the Curve, the Arches E&
and A 4 muft be equal, therefore 4 h=d C and g
BE=CA ; and becaufe the A’s bbA and E
BCA are alike, therefore Ab: bb::'AC: ?
CB ; but by the Property of Circles A b: b4
3:6b:bE v bb:bE::AC:CB,i.e.dC
. :CA
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;CA:: AC:CB,) or, becaufe C Ez=s—x,
and AC x CE t=ax—x"|i=Cd, as ax—x"}%
1 XUy Ry K K=" and by fquar-
ing both Sides of this Equation x*=—axy*—
x%y*, and this divided by x gives x’=ay*—xy".

‘In Fluxions it is 3x°%=2ayy — xy*— 2xyy;
" then tranfpofe and divide and it will be x==

2ayy—2xyy
T3y

Subtangent CT (=-§"?—‘, Art. 35.) =

which fubftituted for x gives' the

2ay"—2xy*
3"y
x* O\ 20x—2x"

a—x) 36—2x

that AT, the difference between the Abfcifla

ax

== (by fubftituting for y*, its equal

.  Whence we may obferve

A C and Subtangent T C, is = ———.

3a—2x

# This Curve is thus generated. Let ASE
be a Circle, whofe Diameter is AE; and

"make any Arches Ea, Eb, and A, Ad, e-

qual to one another ; and thro’ the Points a,
b, d, ¢, let right Lines be drawn Perpendicular

'toAE and tranfverfe Lines from the Point

; then, from A, thro’ the Points of Inter-
fc&ion ¢y, B, D, &c. draw a Line A¢eBD &c.
and
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" and it will be a Curve, called By its Inventor
Diacles, a Cifloid. ’ '

Examprxr VIL-
45. To draw a Tangent to the Cycloid .

D
‘B
“/.’:. .
:'. N
AN ’
e cc S el Oy
9 e
<N ¢
@ A CcE F

Pyt E A the Radius of the generating Circle .
=a, Abfifs AC=x, Ordinate CB=y4, CG
=s, and the Arch AG -2z Now by the
Nature of the Curve CB= CG-4GA, that s,
y=s+=. (For, when the generating Circle
AGF is in the Pofition BL K, the Arch BL,
or GF muft be equal to L. D} and LK, Bg,
or GA=LF, or mC; but Cm =G B; there-
fore GA =GB and therefore &c.) and this
Equation put into Fluxions gives y = s+2.

\ . Let

o4
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Let Gg=2, gn=¢, and nG=Cc=x;
then, becaufe E'G is Perpendicular to G g, the
2.’s g/Gmand E/GCare equal, and therefore
the right angled 4s g #G and G CE are alike;
and confequently gn:nG:: EC: CG, that

20 ol o net , e X , .
is, s':x'::@—x25". s:;::-—;—-—x or § =

A

— %, and again, gG: Gn :EG: GC '
8

. a . a.
thatis, 2’ : x’ ;2425 z'=s- x' or 2= —%

Now by fubftituting -—s—-u % and ?-i'fori and z

in the above Fluxion of the Equétion of the
. s, 20—X
Curve, we have.y= % x + -—x-v-—-;-—x

therefore the Subtangent C T (.——_ g Art 35.)
J

'h..._ ;;2? thnce we may obferve, by An-.

‘nalogy 20—x:5::9:CT, i e. FC: CG i

BC:CT; but by the Property of Circles FC
:CG::GC:CA- GC;CA:: BC:CT;

‘ confequcntly the AsGCA, and BCT are a-

lxke and BT js parallel to G A,

* This Curve is thus generated. Let a Cir-
~cle, or Wheel, roll along upon a right Line,
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until it perform one- Revolution, that is, until
it meafure out a right Line cquaI to its Circum-
ference ; then that Point in the Circle which
firft touched the right Line, will defcribe the
Curve called a Cycloid.

ExAmrre IX.
46. To draw a Tangent to the Qyadratrix of
‘Dinoftratus *. ,

PUT EF, the Radxus of the generating Qua-
-drant=¢; E A the Bafe of "the Quadratrix =
4; Quadrantal Arch F D =¢; Abfcifs AC=
‘%3 Ordinate CB=y; Arch FG=2z; and
the Sine GH =s. "Now, by the Nature of
‘the Curve, a$ AichFD:Rad. DE:: Arch
"F G : Ordinate B C (which is evident from the
generation of the Curve,) thatis,c:a::2:y

-+ az=cy and z_—_g in Fluxions £= ;l By

Sim.




r
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Sim. AsBC:CE:;GH:HE, i e.y:5—

_ sb-;-i-sx = HE, Lc; &5 be conceived -

mdcﬁmtcly near and parallcl to GHand G#n
equal and parallel to HJ, 7. e. let ng=s' and
£G==z', then will the AsEHG and g2 G
be alike, and therefore HE: E G:iing:g G,

;’; ..’H cai:s z:..—-z-_-_-_ or (Art. 3)

x};s

asy
sb—:x

asy ¢y
e have —-Z
Hence w 7 > ”

shey—sxcy )
. which gives s= —-—‘Z-;)-,-—-‘Z- Now by 47 E.1.
EC'+C i ' =BE, 7. ¢. b—x|" +y‘l‘—-BE‘

and by Sim. As EB: BC::EG:GH, /e

—X +y’.£—.y,,a.:=;mﬁéors=

‘—25%"{"” ‘Hi' in Fllfxmns S=
bxay—xxay—yyay
&y x b— HE
j % _ﬁ-h?' +-$_]Zl.b—x‘+y"f _
- — =
ay xb— ’ _Vhxay _xxdy = (becaufe § by the
s

abovc is ") Shyﬂ ;xcy’ and this Equation, by
‘ 12 Multi=’
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Multiplication and Tnnfpoﬁuon. gives a’by*x -
—a y "k =besj—csxy x 5]’ +)’q’§——a yy x
F—x' Yy and| this divided by b—x gives a'y*si="

csy x ﬁx} +y*ff—a'yp x 5-:' (or by fubﬁz-.
tuting for fits above value - =acyy
b—=x|"+y* ¥ ’

i+}"—4?}'xr But, bya Pro-
pcrtyoftkeCurve,asFD:DE-«EF BA-

(for when the Arch FG is indefinitely "{mall,

it will concide with, or be equal to its S:;:a:
"G'H, and one may be taken for the other ;
and then E A may be taken for E'C, and 8 F-

- for EH; and therefore then, by the above.
Nature-of the Qurve, asQuadrantal Arch FD +
Rad. DE.:: -indefinitly finall Sine GH =
indef. fmall -Qrdinate B C but by &m. As:
GH:BC:: (HE,:i¢) EF:(C E, #¢)EA’
confeq. ArchFD:Rad. DE::EF:EA))
ieasczaz::azd . bee=g’, and by fobfti--
tuting bc for a* we have abey*i=acyj x
b—-.m:iz ~+y*—abcyy x b—= and this Equation,
divided by acy gives byi=y x 5w +5'~b5 X
m x-ym-*-_yy—ﬁxﬁ .h\ch
fubﬁntuted for % nges the Subtangent C T (=

xy
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a;y At 35y = b— +7 — j

EC, whichligives the following geometncal
Conftruéion, piz. if B be the Point to which
the Tangent is to be drawn, make E I=E B,
and EL=E A, and let the Semicircle L IT,
be drawn thro® the Points L and I, thed T is
the Point thro’ which the Tangent muft pafs.”

For by the Property of Circles LE x ET=EI)*

=(by Conﬁméhon) EB]’, i.e. EA x ECFCT.
... EB)’ EB)*

=EB* -, +a —ECHCT and - —EC

=CT.

las

* This Curve is thus generated. Let EFD
be a Quadrant of a Circle, whofe Radius . ED
divide into any Number of equal Parts (as Ed
de, ef, fD) and from the Points of Divifion;
. (4, e, f5) draw right Lmes (dk, e m, fo,) paral-
" el to each other and to. the Radius EF - alfo
divide the Arch F D into the fame Number of
cqual Parts (F 2, a G, Gc ¢ D;) as youdo the
¥ Radius ED, and to thefe Points of Divifion (a,
G, ¢,) draw Radii (E ¢, EG, E,). fiom. the
_Point er Center E; then a Line drawn from D
thro’ thc Points of Intc:fc&xcm {r, B, ¢, &c. ?i

- wil
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will be the Curve called a Quadratrix ; the
Invention of which is imputed to Dingfiratus.,

Examrrse X

" 47, To draw a Tangent to the exponentia]
Curve DB, whofée Equation (putting A C=x,
' CB=, and a== ¢ given Quantity) is a=y.

A T C

" Pur A=the hyperbolic Logarithm of 4
and Y = the hyperbolic Logarithm of y ; then
by the/'Nature of Logarithms xA=Y, in

Fluxions xA=¥== (fee Art. 14. ).};;- which:

divided by A gives :e.—:zfiy,- and thisfubftituted
for % gives the Subtangent C T (= —’%Aft:

3 5) = -—Ai—:::-é Whence we may obfervé

that,

e
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that, the Subtangent being an invariable Quan-
tity, the Curve DB is the Logarithmic Curve,

(fee Art. 70.)

48. The Examples already given being only
of thofe Curves, which are referred to an Axis,
or whofe Ordinates are parallel to one another;
we fhall now give a few Examples of Spirals,
or thofe whofe Ordinates all iffue from one and
the fame Point : Where note the gencral Ex-

preﬂion for the Subtangent will be 2 7 —= as bc-
fore, as will be proved in the next Example.

Exampri XI,

49. Let AG be any Curve whofe Ordinates
@l ifue from the fixt Point C, and fuppofe its
Tangent G N, Subtangent NC and Ordinate
CG
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-CG 10 be given ; and let there be anotber Curve,
«as BD, whofe Qrdinates alfoiffue from the fame
Point C, and of fuch a Naturey. that A G fhail

alwaysbe to CBasa tob,. m required tedraw
:be Tangent BT.

R}

. N.B. Tke Subtangent and Ordinate to all
Spirals; are akeays perpendicular to each otber.

- Syppose Cg indefinitely near to CG, that
is, let the £G Cg be fuppofed indefinitely
“fmall; and with the Radii CB, CG, let the
indefinitely fmall concentric Arches Bn, G,
be deferibed ; which being confidered as coin-
. ciding with Tangents to the Points # and m, or
as indefinitely Imall right Lines Perpendicular
toCg, the AsénB, BCT, will be Similar,
as will alfo the AsgmG, G CN, the Curves
BD and A G being alfo fuppofed to coincide
- with the Tangents T'B and N G in the Points
band g; as they very well may in the very
firft Moment of the Exiftence of the Angle
G Cg, or juft as it begins to be. Put GN=x,
NC=d, CG=¢, CB=y, AG=2,and Bn..x'
then n4=y', and Gg = 2. Now bn:nB:

- BC:CT, le.y:x i:y: __CToryx

Y

.o“y ,
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i1y y == C T, which'is a general Expref-

fion for,the Subtangent of Spirals, or Curves
referr’d to a fixt or central Point, and is the
fame as that before found for thofe Curves
which are referred to an Axis, Art. 33.

From tbe fimilar Se&ors or As CB#»and
CGm wehave CB:B2::CG:Gm, 4. e.

7 -

y: x'::e:f%-sz. But by the fim. As

gmGand GCN wehave GN:NC::¢gG

. . d2
:Gm,ie.c:ds: % --;—«-Gm there-

dz' ex’ , cex’ . cex
~ fore-———-:-——andz::—d—-or Z=—.
¢ Y 'y y

Now by the Nature of the Curve A G:CB:;
ay

a:b,thatxs,z:y::a:borz:—:—z—m Eluxg‘

L

ay

L. ] cex
ons 2= —. Hence we have ——— = —=-and

b dy — b

" therefore x— ——ZT}Z Which. fubftituted fot; x
_ady’

gives the Subtangent CT (= -=- x- ) bce

K E x4

S P S
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Examprre XIL

- 50 To drew e Tangent to the Sptral g‘
\Areh»mcdcs ,

Pwr the Clrcumfcrence of. thc generatmg

Cnrcle =a, and its Radius CA=}; CB=y,

Arch A1G=2, and B n=x', Gg._.z (g be-
ing {uppofed mﬁmtely near to G, and Bz 2
fimall Arch concentric to-G g ) Now by the
Nature of the Curvea:b::2:y or bz....ay,

whxch ig Flllxxons is 6:£=aj or &= But

b

. bythe ﬁmllar Se&ors CBnand CGg, asCB

+Br::CG: Gg,ze.as] #iib: z—-———f‘:—‘:

oF zzé.-;i . é-f —‘—%- and thxs Equation re-

J
; ‘-_duced

. NI .
DI = - 11

PRSI Y N % BN -

* uhe e
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duc'd gives =

b’ whu,h fubfhtnted for :;

gives the Subtangent CT (= 3,.-.-, Art. 48.) =

fg’? =Z_;f by fubRituting 4 for s Value ay ;
which giv'efsf\tl;e following Conftru&tion, wiz,
with the Ordinate C B, as a Radius defcribe
the circalar Arch BD,;and make CT perpen~
dicular to CG and equal to the Arch BD §
then will T be the Point thro which tha
“Tangent muft pafs : For.then the Sefors CGA,
and CBD will be Simitar and confeq. CG 3

GAz:CB:BD, teb z:iy: BD...ZE
=CT. .

