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ber of 80IULIONS. .eeeerurrurrririreeeeiiinisnnirnteesatie ettt eenateseae e .. 47

7040. (Rev. T. R. Terry, F.R.A.8.)—If p and ¢ be two positive in-
tegers such that p > g, and if r be any positive integer, or any negative
integer numerically greater than p, show that:

_— o r ., gle=l)  _ r(=l) g
2—q+1 p+r—1 (p—g+1)(p—g+2) (P+r=1)(p+r-2)
=022 P s 98
p» Pp—qtr

7156. (T. Woodcock, B.A.)—If P, Q be the points in which the
plane through the optic and ray axes intersects the circle of contact PQ of
a l:a:fent plane perpendicular to an optic axis of the wave surface of a
bi crystal, and ‘i-f?:c, the greatest and least axes of elasticity, be given ;
prove that, O being the centre of the wave surface, (1) the triangle POQ,
(2) the circle of contact PQ, (8) the angle POQ will have their greatest
values respectively, when the square of the mean axis 4 is (i.) the
arithmetic, (ii.) the geometric, (iii.) the harmonic mean of a3 and #3%;
and the cone whose vertex is O and base the circle PQ will have its
maximum volume when 43 = } [a%+ 63+ (a4 + 14a%2 + )], ..ceoerennenne 46

7169. (R. Knowles, B.A,, L.C.P.) — In a parabola whose latus
rectum is 4a, if @ be the an%lle subtended at the focus 8 by a normal chord
PQ, prove that the area of the triangle SPQ =a? cot 6 (tan 0 + 4 cot $6)3.

........................... 64

7194. (Professor Wolstenholme, M.A., Sc.D.)—In the examination
for the Mathematical Tripos, January 2, 1868, Question (6) is as
follows :—¢¢If there be » straight lines lying in one plane so that no
three meet in one point, the number of groups of n of their points of in-
tersection, in each of which no three points lie in one of the n straight
lines, is § (#—1).”” Prove that this is not true; but that, if ¢‘n-sided
polygons *’ be written for  groups of # points, &c.,”” the result will be
true: and calculate the correct answer to the question enunciated. ... 67

7230. (The Editor.)—On a square (A) of a chess-board, a knight
is placed at random : find the probability that it can march ﬁl) from that
square (A) to a given square (B), as, for example, to one of the corner-
squares, within 4 moves; and (2) over 4 squares in less than ¢ moves, for
instance, over the four corner-squares of the board. ...........ceevvvunneene 70

7236. (The Rev. T. W. Openshaw, M.A.)—On AB, a chord of an
ellipse, as diameter, a circle is drawn intersecting the ellipse again in
C, D; if AB, CD are parallel to a pair of conjugate diameters: show that
the locus of their intersection i8 43z +ady = 0..........cccoeevuiienniiiaiirnns 44

7247. (Dr. Curtis.) —Two magnets, whose intensities are I,, I,
and lengths a,, ay, are rigidly connected so as to be capable of moving
only in a horizontal plane round a vertical line, which passes through the
middle point of the line connecting the two poles of each magnet; if 2a
denote the angle between the lines of poles of the two magnets in the
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direction of opposite poles, while ¢ denotes the inclination to the magnetic
meridian of the line bisecting this angle, prove that (1) the positions of
stable and wunstable equilibrium (discriminating between them) are given
b{ tan 0 = (I 6, + 1,4,) tana / (I;8,—1s4y) ; and hence (2{. if the intensities
of the two magnmets be inv y proportional to their lengths, the posi-
tions of equilibrium will be such that the lines of poles of the magnets
will be equally inclined to the magnetic meridian............c..coveuennnens . 67

7273. (A. MeMurohy, B.A.)—Prove that, if radii be drawn to a
sphere parallel to the principal normals at every point of & closed curve of
continuous curvature, the locus of their extremities divides the sphere
into two equal Parta.........c.ccviiiiiiiiiiiiiiiiii e 36

7287. (Professor Wolstenholme, M.A., D.8c.) —Two circles have
radii g, 5, the distance between their centres is ¢, and @> b +¢; prove that,
(1) if any straight line be drawn cutting both circles, the ratio of the
squares og the segments made by the circles has the minimum value

o {[(e+07~c P+ [(a-0p~e} : 6 {[(a 48}~ - [(6—0)*—T'};
and (ﬁthe distances of the straight line corresponding to this minimum
from the centres of the two circles will be in the same ratio. ............ 118

7294. (A. McMurchy, B.A.)—Without knowing the angles of a trian-
gular prism, show that its refractive index can be determined by observing
the minimum deviations of rays passing in the neighbourhood of the three
angles; and, if these deviations be denoted by 2a, 28, 27, then u is given
by 8= u2(cos a +cos B+ co8Y)

+pu[cos (B+9)+ 008 (y+a)+cos (a+B)]—oc08 (a+B+7) = 0....... 79

7343. (Belle Easton.)—If a debating society has to choose one out of

five subjects proposed, and 30 members vote each for one subject, show

that (1) the votes can fall in 5% ways, and (2) the chance that upwards of
twenty votes fall fo some one subject will be 6—9.........cccueumevernnn.n. 47
7351. (Professor Sylvester, F.R.8.) — Let » be the number of
ways in which any number # can be composed with any ¢ positive inte-
gers (all unequal), and let- X; represent the sum of the terms y2®, which
will be an infinite series. Also, let »; be the number of ways in which
any number # can be composed with any $ positive integers all unequal
as before, but now none greatér than 5, and let X; ; represent the sum of
the terms 2® which will be a finste series. Prove that

X = (1-2d) 1-ai-1) ... (1—2i-$+1) X,,

Ex.—Let ¢ = 2, j=3; then
; X =23+ 24+ 225 4 228+ 327 + 328 + 4a¥+ ......
and X, ,j=24+2'+25 = (1—2%) (1-2) Xy ervvvniveeneinnnnnns 66

73563. (Professor Wolstenholme, M.A., 8c.D.)—Prove that the maxi-
mum and minimum values of

us B2

= ¥ (z—ccos6)?
where x, 0 are both variable, «, b, ¢ are given positive constants, and
@ >b + ¢ are the roots of the quadratic ¥*3—u (a%+%—¢%) +4? = 0. ... 119

738567. (Professor A. Morel.)—Résoudre un triangle, connaissant une
hauteur, le rayon du cercle inscrit, et le rayon du cercle circonscrit ... 26
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. 7363. (G. G. Morrice, B.A.)—If | A,, B;, Cy | be the:reciprocal
determinant of | a,, 4;, ¢3 |, prove that
1) 3 ()% +05% +a5%) (A3 h AL +Agd)
O e oA AT G b ) (s b b
—6.(bycy + bty + Byts) (01, + 098ty + 0aas) 015, + B3by + Gxby).
(2) oy (As—Ag) +a3(Ag—A)) +a3 (A —Ay)
= (b, + by +by) (018 + %"“’a"&"(’ﬁ"’z*’n) (a1, + agdy + “sbi)é
7364. (W. 8. M‘Cay, M.A.)—If the line joining two points on
two circles subtend a right angle at a limiting point, prove that the locus
of the intersection of tangents at the points is a co: cirole......ooevuns 59

7366. (O. Leudesdorf, M.A.) — Two particles A and C, each of
mass m’, are connected with each other by an elastic string whose modu-
lus of elasticity is A and whose unstretched length is !; and they are
connected with another particle B of mass m by two massless rods, each
of length a. The system lies on & smooth horizontal table, and is held
80 as to form a straight line ABC. The constraints at A and C are re-
moved, and at the same instant each of the particles A and C is projected
with velocity v in a direction at right angles to ABC. Find the stress
along either rod at the moment when the particles form an equilateral
tHIADGLO...cuueiiniis i e s e e e 34

7872. (R. Russell, B.A.)—Determine 8 () and ¢ () where they are of
the form é::g, so that, by putting y = 0(z) or ¢ (z), the quartic
abeds) (¢,1)* =0 and its Hessian may turn into the quartic
abede) (y, 1)* = 0 and its Hessian.—(a) The determination of 6 (z) and
ge(z) depends on the solution of a cubic. (bE The roots of the quartic may
represented in the form a, 8 (a), ¢ (a), 0[P (@)] ..cvvvvererrrrnininnnns 79

7377. (Professor Sylvester, F.R.S.) — Integrate the equation in
differences Unel = tin+ 0% (B—1) tiy_1+ (28— 1) wy,
where w, denotes the product of # terms of the fluctuating progression

| T TR A - R N 67

7882. (Professor Sylvester, F.R.8.) — If p and ¢ are relative primes,
prove that the number of integers inferior to p¢ which cannot be resolved
into parts (zeros admissible), multiples respectively of p and ¢, is

1 (p-1)(g-1).

[Ifp=4,9 =17, we have § (p—1)(g—1) =9; and 1, 2, 3, 5, 6, 9, 10,
18, 17 are the only integers inferior to 28, which are neither multi-
ples of 4 or 7, nor can be made up by adding together multiples of 4 and 7.]

21

...........................

7389, (C. Leudesdorf, M.A.)—If O, I are the centres, R, r the
radii, of the circumscribed and inscribed circles of a spherical triangle
ABC, and P any point on the sphere ; prove that

- cos0I cosr s g
cos IP cos R aini(a+b+a)[m“m*(AP)

...........................