" N.B. The ibove Expreffion for the Sub-
tangent may be inferred from’that in drt. 49,
for if in that Article, the Curv,c AG be an
Arch of a Circle, the Tangent G N and Sub-
tangent N C will both be infinite (fince the
Tangent to a Circle is perpendicular to the
Radips, and confeq. C G- being the Radius,
G'N and N C will be parallel ;) and 4 denote
the Circumference, and & the Radius of that
Circle; and therefore 4 and ¢ will be equal ;
and fubf’ututmg & for e and ftriking c and 4 qut

- of
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“Z’c’, the Expréﬁ'iou for the Subtangent 5

we fhall have' &l co thc Subtangent as above.

bt

* Thxs Curve is thus generated. With the

Radius C A, let the Circle AIGA be dcfcnb-'

ed with an equable Motion, or, the Point A’
. defcribe equal Arches in equal Txmes ; and at
the fame Moment of Time that the Point A

~ begins to genierate the Circle, let another Point”

be conceived to begin to move along the Ra-
A dius‘ CA from C towards A, and to pafs over

it with an uniform Motion, and fach Velocity

that it may arrive at A at the very fame Mo-
ment of Time that the Radius C A thall have

- defcribed the Circle, or come to be in its firft

Situation: Then will the Point maving along
the Rudius C A, generate, or defcribe, thc
Curve CB4'A called a Spiral, which Name
was g;ven to it by its Inventor, /Ircﬁ:mede,a

CHAP,
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CHAP. V.

of ﬁndmg the Points of Inﬂe&wn or contrary
Flexure in CURVES

ITHERTO we have had no Occafion to
make-ufe of fecond Fluxions, and there-'
fore have not treated of them: But here we
fhall fay fomething congerning them, as ‘they
will be ufed in this, and the following Chapter. .

51. In all fluxional Equations, it is proper
that fome one of the variable Quantities be fup-
poled to encreafe uniformly, with which the
others may be always compared; which
Quantity will therefore have no fecond Fluxi-
on, that is, the firft Fluxion of it will be in-
variable. Now the Reafon of this is plain ; for
if we only know in general, that two or more
Bodies, are carried over unequal Spaces in un-
equal Times, no Inférence can from thence be
" drawn, with regard to the Equality or Inequa-
lity of their Velocities ; but if the Spaces pafs'd
over, arc compared with the Times in which
the Bodies were moving, we fhall then obtain
the Ratio of the Velocities of the moving Bo-
dies: Now in Order to this Comparifon, there
muft neceflarily be fome Standard which s the

common
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commop Meafure of the Times the Bodies
were in Motion ; the fame ss, .in the Compa-
rifon of  two: or more-Magnitudes, there muft
be always fome Quantity, which is the com.
mon Meafure of all. And, in Curvegs, when

we make the Fluxion of any flowing Quagtity;
as the Abfcifs for Inﬁance, invatiable;, it i, in
Effe&, na more than- taking equal, Portions,af
it, that ‘we may therc})y,jdctcrmmc the Flugis
ons ‘of the gther _vagiable Quantities,. or the
Proportxons thh which. they flow. .

52. In ﬁndmg d?qfc,g:ond Fluxion of any E},
quation, all the vagiable Quantities and Fluxi--
ons, muft be ;:onﬁdered as_diftinG Fluents,
end fluxed .accordingly, by the Rules laid
down in Chap. 2. Thus the Fluxion of the E+ -
quation zy=:a%, by Art, 9. will be Zj-}-zj=
a%, but as we my affume either £ ary as ins
variable, by making x fo, it will be zy--2ji—=
o, becaufe %, and confsquently %, is z=0, or

- if we make y invariable,: it will be sy==2x, be~

caufe then j and canfequently zj will be =o.
Again the Fluxion off—z—{ +” :-—" - if we
mnake: 7 invaridble ‘or j=o, w;ll be

af&tx XX .._.2
— t ‘q:.x xxdzx +£ :‘yw‘o’ .that'\ls;'

R AN
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BEXX 025 2% 02X

T f—{—'—y; =0. The third or

e — :
fourth Fluxions, &c. dre’ found in the fame
Manner, due regard beirig had to fuch Fluxi-
ongas are fuppofed invariable.”
' 53. ‘When' a-Cure¢ from “being Concave
bettome Cifivex towards its Axis, or fom be-
ing Convexbeé¢bmesConcave, that Point where
the Chingd 'i¥"miallé, or that which feparates
the Convex from the’ Concave Part, is called -
the Point of Inflection, ‘of | contrary Flexyre ;
or, the Point of Inflé&idh is that, to which a
Fingent being drawn, &jt§ éh,é"'f_C‘urvq. C

- 54 In the Curve ABDY fupppofe B to be
the Poiat of Inflection ; then, becaufe AR

Dj.

T A6 TR
Concave and B D Convex towards the Axis
AX, is it cvident, that the jndefinitely fonall

Inerement of the Curve at the faid Poiat B, will.
. be neither Concave nor Convex, thatis, wilk
. be a right Line ; and becaufe, during this In--

: crement
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crement the Tangent at B will exadly concide
with the Curve, or the Ordinate will flow on
each Side of the Point B with an equable or u-
niform 'Motion, the Abfcifs being fuppofed to
flow fo too, it follows, that the Ordinate will
by flowing along that Increment, have no
variation of Increafe, or its fecond Fluxion will
- be =o. Or, becaufe when the Abfcifs flows
on with an uniform Motion, the Ordinate
flows with a retarded Motion, when the Curve
is Concave towards the Abfcifs, and with an
accelerated Motion when it is Convex, there-
fore at the Point of Inflection, where the Curve .
is neither Concave nor Convex the Ordinate
muft flow, with neither a retarded nor accele-
rated, but, with an uniform Motion, and con-
fequently its fecond Fluxion muft be equal to
Nothing. Therefore,

55. Put the Equation of the given Curve
(where A C=x and CB=y) into Fluxions,
and find the Value of % or y; and put this
Value of % or y into Fluxions again, and make
bath % and # =o; expunge the reft of the
‘fluxjonal Quantities, by the help of the Fluxi-
on of the Equation of the Curve ; and you will
have the Point of Inﬂeéhon fought deter-
mmcd

56 Note, When thc Curve is firft Concave
towards
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towards the Axis, as in the laft Figure, it is
cvident, if B be the Point of Infle&ion, and
BT a Tangent to it, that AT the Difference
between'the'Subtangent and Abfifs will be a
Maximum : and when the Curve is firft Con-

vex towards the Axis, as in the annexed Fi-
gure, it is evident, that AT the Difference be-

A« ] '.l‘ c . %——‘

tween the Abfcifs and Subtangent will be alfo
a Maximum. Wherefore the Point of Inflec-
* tion may be determined without the help of
fecond Fluxions, by firft finding a definitive
Expreffion for the Subtangent, by Chap. 4. and
the Difference between that and the Abfcifs,
.and ‘then making the Fluxion of this Differ~
ence equal to Nothing. This we fhall illuftrate .
‘in the following Example. ,

; ExamrprLze I

9. Tofind the Point of Inflection ir'thé Conm
choid of Nicomedes, or, the Point where it be-
gins to be Convex towards the Affymptote DE. -

- . .
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D

P

N. B. At A the Curve is Concave towards
DE; but it cannot poffibly continue fo long ;
for, ifit did, the farther it proceeded the more
it would incline or tend towards the faid Line,
and {o interfe it; whereas in fa&, the farther
it proceeds, the lefs it tends towards the faid
Line: Confequently the Curve muft have a
Point of Infletion, -

" Pur PD==4, DA=), DC=x, and CB
=y; then by Arz. 43. the Fluxion of the E-
.o . . —gh® X
quation of the Curve mll be y._m
Suppofe B to be the Point of Inflection, then
the Fluxion of this again, (becaufe x being
fuppofed to flow with an equable Motion, the
fecond Fluxxons of x and y=o will be 0 =

*

—3¥
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&7k

) o : X%
—3X5 X O e X m{‘ﬁ
| ' : —X %

x* S
) e’ 5 i e o 2ab*p—3ab’ %' —b*s ,,
T xb— X x b—jt
which multiplied by #%°—x°} and divided by
&xi* gives o=20b"—3ax'—x*, or ¥+ 305"
‘=~24b*=0, by which x and confequently the
Point B may be determined: And if 2=34 it
will be x* 304> —24°—=0, which divided by
*+a gives x°20x—24"=—o0, of x*+ 2ax—=
24", and by folving the Quadratic x=34"f'—a.
Or, becaufe the Subtangent CT (Art. 43.)

a+:;i:s—x » and AC js =b—x;

therefore AT (=CT—CA) =27 : ;i::-“*
~b+tx=a Maximum (Ar¢. 56.) which
thrown into Fluxions is

@b’ k—3ax*%~-25*x%—g°% % ab -, &

ab‘—i—ﬂz or
—:3X7% X ab X—ax b K —xr |,

. a*b*4-2ab*x° F-x° —FE=o.
then multiply by 4*4*+4245*%°4-x° and firike
' out the contradictory Terms, and it will be

28" 548 55" 530" B 25+ 2abax s
) . L2 ~ L =0,

Is =
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‘=0, which divided by —ab*s—4x gives x*

~}-3ax*—2ab*=—0, as before, : ’
We/\iray ‘obferve here the ftrict Agrectncnt

in thefe two Methods of Solution ; fince, tho’

the Premiffes are widely different, yet the Con-

clufions are exactly the fame : And indeed, in
all fluxional Operations, where the Thing
fought may be obtained by different Methods
of reafoning, thefe Methods do never ferve to
give us different Exprcﬂions of ong and the
fame Value, but always the very fame Exprcf
fion ; unlefs in fome Cafes where there i any
Amblgulty in the algebraic Operation.

' EXAMPLE II.

§8. To find the Point of Infleion in the in-
Jected Cycloid * tbe Circumference of whofg
gmeratmg Ctrcle s to its Bafe as 4 t0 5.

S
=

PUT the gencratmg Semicircle A G F==z,

Bafe F D=4, Radlus E A or EF=r, Abfifs

AC.

-
U S~ S




A 2 o |

-

“fpbﬁitu‘ﬁng .fot 3 its Va]ue .-— ——

DocTriNe of FLuxioNs. %7

- AC=«, Ordinate CB=y, Arch AG=2, and

Sine G C=:s ; and fuppofe B to be the Point of
Infle@tion fought. cNow, by the Nature of the
Curve a.: 6 :2:(GB) y—s . ap—as=bz;

and y_;-{— ZZ and thc Fluxion of this Equa-\

tion is y=s- —a—.- Let the fluxional Triangle

Ggnand the Radius EG be drawn; then
will the Triangles ECG and Gng be alike;
(for Gg being confidered as an indefinitely
fmall right Line coinciding with the Tangent
to the Point G, the 2E Gg will be a right
Angle, and therefore =2 CEG+42EGC,
and the 2EGC being common, therefore

.CEG=2sn G g and confeq. the s GCE

and Gnrg being right, the: LZEGC= the

2.G gn :) therefore, as nG : ng : : EC : CG,

_ or, % and § being Negative to each other, as

o . r— xxx
"_’T .ox"-r.: M —3

, bu tbythe :

Property of the Circle G C=AC x CF}, i.e.
s= 2rx—x"|* which fubftituted for s gives §=
r—% % % - *

—_—— ‘ : . o.'.‘—”‘ ‘l% ‘. cb |
27—y’ By 47E ' M TEF e by .

“_7

nce
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Whence y (__..r-l-— = :xxx +

27 X "r
b U Carbr—ax

8 x 2rX—x"\F = % 2ra—s? F' x.. And this

put into Fluxions, fuppofing x to flow withan

uniform Motion, or % and j==0, (Arz. 54.)is

Fm—x confequently bri—ar®™
T axza—xt’ enty

-i—-br’.-#-.o, and brx=ar* 4 0r* o xz ‘-’-—-tér, and

EC (= x—r)=7r, which gives the Point

C; from which a perpendicular Ordinate being
drawn, will fall on the Point of Inflection :
And this is an univerfal Theorem for all in-

fleted Cycleids, whcn 5- cxpreﬁ'cs the Ratio

of the Circumference of the generating Cn'e}c
to the Bafe of the Cycloid.

‘% See how this Curve may be gerrerated,
Cbap 14 ef. 7.

EXAMPLE III1.

59 ‘.Tb  firrd the Pomt qf Ifgﬂeﬂzm B.in the
Curve ABD, whofe Equatzon (putting A C=
‘¢, CB=zy, and a= a given Quantity) is 45"

s=a'yF Xy, Tue
41H
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‘Tue Equation of the Curve put into Fluxi-
ons is 2axi=a y+2xxy+x ¥s thcreforc y=
2ax%—2X%Y

@’
3
Value y) = a7 -, and the Fluxion of this

p :m
again, makmg % and d_j=o, is o=
26’ %*Xg x> %‘-—4.4 X% 42°% X 2a’xx
20°% X & 5|~ : 44 XA 4% % % 28°%%=0
. and by dividing by 24’x, we thall have % x
a*+-x*|"—=—4a" 52 x—4x*%=0, therefore 4x*5+4-
44°x* % =5 x a*+%’]", and this Eqpation di-
vided by x*x+-a# gives 4x*z=a"}x* by tranf~
pofition 3x”=4a" *.* ¥*=44" and x==4,/% and
if this be fubftituted for & in the Equation of
the Curve, we fhall have y or the Ordmatc at
the Point of InfleGion = 1a.
- If it were required to find the Aﬁ'ymptotc of

this Curve, we need anly fuppofe the Abicis

and

(.. by fubfhtutmg —r for its
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and Curve to be indefinitely extended ; and
then becaufe x* will be indefinitely near to E-
quality. with ¢’}-x*, we fhall have y, whlch

by the Equation of the Curve is =4 X =

"‘( xt’
indefinitely near to Equality with the given
right Line 4, that is y, willthen be =z lefs a
Quantity indefinitely fmall : Wherefore if a
right Line, to the Diftance of the given right
Line 4, be drawn parallel to the Diameter AE

it will be the Aflymptote required.

CHAP. VL
-Qf finding the Radius of Curvature in Curves.
6o. S the Curvature or Convexity of all

‘Curves, but Circles, varies in every -
Point ; therefore, if Circles are drawn to ‘con-
"cide with the given Curve in any Number of
Points; or, which is the fame, fo that the
Tangents to the Circles may concide with the
Tangents to the Curve, the Radii of thefe Cir-
cles will be different: And the finding of thefe '
Radii is the Bufinefs of this Chapter.

And becaufe all Curves are formed, or may
be formed, or generated, by the Evolution or -
wmdmg off of fome other Curves; therefore

the
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the Centers of thefe ‘Circles which coincide;
and confequently have an equal Curvature with
the different ! Boints;oor mather Increments, of
thefe Curves, will be continually in the Curves
to be unwound ; which Curves are called the
Evolutes, and the others formed or generated;
or conceived to be generated, by their Evolu-
tion, are called the Involutes. :

61. To make this plainer: Let DEF be
- any Curve, round which conceive a Thread
to be wound and extended beyond the Curve
D in a right Line to A: Let this Thread be e-
volved, or wound off, from the Curve DE,
fo that it be continually ftretched at its full
Length as it leaves the Curve; then will the
Point A generate, or defcribe the involute
Curve ABG :and AD, BE, GF, will he
the Radii of Curvature at the Points A, B, G,

M refpectively,



\
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refpectively. From this Definition, we may
draw thefe following

CoROYLARIES.

1. The Radius of Evolution or Curvature
BE, will be always equal to the Length of thé
Curve DE, arid the right Line AD; and
confequently, if the vertical Diftance or fhort-
eft Radius A D vanith, s. e. if the Radius at A
be nothing ; then the involute Curve will bcgin
. at D and fo the Curvé DE will be equal to the
Radius of Evolution or Curvature at the Point B,

2. Becuufe the Radius of a Circle is perpen-
dicular to the Tangent the Radius of Curva-
ture at any Point B is always perpendieular to
a Tangent to the Curve at that Point.

3. The fame Radius BE, which is per-
pendicular to the Involute at the Point B, is
alio a Tangent to the Evolute at the Pbint E.

62. To deduce a general Expre[z'on for BE,
‘the Radius of Evolution or Curvature, for any
Point B of the involute Curve ABG, whofe
Axisis AX, and Evolute DE.,

Put the Abfcifs A C=x, Ordinate C B=y;
fuppofe 6 E indefinitely near to BE, 4¢ inde-
finitely near and parallel to BC, and Bm pa-
rallcl to AX, 7.e let Cc or Br=x', and

b...y ;
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nb=y'; then.by 47 E. 1. Bé=x"4y"}
Now becaufe EB is perpendicular to a Fan-
gent at the Point .B, and B4 is fuppofed to
coincide with. that Tangent, the Triangles
Bnb and BCH are Similar (For EBé=
C B, and therefore, the £ E Bz being com-
mon, the Angles B4 and CBH are equal *.*
£.Bbn= s BCH, ergo, &c.) and the £ Bém
being right, the Triangles mnb and bnB are
fimilar alfo, as are likewife therefore the Tri-
angles 4nmand BCH. Wherefore Bz : n5.

:: BC:CH, ie.x':y :':y:“}%-::CH;

_And therefore (by 47 E. 1.) BH=

m’+m'l*=y‘+%' =% X T

and AH=x+?-—37. AgainBr:nb::bn:nm
‘ Mz . ie,
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LA Ty
ie. x':y'iy :yx_’ =nm:". Bm:x’-{-f?.
Now, becaufe the Direction of the Curve ABG
. approaches continually nearer to a Parallelifm
with the Axis AX; if we f{uppofe the Ab-
fcifs (x) to flow with an equable or uniform
Motion ; thit is, fuppofing x’ or x to be in-
variable ;. it is plain that the Increment of the
Ordinate (y) or the Velocity, with which it
flows, muft continually decreafe; and there-
fore the Increment or Fluxion of this Incre-
ment, or the fecond Increment of y, will be
Negative. Therefore H 5, the Incrcmcnt of

AH, 'uzz the Increment of x-|— lel be x’

+2'—’-;_,ly— Now the Triangles EBm and.

and EHm are fimilar, as is evident ; there- -
fore Bm——Hb :Bm:: (BE—H E=) BH:

’ ’ Z.}it o Y ?_,:_ .o y /2 z':'; -
BE, i e po .x+x,..?xx +y7] :
ety

T.—_BE s or, fubﬁifuting the Fluxion

.for the Increment (A4rz. 3.) BE= f:i;;:— ﬁ.

63. Note, If x flow with an uniform and y
thh an eccelerated Motion, 7. e. if X% be inva- .
[ " riable,
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riable, as above, and the Fluxion of § y affirma-
tive (as it will be when the Curve is Convex
towards, its  Axis), the general Expreflion for

BE, the Radius of Curvaturc, will be * +{cy

64. Hence, becaufe we may fubftitute 1 for
any ‘invariable Fluxion, if we put x=1, the
general Expreffion for BE the Radius of Cur-

vature will be = I—-l_;z— = when the Fluxion of

y is Negative, or the Curve is Concave to-
.wards its Axis; and = —-—}2'—i when the

Fluxion of y is Aﬂirmatxve,:? the Curve i
Convex towards its Axis. Wherefore, if we
‘put the Equation of the given Curve, which
exprefles the Relation between the Abfcifs and
Ordinate into Fluxions, making x=1; and
put this fluxional Equation into Fluxions again,
till fubftituting 1 for x, and making the Fluxi-
on of y Negative when the Curve is Concave,
.and Affirmative when Convex towards its Axis,
‘the Values of the Second and Sguare of the
Firf Fluxion of y may be had or determined ;
which therefore being fubftituted for them in
. one of thefe general Expreflions, v72. in the
firft, when the Fluxion of j is Negative, and in
: e
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the fecond, when Affirmative, will give a de.
finitive Expreflion for BE, or the Radms of
Curvature required.

65. N. B. The fhorteft Radius, or vertical

Diftance A D may be obtained by fubftituting"
the Values of % and y in the general Expreffion
. for the fubnormal CH, which was found (4rz.

62.) 2% or (fubftituting % for x’ and y fory)

%; and then making x and y vanith in the
definitive Expreffion which will be then found:

For the Expreflion for CH being the fame at .

whatever Point of the Curve B is taken, there-
fore if it be taken at A where x and y vanith
" er become =0, the Point C muft of confe-
quence coincide with the Point A, and the
Paints E and H with D, ergo, &c. -

66. N. B. The fubftituting Unity, or 1,
rather than any other Number, for an invaria-
‘ble Fluxion, has no manner of Effe® on the
Working, otherwife than by makmg the O-
‘peratxon much lefs laborious ; and, in reality,
it is no more than making Unity the Standard
.of ‘the other Fluxions, or reducing the ather
Fluxions to a Comparifon with 1. -

 Ex-

7
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ExAMPLE 1.

67. To find a definitive Expreffion for tbe /

Radius of Curvature BE (fee the laff Fig.) as

. alfo A D the Diftance of the Vertices of the E-

wolute and  Involute Curves 5 fuppofing the

-snvolute Curve ABG to be tbe commim or op-
pollonian Parabola.

TuE Equation of the common Parabola is
ax=y* (fee Art. 38.) which in Fluxions is &%

=2yy; or, if we Writc 1 for &, it is a=2yj ;

therefore y———; = r, fory is =a% by .

"2 % axls

the Equation of the Curve : Now the Fluxion
of this Equation again (the Curve being Con-
cave towards its Axis, and thcrcforc the Flux;-

on of y Negative) is --y=—ﬁ- whence 5 ]

< _° and j=
4xa8X 4% y-'4_x—j%

Sy—

Now, if for

' y* and j, we fubftituted thefe their Values, we
. fhall have -I—-'%—-i—, the general Expreffion for
the Radius of Curvature BE (Ars. 64.) =-

i+

S — L
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l‘+ ——'x—l X 4 %X ax | —_-FZ7"
la® T 24

‘the deﬁmuve Expreﬁion requlred \And by
fubihtunng 7 for y in (-— Art. 65. or xbe,-

, which is

vmg L) y) we have 5o 1a=AD the vertical

Diftance ; which fame truth may be infer'd
from the Expreflion for BE, for when the
Radius becomes the vertical Diftance, that is,
when the Point B coincides with A, x vanithes,
and therefore firiking 44x out of the faid Ex-

a'
- preffion, we have = —1a=AD as before.

Examrpre IL

68. Let y»=x exprefs the Nature of all
FParabolas univer(ally (fee Art. 39.) #o find the
Radsus of Evelution or-Curvature, and vertical
Diflance ; as alfo the Confequences on: thefe three
Suppofitions refpeitively, viz, m=2,m more than
2, mlefs than 2.

. Tue Fluxion of this Equation, making s%==
1, ismy™y=1; and the Fluxion of this a-

. -gain (fuppoﬁng 7 Negative) is m—1 x my™"

-—my -
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, --—my"'y-—-o, therefore j—-_—x -;;_—- and y*==

iy my R (by dx-

: and
mtym—z’ h ..J = myb—l
viding both Numerator and Denomxnatot by
my™—) m_}—_-_[ y'= (by writing for 5 its c‘guaf)
) ﬂF—l L e o
mlyur—l'

. . PN . - . R 'j-., 3
Exprefion for the Radius of Curyature LoD A

- 1+ ‘,,,;yf,_,] xmpms
( Jfff. 64. )= 1 | =

T

2 3.
g, + L =sthe Radius of Curvamre re<

—1 x — J’_" \ ' .
quir.cd. And b.'{ | ﬁbﬁituti?g —j—; for yin .I
(%, ory # being =1,) y5 (fie Art.b5.) we
1=t 2 I
have the Subnormal = - = e =
3. e. (if m=2,) —% =% ;. if m be more than

2, then 2——m will be a negative Index, and
.o \ N . con-

.

Now by fubflituting for 5* and 5 B
- thefe their Values, iwé fhall’ hive the general
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eonfequcntly the proper Place of y wxll be in
the Dcnonunator, and therefore if y be made
=o, it will be infinite, and equal to the vertical
Dxﬁance Andlaftly, if m be lefs than 2, then
2—m is a pofitive Index, and y's proper Place
s in the Numerator, -as above, and therefore
when the Subnormal is = the vertical Diftance,
or, y==0, the faid vertical Dxftancc will be
.nothmg : Q

ExAM'Psr. S

. 69g. To find the Radius of Curvature in that
moft beautiful mechanical Curve the Cycloid; as

“alfo the Djftance of its Vertex from that qf the
Evolate. ,

K..,‘

N

PR

- | ~ Put
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* Pur OF or OK=g, AC——::, CB=FN
¥, 'Sine NG=:s, Arch GF=z. Now by
the Nature of the Curve (fee Art. 45.) the
Arch KG= G B and therefore the- Arch,
FG:==GN+}AC, or AC._ Arch FG—GN,
i. e. x =2—s, or, (becaufe by the Pr0pcrty of
Circles NG = KN x NF}, 7. &: s=2ay—y" — %)

x_z—zay—y‘\t which in Fluxions, makmg

* =L s 1= +;zg“'ﬂ"but z‘-""'}' =

4)"‘"‘}'}' ay h

?a]—J‘ +y I f]-g t CI'CfOI'C 1 =
. ___J ,

ay l+ q-ay ,,it. J’=
L T ="

and this in Fluxions agam, becaufe -

7
the Fluxxon of j is Ncgatwe, is -— y =
@y ‘ '

29— —’ ’ 29

ol T
yooo ‘yxz_q]ay—j‘s"'"'b

(by fubfhtunng for _y, its cqual ) —= } 3 OF j =

g-;. Now by fubﬁxtutmg-}-:-c- for j* and

5‘2 fOft}; we mall.havc, by {‘1”. 46. 1'?"’} =
o """'""‘"x+
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20y~—y* % ' . -

z -_:2:7" - BE the Radind
6f Curvature required : Whence, by Analogy
BE: 22y :: 24y : ay, that is, BE : 2ay)¢ : ;
2': 1, but 2¢))# =F G (for by 47 E. 1. GN].
+NF’=F G, and by the Property of Cir-
cles GN|' =K N xNF, therefore FGJ'==
KN xNF+NF'=2s—. xy-l-y‘—zayand
F G=2ay%,) therefore B E=2GF: And as
a Tangent at the Point B is parallel to the
Chord K'G, by Art. 45. and the Angle KGF
is right, therefore, by Art. 61. Cor. 2. BE
: mll be parallcl to the Chord GF. ——-By Art,

65. by fubﬁxtutmg ---y—-‘ for jts equal j jin |

(-ﬂ or, # being = 1) yj,° wehaveCH::

28y—y’|% and by making y vatith it becomes
=0, fo that-the Vertices of the’ evolute and
involutc Curvcs coincide. |

-

EXAMPLE 1V.

7 ga. ‘Tp ﬁnJ the Radius of C’arvature at aa] _
Pomt B of the Curve AD, whofe Nature is
ﬁwb tbat the Trzangle CB T ‘made of the Or=

: dinate;
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{dinate, Tangent, and Subtangent, is alway: |
proparhmd 16 the Ordinute C B, or, wbofe
Subtangmt C Tisahoays the /'ate

" Put the ngenSubtangent CT = a, G C-
x, CB=y; thenbydrt.gg.}-_.a i.e. (lf
# be made =1,) :.;-;-4 y:-’;, therefore 7*

=L and, (beeanfe hare .y, flows with an ac- -
' celerated Motion, or, its fecond Fluxibn is Af-
Smative,) 5‘—_-2.5 i. e (by fabflituting Z- for }‘
its cqual,) y... Z Now by fubﬂ:xtutmg for

7 aod §-thete thexr Values i t’;‘ (rt
;o O 64Y) we

o —
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e

6 fhall ha —
4.),We ve gy —

.the Radius of Curvature fought: where the
negative Sine thews only that the Curve is
Convex towards the Axis G E, and that there-
fore the Radius of Evolution muft lic on the
other Side of the Curve. -

Note, The above Curve is the logarithmic
Curve, whofe Aflymptote is E G ; fo called,
becaufe when the faid Affymptote is divided
into- any Number of equal Parts, as in the
Points G, T, C, E, thé Ordinates to tlicfc
Points will be in geometrical Progreffion, 7. ¢!
GT, GC, &, will be the Logarxthms of the
OrdmatcsTF CB, &e, . .