7391. (The Editor.)—Find the area of an inscriptible quadrilateral
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whose sides are roots of the equation 24+ pz*+¢2®+ro+ %k = 0, aid de-
duce therefrom a solution of Quest. 7330 (Reprint, Vol. 89, p. 111). ... 76

7393. (Wi, J: McClelland,~B:A.)—If from any two points inverse
to each other with respect to a given circle, diculars are drawn
on the sides of an inscribed polygon; show that the polygons formed
by joining the feet of the perpendiculars are (1) similar, (2) to one
another as the distances of their generating points from the circle’s centre.

........................... 52
7396. (D. Edwardes.)—Prove that

1
j"j"r(x-sinooow)-inodu.p-h]or(u)au. ......... "
o Jo

7399. (Asiitosh Mukhopidhydy.)—A sphere is described round the
vertex of a cone as centre; prove that the latus rectum of any section
of the cone, made by any variable tangant plane to the sphere, is equal
to the diameter of the sphere, multiplied by the tangent of the semi-
vertical angle of the come. .......cccccciruurieiiiniiniiiiieniiieciiiiioenes vorenas 43

7401. (R. Russell, B.A.)—Find (1) A,, A, A;... Agysy, such that
Ap(z—a) 14+ Ag (2—ag)™ 14 ... + Agy 1 (Z—apn 1) 4!
=P(r—a)(@—a) ... (@ —am);
and (2) show that A, is an invariant of the equation whose roots are the
quantities a), ag, ... aas+1168VING 0UL Gp.eeveereirieiinniiiiiiniinininns 120
7404. (Professor Wolstenholme, M.A.,Sc.D.)—In a trianglewhosesides
are of lengths 57613-67, 50178-48, 34134-08, prove that the inscribed
circle passes through the centre of the circumscribed circle and through
the orthocentre. ..c.....cccoevrvrerraiiinnennnenns reestesisanssrsarssteneereraan veee 102
7410. (W. J. C. Sharp, M\A)—T¢f N:D be a fraction in its
lowest terms, and D = 24, 5%, @t.3™, o» ..., where a, b, ¢, &c. are prime
numbers, the equivalent decimal will consist of 4 or ¥ non-recurring figures
(according as A or % is greatest), and of a recurring period, the number of
figures in which is a measure of a!-1 (a—1) . ém-1(6~—1) . o"=} (¢—1)... 118
7416. (R. Rawson.) — In the Royal Society’s ZTvansactions (Part
III., 1881, pp. 766, 767), Mr. J. W. L. QGlaisher has shown, by the
assumption of XA, 2™+ for all positive integral values of r, that (AU + BV)

ia the general integral of %,’ —d% = ﬂ%"-ll w, where

1 a%a® 1 atat
TwmoP{le — 22 - — = — &ec.
o -1 2 T p-D-p .21 b
1 a323 1 at 4
mgptl 114 —_ 2 2 4 - T _4+&cC}.
V=z { Yri3 B Toepep el o}
Show that the restriction imposed upon r is unnecessary, and that, if
m = n—2p, the general integral of the above differential equation is

. a3 ot ot
w = Aoz { M e miD piDer O me s meD) .}
pem Loyl 0= =0) 0=l Dim=6)m=3) , g |
........................... 51

7418, (The Rev. T. P. Kirkman, M.A,, F.R.8.)—Prove that no
polyedron can have a seveni-walled frame of pentagons. ............c.eees 40
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7421. (R. Knowles, B.A.)—Two equal tangents OP, 0Q are drawn
to a parabola; prove that (1) the angle POQ is bisected by the axis,
and (2) the distance of the)centreof the circle OPQ from the vertex is
constant and equal to one-half the latus rectum.............ccooeeerninnene. 28

7422. (For Enunciation, see Question 6878).............ccuvvuneunnnes 99

7427. (Professor Townsend, F.R.8.)— A lamina, setting out from
any arbitrary position and moving in any arbitrary manner, being sup-
posed to return to its original position after any number of complete
revolutions in its plane ; show that—

(a),All systems of points of the lamina which describe curves of equal
area in the plane lie on circles fixed in the lamina ;

(8) All systems of lines of the lamina which envelope curves of equal
perimeter in the plane are tangents to circles fixed in the lamina ;

(¢) The two systems of circles, for different values of the area in the
former case and of the perimeter in the latter case, are concentric, and

have a common centre in the lamina........cccccceveiveniiieniiininiinn coanee 112
7431. (Professor Wolstenholme, M.A., 8c.D.)—If 2s=a+B8+v+3,
prove that

sin } (8—+) sin } (a—3) [sin (+—B) + sin (s—y)—sin (s1—a) —sin (s-—3)
+8in § (y—a) sin § (8—2) [sin (s—7) + in (s—&) —sin (s B) ~ sin (s—3)
+8in § (a—B) sin } (y—3) [sin (+—a) + sin (+—B) —sin (s:—7)—sin (s—3)
= =168} (8—7)sind (o—3)sind (y—alsin} (8~ sint (a—B)sin (y-2)

7439. (R. Rawson.)—Two inclined planes of the same height and
inclination a, B, are placed back to back, with an interval between them
(26). Two weights P, Q are placed one on each inclined plane, and kept at
rest by the connection of an inextensible string, indefinitely long, ing
over two small tacks, one at the top of each inclined plane. A weight w,
having a vertical velocity (¢), is then on the string by a smooth ring
at & point midway between the inclined planes. Show that the system
thereby put in motion will come to rest at a point determined by & root of
the quadratic

(4P*sin?a— %) 8- 1;;(494P.in¢+m=‘_ (m sina +'§) vl _ o,

7446. (R. Knowles, B.A., L.C.P.)—(Suggested by Question 7386.)
—In an equilateral triangis ABC a circle is inscribed, and a tangent
to the circle meets the sides CB, CA in the innts A’, B’; the line join-
ing the orthocentre of the triangle A’B’C with the centre of its circum-
scribing circle meets BC or AC in D; prove that, in either case, as A’B’
varies, the maximum and minimum values of DC are respectively two-
ninths and two-thirds of a side of the equilateral triangle................ 119

7466. (Professor Townsend, F.R.8.)— A system of plane waves,
geropaga by rectilinear vibrations gerpendicula.r to the plane incidence,

ing supposed divided into two by refraction and reflexion at the
surface of separation of two isotropic elastic solids in molecular con-
tact with each other ; determine, given the coefficients of resistance to
com] ion and to distortion for both solids,—

(aE The relative amplitudes of vibration, for any angle of incidence, of
the three systems of waves,
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(5) The particular angle of incidence corresponding to the evanescence
of the refiected vibrations. .......c.coevemeniirurnninieneiiieecnneiniiiiin, 23
7458. (Professor Wolstenholme, (M.A., Sc.D.)~If %, r be positive
integers, and 2’y = gin o, :c"*':—;—'?‘ -z,
prove that, according as # + r is even or odd,

d's ner ner-1
= =(—1)? amginz, or (—1) ? 2%cosz.
o 1) s (-1

[Ths results may be written:—g = 2% sin {(n+7) %w}] 45

7460. (Professor Wolstenholme, M.A., Sc.D.)
If 2" = cos™ @ +sin” 6,

prove that z-1 (%‘: + x) = (n—1)(sin 0 cos A)*-3........ce.cuuue 36

7461. (Professor Genese, M.A.) — A plane triangle is constructed
whose sides are arcs of equal circles. If these sides he measured by the
angles which they subtend at the centres of the corresponding circles,
prove geometrically that (as an extension of Euc. I. 32), with a certain
convention of 8igns, A+ B+C = +84+540. ccvvvvrrrviriiereeereereneenennes 26

7470. (J. Hammond, M.A.)—Trace the curve

@+ (b—r)3—2a (b—7) cos 6 = ¢,
with special reference to the cases (12 when 434 5% = 3, (2) when
@ 4 b 4 ¢ = 0; and prove that it admits of an easy mechanical description.
[When ¢ = a, the curve degenerates into a circle and a limagon.] ... 27

7471. (D. Edwardes.) (Suggested by Quest. 7434.) — If an ellipse
be inscribed in a rectangle, prove that the perimeter of the quadrilateral
formed by joining the points of contact is constant. ................cecunes 36

7476. (J. O’Regan.)—The figures 142857 are arranged at random
as the period of a circulating decimal, which is then reduced to a vulgar
fraction in lowest terms; show that the odds are 119 : 1 against the

denominator being 7. .................. werrereans eireressesnseinseetniansareienes 44
7476. (D. Edwardes.)—If zys = (2—2) (2 —y) (2—3), show that
14
= n_5
I=Ljoxyzdzdy=- G T g e 116