-

Ex.uan.r. y. o F

- 91, To find the Radius of Curvature for any
Point B of the Curve A D, whofe Nature is.
Juch, that the Tangent BT is every where agual
20 the fame gwm Lme -,a '

Pv-rGCc:x, CB=, thcn, by 47E 1,
T B|—B é“"-—CT i0 a— —y lt-CT::

(by
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. _’ -E- - . * '. '.- _. »
U . D .
G T . C

‘(by drt 35 )—- or, makmgx:x;, "“J",==

Y e ;_3’ i

“_‘_-j Y= é—__yi:'andf’-— z’an&
fuPpof ng the F luxnon of Y aﬂirmatxve, y =
y X 4 “+ ===j-;
= ie by fubﬁxtuung

- ),

o e

for ¥ its equal, .3 £— ay
ylscqua’J— ry

.—y‘ a=-:y_—-§.‘ .
Now w by wntmg for y* and§ thefe their Valaes

i ” ﬁe Art. 84.) we fhall have
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._;.. x a’—y’Ji=the Radius Curvatare re-

quired : Where the negative Sign only thews
its Pofition. Hence the following Conftruc-
tion : On the-Extremity of the Subtangent T,
ere@ the Perpendicular T E, and draw the
Line BE perpendicular to the Tangent T B;
then will BE be the Radius of Curvature at

‘the Point B, or, the Point E will be in the ¢~

volute Curve, for the Triangles CBT and
8T E will be Similar, and éonfcqucnﬂy B c’ s

CT::TB: BE,t.z.ya" P

?.....B E..
'I‘he general Expreﬂion for the Radms of E-

_volution or Curvature, found . 47, 62, beiig.

| eplyfoqurvq refered to an-Axis; we- thalk

now deduce ‘one for Spirals, or thofe referred -

toaﬁxtoroentmi?om.

J ,
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#2. LeT ABG be the Curve; A the cen-
tral Point, or that from. which all the Ordi-
nates iflae 5 and BE, the Radiusof Curvature
at the Point B, 7. e. ket E be fuppofed in the
evolute Curve: Conceive A% and E 4 indefi-
nitely near to AB and EB; and AD, A,
perpendicular to EB, E4; then will the
- Points D and m be indefinitely™ear to a Coin-
cidence, and B and A m may be taken as e-
‘qual to BD'and A D, the Differehce being in-
deﬁnuely fmall. "Now if with the Radius AB,
thelittle circular Arch B 7 be defcribed, (which
say be confidered as a little right Liné; asmay
alfo the Curve B4,) the little nohtanglcd Tri-
angle 4n B -will be fimilar to the right angled
- Triangle BDA : (For LABn—- 2EB&
therefore, 2 EBa beingcommon, £ ABD=:
-£.nBb, and therefore, the Angles at D and
a being right, £BAD= £ Bén:) therefore
6B:Bn:: AB:BD, that is, (if we put AB
=y, Ba=x', n b=y') becaufc by 47 E. 1,

mt_Bb y ‘lt x —%
Tty
=BD, or Bm; or, fubﬁxtutmg % for x' and

o ’ x.y ) .
9 =B D .
y for y T or Bm Again Bé

24n::BA :AD, thatis, Xy Ji:y 11y
Q . o
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= _.Al-)or‘Aim ' yy‘ .;_AD
orAm,whofeF lux1on,(fuppoﬁng x mvarxable,)s

yxvy
T yixa l
y+y .rl‘ xy+y‘+yx

i P #4y R
=md. But by the fimilar T rgangies EB{
and Emd, we hachb—md Bé: BE—-

-—-Em, or, mB : BE; . or, x'?fi

LI

xy-—y——)xy i i e ,;‘——aj;

FHR T Ty
x]_ yxx Xy *)

$ et 2—-7—>—— =BE whxch's

T g =0 vhicki
a general Expreffion for the Radius of Evolu-
tion, or Curvature, of all Curves referred toa

fixt or central Point, when x is mvanable .

‘Wherefore,

73. If % be made = 1, the general Expref~
fion for BE, the Radius of Curvature, will be

yx145E

T tr—y

the given Spiral into Fluxions, making # = 1,
and put. this refulting Equation into Fluxions
again, the Valuesof the fecond and Square of the
firft Fluxions of y being determined, and fubtiv
tuted for them in this general Expreflion, will

, and if 'we put_ the Equation of

" give

]
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give the Radius of Evolution .or Curvature re- -

quired, as in the following Examples,

, Examrre I
74 T q_}_ir;{#e Radius of Curvature at any
Point B of the Spiral of Archimedes A BD:
(See A7t 50.) .

" PuT the Circumference of the generating
Circle DIG D =4, Radius A D =4, ,Ordi-
nate AB =y, Arch DIG=z2, Ba=x, ﬂ5
=y', Gg = 2, the Point g being fiuppofed in-
definitely near to G. Now by the Nature of

the Curve g : b::z:y0r zr.::sz in Fluxions

. ay k. b

Z=7, buty:x'::4:2'= R or, Z‘—"'-_—y- '

0O 2 4
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y bx CR I - b g
e %1:7 or, making #= 1,% ==; whtcﬁ

Equation teduced gives §= -b}- : Now the.

-‘-a

Fluxion of this agam is y—— = (by

‘wrmng—é—fory) ,&nd}"ﬁtt-—b-— An&
if we fubﬁxtutc for y y and § thefe then- Values
we {hall have }-'—:b'—- ( Art. 73 ) ._..‘

+7
+ it
y X I .2 | . 2,2 rn
L =2 +° ‘b‘ —BE the Ra-
. b + a‘y’+-2a
l a*y' " &y’ ‘

~ dius of Curvature fought.

‘EXJ;\MPLE 'II.l

5. Let the Nature of any szral be exprefled

by tbzs Equation ay*=b6"z, where m flands for

any whole Number or Fraction ad libitom: To
find the Radius of Curwvature for any Point. -

Tais -Equation in Fluxions is amy"—' ==

b i, e LT y‘—-&——ﬁy’-‘ by the laft Ex-

'amplc,'




' (byfubﬁmmgfor 9, its equal)
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ample, 7. e. (by makmg x-—l) y__-b;
i
ar ":a—n?y: Now, this :put into Fluxxons
iyt b _ =ty
agaln lst j""" meu i ay.+ |

2
p— ,and

o bt
)= "y
thefe their Values, inZ :’.:’42.91}' (4rt. 73 )

yXI+amy

~ e Janta 2. 1. e
"t Ty Ty
S FR __  the Radius
a iy -mt1 . amy
of Curva_tturc fought ; which, when m =1, is

= fy +2z‘, as before,

andanewntefory and},

we fhall have

CHAP
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‘C'HAP. - VI

Of finding.the Natare of the .E.vdam\éf given

Involute CurvEs.

¢ P
- § it is abfolutely neceffary for the Lmn
er to be well acquainted -with- the fore—
going Chapter,. befare he enters upon this, wé
fhall not here define the Meaning of Evolute
and Involute Cnrvcs i! bemg fufficiently- cx=
plained in tbat. '

76. Ler BE, be the Radius .of Evolution
at any Point B of the involute Curve. AB,

whofe Abfcifs is AC=x, and Ordinate C B=

5 parallel to H AdnwEN; ~produce BC to
L, and equal and pasallel to CL draw DN,
then
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then will the Triangles BHC and BE L be
fimilar'; and therefore BH: HC : : BE : EL,

ie. (A1, 62)—xx' T5h ZZ ""‘”*

Lr_’iyf:t._nm,, and CH:CB : EL-

LB, ”,yy iy I x5 xxx+y

LB, and thefe ars ggn};rally Exprcﬂiom for

EL, and L B, whep # is confidered as invarie

ablc,‘ and the Floxinn of y as Negative. Hence
77, If #==1, and.the Fluxion of y be

tive, the general Expreffion for E L will be ==

' .}’_{‘__;_-l__-_}_':, and that for L B= I+y’ Now by

help of the Equation of the Cu};'vg, extermi-
nate y, y*, j, out of thefe Expreffions, as in
the preceding Chapter ; and by Arz. 65. find
the vertical Diftance A D ; then, if we put the
Ab(cifs of the Evolute D N==« and Ordinate .
N E=w; by help of thefe two Equations #=

BL—BC, and v=A C—AD+L E, we may
get the Nature of the evolute Curve DE re-

. quired. :

. 8. Note, If the given Involute be Convexto-
wardsits Axisand theFluxionsof x and y increafe
together, the 2¢ Fluxion of y will be affirmative,

and the general Exprcﬂ'lons for EL and L 3 '
W,
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(wxil be!,x_r;—zandli}z 3. where the ‘Né-
gative Sigq only fhews that the Points E and
L muft be taken on the concave fide of the
Curve, that is, on the other fide of the Curve
with regard to x and . ’

" Examrre L

79. To find the Natare of that Curve by
-swbefe Evolution the Cycloid A BD is defcrébed.

D
B &
10
A
B
. § .
St ol

Pur A C=x, CB=y, Arch F Gi=2, 0D
or OF =4 then (Ar7. 69.) y:..-“’“;" E e

2ay—y
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“7;" , and j = J-‘:; wherefore ( fee drt.

L 24 * 2
) BL S
77 FL= A

B a

2y, and LE==: —-—-i—L =yX2y=2 x 2ay—y 15

Hence, if we put thc Abfkifs AN ~u, and
Ordinate NB=w, we have #=2y—y =y,
and fv..x+2 x Ea_y:l‘}, i.e. (becanfex =z
2ay—g" ity Art. 69.) v=5+tzg or,

writing # for ¥ its equal, v= g+“_ﬂ__“ A
Whetefore the:evolute Curve A E Qs a Cy-

¢cloid, and equal te the given Cyeloid ABD ;
For lét AS=ST=4, thon (AN being =
FK,) AR =FG =z, and NR = 2zuag}i
2x K G, and therefore AR 4 RN =35 4-
2autt’i; 56, ARHFRNE=NE, which s
the Property of the Cycloid, théréfore AE P
is a Cycloid ; and beocaufe AT 3 F'D, théte-
fore the Cycloids AE P and ABD are cqual,

. BExamri® I
80 To find the Nature of the Evolute of the

Curve A D, whofe T angent BTy is every
'wbere equal to the fame given Line = a,

v P Lzr

tA

*
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>\~f1, I;N'

NS
>

L
G T cC X .

- LeT BE be the Radius of Evolution at the
-Point B; then by Art. 71. if a Perpendicular
-be erected on the Point T, it will pafs thro
‘the Point E : wherefore when the Point T

coincides with X, that is, when the Tangent
and Ordinate become equal, or the Points B
- .and A coincide’; the Point E will likewife
coincide with A, confequently the Vertex of
the Evolute coincides with that of the In-
.volute, Put 'XC..—-.x, CB=y, AN=u,

N E =, then (Arz. 71. )y_._
e’

yi

2 2

» and the Fluxion of y bemg Negative, .

@ —

---y__=ﬁz Wherefore BL (Art. 74. )=
i
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PR TR ..

B 8T . ) ndLE=

e y " K
a’ﬂzl

14y* o =y
- x—-———-_y BL——%—, — 3
y X = 'ztx | 5

=—a'—y, where the negative Sign fhews
that thc Pomts L and E muft be taken on the
concave Side of the Curve. Hence wc have

—y

U= —+y—a which gives y:.-—- andy

u+a
a’i

= == alfo 'v_x+a —*}, and 9=

u+ta|
“.'m __y / 13
=a"—|F or x=—‘;L x a’—y* %) ﬁ:—'};} x'

) _—ay . :
a'r—y | ;zz:_y:-y__=)'><a———ﬂ or, fub
ftituting for y and P thelr above Values, V=
ﬁ%%’ whxch is an Equatxon for the ¢vo-
lute Curve A D, and is an Equation for the
catenary Curve ; thereforc the Evolutc ADi xs
the Catenary *

ie (bccaufc (Art. 36).—7

Note, The above Equation of the Evolu't.c'
P2 may
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may be found otherwife, thus; Let Erz.._.w
ne=v'; thep, the Tnangles gnE and EBT
being Sumlar as ens nE :TB:BE, s.e,

au’
o' :4'uza:—=BEo r—- =RE: But BE
@' 9

=§ﬁ¢?ﬁ%énammszaXN~

w:‘+4)nw+ ais’ el theres

forc ‘Q -—u +2¢m and - mi

A

C

4 The Catenary isa eurvc as A CB formed
by a flexible Line hangmg frcely from two

Painty of Sufpenfion A, \ghether thefe .

Pomts be honzontal or not.

81. To find the Evolute of a $piral, you‘

muft find the Radms of Curvature at feveral
Points; - Wh;ch will give as many Points in th;
evolute Curve; 3 then a curve Line drawn thro’
thofe Points fo found wdl be the Ewvolute

fought

L pHAg

-

_
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CHAP. VIIL,

Of z;yiam SERriEs.

'1‘ being shiolutely neceffacy for the Leaener
to underftand fomething of infinite Series,
before he ean find the Fluents, or flowing
Quantities, of Fluxions expre’d after a frac-
tional Manner, or wherein there are Surds or
radical Quantities ; and becauft the next Chap~-
ter treats of the finding the flowing Quantities
or Fluents of fluxional Expreffions; we
thought it not improper to add this Chapter,
tho’ it is, in fome Meafure, foreign to out
Bufinefs.
. PROB I
To reduce Jratiimal anm‘me: into :rybute

Serze:

Examrre L

. . ‘ N 4
. Let 3t requirea — 31
8. Ler it be reg red‘qredu;e“{_x snfo
an infinste Series.

?iace atxasa Dmfor and & asa Dividend
and
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and divide as fn common Divifion, till you )

have 4, 5, 6, or more Terms in the Quotient 5
after, which (in' moft Cafes) you may find as
many Terms as you pleafe, by confidering the
Law of the Progreflion of the Terms already

.- found. ‘Thus the four firft Terms being é,--:

bx-]-é’f-—'--- the Law’ of the- Contmuatlon
of the Divifion, of Series, is. plam for the
Quotient confifts of an infipite Serics of Terms
whofe Numerators are the: Powers of x lefs by
1 than the Number-of the Order, multiplied
by. 4; and Denominators the Power of g,

whofe Indices are the Nuniber of the Order of
the Terms: And having its Signs changcd al-i

- ternately, thus the ﬁfth Term wxll be +

bx?

mdthcﬁxth Tcrm ——s and 1f an mﬁmtc

Number or Series of Terms be fo taken, it
will be the exa& Quotient of the Divifion, and
confequently exacly “equal to the given fracti-
onal Expreffion ; but (generally) a few of the
. firft Terms of the Series are near enough ‘the
Truth for any Purpofe. N
Or, if we put x before @ in the Denomina-
tor of' the ‘above given ﬁ'a&xonal Expreflion,
ie,

Py
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- 1. e, if the Djwifor be exprefs’d thus ¥--a in-

ftead of a-x ; the Quotient or Series will be
b_ba ) b 64 , &c. whence the Law

— m— —

x X T

_of the Continuation of the Series may be ob-

ferved as before,

83. Note. There will always be as many
Quotients or infinite Series, as there are Terms
in the Denbminator or Divifor, though only
one true; and to find this, you muft always
place. the greateft ‘Terms in the Divifor and
Dividend firft, 4. e, if; in the laft Example, for
Inftance, g be greatcr than x,. then ¢ muft be

thc firft Term in the Dmfor, and é—-—-—-{—\

é"T_é_“ &c. will be the true Series ; but if

a
x be’ greater than 4, then » muft be the firft
Term in the Dmfor, and b b_¢_z+6a ia:’

. &, will be the true Senes ; the other, then

being a divcrging one, and confequently the

" further you go in the Series, the farthcr it will

be from the Truth.

t
"
¥ ]
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"Exampre Il

A

84. Let it be required to throw - +2z;_’._n;.
info an tqﬁmte Smes, Juppofing a to be greater

than x.

OPERATION,

tacxtx')at ... ... (1-— +3.__‘1:'_

a*4-2ax+x*
0 2%t :
.2x*
atgr T
., 2XxY
o3+
. 6”3 3”‘
¥ 1o+
4x* 3t
a a
4,‘: 8“.4. 4‘,‘9
‘-It‘—a"'d-t- ry q
B x‘ L]
A+t

Now from thefe four Terms, it is eafly to

fee that the Law of Continuation is fuch, that
. : : _ the

L]
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the Numerators até the Powers of », whofe .
Exponents are 1 lefs than the Number of the
Order, multiplied into' the faid Number; and-
the Denominators, the Powers of 4, whofe
Exponents are the fame with thofe of the cor-
tefpondent Numerators ; the Signs being
changed alternately : So that the fifth Term is

ry H
+%—, the fixth Ter: -—%—; and foon. -

PROB IL
_ 'To reduce a compound furd Quantity inta
an infinite Series, 3. e. to freea compound Ex-

preflion from Surds, by throwmg itinto anin~
finite Series. -

Exampre L

8 5. Let it be requsred to throw \/ @t or
a *-x*| 5 into an zqﬁmz‘e Serses.

Note. In Order to have a trie Series, the
greateft Term muft be always plac'd firft, as

in Prob.1. Therefore, fuppoﬁng a® to be great-
er than x*,

Take the Square Root of &%, which is 4,
for the firft Term in the Root (fce the Opera-
tion below,) thcn this fquar’d and fubtracted

¢ QL from
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from a*+x"* leaves 4-x°. And this Remainder

- divided (as in the common Extra®ion of the
* Square, Root) by za, viz. the double of the

firft Term, givcs v for the fecond Term in
the Root, which, together with the double of

* the fift Term, being multiplied by 2 the frid

fecond Term, gives x*-- 4—% and this. fubtrg&.
o from #* leaves — -, which divided by the
double of the two 1* Terms in the Root, wiz.
by 24+.§-’-gives.—,-g;:; for the 3¢ Term in the
Root which,together with the double of the two

~ firft Terms, viz., zu-l-—— multxphed by —

. 6 .

%
84’ the faid third Term, gtvcs — 8a‘+

6 .8 "

X x

b which divided by the double of
the three Terms of the Root alread.y found,
iz, by za+-—--— - gives —— o forthcfonrth

Term
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Term in the Root, and after the fame Manner
may be found any Number of Terms in the
Root ; and after the Law of the Progreffion or
Continuation is difcovered, thc Senes may | be
contmued on at Pleafure,

.OPERATION.
. x°

2 '
f*" (a-]-“ 84 16a°
) a S e
2a).,.0 +x° |
ST gy x*
: 4a"
] x’- i x4\ .
2a+';') o6 O 44,’ ‘
' —44‘ 84‘+ 64a*
Xt oxty x° x°
26+';-—;;; cesess O +84‘ 644

Exampre IL

86. Let it be required to throw xx\% into an
© nfinite Sertes 3 where x is [uppaﬁd to be' be kﬁ@
" than Unity, or x greater than x°,

OPERAZ .
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OrxrATION,

X Akw‘lmukw e .wx-w. —— %ﬂkml.ﬂmud?.m
X
2x1) o—x"

B “lexmllk,mv . . eveses O n‘!.l% Ill.w.‘x
—px* e +d)xa+ﬂm.w&

»&ﬂlk*l‘l&“ldgmv T S I o ldhlk lN‘R llﬂ.ﬂ%

: &c.

And after the fame Manner may any com-

mop furd Quantity be reduced into an infi-

nite

)
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nite Series, But with much grcater Eafe and
Expedition, :

87. Allimanner of frational and furd Quan-
tities,’ may be reduced: into infinite Series, by
3 moft curigus and excellent Theorem invented

for that Purpofe, by the Great and Illuﬁnous
Sir IJfaac Newton, called his

UNIVERSAL THEQREM,

which is this, P—_}.—PQ\ =P EAQ-}-

m—3n

D Q+
E (L'-{- &c. whercm it muft be ob-

— ferved that, P4-P Qgeprefent's the Qiantity;

whofe Root, Dimenfion, or Root of the Di-
menfion, is required to be thrown into an in-
finite Series ; P the firft Term of that Quantity,
which muft be the greateft ; Q the reft of the

Terms divided by the firft; thc numcrxcal

Index of the Dimenfion or Powcr of P4-P Q,.
whether that Power be Affirmative or Negative,
Integral or Frational ; and A, B, C, D, E, &c.
the Terms: in the Series or %oticnt al’eady

found, i, e, A=P7, B= -AQ, ”—"BQ
D=
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_ B—2n __ W31
D=""2CQ  E="2 D Q, o A

== the firft) Term,, B =the fecond: Term,
C= the third Term, D== the fourth Term,
E= the fifth Term, &c.— The following
" Examples will explain, and thew the gtcat
Ufe of this cunous Theorcm

Ex,smr:.s I

88. Let it be required tq throw & x° into

an i;_tﬁnite Serie:, a* 6eing greater than x.

HERE P._a Q\ et m—:, n__z, A=

| P’.._.a,B:.-_-—-AO\_ x c_-._gc@...

. __m—2n m—-3n
34_’ : ] ba’
= -i—-l 28a*’ &c. tba‘cforea‘-mt‘ua-}e—v-

gz . ]
’ 8"+ 16“ 1284" &Cv_ S

gy
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"Examretre II-

89. Required:to put x—x" & into an mjimte
Series; % being greater than x*.

. -

. Here P=x, Q?'__.-— x.;. me—y, m=1, =32,
A=—=xi, B=—1xi, C_____. —ixi, D= _Tx_‘lx;,
&c. therefore x—x ) L P M P W
&c. o '

A

‘Exa MVP.’L ¢ UL

9o. Regmred to put pm into an infinite Se-

ries; x being lofs than a. co

aibls—bx -—-6xa+x|‘ P_...a,

=% ) M= =1, n....x, A_:t-!_—_.—, B=
@ 4
C-a-"-' - D-—- -'- - E.._ —;-, &C. thefC“

fore b x a+x|"‘=¢ X -,-...-..._ + '—'"z +

8 b 6:: b
5t =T T
bxt ’ '
-2—,-, &C.

Ex-
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ExAMpx.n IV

t

gi. Reqmred to put =._-—-.T; into "an infinite

_ a+x|
Series; wherea zs grcater than x.

3

_x
- ls=—a’xa ' P=—g, Q==,m==
,‘.-F;,l X +x > ,

. 3.”‘
_2, I A_a""'_. - B—-——; C—- —f-
. @ - a a

. E Sx*— ' 2 ‘
e =7,-, &ec. thcrefore, a x

pr S ————-,+3" 4"’+5""

. th t 1s, ————,_._ -_— -;x
&c. that is ﬁ + d’ +
5x &c. ‘
29 But we may find the Series énfwerido to
any propofed Quantity, by the followmg uns-

- werfal Theorem, viz. P+P QI -—P" x: 14

m m—r

el gHe—AR
_Q'+ n + a2 T2 * 37
i m. m—n m—2n m— 3n
Q’-{-—- X —?;z-— x e Q‘+- &e.

(whxch indeed is the fame as. the -ether, tho'
dxﬁ'crcntly exprefled) with ftill more Eafe and
SRR Expee-

il
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Expedition; and that without any previous
- Dedu@ion ; if we confider that both the Nu-
" merators, and. Denaminators of the Fraéhons
m’ m—-n’ ”_*2”, m—-gn &c. are Series of
n’  a2n’ 3n 4n

Numbers in arithmetical Progreffion, wluch
have the fume common Difference 7. This

will appéar by the following Examples. "~ -

-

ExamprEe I

93. Let x—x*\F be regmred to be put into
an infinite Series.

x* - ‘

Hefc P:-"K’, %ﬂ—";— = ——¥, m3 I,

n=2, therefore x——x’ |5 ::::h- X § Ieeii.~fo

2%4 0 2%4%x6

xzx::g:g J_x 4 —&c. 7, ¢ mxnx ;

3 e 35

1—-—x——;:x-—-;—;—6 2.4.6.8
or x,—ﬁ-—-ﬁ_ 3‘”; 3 5.x%

-2 24. 246 .468

X —&CO

&c. »

E XAMPLE" I
*- 04 Let afnlt e put into an infinite Séi‘r(’es".‘
. R Here
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~ Here P=4, Q;;, m=3, n=js, there-

fore a—}-xl%..-:a} X 1+3'x 2 3-—27 +

§.10.4*
3—-2-—7x‘ 3—2 -7-12x
. §.10.15.8° + 5lox5zo.a T 8ecy 2
3% _ _bgx \
+5ax_ 510a§+5xolsas S
6.7.12.x*

5410.15.20.a7’

1. 6=

 CHAP IL
. Of ﬁh)ing the Fluent of a given Fluxion.

9 5. - § it is the Bufinefs of the dire@t Me-

thod of Fluxions to find the Fluxion
of any given variable Quantity or Fluent, or
the Velocity with which it flows at any par-
ticular Point; Soit is the Bufinefs of thisChapter '
or of the inverfe Method of Fluxions, to find or
determine the variable Quantity ot Fluent when
that Velocity or Fluxion is given alone: and
this may be done by the following Rules.

96. RULE 1. To find the Fluent of a
fimple Fluxion: Subftitute the flowing Term
for its Fluxion, and it will glve the Fluent re-

quxr 'd, ‘Thus the Fluent of ax is ax.
97. RULE
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_ 97. RULE 2 To find the Fluent of a
- fluxjonary Expreffion which is compounded of
different Simple-onesiconneéted together with
the Signs 4+ and — : Find the Fluent
of each fimple Expreflion by Rule 1. which
connect together with the Signs of their re-
fpective Fluxions, and it will be the Fluent
fought. Thus the Fluent of %-y—>5% is x+y
' =bz ¢ And the Fluent of ' x—b%y}-% is-a*x
—bytz ' '
98. RULE 3. To find the Fluent of a
fluxional Expreffion which confifts of the Pro-
du&s of two or more variable Quantities drawn
into their Fluxions #.e. which confifts of . the
Fluxion of each variable Quantity multiplied
into the other or Product of the¢ others, as zy
-}y or xyz+4-xyz-+-xy% ; Multiply the flowing
- Quantities together, and their ReGangle is the
Fluent fought. - Thus the Fluent of xy-}-xy -is
xy, the Fluent of xyz-}-xyz4-xyz is xy2.

99. RULE 4. To find the Fluent of a
fluxional Expreflion which confifts of the
Fluxion of any variable Quantity drawn into
any Power of that Quantity, contain’d any
Number of times, as 2x*x; Strike qut the flux-
ional Letter, increafe the Index of the Power
of the variable Quantity by 1, and divide the
Coefficient by the Index thus increas’d; and’it

R 2 will
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will be the Flucnt fought. Thus the Fluent of
2x*% is %, the Fluent of --;i, 7. e, Of e
° *. - ,('P'
¥ is—x—>t" divided by <241, 4. e -
or x~* or -:;, and ﬁnivcrfallf the Fluent of
mE, L~
.',7-"" al-lsx' orofaxﬂxts;"—_F;'w TS
100. RULE ‘5. To find the Fluent of a
' b
compounded fluxional Expreffion like c—_*-_;x ;

“Throw the Expreffion into an infinite Series
(by Chap. 8.) and find the Flaent of the Seties
by the foregoing Rules, and it will be the % |

ent fought. Thus to find the Fluent of 27— + p

I throw it into a Series, which (Art. go.) is
b . bx., bkt . bxt.  bxt

-a—x— it —d— — + —% &e. and then
find the F lucnt of this Scnes, whxch (Art
. b bx’ bx‘
© 100.) s

a

. b
" and this is the Fluent of —— rcqulred. A-

a+4-x
gain to find the Fluent of x—x*}* % the Ex-
preﬁion muft be thrown into a Series, which
: (Are.
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(Art. 89) is xisk—Txbidi—pxix—cxkx, &c.