7481, (Professor Townsend, F.R.8.)—A system of plane waves, pro-
gagated either by normal or by transversal vibrations, being supposed
ivided into two by perpendicular refraction and reflexion at the surface
of separation of two isotropic elastic solids in molecular contact with each
other; show that, in either case, the vis viva of the original is divided
without loss of total amount between the two derived systems of wa.ves.2 s
7483. (Professor Wolstenholme, M.A,, 8c.D.)—In Walton’s Mechanical
Problems (3rd ed., p. 19, ¢ Centres of Gravity of Solids of Revolution,”
Ex. 10) it is stated that the centroid of the solid formed by scooping out
& cone from a paraboloid of revolution, the bases and vertices of the two
solids being coincident, bisects the axis; prove that (1) this is true for
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the volume formed by the revolution of any segment, cut off by a
chord PQ, from any conic, about an axis of the conic, Es rovided PQ does
not cut the axis'; ,more generally; (2) if PM, QN be drawn perpen-
dicular to the axis, anda sphere be described on MN as diameter, the cen-
troid of any part of the volume generated by the segment, mtereepted
between two planes perpendicular to the axis of revolution, is coincident
with the centroid of the volume of the sphere intercepted between the
8aME tWO PIANIES. .ivvvuiieiiiriuiiriiniiiniininieiiiriree i eraesiatenae e 39
7487. (Professor Wolstenholme, M.A., Sc.D. )—Given two conics U,
U’ a tangent at P to U meets the polar owaithrespectto U’inP’;ptove
that the locus of P’ is the quartic UV = U”, where V is the polar re
.ciprocal of U with respect to U’ so taken that the discriminants of U, U’
'V are in geometrical Pprogression. ..........cccocuvveuennciusnnienienieninennians 7

7488. (Professor Hudson, M.A.) — If O be the circumcentre of
ABC, and forces act along OA OB, OC proportional to BC, CA, AB ;
prove that their resultant passes through the in-centre...........ccevununns

7489. (Professor Wolstenholme, M.A., 8c.D.) — Prove that, 1!
28 = a+B+y+8, the equation of the directrix ‘of the parabola that

touches the four tangents to the ellipse = -;’g- + L- 1 at the points whose
excentric angles are a, B, 7, 3, is

7 [cos (s~a) + cos (s— B) + 008 (s—) + cos (s—3)]

+ % (sin (s—«) + sin (s—B) + sin (¢—7) + sin (s—23)]
= (63—5%) cos s + (a? + 5%) [cos (s—a—38) + cos (s— 8 —B) + cos (3—1—8)]

.........................

7492. (W. J. C. SBharp, M.A.)—S8how that at an mﬂenon on the

curve U = 0, [ uy, thy, 4 | = 0. [T]ns is an application of the form of
tygy Ygg, Usg e Hessian at the end of
ty thy, the Solution of Question 5762.
L e [ 81
7494. (W.J. C. Sharp, M.A.)—8how that
lwam_zd_ln antm (23-1)»
L dx(" 1) dzf”m " 25 - (- 1)- ( D? .. 36

7496. (8. Tebay, B.A.)—Show that the mean length of the ¢ Sailor’s
Knot,” or geographical mile, in latitude a, is appronmately

1:1566 (100667 cos?A) mile. ......cceerrurenernes 61

7497, (G. Heppel, M.A.) — If four - concurrent normals meet an
ellipse in points whose ecceniric angles are a, 8, 7, 5; show that
a+B+y+3 = 3x or bx, according as the ordinate of the point of con-
CUITONCE IB ~= OF 4 .iuiivuiruiiencnreriiiiniiuiinienisrutinesiesisicsesassssreresnes 30
7499. (R. Tucker, M.A.) — OA, OB are two fixed lines, A is a
fixed peg, and B a peg movable along OB; an inextensible endless string,
g round AB, 18 kept stretched by a pencxl C; find the envelope of

the loci of the curves traced out by C, on the plane AB, by varying the

position of B. ...... O O UURR N 120
7606. (8. Tebay, B. A.)—Fmd (1) the form of @ when «}+aandas?—a
are rational squares ; also (2) deduce the simple values

%= (=0 +4, o= 81 (k=8) (8-P)
c
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and (3) give a neat method (with examples) of oa.lcuhhng correspondin,
numerical values of # and ¢ when a4 only is integral. ..................... 10

7508. (Professor 'Sylvester, F.R.8!)—If m, » be any two square
matrices of the same order M = (mn —nm)3,
= (3 — nm®)(n3m — mn?) — (n*m — mn?) (m2n — nm?),
P= m:, mn + nm, n: ; and D the determinant to the matrix
m3, mn+nm, n .
m’, mn+mn: n aM+BN+9P:
prove that D is an invariant to m, n; that i is, remains unaltered when
supposing (pg'—p'g = 1) pm+gn and p'm+g'n are substituted for m
BN M. vevrrnreiereriarnricertesttornrirstessecatotercssaratestasssssesasasenencasessaensan 58

75610. (Professor Haughton, F.R.8.)—If a, 3 denote right ascension
and declination, and /, A longitude and latitude; show that the inclina-
tion of the ecliptic is given by the equation

sinAtan/+sin3tana
COBw = SoAfanassndtans U sesene 25
7611, (Professor Wolstenholme, M.A., Sc.D.)—A, B are the given
centres of two circles ; Pp, P’p’ the external common tangents, Qq, Q¢
the mternal common ta.ngents, P, Q being on the same side of the axis;
p, Q'¢’ intersect at ri ht anglesm V, and Py, Qg at nghtnngles in V':

prove tlmt (1) P, Q, ¢’, ¢’ lie on one stmlght line, P, Q’, ¢, p on another
straight line, whose gl.rectlons are fixed, and these two straigbt lines and
VV’ meet in one point O; (2) the common tangents Pp, P'p’ are equal to
the sum of the radii, and Qq, Q¢ to the difference ; (3) the points of con-
tact lie on four fixed circles, and the common tangenu pass through two
fixed points ; (4¢) PQ’, P'Q, p¢/, p’q all intersect in one fixed point C bi-
tma AB; (5& PQ, P’Qf, 24, 7'q are all of equal 1 and the ratio
Py : Q¢ isthe uplicate ratioof Pp : Qqg; (6) theratios OP : »0, 0Q : O¢’
are equal, and are equal to the ratio of the radii of the two cxmles (7) the
common tangents and the two straight lines through the eight pomts of

contact all touch the same parabola, focus C, and directrix VV".........
7512. (Professor Townsend, F.R.8.) — An ellipsoid and any m-
scribed polyhedron of maximum volume, or circumscribed polyhedron of
minimum volume, being supposed to bound two solids of uniform density
in their common space ; show that both solids have the same pnnolpa,l

axes at their common CEntre Of IETtiB. ......o..voereessereesssorsasssees

7513. (Professor Minchin, M.A.)—Give a simple geometrical proof
of theexistence and fundamental property of the Instantaneous-A cceleration
Centre in the uniplanar motion of a rigid body.......ccccceernniininirennenee 38

7619. (R. Tucker, M.A.)—AP, A’P’ are two confocal and coaxial
parabolas, the parameter of the former being twice that of the latter;
prove that, if any chord QQ’ be tangential to the inner curve, then the dis-
tance of the mid-point of QQ’ from the directrix of AP is trisected where
it meets AP, and the tangents at Q, Q' pass through the other pomt of
tIBOCEION. sevverrrnrrenniiiiiiiniiiitiiieiiiieiiisiriini e ss i entee eaeens

7622. (W. J. C. Sharp, M.A.)—Prove that (1) any two conics are
polar reciprocals with respect to a third; (2) the same triangle is self-
reciprocal with res gct to all three, and the equation of the auxiliary
comc, referred to this, may be derived from those to the other two by
aking each coefficient proportional to the geometrical mean between the
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corresponding coefficients of the reciprocal conics ; (3) the analogous pro-
position i8 true of QUAATICE.......oviierenriiiiiniiiieiinieniiiiier e, 44

7523. (8.Tebay, B.A.)—Show that the mean value of the radius of cur-

vature for all points of an ellipseis%(l ~3 Aty f+). 81

7626. (T. Muir, M.A., F.R.8.E.)—If in a determinant of the nt®
order the clements in the main diagonal be all negative and all the
others positive, prove that the number of positive terms in the develop-
ment is — (=203 (n—2).c.cuuuunens sssruenrsasseranes 27

7626. (W. G. Lax, B A )— A swing-bridge is movable about a
vertical axis on one bank of & river, and has a load of ballast suspended
from the tail end of it; if the cost of bridge per ton be n times that of
ballast, and the river yards wide, find the length of the tail end of the
bndge so that the cost of the whole may be a minimum. ........ccccuuuent 29

7530. (R. Knowles, B.A,, L.C. P% —From a point A a perpen-
dicular AD is drawn to a ght line BC given in position, and the in-
scribed circle of the triangle ABC passes through the orthocentre; prove

that the maximum value of its radius is one-half of AD eenreesnneane 45
7633. (J.J. Walker, M.A., F.R.S.)—Prove that the common centre
of the -mass of the four faces of a tetrahedron is the centre of the

sphere inscribed in that determined by the four centres of the faces; and
hence prove the obvious analogue in tri-dimensional space of Professor
Hudson’s Question 7488—which is true in any pomtnon of the point O
for forces proportional to OA sin A, OB sin B, OC0sinC. ..............cc.

7634. (The Rev. T. C. Simmons, M.A.) — A pumber is known to
consist of four digits whose sum is 10; show that the odds are 164 : 65
in favour of the sum of the digits of twice the number being equal to 11.

28

...........................