"and the Fluent of this Series (4rz. 99.) is 2x%

b yxbomtind;8ee, Which is the Flu- -
ent of xe—x"1% required.

ScHOLIUM .
101. This Chapter being only the Reverfe

- of the Second, we thought it needlefs to De-

monftrate the Rules here delivered. But tho’
we can find the Fluxion of any Fluent, be the
variable Quantity ever fo much compounded
withinvariable ones;yetthe Fluent of fuch com-
pounded fluxional Expreflion, cannot always
be had in finite Terms.. And tho’ no Fluent
can have more than one Fluxion, yet a Fluxi-
on may have an infinite Number of Fluents;
thus, for Example, the Fluent of x may be »
or x+a, where a reprefents any invariable
Quantity whatfoever : and to find 2, when it
muft be added to, or taken from, the Fluent x,
is'call’d correcting the Fluent ;. but this, in ge-

‘neral being very difficult to determine, we

fhall carefully avoid, in the following Chapters
the giving of Examples in which the Fluents
of the Fluxions need fuch Corre@ion.

CHAP
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CHAP X |
of. ﬁn)lz‘ng the Length of a curve Line, -

_102. TN Curvesreferr’d to an Axis (Fig. 1.)
. let B C-be perpendicular to C A, 4 ¢
indefinjtely near paracllel to BC, and Ban

Fig. 1. ;
A cc
Fig. 2,

equal and parellel to Ce. And in Curves re-

ferr’d to a fixt or central Point (Fig. 2.) let 2A.
be fuppos’d indefinitely near to BA, andthe |

little circular Arch Bn be defcrib’d with the
‘Radius AB. Put AC. (Fig. 1.) =x, CB=y,
Curve AB=z; B#—=x', nb—y’, Bé==x': then

(becaufe

PP e |

BSOS

P Y
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(becaufe B4 may be confidered as a little ‘right

Line) by 47 E. 1. B 6=B A +nbl ), e 2
=k'e +y"‘r or (Art 30 =>4y’ |5

the Ordinate A B (Fig: 2.) =y, Curve A B_._
z; Bn=x!, nb=y', Bb==%': Then (be-
caufe B 4 may be confidered as an indefinitely
fmall right Line, and B# as a little right Line
perpendicular to A 4) as before z/=x">4y"2|%
or zZ=x"-}y*|* and this is a general Expreffion
for the Fluxion of any curve Line whatfoever-.
Now by help of the Equation of the given -

- Curve we may find the value of %, in Terms

of y* £y, or of 4* in Terms of x* ; by which #* or
# in this general Expreffion may be extermi-
nated ; and then if we find the Fluent of this

we fhall have 2, or a definitive Expreffion for
the Length of thc Curve Line required.

ExamprLE L '
103. To find the Length of the Curve GB=
=, whofe Equation (putting the given Line AG
==a, AC=x, CB=y,) 7s 2 x @’} x*|} =3a%.
The Fluxion of this Equation (Art. 13.) is
3 x @'+ x°|3 x 2xx% = 34"y, therefore y =
g 4x‘x' @’ 4x" =

4a°%
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4R G ficuted fof 5 7*in the

a*

general fluxional éxLﬁioa gives z==x’4- {3

=the

_aTte x*x*-mT g x+axx

B

-

A

C

Fluxion of the Curve G B, whof Fluent, by
Art. 99. mz=4x+1x orx+——, = the
Length of the Curve GB requnrcd

Exam

pLre IL .

104. To find the Length of the eqmmon Cyloid.

e

>
@]
et}
by

Put
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Put EA or EF, the Radius of the gene-
rating Circle =a, Abfcifs A C=x, Ordinate

'CB=y,CG=s, and AB= then (as may
. be found in Ars, 4_5)y__

x
x and thcre-

fore y*= ”‘;"|x=, which fubftituted for j*

_gives the general Expreffion for the Fluxion of

the Cutve (Art. 102.) z=x'4yF =
24— j%__ 525 44" X —qaxx x5 fE

2y —
T 5 i Sz

4. . (becaufe by the Property of Circles G C1*
=ACxCF or s* = 2ax—x") 5 —

4a’ % —-2a:zcx } _ 2axnl' __‘—2—4\% Xt g
. 2ax—x"

and the Fluent of this, by Arz. 99. is 2 = 24)¢
x 2% = 2 x 2ax[f = twice the Chord AG

(for the Triangles FAG and GAC being Simi-

lar, FA: AG:: GA:AC, orFA x ACli =

 AG, i.e. 2ax,i=AG.) Whence the Length

of the Semi-Cycloid A D, is equal to twice the
Dxamcter A F of'its generating Circle.

s CHAP,
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CHAP. Xl
Of finding tbe Areasiof Curve-lined Spaces.

+105. JNCurves ABreferred to an Axis (Fig. 1.
. A laft Chap.) let ¢ be conceived in-
definitely near and parallel to the perpendicu-
lar Ordinate BC, and B equal sind parallel to
Cc; then, becaufe 4 bedrs no affignable Ra-
tio to BC, 4¢. may be taken'as equal to BC
or n¢, And the Trapezium: B C ¢ 4 as equal to
the Parallelogram BC ¢n; But BC ¢4 is the
Mcment or Increment of the curvilineal Space
~ABC/.e. if we pit AC==x, CB=y Co=x,
the Moment or Increment of the Space A BC
is = y«’, and therefore its Fluxion (Arz3.) is
=yx.

- 106. In like manner in Splrals or Curves re-
ferr’d to a fixt or central Point, let 4 A be con-
ceiv’d indifinitely near to BA (Fig. 2. laft
Chap.)and Bz perpendicular to A ; then, bn

‘having lefs than any affignable Ratio to # A,

BA#n may be conﬁdcrcd as equal to BA 4 the
Moment or Increment of the curvilineal Space .

BDA, i.e.if we put AB=yand Ba=x’;
~ the Moment or Increment of the Space ADB
will be =+ )x ; or its Fluxion (that is, the Ve-

locity
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1oc1ty with which it flows at the Pomt B) =
Lyx.

)' 107. Wherefore, ‘when the Curve isreferr'd
to an Axis, find the Value of y in Terms of x
by the help.of the Equation of the given Curve,
which multiply by % 5 then the Fluent of this
fluxional Empreﬁ"wn being found, will give the
Area of the curvilinggl Space BA CB requir'd
(fee Fig, 1.laft Chap.) And when the Curve
is referred to a central. Poiat A, find the Value
of % in Terms of 7, which may be done by -
help of the Equation of the.given Curve, then
multiply this Value of x by +y and find the
Fluent, and it will give the Area of the Space
BD A B required (fee Fig. 2. laft Chap.)

’ !

E»'XAMPLE'I..

108. To Jfind the Area qf the common ar apol- |
lonian parabolic Space ADE A ; where AE
is gz-'uen =a, and ED =4,

oD

Pur
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Pur AC=x, CB=y, and the Parameter |

_=p; then by the Nature of the Curve px=y*
or y=_px]s==pixs Which drawn into % is yx=
p;x;, and the Fluent of this (Art 99.) is is 3pixd
i.e. 2px7)F, or (by Wrxtxng y* for px,) 3%’y T or
2xy whlch (Art. 107.) is = the Area of the in-
determinate Space ABCA; thercfore, by
fubftituting 2 for ¥ and 4 for y, we have 2a4
= the Area fought.

[

COROLLARY.

The Area of every common or apolloniin
parabolic Space ADE A, is always equal to
two-third Parts of its circumf{cribing Parallelo-
gram APDE.

EXAMPLE 1L

109. To ﬁnd the Area of the /pn al Space
ADBCA of Archimedes,

Pur the Circumfererice of the generating
Circle CIG C=g4, and its Radius A C or AG
=&; Ordinate AB=y, ArchCIG ==z let
A g be fuppos’d indefinitely near to A G, and
with the Ordinate A B asa Radius the little

circular Arch B#z be defcribed, 7.e.let Bn=

x'ynb= y' and G g ==2'. Now, by the Na-
ture of the Generation of the Curve, b:a::y

: 2,

e me .
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2
i |
Q- :

22, 1.6 2= ab—y in Fluxions 2=fb}—; , but by
the fimilar Secors or Triangles ABz and AGyg,

, bx' . 5x L bx
yeix'ii b2, zez.—_-_.--——orz_...-— Ty

45}' and ¥— b}?' ‘which multiplied by 1y

givcs vx=-——_whofc Flucnt (Art 99.) is

6 b" and (Art. 107. ) = the Area of the Space

ADBA, wherefore by fubftituting 4 for y,
we have a4 = the fpiral Space required.

CoROLLARY.

The Area of the fpiral Space of Archimedes,
- is = one third Part of the generating Circle.

CHAUP.
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CHAP. XIL
Of finding the contes: Super ficies of Solids.

10, T ET the Solid ACBEDF be con-
ceived to be generated by the fuper-
ficial Fig. A CB revolving above A C as an

Axis ; then the Velocity with which its con-.
vex Superficies flow, will be equal to the Ve~
locity with which the Curve A Gin its De-
fcription flowed at the Point B, drawn into the
Periphery of the Circle BEDF B defcribed
by the Radius C B, that is, . the Fluxion of
the convex Superficies of the Solid, is equal to
the Fluxion of the Curve at the Point B drawn

into the Penphcry of a Circle whofe Radius is

CB.
xn. chcc
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rir. Hence, if we put AC=x, CB=y,
. Curve A B = 2, and ¢=2 x 3.1416= the Cir-
cumference of a Circle whofe Radius is 1, then
¢y will 'be equal’ to'the'Circumference of the
Circle deferibed by CB, and ' (Ar¢. 102.) the
Fluxion 6f the Curve $=x" Yy l‘ ;and the ge-
neral Expreflion for the Fluxion of the convex .
Supcrﬁcxes of any Solid will be —=¢yz or ¢y x
5% ; out of which, by help of the Equa-
tion of the given Curve AB, #* ory*, &ec.
may be exterminated, and then the Fluent is
found ; which will -give the Area of the con-
vex Superﬁaes required.

EXAMPLE 1.

trz. To find the Superficies of d.Spbere,’ or
the convex Superficses of any Segment of it.

. Put RadisEA or EB=¢, AC=x,CB
. ‘ —,
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.AB=2z: Let Brn =C ¢ exprefs the very firft
Moment of the Increafe of AC, 76 of CB, B4
of AB, i.e. let Bn—x',nb=y, and B b=z,
then B 4 being confidered as a little right Line

coinciding with a Tangent to the Point B,

-the Triangles ECB and 47 B 'will be alike
(for £ CBn=/,E B 6= a right Angle, there-
fore, £EB#n being common, 2 CBE=

.2nBb; and the Angles at C and 7z being

.right, the Angles CE B and B 4 » mutt be like
wife equal, ergo, &c.) Wherefore EB: BC

1
. . ax
::6B:Bn,z.e.a:y::z’:xf.'.z’_—_—-or

(A4rt. 3.) :2.—:&."—?, which . fubftituted for 2z, °

.gives the gerieral Expreffion for the Fluxion of
the convex Superficies ¢yz (Art. 111.) = ¢y x
f}:m:&, whofe Fluent is cax = the convex
Superficies of the Segment ACBD: Andif -
for x be fubftituted 24, we have 2ca* = the
Superficies of the whole Sphere.

COROLLARTIES.

1. THE convex Superficies of any Segmeht
of a Sphere, is equal to the Periphery of a
great Cirele of that Sphere multiplied into the
Altitude of the Segment.

‘ 2; Tue

. ~
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2. The whole Surface or Superficies of any

* Sphere, is equal to the Periphery of its greateft
Circle multxphcd into its Diameter. :

- - EXAMPLE 11,

113. To find the coneave Saperﬁcze: of the .
right Cone ADE, whofe Altitude AL is given
=g, and Bafe dtameter DE=4

Pt AC=x, CB=y. 'By Sim As AL
tLD::AC:CB,ie.a:tb::x:y".
.3:— which put into Fluxions is 4= -Z-%Z- °.: z*

=47 which fubftitated f h |
o ubftituted for x* in the gene-

ral Expreffion for the Fluxion of the convex
-Superﬁcncs, gives ¢y x x*-5*)F (Arf, 111.) =

."y" +}’,-———X44 +6*): 5, whofe
o T Flueng



T 38 An INTRODUCTION #0 tke

3 O :
Ffucnt is — x 44° ZZI* Y= 3 T x5
-—-(bccau(c ADmALi +LD] f= +3\ )

"

b
Cone ABG generated by the plain Figure
ACB; and by fubftituting 4 for y we have
;o xDA=the convex Superﬁcles of the
Conc ADE.

'Cono'LLARY.

The convex Superficies -of any right Cone,
is equal to half the Circumference of its Bafe
multiplied into its flant Height.

C H A P. XIIL
Of Sinding the Contents of Solids.

J 14 _ET ¢ be conceived indefinitely near
and parallel to the wariable Ordi-
nate BC 3 and Bz equal and parallel to C ¢,
the Increment of the variable Abfifs AC;
then, becaiife the llttlc Parallelogram BC ¢z
'is expreflive of the Increment of the plain Fig.
A CB (4rt. 105.) therefore, if a Solid AEDF
‘be conceived to be generated by the Revoluti-
of the curvilineal plane Fig. AE D round the

Axis A E, the mdeﬁmtely little Cylindgr gene-
xated

o-.& -

xAD = the ‘convex Superficies of the -
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rated by the faid little Parallelogram will ex-
prefs the Moment or Increment of the Solid at
B; and, becaufe this Moment or Increment is
equal to the Area of the Circle defcribed by

_ the Ordinate C B drawn into the Increment of

the Abfcifs A C ; therefore the Fluxion of the
Solid at B, is equal to the Area of a Circle
whofe Radius is CB drawn into the Fluxion
of the Abfcifs A C; which, if we put
AC=x, CB=y, and c=3.1416= the Area
of a Circle whofe Radius is 1, is—¢y’x :
And this is a general Expreffion for the Fluxi-
on of any Solid AEDF at any Point B what-
foever ; out of which, by help of the Equati-
on of the given Curve A B, ecither x or y* may
be exterminated, and then the Fluent found,

which
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which will give the Content of the Solid ge-
nerated by ACB and then if for x or y we
fubftitute, the,Value of A E'or ED we fhall
have the Content of the Solid AEDF re-
quired, as in the following Examples.

ExamMpre [

118 To find the Content of a Sphere or any
Segment of it.

Pur AC=x, CB=y, Diameter AR =g,
(fee Fig. 2. in the laft Chap.) then by the Pro-
, pcrty of Circles ACx CR =CBYJ’, . e. ax—
x*=y*. Now by fubfhtutmg dx—x* for y* in
the general Expreffion for the Fluxion of the
'Solid Content we have cy*% (Art. 114.) =cx x

_ \ . . cax®
ax—x'=caxx—cx*sx, whofe Fluent is —

cx? 3mx’—2qx’

3 3 = the Content of the Seg~
ment ACBD : and if 4 be fubftituted for x

‘we fhall have 3% —6-2m = +ca’ = the Con-

tent of the whole Sphere ABRD.  Hence,
“becaufe four times the Area of a great Circle of -
- the Sphere is =ca”, and the Content of the

Cylinder circumfcribing the Sphere is =%ca’,
- we have the following

-~

COR*)
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COROLLARY.

+ The Contentof any Sphere is equal to four
Times the Area of its greateft Circle multiplied -
. into §* Part of its Axis ; or equal to two-third’

Parts of its ciccum{cribing Cylinder.

ExamprLe I

116. To find the Content of the Parabolic -

Conoid AEDF generated by the Apollomian or
common Semi-Parabola AE D revolving round
tbe Axi: AE H where A E:ﬁ, ‘E Dﬂ.

Purt the Parameter P R, which paflesthro’
the Focus F of the Parabola =2 ; Abfcifs AC
=« ; and Ordinate CB=y ; then by the Na.
ture of ‘the Parabola ax—jy*. Now by fubfti-
tuting ax for »* we fhall have the general Ex-
preflion for the Fluxion of the Solid ¢y*x (Arz.
114.) =cax%, whofe Fluent is +cax* = (by

- . writing
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writing y for ax) £cxy*= the Content of the
Parabolic Conoid generated by the Semi-Para-
bola ACB; and by fubftituting & for x and 4
for y, we have cbd” = the Content of the
Conoid required.

CoRrRoOLLARY.

- The Content of ‘every common Parabolic
Conoid is equal to - of its circumfcribing Cy-
linder.

Exampre IL

117. To find the Content of any Cone whofe
Bafe is a Circl. -

Pur the given Altitude A L=4, Bafe-Dia-
meter DF=5, let BG be parallel to DL and
put AC=x, and ¢=.7854 then, by Sim. As
AL:DF::AC:BG, i 4:5:::‘,:‘{;

=BG
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==BG therefore the Area of the Circle BG ==

bx® . cb”
—  Xe=

which multlphed by x (Art.

2

114.) is _f;‘_x = the Fluxion Qf the Content

of the Cone at B, whc;fe Fluent is f—b-::—sz the
folid Content of the Cone ABG; and by fub-

2.3

ch’a
ﬁxtutmg a for x we have —= 2cb*a*=the

Content of the Cone A D F required.

CoROLLARY.

The folid Content of any Cone whofe Bafe
is a Circle, is equal to the Area of its Bafe
multiplied into  of its perpendicular Altitude,

- CHAP. XIV,
Some Mifcellanéous Queflions with their Anfwers,
. I‘ : .

HERE is a cylindrical Tube, whofe
Diameter is four Inches, in which is
contained 18 cubic Inches of Water: Now
fuppofing a heavy Sphcre, whofe Axis is two
~Inches, to be thrown into this Tube ; ’tis res
quired to find what Part of the faxd Sphere will
be
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_be immerfed in the Water, and the Altitude
of the Segment above the Surﬁce of it.

SOLUTION

Put D C the Diameter of the Sphcre =2=

a ; and E C that Part of it which is = the Al- .
“titude of the Water after the Sphere is thrown

into it =x; ‘A B the Diameter of the Tube —
4=14; the Content of the Water in the Tube
= 18=c¢; and.7854 =f Then E D==2—+
x, and by the Property of Circles DExEC
=E G, 7. e. ax—x"=the O of the Radius

‘of the Plane of the Seion of the Sphere ;

therefore the Area of this Plane is = jbx—
4 fx* which mulnplxcd into % is 4 faxs—4fx"%

‘= the Flaxion of the Segment of the Sphere
‘under the Water, whofe Fluent is 2 fax* —

4/’ 4-c== the Content of the CylmderABHF '
=fb:x
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fo*x, by Tranfpofition 4fx*— 2fax*+ fbix .
=—c and by dividing both Sides of this E-
quation, by . f* we haye x'—iax*+43 36 x

--i—f—w .18869. whence x is found

1.76=BE, and ¢—x=0.24=E D the Ali-
tude of the Segment above the Water. 2, E. L.

IL

. Given AB, AC, and BD. Quere the Ra-
tio of the Angles AEC and BED, when. CE
~+E D is a Minimpm ?,

«D

SorLruvuTiIioN

It is evident that the Fluxions of the Lines
CE and DE-are Negative to each other, and
becaufe the Sum of thefe Fluxionsis =o, thcrc-
fore they are equal to each other, or, becaufe -
the Increment may be taken for the Fluxion,

'1f e be conceived mdcﬁmtely near to E, then »
‘U ve=
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oezoE and confeq. £oEe=_20¢eE, i.c. the

Angles DEB and CEA are in the Ratio of E-
quality, . E. L

Or, by a plain geometrical Way of Reafon-
ing, thus. Produce CA to G, making

AG=AC; thenwill GE=EC, and 2 AEG

— ¢ AEC : But the Sum of GE and ED isthe
leaft poffible when they are in the fame Directi-
on, 7.e. when 2 AEG= £BED, asis evi-

dent on the leaft Confideration; therefore, ‘

when CE4+ED is a Mmmum, the Angles
AEC and BED are equal.

IIL.

Qz;m:e; the greateft equilateral Triangle that

can be infcribed in a fcalene Triangle whofe
Sides are 4, 77, and 107

SOLUTION.

As the Angles of an equilateral Tnangle are

60° each, it is plain that the extreme Point of |

either of its Angles cannot fall in with the ex-
treme Point of cxthcr of the Angles of the given

Fy
A D PNK B

Trianglc ,

A
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Triangle except the largeft, viz. ths 2 ACB.
Let CDE then be the greateft, and put its
Side " CDEEs) det drop the Perpendicular CP;
thenby 13 E. 2. AP= Aq +§?B_‘B_“

=3.35; andby 47 E. 1. EC\i-XPT:FQ’ N
=CD|"—DP},, i. e. ACI'—AP,'=s"—L¢" or
- 3.7775=1s", ‘'whence s=2.244. R,E. I

N. B. In Order to prove that the Triangle
CE D is the greateft Equilateral that can be
infcribed, from the Points D and E ere& the
Perpendiculars DF and EG equal to PC, and
draw the Line F G ; then will the Triangle
CDE be =+ the Parallelogram D F G E. Let

“another Triangle be drawn, which, if it be
within the Parallelogram as H IN, *tis plain it
cannot be =+ the Parallelogram, becaufe it
hath no Side ‘coincident therewith; and if it be
awithout and have one Side coincident with one
Side of the given Triangle as CL K, neither
then can it be == the Parallelogram ; for if

" fo, CK would be =CE, and as CE, "——'—E_P‘,’ _

=CN|'—KPY’, then fubtra&ing CK)'=CEJ*
from the Equation, PK)'=PE| or PK=PE

. which is impoffible, therefore CDE is the = -

-greateft Equilateral that can be infcribed.
L, E. D.

Suppofe
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Suppofe the Sides of @ Pair of Bellows to be
two equal Circles : Required the Inclination of

'Planes when they contain tbe greateft Quantity
of ir. - .

SorvTionN

Let AC and BC be the two Sides, and C
the Center on which they turn. Now it is
plain that if AC be moved up from BC the
Point A will defcribe an Arch of a Circle BLA,
and the Chord of that Arch AB will be the
Side of the Solid formed by the Bellows {o’ex-
tended: Let us fuppofe this Solid ‘cut by a

_plane Perpendicular to A B; then becaufe the

Dlamctcr AC is contracted into the Cofine DC
whxle

P ST
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while the normal Diameter EF continues al-
ways in a parallel Situation, and therefore is
not at all diminifhed ; it follows that the Plane
of that Section will be an Ellipfis : And as the
Parts ACD and BCD are equal, if we con-
ceive the upper Part ACD to be moved
round into the Situation 4 CD, it will form an -
oblique Cylinder aCBD, and confequently
the Content will be greateft when the Altitude
is fo, 7. e. when the Sides of the Bellows are
normal to each other, K. E. I

V.

Quere the Nature of the Curve AP B, fup=
pofing. CE the Diflance of the parallel Lines

" AC and PE, as alfo the Angle CAD, #o Be
given, and CEl" x EDI'=CB"+? .o
. . o -
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SoLUTION.

Put/'CE'=4,"CD=2, Abfifs AC=ux,
Ordinate CB=y. Let dc be conceived inde-
finitely near and parallel to D C; and Dm,
B#, equal and parallel to Cc; and put 7=
y'y md==2'; and fuppofe BT a Fangent to
the Curve at the Point B. Then DC: CA::

!

. Xz
dm:md,z.e.z:x::z’:—;.:Dm or Bn:

)

Andb'n‘nB--B'C'-C'T i.ey’-f-zi:-y:

V¥ =C T; ar,, fubf’atutmg the Fluxion for the

Increments, %}7:.— C T But by the Queﬁxon

g"z"=y™+" which in Flxions i is. a1 % =

7 am zu——l

fubftituted for z in %E gives CT =
e glgy ymtn n
lliin i (becaufe ya:; — =1,) mt4

x‘

navz" '
Now this is an univerfal Expreffion for the
Subtangent of all poffible Parabolas ; therefore
when m=n=1, the fubtangent will be 2x,

and the Curve the common or Apolloman Pa-
" rabola, Q, E. 1

™

Note,

m+n y“‘l"" o A w, and this -
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Note, Tho’ this univerfal Expreflion for the
Subtangent, feems to differ from that found in
Art. 39. yet it will be found to exprefs the very
fame thing, if we confider that the Parameter’
drawn into ¥, in the Equation of the Curve .

there, is equal to &=z here, for then, m
there, will be equal to ud

7
here.
n

VI

In the Curve A BD, whofe Property (put-
ing AC=x, CB=y, and a = agiven Line,)
15 ax—ay=x"y"; required the Radsius of
Curvature for any Point; and a geometrical
Confiruction to sllufirate and confirm the Work.

SoLuT10N.

The Fluxion of the given Equation of the
| | Curve,
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Curve, making % =1, is s—ay = 2x42yy,

and this fluxional Equation put into Fluxions
agam, the Fluxion of y being Negative, is 2§ .

= 2+4-2y"—2yj. Hence we have y—= e

a+2_y
e L
7= Tty M=y M
fubftituting" for 5* its cqual j=

44" 4-8ay4-8y*—8ax+-8x"
a+2y|’ . .

_ 1 e R a . 4d

Queft. 8x*4-8y*—=8ax 8@,, =7

‘Now by fubftituting for y* and 7, thefe their

Values, in the general Expreffion for the Ra-

djus of Curvature, which was found:Ar¢. 64,=

.’.._"_?.ﬁ, when %= 1, and the Fluxion of y Ne-
y .

gative we have 22 149 Tv ‘+4ax+4x‘]%
a-{-zﬂ‘

S 5' = (becaufe 4% +4y*=4ay—4ax,)

1 a+2y 2a*} jm a
a+2y\ T 4a’ 4 2
the Radius of Curvaturc for any Point requir-
ed, which being a fixt or invariable Quantity,
proves the Curve to be a Circle,

Now, if the Radius of a Circle be %%, tis

evident

or becaufe by the

e -

m—n a
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evident that 2 is the Side of the- infcribed
Square, or the Chord of go° as AD ; There:
_ fore, if AD he bik@ed in F; and the Per, -

pendicylar F Edrawn = AF 5= 1g ; then th¢
Point E will full in the Center of the Cnrclc,

and confequently AE (——_ﬁ Fy —|-FAi F) ==

ﬁa}- Arid that & in the given Equation miuft

flow in this Line, may be thus demonftrated :

To any Point C draw BC perpendicular, and
let it be produccd till it meet the Circle’s Pe-
tiphery in G; and let H I be drawn parallel
and equal to A D, then ’tis evident that CK—=
AH=AD, by Conftruion ; and K G=CB,
becaufe AC=HK and AB::H G; there-
fore CG=AD+CB: But by 2 Propcrty of
Circles A€ x CD=BC x CG, 1. e. (putting

AD=a, AC=#, CB=y;) % x a—x=y x a+y
or ax—x"==ay<-y".

From the Conftrution here givén, it aps
pears that the Queftion may be infinitely
diverfified, {o as to be adapted ¢o any regular
Polygon of an cven Namber of Sides that can
be infcribed in a Circle.~—We fee here alfo a
Demonftration of the Juftnefs of the fluxional
€Caleulus, as made ufe of above, .