7635. (R. Lachlan, B.A.) — Prove that, if a<{», and » be posi-

tive and <1, s - % ThNs
o 1+28cosa+23 sinmr sina

and r sl _ = _ein(l-s)e .. - 41
1+2zcosa+2? sinnw sina

7536. (Professor Sylvester, F.R.S.)—If 3n—2 points are given on
a cubic curve, and through 3n—3v—2 of these an (n—»)-ic be drawn,
cutting the cubic in two additional points, and through these and the
remaining 3» given points a third curve of order »+1 drawn, prove
that its remaining intersection with the given cubic is a fixed point...

7637. (Professor Townsend, F.R.8.) — An ellipsoidal shell bemg
supposed, by a small movement of rotation round an arbitrary axis passing
through the centre of its inner surface, to put into irrotational strain a
contained mass of incompressible fluid wmpletely filling its interior ; in-
vestigate, in finite terms, the equations of the displacement lme-system of
the BN .eiiviiiiiiiiiiiiiii

7638. (Professor Haughton, F.R.S. )—Sh% that the law of pro-
( 2 dv

dav
pagahonofheatmasohdspherem -\t %

dt
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7641. (Proleuo(t :Volct:)nholme, (K.A., lB)chz;Thp o:::imﬁu ofa
point being 2 = a (M3 +m-2), y = g (Mm—m-}), W] m is parameter,
according to/the\ usual)rule| the)locus/should be a quartic, gince we get
four values of m for determining the points in which the locus meets
any proposed straight line. Neverth the locus is the parabola
y3=a (z~—24). Account for the discrepancy. Also, with thesame values of
(z, y), the equation of the tangent is m3z —2m (m2—1) y+a(m‘—4m’+elz
= 0, which would make the class number 4. ............covriririvennnnennnns

7642, (Professor Martin, M.A., Ph.D.)—Prove that for s = o,

z 1 +...+ ! = log, 2. 656
)1+ J2-in(}r+2l) 1+ v2sin (h+;—:)
n

7643. (Professor Wolstenholme, M.A., Sc.D.)—In a rectangilar
xﬁwboh. PQ is a chord normal at P, and T is its pole : prove that CT
b

h;

will be at right angles to CP; that is, T is the extremity of the polar
subtangent drawn from the centre O. [Otherswise : if O be the mid-point
of PQ, prove that the angle OCP will be a right angle.].................. 74

7644. (The Editor.)—Construct a triangle, having given the base,
the vertical angle, and the ratio of the segments of a given chord of the
circumscribed circle drawn parallel to the base, cut off between the circle
and the sides of the triangle .............ccceiviriirmiiiiniiiiiniiiiinn. 68

7646. (J. J. Walker, M.A., F.R.8.)—Prove that the points on a
right line have a (1, 1) correspondence with the rays of a pencil in the
same plane; show that the lines drawn from the points so as to make a
given mile with their corresponding rays all touch a parabola, which is
also touched by the given right line. [A generalisation of a theorem of
STBINRR’B.] .iiiiiiiiiiiriiiiene e irnetnrirecre et st ee s sss s e annnes 4

75647. (R. Tucker, M.A.)—PFR, QFS, are two orthogonal focal
chords of a parabola, and circles about PFQ, QFR, RFS, SFP cut the
axis in points the ordinates to which meet the curve in P/, Q, R/, 8':
prove (1) locus of centres of mean position of P, Q, R, 8 is a parabdla,
‘(ll‘atus rectum }L); (2) 3 (FP') + 2L = 23 (FP) ; and (3) if also normals at

ree of the points P, Q, R, 8 cointersect, then y;1 3* (y~ ) = —24L-2.

........................... 114

7660. (J. Griffiths, M.A.)—If ¢ =  +3sn'%.en (K—u) and modulus
 dp a¢ -

=48 K = o et e T -

7662. (The Editor.)—In a road llel to a range, find, by ele-
mentary geomesﬁ, a point at which the sounds of the firing and of
the hit of the bullet would be heard simultaneously ........c.cceeveririeres 49

7666. (W. Nicholls, B.A.)-—Two cubics U and V have the same
points of inflexion. Show that the intersection of the tangent at any
point on U and the polar of that point with respect to V lies on U. ... 84

7568. (W. J. O. Sharp, M.A.)—If A’, B/, (', D/, be the feet of
the ndiculars from any point on the four faces of a tetrahedron
ABCD, show that AC’?*—BC’? = AD?—~BD?, &c., and conversely ... 69

7664, (D. Edwardes.)—If the sides, taken in order, of a quadri-



CONTENTS. xvit

lateral inseribed in one circle, and dircumscribed about another, are a, 3,
¢, d; prove that the angle between its diagonals is cos-? :%:. . 117

7667. (Professor Sylvester, F.R.8.)—Let nine quantities be supposed
to be placed at the nine inflexions of a cubic curve, then they
will group themselves in twelve sets of triads, which may be called
collinear, and the product of each such trind may be called a collinear
product. From the sum of the cubes of the nine quantities subtract three
times the sum of their twelve collinear triadic products, and let the fanc-
tion so formed be called F. With another set of nine quantities form a
similar function, say F'. Prove that FF’ will be also a similar function
of nine quantities which will be lineo-linear functions of the other two
sets, find their values. [The inflexion-points are only introduced in
order to make clear the scheme of the triadic combinations, so that the
imaginariness of six of them will not matter to the truth of the theorem. ]

........................... 53
7569. (Professor Townsend, F.R.8.)—In a tetranodal cubic surface
in a space, show that—

a) The four nodal tangent cones envelope a common quadriec.

3) Their four conics of intersection with the opposite faces of the nodal
tetrahedron lie in a common quadric.

(4? The two aforesaid quadrics envelope each other along a plane having
triple contact with the surface ...........cccoeeiviruinciiiiinnniiiiiiiiniinnn, ... 56

7671. (Professor Haughton, F.R.8.)—A solid body is bounded by
two infinite parallel planes kept constantly at the temperature of melting
ice, and by a third plane, perpendicular to the first two planes, kept con-
stantly at the temperature of boiling water. After the lapse of a very
long time, show that the law of distribution of temperatures will be repre-
sented by the equations (between the limits y = -k )

v =ae-*cosy+be~*cos3y+&c., 1=acosy+bcosSy+&e. ... 54

7673. (Professor Hudson, M.A.)—Parallel forces act at the angular
points of a triangle proportional to the cotangents of the angles. Can
they be in equilibrium P .......ccoeiivnniinannnnns RSN 60

7674. (Professor Wolstenholme, M.A., 8c¢.D.) —If we denote by
F (2, n), the determinant of the nth order

z,1,0,0,0, ... prove that F(z, 2r+1) = 2F (23—-2,r),
,21000 .. F(z,2)=F (22-2,r)+F (222, r-1),
0,1,2,1,0,0 ... 9
[ B £ R - (x—2eos—'-) (5—2008—')
0,0,0.....1, z, 1 ntl n+l

00,0...0,1, x(z—ﬂoosi'-)...(.z—zoos-ff—).
. . "+ "

7676. (Professor Wolstenholme, M.A., 8c¢.D.) —Two normals at
right angles to each other are drawn respectively to the two (confocal)
parabolas y3 = 4a (2 +4a), y? = 4b (v +5); prove that the locus of their
common point is the quartic

2y = (at + ) (52 (s8]t + (b —B4) [+ 2 (aB)A]Y,
which may be constructed as follows :—draw the two parabolas
Yy = (6+0)z—4ad &k 2(ad)} (xr—a-=d),



xvin CONTENTS.

and let a common ordinate perpendicular to the axis meet these parabolas
in P, p, Q, g, respectively, then the quartic bisects PQ, Pg, 2Q, pg. Also
the area included’ betwoen' the quartic and its one real bitangent is
g:’m’ (m+ 1) (m—1)3, where @ = bm*, and @ > 5. These results will only

real when ab is positive, or when the two confocals have their con-
cavities in the same sense, but in all cases the rational equation of the
quartic is (23— ax + 2ab) (y3—bx + 2ad) + ad (a6 —5)3 = 0.

[The quartic is unicursal, but has only one node at a finite distance
(x=a+b, y=0); there is singularity at « , equivalent to two cusps. The
class number]is 4, and the deficiency 0, 80 that 23+ 3x = 8, 3+x = 3, or
B I, K m 2]  coveereereereeneessenteseessestessseanssesesssesseseesaessesnasanent 117

7576. (The Editor.)—Two houses (A, B) stand 750 yards apart on the
side of a hill of uniform slope, and at the respective distances of AC =600
yards and BD = 150 yards from a brook that runs in a straight line CD
along the foot of the hill. A man starts from the house A to go to the
brook for water, which he is to carry to the house B. Su{poeing he can
only walk 2 miles an hour in going up hill with the water, but 4 miles an
hour in going down hill to the brook ; show that (1), in order to perform
his work in the shortest possible time, he must strike the brook at a
point P such that CP = 546:124 yurds, the distance he will travel is
AP + PB = 811'494 + 159-298 = 970-79 yards, and the time the walking

of his journey will take is 6-916 +2:716 = 9-631 minutes; also (2),
if he start from B to return likewise to A, he will have to take the water
at the mid-point (Q) ef CD, the length of his return journey will
be 450,/5 = 1006-23 yards, the time will be }34% ,/5 = 14°293 minutes,
and the two parts BQ, QA of his path will be perpendicular to each other.

.................. 82

7678. (The Rev. T. C. Simmons, M.A.)—It a number have the sum
of its digits equal to 10, find under what circamstances twice the number
will have the sum of its digits equal to 11 ................ eerrecrueretaiennes 64

7679. (R. A. Roberts, M.A.)—Two uniform spherical shells attract
according to the law of the inverse fifth power of the distance; show
that, if they cut orthogonally, they will be in equilibrium under the
influence of their mutual attraction ...........cceiiviiiniiiiiinicneccnnieninnnes 65

7581. (O. Leudesdorf, M.A.)—If A+B +C = 180°,

(y—=2) cot $A + (g—x) cot B+ (z~y) cot §C = 0,
(y2—23) cot A + (s2—23) cot B+ (z3—y2) cot C = 0; ‘
yi+3—2yscos A _ 3+2%—2srcos B _ AA+y3—22ycosC |
prove that A “iniB T O .

7687. (Syama Charan Basu, B.A.)—If
a B\(b o =
(7+¢)(a+b)+4 0,

where a, 8 are the roots of 422 + 622 +¢ = 0, show thata = 8 =2 ...... 82

75692. (S. Tebay, B.A.) — Find an integral value of 4 such that
(m*+n%3+a and (m%+n3)*—a shall be rational squares; m and n being
POBItive INtOETS. ...ccvvt evieireniiiieniniiiieriieiiiiseiieiie e ssraressnnes 65

7693. (R. Knowles, B,A., L.O.P.)—A circle passes through the ends
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of a chord PQ of the pa.:;xauboln2 y* = 4ax and its pole (k%) ; prove that (1)
its oquation s 2%+ 51— =22 4 % (a—h)y+h (2a—h) = 0; (2) if PQ

is perpendicular'to the axis, the'focus'is the centre; (3) if the circle cuts
the parabola againin OD, the middle point of the line joining the poles of
PQ and CD, with respect to the parabola, is the focus...............euces 78°

7694. (W.J. C. Sharp, M.A.)—If the circle inscribed in the triangle
ABC touch the sides at the points D, E, F respectively, and P be the

int of concurrence of the lines AD, BE, CF; and again, if I, E/, F,
g? be the corresponding points for the escribed circle opposite A,

/
show that ED,PE PF _ —%+%’+g—%—v-1.,... 1,2).

[In the second result, the lines are considered as signless magnitudes;
if regard were had to the signs, the — should be omitted.] ............ 79

7697. (Professor Townsend, F.R.8.)—A system of plane waves, pro-
pagated by small parallel and equal rectilinear vibrations, being supposed
to traverse in any direction an isotropic elastic solid, under the action of
its internal elasticity only; show that the direction of vibration is neces-
sarily either parallel or perpendicular to that of propagation, and deter-
mine the velocities of the latter corresponding to the two cases. ......... 86

7598. (Professor Wolstenholme, M.A., 8c.D.)—1. Circles are drawn
with their centres on a given ellipse, and touching (z) the major
axis, (B) the minor axis; prove that, if 22 be the major axis, and ¢ the
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in-1
circles is 4a(l+l;’”logi—+—5 , 4a ((l—c’)‘+ 2"“‘7‘) ...... (@ B).
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3. Circles are drawn with centres on a given curve and touching the
axis of #; prove that the arc of their curve envelope is 2— 2~Iy dé, where

@, y are the coordinates of the centre of the circle, and %’ = tané. .., 108

7601. (Professor Hudson, M.A.)—The lenses of a common astro-
nomical telescope, whose magnifying power is 16, and length from object-
glass to eye-glass 8% inches, are arranged asa microscope to view an
object placed § of an inch from the object-glass; find the magnifying
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7602. (Profes;or Hudson, M.A.)—A ray proceeding from a point
P, and incident on a plane surface at O, is partly reflected to Q and
partly refracted to R : if the angles POQ, POR, QOR be in arithmetical

progression, show that the angle of incidence is cot-? (FL;:) eeenes 111
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1

Ty A+ B U]+ EGm]+E4 (=R )
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7633. (Professor Geneso, M.A.)—A circle is inscribed in a segment
of a circle containing an angle 8: the point of contact with the base
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7635. (Professor Angelot.)—Démontrer que
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7663. (For Enunciation, see Question 6878) 99

7657. (J. Crocker.)—If an ellipse be described under a force f to
focus 8 and f] to focus H, and SP = r, HP = r, ; prove that :

éh _4f S _ 5

A _ L =2 L b)) .

dry dr ( r ) 14
7658. (S. Constable.) — The vertex of a triangle is fixed, the

vertical angle given, and the base angles move on two parallel straight
lines ; construct the triangle when the base passes through a fixed point.
115

7660. (R. Knowles, B.A,, L.C.P.) —From the angular points of a
triangle ABC, lines are drawn through the centre of the circum-circle to
meet the opposite sides in D, E, F, respectively ; prove that

1 1 1 _ 2
A——D + ﬁ + C_F = R s eerettsesaiettntetesitsanes 123

7666. (Professor Haughton, F.R.S.) — Prove the following formula
for finding the Moon’s parallax in altitude in terms of her true zenith
distance, viz., sin p =sin P sin z + } sin?P 8in 22 + 4 sin3 P sin 3z + &c.... 117

7669. (Professor Townsend, F.R.8.)—A thin uniform spherical shell
being supposed to attract, according to the law of the inverse fifth power
of the distance, a material particle moving freely in either region of its
space external or internal to its mass; if, in either case, the current
velocity of the particle be that from infinity under the action of the force,
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7676. (J. J. Walker, M.A., F.R.S.)—If F (wyz) = 0 is the equation
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referred to the foot of p as origin, and the line in which the plane is cut
by that containing the line p and the axis of z, and a line at right angles
thereto, as axes, is obtained by substituting for z,y, z in F (zyz) = 0,
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7683. (R. Tucker, M.A.)— LSP and LHL/ are a focal chord and
a latus rectum respectively of an ellipse, and the circle LL/P cuts the curve
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7606, (Alpha.) —Two guns are fired at a railway station at an
interval of 21 minutes, but a person in a train approaching the station
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FROM

THE EDUCATIONAL TIMES,

WITH ADDITIONAL PAPERS AND SOLUTIONS,

7382, (By Professor Syrvester, F.R.8.) —If p and ¢ are relative
primes, prove that the number of integers inferior to pg which cannot be
resolved into parts (zeros admissible), multiples respectively of p and g, is

t(p-1)(g—-1).

[Ifp=4,¢ =1, we have } (v—1)(¢g—1) =9; and 1, 2, 3, §, 6, 9, 10,
18, 17 are the only integers inferior to 28, which are neither multi-
ples of 4 or 7, nor can be made up by adding together multiples of 4 and 7.]

Solution by W. J. Curran Suarp, M.A.

If the product (l+2P+2%+...+0P) (1+29+2%+...+27?) be con-
sidered, each term between 1 and 27¢ corresponds to a number less than
pq, and of the form mp+ng; also 2277 is the middle term, and the co-
efficients from each end are the same. Hence twice the number of in-
tegers of the form mp + ng, and less than pg, is the value of the above
product when #=1 with four deducted, since the terms involving 21, 279,
2%¢ are not included ; and therefore the number of these integers is

t(p+1)(g+1)-2
and the number of those which cannot be put into this form
=pg—-1-[F(p+1) (g+1)-2] =} [pg-p-g+1] = § (p-1) (¢-1).

1585. (By the late Professcr Crirrorp, F.R.8.)—If three circles are
mutually orthotomic, prove that the circles on their common chords as
diameters have a common radical axis,

VOL. XLI. c
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Solution by Astrrosn MuxHOPADHYAY.

Let A, B, C/be the céntres of)the
three mutuoally orthotomic circles;
Py, Py, Py, P,, P;, Pg their points of
intersection. Then, from the ordi-
nary theory of orthotomic circles,
we know that the centre of each
circle lies on the common chord of
the other two ; it can also be shown,
from elementary geometry, that the
line of centres of any two intersect-
ing circles bisects their common
chord at right angles; hence, we
infer that, in the triangle ABC, AA,,
BB,, CC, are the perpendiculars,
and its orthocentre O is the radical
centre of the system.

Moreover, calling the sides of the
triangle ABC, a, b, ¢, as usual, we

have BA, = c¢cosB CB, -aooeC} AC, -bcoaA}
AC =5cosC f’ BJA =ccosAf’ CB =acosB{"*

Now, let us call 8,, 8,, 84 the circles described on P, Py, P;P,, PPy as
diameters; let their radii be py, ps, p» Then we shall have

= A P2 = BA, . A C (because, the circles being orthotomic,

= be cos B cos C. £ BP,C is a right angle)
Similarly, p2 = AB,;.B,C =ca.cosC.cos A,
and ps? = AC,.C,B = ab,cos A .cos B.

Taking A, as origin, A,C, A,A as the rectangular axes of z and y, the
coordinates of the points A,, B,, C, will be (0, 0), (¢cos A cosC,
acos C sin C), {*5 cos A cos B,'a cos B sin B), respectively. But, A;, B, C,
are the centres of the circles S,, S,, 8; of radii p,, ps, ps, therefore the

equations of these circles are 23+ y? = dccos B co8C..........cevvarveens (1),
{# —ccos A cos C)?+ (y —a cos C8in C)3 = cacos CcosA ...... (2),
(@—&cos A cos B)?+(y—acos BsinB)? =abcosAcosB...... (3).