3 N
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VII.
If a Semicircle A B, be rolled along upon a

right, Line; B D, untill it meafure out a Line
equal to its Circumference; then, the Curve

AD, deferib’d by the Point A, béing the com-
mon Semicycloid ; I fay the Curve E1, de-

feribed by the Point E taken without the -
Circle, will be the Contra&ted or Curtate Semi- -

€ycloid ; and the Curve F K, defcribed by the
Point F taken within the Circle, will be the
Infle€ed Semicycloid.’ erc the Demonftra-
tion? .

DEMONSTRATION

As all the Cycloxds, properly fpeaking, are
. * gen@a

e Bt
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generated by the Revolution of one and the
fame Circle A B; ‘{o therefore their Bafes will
be all equal to'B'D; “Wfz. = the Scmxcu'cle AB.
Let the Generant move on till it come in the
Pofition a4 thro’ the defcribing Points 4, ¢, f;
draw the Ordinates ma, ne, pf, and draw LS .
parallel and equal to E G; then, becaufe the
correfponding Ordinates in the Circle are re-
fpectively. equal, it is evident that the Dif-
tances from the Extremities of thefe Ordinates
to the corrchOndent Points in the Curves will
be all equal to the Diftance moved over by the
' common Center C, that is, sa—=oe—rf, and
this alfo is =B R— Arch 4 R by the Genera-
. tion.. Now the Se&tors Lce and Scg, or Qcf '
and Pcb are equal and Similar, and Similar to
~ to the equal Se¢tors Ncz and Reb.  There

- fore, cg s ¢h:: gS: bR, or (if we put.the

. Semicircle e g==a, Semicircle a4 or Bafe BD

=b,) asa:b:: ArchgS: ArchéR::Eo:
(BR)og, 7.e.Semicircle EG : GT:: Eo: oe,
. wherefore Eel is the Curtate Semicycloid.
Andch:cb:BP: bR or (if we' put Semi-
.circle fh==a, and Semicircle a5 or Bafe BD
=b)as a:6::bP:6R::Fr: (BR)rf,
7. e. Semicircle FH : HK :: Fr; r £, where-

fore the Curve F fK is the mﬂc&ed Semx—

¢cycloid. . . E. D.
C&mrc
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VIII.

Dyere the. Content of the oylindrical Ring
'"ABDG ? the Radius CA of the inner Cirs

cumference being given =a 5 and AD the Dig-
peter of the Ring, or ger;erating Circle, =b,

Put any Arch LA=x; .7154=c; fup-
pofe Cd indefinitely near to CD ; and draw
the concentric Circle B G, making AB=BD

e=24: Then may Dd, B, Ag, be confi-
dcrcd as indefinitely fmall nght Lines; and
therefare the Moment of the Ring will be e-
qual to the Area of the Circle ABD drawn
jnto the Incrcment B4, Now CA : Aa :CB

534(& e)ayx'tiatib: x4 —2—4-= B,

“and the Area of the Circle A Di=b"c ; there-

fore the Moment of the Ring is =& x
7

* + -—b‘ +—— or itsFlixion=4"c5--
WAL
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b’tx , and the Flucnt of this is b’cx+ :“

‘1-_|- 22> b‘;x =the Content of the Ring from
Lt A; and by fubflituting 8a¢ for x, we
have the Content of the whole Ring =1 Y

% 8ab’c* =the Area of the generating Circle
AD drawn into the Circumference of thg
prickt Circle BG. Q. E. L

IX,

Suppefe the Earth to revolve in a circulap
Orbit round the Sun as its Center ; and the Moon
fo revokve round the Earth in the fame Manner
as alfo that the Planes of their Orbits do coincidey
and that the Diameters of the faid Orbits are
@s 340 t0.1 ; and lafly, that the Meon performs
13.368 Rewolutions to every fingle Revolution of

the Earth. Quere the Nature and Defcription

of the Curve generated by the Center of the Moon?

Sec the Gentleman's Magazine for September 1743
f the Supp/ement for that Year. » 4

L.
SOLUTION.

‘Let S reprefent the Sun ; E the Earth; Ee; -

ah Arch of the Orbit of the Earth naﬁcd over
by its"Center in one Lunation of thc Moon 3
the
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the Circumference of the Circle E A B = the
concentric Arch Aaz: Then (becaufe 13.368
—1=712.3680is = the, Number of Lunations
in a Year, or one Revolution of the Earth,)
when the Moon is in Conjunion with _the
_ 8un, the Diftance between the Sun and Moon,
will be greater than the Diftance or Radius
SA. Now the Curve defcribed by the Center
of the Moon, is the fame as that defcribed by

a Point M (EM being the Semidiameter of -

the Moon’s Orbit) carried round by the Rota-
tion of the Circle E A B on the Arch Ag; it
is therefore of the cycloidal Kind, having a
Point of contrary Flexure, if a Cycloid de-
fcribed by amy Point within the generating
Circle has a Point of Infle®ion as well upon
a circular as upon a re@ilinear Bafe. In Order
to determine which, put SAor Se =4, EA
orea=b; EM orem=c¢, and am=r, and
aG =5 ; and let m C be the Radius of Curva-
ture at any Point m, and #C indefinitely near
it; and let a¢, ac, be the indefinitely fmall
cortemporary Arches with m#, and confe-

queatly the Triangles amc and aznc equal in

all refpecs, and the Zman=rscac = (be-

- gaufe the Anglesea ¢ and Sa ¢ added to either

Side of the Equation makes it 2 right Angles,)

Laec+LaSc, Now as Saiep:: gaec
B - :LaSe

FEEE T S S
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'£.45c 5 and Sa (2): Sat-ae (a4-b) :: 2 aet
: Laect £ aSc, or AMgni,_ﬁf#Laec:' A=
gain,”in"any “T'riangle''as Gmc; if the Angles
mGe, mcG, and amc the Complement of the
obtufe Angle to 2 right Angles, be indefinitely
{mall, they are proportional to the oppofite
Sides mc, mQ, and Ge, (7. ¢.) as Gei mG : 4
lawme: £ meG, and Gc—mG, of ma (r) ¢

Ge (s) :: 2ame— £ mcG="/.aGc or % £ aec ‘

;. . s .
s Lame ot Lanc= p Z amec; and again £

o a+b s
mCny or £ man— [ anc (=—jc—,-—hi;_¢aec)

£ Lane(=— Laec):ian(r): aC=

Py +:‘;V;_a; Confequently ma—kaCs::mC‘-_:"
é:‘:;;:f:m g i = the Radius of
= 2a+2-6 ,

Cur_vatufe at the Point 7. - Now as this Ex-
preffion for tfic Radius of Cutvature muft be<
come Negative on the other’Side. of the' Point
W T ! ' as
of Inﬁé&xon;\v; muft ,be;. more than 2at b
onone Side of the faid Point, and lefs on the

other,and in thatPoinﬁ of Inﬁe&i?n r=5£+_£-2—5;.
| And
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And therefore Gmxma(=rs—r" )=
_2abs*+a’s
ZE.TT = (by the Property of Circles) bm:

o s s . 24+2b\/a-—-c .
xmd_b-—c and:._ Sab T : Or
~ to ﬁnd r fay 2ar+4-2br=as, then Gm x md (=

rs—r );. m’—and (becaufe Gm x md —

7ah—ac
~6m x md) =a*—c*, thereforer=/ ”i+2”; \
when the Point  falls in the Point of Infleti-
-on ; but as ma (r) muft always be greater than

md, that is; as \/ﬁ_{;‘_% muft always be

greater than b—¢, fo thereforc (e m) ¢ muft be

always greater than —— in order to a Point of

-|-b
. Infletions taking Place in the Curve. Now,

13.368 168
@, b, and ¢, being as 12.368, 1, and 140
a+-b
confequently the Curve Mm p generated by
the Center of the Moon has not a Point of
~ contrary Flexure, or is no where Convex to-

wards the Sun. Q. E, I

or 0.03911, therefore is .greater than ¢;

COROLLARTIES

1. When»=3, that is, when the Poin.sm
Y com-~
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coincides with 4, the Radius of Curvature

. . 2ar +2Zr a+
will bg = ar+2br i bzr, andaC_.

+ il by Analogy a+26 @ ::r3aC, tha
;s SB:SA::ma:aC.

' 2. When « is infinite and r=s, that 1s,
when the Bafe becomes a right Line, and the
Pomt m caincides with 4, or the Curve is the
common Cycloid; the Radius of Curvature
will be ==2r; For thén 24r* and 24r will be
infinitely little in comparifon pf 247" and ar,
and therefore may be rejected.

3-- When 2 is infinite, that is, when the Bafe

degenerates ipto a right me, or the Curve is
the common Infleted or Interior Cycloid, asin

B A
e 1 e
O, TR A0 .

the annexed Fig. if the Tangent Bg be drawn,
thc Point of Inflection will be in the Line g m
Parallcl to the Bafe; that is, if AM be per-
pendicular to M B, when the Point A comes
: io the Bafe, the Point M will be i in the Point

" of
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of InfleGion.  For when the Point  is in the
* Line gm, it is evident that 2z will beequalto
Bg, and the Triangles'B gE and dme, equal in
every refpect; and, becaufe the Tahgent to a
Circle is perpendicular to the Radius, the
Z ame= a right Angle; wherefore, by 49E.1,
4 €)'~ em'’=mal's that is, (if m be the
" Point of Infle@ion, and not otherwife, ) 4> 4
&*:”—i—_f;—‘:—, foe. e —b—f ﬁ

but 24 being infinitely little in refpe& of a,

2

therefore ;-4‘:‘-27 is infinitely near to Equality
with %, i e =13 ergo, &ci
| X,
* The Fluxion of the Ibpeféoli’(: Logarithm -of
any Quantity, s equal to the Fluxion of that
Quantity divided by the Ryantity itfelf. Quere
the Demonfiration 2 (See Art. 14.) '
SoivTionw B

Let DABC bean Hyperbola; whofe Af ‘
{fymptotes are CE and CH, and its Parametes
A P, which by a Property of the Curve is —
PC. Now if APorPC. be made =1, and
GB or HC drawn parallel to PA ; then the

‘ - ~ Space
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E| |D

c P G H

Space: PABG will be the hyperbohc Loga-
rithm of CG; and the Space PACH the hy-
perbolic Loganthm of CH; or the Spacc

GBCH the hypcrbohc Logarithm of cG G |

For by the Property of the Curve when CP,
CG, CH, &c. are in geometrical Proportion
continued, the Spaces PABG and GBCH,
&ec. will be equal; that is, the Spaces PABG,
PACH, &c. will be in arithmetical Progreffi-
on. So that the Fluxian of the Space PABG
is the Fluxion of the hyperbolic Logarithm of
CG: Now the Fluxion of this Space, putting
PG+« and GB, perpendicular to G C=y, is
‘=xy by Art. 105. but by the Nature of the
Curve CG:CP:: PA:GB,i.e. 14x:1
1:y= l—_—;_—; wherefore —]—_:—:;c = the Fluxion
" of the liyperbolic Logarithm of 14, Blut
. the
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the Fuxion of 1-4-x divided by 1+ is likes

wife — ;—5—_—-, or, the, Fluxion of the Spacci

PA BG, is equal to the Fluxion of CG d1v1d¢
ed by CGitfelf. &, E. D.

XI.

Given the Point P in the Radius CA of the
given Circle AB, &c. Quare the Point B, to
which a Tangent T B and right Line PB being
drawn, the Angle PBT may be a Mimmum or.
the qu/i poﬁble ? ‘

L

SOLUTION

Draw the Radius C B. Now, becaufe the
‘Tangent to a Circle is always perpendicular to
the Radius, it is evident that the Angle PBT
will be the leaft poffible, when the Angle PBC
is the greatcﬁ But, becaufe CB: Sine 2 BPC

: CP : Sine £ PBC; thereforc the Angle PB(lzl
wi
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will be greateft; when the Angle CPBisa 3
right one : Thierefore the Angle P BT will be
the leaft/ poffible-when P B is perpendlcalar to
€ A. S’LE Lo . .

CHA P. XV.
. Qu ESTION O .-
8 THERE isa Dodr 6 Feet h:gh bemg
the Opening of a long Paflige againft
a Street 8 Feet wide. Quzré the longeft Lﬁd—

der that can be put in at that Door ? e
II. Let the Line AG, fituated as in the Frgi—~

between the Paralldls AF and EG, be givenr~
&=a; as alfo the Diftance AE<h; thenlet = |
the End G of the faid Line AG; advance to- ’
wards E, whilt the other End of the faid ~
Line is elevated as much as the Point A will
give leave, till the faid Line comes to ftand
perpendicular on the Line EG from EtoD 3

' \ By
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By this Motion ’tis plain that the upper End
of the Line AG will defcribe the Curve ABD :

Queare the Nature of the faid Curve, asalfo

B C its'greateft Diftance from the Line AD ?
1II. Ifa Ball, whofe Diameter is 4 Inches,
te thrown into a conical Glafs, % full of Water,

- whofe Diameter is § Inches and Altitude 6 ;

how much of thc Ball will be n:nmcrs’d in the
Water ! ?
IV Let A BD be a g;vcn curtate Semis

A

S

F

cycloid, 7. ¢e. a Semicygeloid thc ercumferencg

. of whofe generating Semicircle AGF is greater

than its Bafe FD. Quzre the Point C, in the
Diameter AF, where the Ordinate CB is a
Maximum or the greate{’c poffible ?

V. Let AB be any given geometrical Curve,

- -and TB a Tangent to it atany Point B ; Then

if anothcr Curve AD, be fo drawn, as that its

' Ordmatc DC, fhall always be in a given Ratia
- to the correfponding Segment of the formcr

Curvc AB; 1 ﬁy, that BT will be to TC as
" thc
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"

the correfponding Segment of the Curve A Bis B
to the Stib’tangent CX: Quzre the Demon-

ftration ?
V1. Let the Diftances ABand AC from the
Perpendicular AQ be given, Quizre the Point

P where the Angle BP C wﬂl be the grcattﬂ; :

tpoﬁbk s
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