Subtracting (2) from (1), attending to the relation sin A : a4 = &c., and
cancelling like terms, we get, for the equation of the radical axis,

zcosA+ysinA =4(ccosC+bdcosB—acosA)........ .e(4).

Subtracting (3) from (1), we get the same equation as (4). Therefore,
the three circles have a common radical axis.

[This Question has been discovered by Mr. WaLKER to be erroneous.
In fact, “solvitur delineando”: if we draw (even mentally) the circles on
PP, ... a8 diameters, we see they cannot have a common radical axis.
The error of the above solution lies in the sign of the abscissa of C,
(at * above) which should be negative, the abscissa being —3 cos A cos B.
The equations of the three radical axes are in fact

+2xcosA+ysinA = }(—acosA +5cosB +ecosC)
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and  (bcosB+ccosC)cos Az + (—bcosB +¢cosC)sin Ay

m (—bcosB +¢cosC)(—acosA+bcosB+ocosC).
The three have the same radical centre as the three orthogonal circles, viz.
the point O. The common chords of the three derived circles are equal;
in fact, the square of each is

2(@+83+03) cos AcosBeosC = 2 (b'¢ + 0d +a'¥)— (a3 + 42 + ),

where a’ = B, C, .., and the three chords are parallel respectively to the
three radii drawn from the circum-centre of A, B, C to its corners. The
subject is re-proposed for further discussion as Question 7605.]

7455 & 7481, (By Professor TownsenD, F.R.8.)—(7455). A system of
plane waves, propagated by rectilinear vibrations perpendicular to the plane
incidence, being supposed divided into two by refraction and reflexion at
the surface of separation of two isotropic elastic solids in molecular con-
tact with each other ; determine, given the coefficients of resistance to
compression and to distortion for both solids,—

(a) The relative amplitudes of vibration, for any angle of incidence, of
the three systems of waves.

(5) The particular angle of incidence corresponding to the evanescence
of the reflected vibrations.

(7481.) A system of plane waves, propagated either by normal or by
transversal vibrations, being supposed divided into two by perpendicular
refraction and reflexion at the surface of separation of two isotropic elastic
golids in molecular contact with each other; show that,in either case, the
vis viva of the original is divided without loss of total amount between
the two derived systems of waves.

Solution by the PRoPoSER. .

(7455.) Denoting by %, ¥, %, the amplitudes of the incident reflected
and refracted vibrations, by 6, ¢, 8, the angles of incidence, reflexion and
refraction of the wave systems, and by u, &', 4, and », ¥/, », the coefficients
of resistance to compression and to distortion respectively in their pro-
pagation through the solids ; then, the vibrations being manifestly per-
pendicular to the plane of incidence, and therefore to the direction of pro-
pagation in each derived as well as in the original system of waves, and
all systems of waves propagated by transversal vibrations in isotropic
media producing only distortion, but not compression of the molecules of
the media, the six ordinary equations of condition, three geometrical and
three dynamical, at the separating surface of the solids become reduced
in this simple case to the two, one geometrical and one dynamical, viz.,
k+ ¥ =Fk, and »cot 8%+ cot 'K’ = v, cot 6, k,, or, since in the same case
Y=y and cot®=— cotd, to the equivalent two (k+4’) =%, and
veot 0 (k—K) = v cot ,k,; from which, solving for k¥’ and %, we get at
once that ¥m k2SOLO=NCOb0 g gy g g _2v0OEO_ gpih

veot 0+, 00t 0, veot 04 » cot 6,
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giving in all cases the ratios of ¥ and k, to k in terms of 6 and 6, and of
v and »,, and showing that ¥=0 when », cot 8, = »cot 8, supply in con-
sequence the\solutions of (hoth (partsjof the question.

The angle of incidence # for which &’= 0, with the corresponding angle
of refraction 8, for which k, = 1, may be readily determined, in terms of
the coefficients » and »,, and of the densities p and p, of the two solids, as
follows. S8ince, in that case, as appears from the above, »cot 8 = v, cot 8,
and since in all cases, from the known laws of wave refraction,

Sin@:sng =v:¢ = (L)‘ . (LL)*,
[4 4}
where v and ¢ are the velocities of propagation for transversal vibrations
in the sohds, therefore here :

(pv,} . cos 8 = (p, )}. cos @ and (py,)!. sin 8 = (p, »)}. sin 6, ;
from which, by elimination successively of 6, and 6, it appears at once that

tan?g = L . “2=YP and that tan3e, = 2L 2=HA
", v —wp v vp=np
which give manifestly the values of the two angles in terms of the four
quantities in question.

Multiplying together the two pairs of equivalents in the two general
equations of condition at the separating surface of the media, viz.,
(k+ %) = k;, and vcot @ (k— ¥’) = », cot 8, k;, we get at once the additional
equation vcot 0 (A2—~£%2) = y,cot 6, k3;
or, remembering that » :» = pv?: p, 3 = psin? 9 : p,sin? 6,
the equivalent equation p sin 0 cos 6 (k3—k'3) = p, sin 9, cos 6, k,?; from
which it appears, by the usual mode of inference, that the ¢is vina of the
entire motion is the same after as before the division of the original wave

system into two at the separating surface of the media: a result techni-
cully termed the preservation of the vis viva in the division at the surface.

_(7481.) For perpendicular incidence, either for transversal or for normal
vibrations, the two equatione of condition at the separating surface of the
media assume alike the same simplified forms, viz.,

(k+¥) =k and pv (k—K') = pyv,k,;

where v and v, are the velocities of propagation corresponding to the
species of vibration, whichever it be, in the media, and equal consequently
to (i) and (ﬂ-)‘ for transversal, and to (" + §I')l and ("1*”""')‘
P A [4 [}

for normal vibrations. Therefore, for that incidence, in both cases alike,
#8 appears at once by multiplication together of the two pairs of equiva-
lents, pv (A2—¥"%) = p, 0, )3 ; and the‘regore, &c., a8 regards the property in
question.

Solving for ¥ and ¥, from the two equations of condition, we see also
that, in both cases alike,

Wom EPEZPL% and &y =k —200—
pr+p prEp 01
from which it follows at once that, in both cases alike, #= 0 and %, = &
when the products pr and p, v, are equal in the media.
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7357, (By Professor A. Morer.)—Résoudre un triangle, connaissant
une hauteur, le rayon du cercle inscrit, et le rayon du cercle circonscrit.

Solution by Avravr HiLt Curms, LL.D., D.Se.

Let ABCte the triangle, then, denoting by 4, 8¢, s,
R, 7, p the three sides of the triangle, its semi-peri-
meter, the radii of its circumscribed and inscribed
circles, and the altitude pasging through the vertex
C, wo have pe = area = rs, therefore s ¢ = » ; pis
known, and in the annexed well-known figure the
ratio of CF [= 4 (s + 8)] to AD (= 4¢) is known, or
its equivalent CE . AE is known, and therefore
CE2 : AE?is known; but (E.EQO = AE? therafore
CE: AE = AE:EQ, .- CE:EO = CE?: AE? is
known, and therefore CE : CO or EG :p is known, therefore EG is
known, and ED, which is equal to EG —p, is known. Draw, then, in
the given circumscribed circle a diameter EH, take ED as found above,
through D draw AB perpendicular to EH, take DG = p, draw GC
parallel to AB, then ACB is the required triangle.

7510. (By Professor HaveuroNn, F.R.8.)—If a, 3 denote right ascen-
sion and declination, and /, A longitude and latitude; show that the
inclination of the ecliptic is given by the equation

sinAtan/+sin3tana

CO8 @ = — - .
8in A tan a + 8in 3 tan /

Solution by B. ReyNoLps, M.A. ; Professor Matz, M.A. ; and others.
By twice applying the cot.-formula to the tri-
angle here shown (avoiding the angle of position
8), we get
tan A sinw—sgin Jcosw = — tanacos? ...(1),
tan 3 sin w + sina cosw = tanlcos a ......(2) ;
whence, eliminating sin w, we find
tan A tan Jcosa + tan § tan a cos /
tan A sina + tan § sin /

CoSw =

sinatan? €%%% 4 ginstana @2 )
CO8 A cosd sinAtanl/+sindtana

sinAtana “°*% 4 gin 5 tan? cos ! " sinAtana+sind tan/
COS A cus §

since 20°& _ ‘5’15, by a well-known formula.
COSA  cosd
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¢SyumepIANs "’ AND THE “T. R.” Circre. By R. Tucxer, M.A.

M. Mavurice\/n'0cAGNE) )in thé| Nokeelles Annales for October, 1883,
(pp. 460— 464,) has applied the name of ‘‘ Symmedian’’ to the line AS, in
a triangle, which makes the same angle with AC that the median line AM
does with AB (take the points, to fix the figure, which is easily drawn,
in the order B, M, 8, C). On AC take AB’= AB, and on AB,
AC’ = AC, then the ¢‘Symmedian’’ through A (say 8,) bisects B’C’.
From M, 8, let fall perpendiculars MP, SU on AB and MQ, 8V on AC,

then SU/AS = MQ/AM and SV/AS = MP/AM,
therefore 8U/SV = MQ/MP = AB/ AC.
Now SU.AB/SV.AC=8B/SC, ... 8B/SC = AB}/AC......(1).

From (1) it readily follows that 8,, Sy, S, pass through a point (P eay).
It is evident from (1) that P is the point through which the lines
DPE’, EPF', FPD’ must be drawn parallel to AB, BC, CA to obtain the
points of section by the *“T. R.” circle (see Educational Times for July).
The point P might be called the ‘‘Symmedian’ point ; its determination
is easy from the above definition. Many interesting results are obtained
by M. d’Ocagne.

It is also worth remarking that the ¢ Symmedian’’ point P is the
radical centre of the circles about ABD'E, BCE'F, CAF'D.

7461. (By Professor Genesg, M.A.)—A plane triangle is constructed
whose sides are arcs of equal circles. If these sides be measured by the
angles which they subtend at the centres of the corresponding circles,
prove geometrically that (as an extension of Euc. I. 32), with a certain
convention of signs, A+B+C =x+a+b+e¢.

Solution by the PROPOBER.

The result in the question was obtained thus. Conceive the whole tri-
angle, supposing its sides concave to the interior, rotated about the centre
of BC through the angle a so that B comes upon C, then rotated about C,
in the same sense, through the angle x — C, so that the old arc BC now lies
along CA. It is clear that, if the process be continued as suggested, the
triangle will ultimately come back to its old position, that is, will have
turned through the angle 2x. Thus we have

a+x—C+db+x—A+ct+x—B=2xr or x+a+0+c=A+B+0.

The cases wherein sides are convex to the interior may be similarly treated,
or may be deduced from the above by producing the arcs so as to get a
triangle of the first case. It is found that for convex sides a negative
value must be given to a, , c.
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[This Question is almost identical with Mr. Herrer's Quest. 6214,
solved by Mr, Warxe on p. 68 of Vol, 34 of the Reprints.]

7487, (By Professor WoLsTeENHOLME, M.A., 8c.D.)--Given twoconics U,
U’, atangent at P to U meets the polar of P with respect to U’in P’ ; prove
that the locus of P’ is the quartic UV = U’*, where V is the polar re-
ciprocal of U with respect to U’ so taken that the discriminants of U, U’,
'V are in geometrical progression.

Solution by T. Woopcock, B.A. ; G. B. Maraews, B.A.; and others.
Using areal coordinates, we may write U and U’ in the forms
By 4+23= 0 ireeniiiniieniiicseenn, 1),

and a2?+by?+cz? = 0; the equation to V will be a%2+ b33+ ¢%2 = 0.
‘We have to eliminate zyz between (1) and the pair af+yn+2z{ =0,
azt +byn + cz{ = 0. From the last two, we have

T _ Yy s
G=c)nl (-a)& (a-d)dn’
therefore, by (1), 9*¢(3(83+2—2bc) +...+... = 0.

This may be put in the form (8+ 7%+ (%) (a?B+ ... +...) = (a3 + ... +...)3,
which is the one required.

7525, (By T. Mure, M.A,, F.R.S8.E.)—If in a determinant of the
nth order the elements in the main diagonal be all negative and all the
others positive, prove that the number of positive terms in the develop-

ment is in!—(-2)"-2(n—-2).

Solution by the Proroskr ; R. LacuraN, B.A.; and others.

Let 2, y be the numbers of positive and negative terms, respectively,
and D the value of the determinant in question when each element is in
magnitude equal to unity; then we have

22—y =D =(—2)"1(n—-2) and z+y = n!; whence, &c.

7470. (By J. Hammonp, M.A.)—Trace the curve
a4+ (b—r)3—2a (b—1r) cos 0 = ¢3,
with special reference to the cases (12 when a?+5% =3, (2) when
a + b+ ¢ =0; and prove that it admits of an easy mechanical description.
[When ¢ = a, the curve degenerates into a circle and a limagon.]



28

Solution by G. B. Matuews, B.A. ; Prof. Nasu, M.A.; and others.

a— R
Fig. 1. Fig. 2.

The construction throughout is to draw a chord PAQ of the fixed circle,
and set off Pp = Qg = 4. Then, if OA =, OC = ¢, AP = r, CAp = 9,
we have 02 = OP? = QA3+ AP*-20A . AP cos OA

= (b—r)*+a%~2a (b—r) cos 0.

The first figure applies when a®+5? = ¢%, the second when ¢ =a+3,

and so for each of the other cases.

7421, (By R. Knowies, B.A.;—Two equal tangents OP, OQ are
drawn to a parabola; prove that (1) theangle POQ is %isected by the axis,
and (2) the distance ofp the centre of the circle OPQ from the vertex is
constant and equal to one-half the latus rectum.

Solution by A. MarTIN, B.A. ; KATE GALE; and others.

It is clear that the point O must be on the axis; hence POQ is bisected
})y the axis, and, a8 SO = SP = SQ, the centre of the circle must be the
ocus.

7534. (By the Rev. T. C. Siumons, M.A.)—A number is known to
consist of four digits whose sum is 10 ; show that the odds are 164 : 66
in favour of the sum of the digits of twice the number being equal to 11.

Solutions by B. REYNoLDs, M.A. ; A. MarTIN, B.A.; and others.

Of 4.digit numbers, those are favourable to the event specified which
Have one digit equal to or greater than 5. Unfavourable ones are those
with two 6°s (and two 0’s therewith, of course), or with all the digits less
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than 5 ; hence, considering the numbers according to the highest digit in
each, and remembering that 0 cannot stand as a first digit, the cases for
and a,gamst are)as follows 1+

9100, 8200, 7360, 6400 give 6 each ....... veens = 24
8110, 6220 give 9 each ................ o = 18
TI11 giVeS ...cvvveiiivniiiinniinniniinninnns e = 4
7210, 6310, 5410, 5320 give 18 each ......... = 72
6211, 5311, 5221 give 12 each.........c.ccuuee = 36

Total of favourable cases... =154
5600 ZIVES ...ccevviuniiniiniiiniiiiiiiiiiens = 3
4222, 3331 give 4 each - 8
4411 giveB .......e ceeeninnins .= 6
4420 and 4330 give 9 each = 18
4321 GIVeB..evuiriniiiiniianennins = 24
3322 GIVER..iviiiiiiiiiii e = 6

Tutal of unfavourable cases...... = 65

7526. (By W. G. Lax, B.A.)—A swing-bridge is movable about a
vertical axis on one bank of a river, and has a load of ballast suspended
from the tail end of it ; if the cost of bridge per ton be n times that of
ballast, and the river a yards wide, find the length of the tail end of the
bridge so that the cost of the whole may be a minimum,

Solution by the Rev. T. C. Simmons, M.A. ; BeLLe EastoN; and others.
Lot % =weight in tons of unit length, b = weight of ballast,  =required
-ad
length of tail; thenia.was = }2.wx+ 2. b, whence b = %‘:—:—iwz,andwe

. o s — wa? s Ay _

require the minimum of y = nw (a+2) + e {wz. Putting i 0, we
a2

2n—1"

2
get nw— % —4w = 0, whence 22 =

5350. (By 8. A. ReNsgaw.)—An ellipse and hyperbola have the same
centre and directrices, and they have a common tavgent which touches
the ellipse in D and the hyperbola in E, and meets one of the directrices
in H. Also from the common centre of the curves §'R is drawn parallel
to the common tangent and meeting the same directrix in R. Tangents
RW, RV are drawn to the auxiliary circles of the ellipse and hyperbola.
Show that, if FH, fH be joined, F and f being the foci of the curves be-
longing to the directrix RH,

DH.HF :EH.fH = WR'". . VR.
VOL. XLI. D
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Solution by the PROPOSER.

Draw any two parallels to DE, one cutting the ellipse in K, L and
meeting the directrix in Q, the other cutting the hyperbola in M, N and
meeting the directrix in P, Join PF, Qf, and draw RTT", R¢¢’ parallel to
them, and moeting the auxiliary circles in T, T, ¢, ¢&.” Then, since the
auxiliary circles are generating circles of the curve, we have by similar
triangles
KQ.QL:fQ?=¢R.R¢ :SR? and PF*: PM.PN = SR*: TR . RT’;
therefore KQ . QL .PF2; fQ*.PM.PN=¢R.R¢ : TR.RT'=~ RW2 : RV2;
when therefore the parallels both coincide with the tangent, this becomes
DH3. PF3: fQ?. HE? = RW?; RV? or DH.PF : fQ. HE = RW ; RV.

7497. (By G. Hepper, M.A.)—If four concurrent normals meet an
ellipse in points whose eccentric angles are a, B8, v, 3; show that
a+B+y+38 = 3x or bx, according as the ordinate of the point of con-
currence is — or +.

Solution by the Rev. J. L. Krronin, M.A. ; Prof, Marz, M.A. ; and others.

The equation to the normal at the point whose eccentric angle is 6 is
(a*= ) %m 0
———)

a (1 + tan? g)}

3_ 2azy Lo PR Col 2 LB
therefore y'— =5 -tan0+ oo tane 82 (1 +tan?g) ’

y—%tano.z-
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whence a¥z3tant 0—2 abry tan®o
+ [a%23 + b2y3 — (4%~ 52)3] tan? 6 — 2abzy tan 0 + 5%y = 0.

‘Whence, since'coefficients of tan® 8 and tan ¢ are equal and of same sign,

tana+tan B + tany + tan 3 = tanatan gtany+tanatanytand+...;
tana+tang  tany+tand _
l1—tanatan 8 1-tanytand
or tan(a + B) +tan (y+3) = 0; whence generally a+B+y+3=nx; nan
integer. Now, since the last term is positive, only two, or four, can
be negative together; this consideration with the geometry of the figure
will show that # can be only 3 or 5.

whence

7488. (By Professor Hunson, M.A.)—If O be the circumcentre of
ABC, and forces act along OA, OB, OO proportional to BC, CA, AB;
prove that their resultant passes through the in-centre.

Solution by C. MoreaN, B.A., R.N.; G. B. Maturws, B.A.; and others.

The force along OA is equivalent to two
forces proportional to cos B, cos O along BA,
CA respectively ; hence, resolving the other
forces similarly as in the figure, the trilinear
equation of the resultant is
(cos B—cos C) a+ (cos C—cos A) B

+(cos A—cosB)y = 0,
which goes through a = 8 = v ; therefore
&e.

5787 & 5945. (By W. J. C. 8zarp, M.A.)—From an ordinary point
on a quartic five straight lines can be drawn so as to be cut harmonically
by two curves. How far is this modified when the point is a node ?

(6945.) From a double point on a quintic, a triple point on a sextic,
or a pi¢ point on a ( p + 3)i¢, prove that a limited number of lines can be
drawn 80 as to be harmonically cut by the curve. (This is an extension
of Question 6787, which may be extended to surfaces as follows) :—
Through an ordinary point on a quartic surface lines may be drawn
80 as to be cut harmonically by the surface; the points of section will
trace out a quintic curve on the surface.

Solution by the PROPOSER.
The (n—p)® polar of O with respect to an #s-ic curve or surface is the
locus of a point R in OR,, cutting the figure in R,, Ry, Ry... R4, such
that 3(OR,-OR)... (OR,—OR)ORyp.; ... OR, = 0.
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Now, if R, coincide with O, and OR, = 0, this becomes
ORZ (OR3- OR) ... (OR,~OR) OR,,;... OR, = 0,
and one value of OR is zero, as it should be.
If R, also coincide with' Q) /the equation reduces to
OR?3 (OR;—OR) ... (OR,—OR) OR,.,; ... OR, = 0, and so on.
Hence the 2nd polar of an n-ic, if R;, Ry ... Ra.3 all coincide with O, has
for its equation OR"-3[(OR,.2—OR) OR,.; . OR,
+ (OR,.1—OR) OR,. OR, .2+ (OR,~OR) OR,,_,OR, 2] = 0,
and n—3 values of OR are zero, and the other satisfies
3 1 1 1,
GE = ORn-ﬂ * OR-»-I * O—Bm’
und hence, if R coincide with R, _5, R, .}, or R,, theline is divided harmon-
ically; f.e., if the line pass through an (n—3)!¢ point in the locus, and
through an intersection of the locus and the second polar of the point, it
is harmonically divided by the n-ic.

Now (1) a quartic curve is cut by the polar conic of a point on itself in
five points, distinct from the point, the lines joining which to the original
point are harmonically divided by the curve.

(2.) A quintic is cut by the polar cubic of a double point on it in
3x5—4x2 =7 points; and so many lines can be drawn through it so as
to be harmonically divided by the curve, and generally a (p « 3) is cut
by the polar ( + 1)i¢ of a ple pointonitin (p+1)(p+3)— (2 +2)p=2p+3
points, distinet from the multiple point, and hence as many lines can be
drawn through so as to be harmonically divided by the curve.

(3.) Since an n-ic surface meets any plane in an #-ic curve, the above
argument shows that the curve of intersection of the second polar of an
(n— 3,' point on it pierces the plane in 2n-6+3 = 2n—3 points, and
therefore this partial intersection is a (2n—3)i curve; and. therefore a
quintic when the point is an ordinary point on a quartic surface.

5754. (By J. Hamumonp, M.A )—Sum the series
11 . 1, 2m(m-1) 1 1

. —2m ., — — - &c.,
n 2m+in n+l 2m+n—1 1.2 nrl 2m+n—-2
where m i8 a positive integer, and the (r + 1)*» term is
-y 2m (2m=1) ... Cm—r+1) 1 1
1.2.3...» ‘nar 2men—r

Solution by W. J. C. Suare, M.A. ; Rev.J. L. Kircuin, M.A. ; and others.

s 1 1 1 1 1
Since —.—=___,(__. ____)
nrr 2m+n-r 2(m+n) ner Zmin-r)’
the proposed series may be written
1

1 1 1 1
e | 2. —— 4 &e. -2m. &.]'
2(m+n)[n " n+l +2m+n " 2m+n—1+ e’
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1 1 l )
S— .\ = —— (1 D)
n n+1+&c‘ »un( -D) (
using the notationlof BooLg’s Finits Differences, p. 117,
—~1)m 1 1 —1) 2m!
~a)ym ( ) (== -—) =L _(=] ml |
m+»( ) m+n adn \n m+n n(n+l). .. .n+2m

[The two bracketed series in line 4 are identical, and if we take twice
the second, instead of twice the first, line 6 becomes (D being BooLr’s E)

L S S | +&c.]
m+n| 2m+n 2m +n—1

-1 - 1)2»-(—) =1 am (l)=&c.1
m+n n m+n 1]

7489. (By Professor WoLsTexnoLue, M.A., Sc D.)—Prove that, if
28 = a+B+7v+3, the equation of the dltectnx of the parabola that

touches the four tangents to the elhpee — + b’ =1 at the points whose
excentric angles are a, B, 7, 8, is

7 [cos (s—a) + cos (s— B) + cos (8 —7) + cos (s —3)]
+ & [sin (s~ a) +8in (s- §) + sin (s—7) +8in (s~ )]

= (a%—55) cos 8 + (a2 + %) [cos (s~ a—38) + cos (s — B—8) +cos (s—y—3)].

Solution by R. LacHLAN, B.A.; G. Eastwoop, M.A. ; and others.
Let the tangential equation of the parabola be
AT+ Bpd+ 2Fuv + 2GoA + 2HAR = 0;
then the equation of the directrix in Cartesian coordinates is (SaLMoN’s

Conics, Art. 294) 2Gz+2Fy = A+B. But the tangential equation of the
parabola must be of the form

[ancos} (a+B) + busin § (a+ B) +v cos } (a—B)]
x[ancos } (y+38)+busind (y + 3) +vcos i (y—8)] +k [4%A3+ 822 —»"] = 0.
Comparing the two equations, we bave
k=cos}(a—B)cos}(y-3).
A+B=a%cos} (a+B)cost (y+38)+b'sing (a+B8)sing(y+?)
+(a*+03) cos 4 (a—B) cos § (y—3),
2G =a[cosi (a+PB)cos} (y—35) +cosd(a—B)cosi (v +3)],
2F = b[sin 4 (a+ B)cos } (y—38) +sin ¢ (y + 3) cos § (a— B)].
Hence the equation of the directrix is
aw [co8 (8—a) + o8 (s — B) + cos (s—) +cos (s—38)]
+ by [sin (8—a) +8in (s— B) 4 sin (s— ) +sin (s—3)] + (43— 5?) cos &
+(a%+b?) [cos (8—a—B) + cos (s~ a—7) + o8 (s—a—28)] = 0.
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7519, (By R. Tuckegr, M.A.)—AP, AP’ are two confocal and coaxial
parabolas, the parameter of the former being twice that of the latter;
prove that, if any chord QQ’ be tangential to the inner curve, then the dis-
tance of the mid-point 'of QQ’ from the directrix of AP is trisected where
it meets AP, and the tangents at Q, Q' pass through the other point of

risection.

Solution by R. Lacuran, B.A.; R. Knowwres, B.A., L.C.P. ; and others.

Let QQ’ be the chord touching AP’
in P’, and V the mid-point of QQ’; and
let the diameter through V meet the
curve in P, the tangents at Q, Q" in T,
and the directrix of AP in Z. Then
SZ must be perpendicular to QQ’, and
the tangent at P ; hence, if SZ meet QQ’
in Y’, and the tangent at P in Y,
Y. Y’ must lie on the tangents at A, A’ \/ f
to the parabolas ; and evidently since P

SA = 28A’, YY' = }SZ,
therefore PV = 3}ZV; @ AS
and since PT = PV it follows that ZV is trisected in P and T'.

z L & Y

7366. (By C. Leupesporr, M.A.)—Two particles A and O, each of
maes m’, are connected with each other b{ an elastic string whose modu-
lus of elasticity is A and whose unstretched length is /; and they are
connected with another particle B of mass m by two massless rods, each
of length a. The system lies on a smooth horizontal table, and is held
80 as to form a straight line ABC. The constraints at A and C are re-
moved, and at the same instant each of the particles A and C is projected
with velocity v in a direction at right angles to ABC. Find the stress
along either rod at the moment when the particles form an equilateral
triangle.

Solution by D. EDWARDES ; Professor Nasu, M.A. ; and others.

Since evidently m moves in a straight line, if # be its distance from a
fixed point at time ¢, 2/, y” the coordinates of »’, and @ the angle between
the rods, then

(m + 2m’) :—‘;’—2am’ sing % = 2m’v (no external forces).

Again, since 2= 2+ acos §, y’'= asin @, the kinetic energy is
2m'303 — 2a?m’2sind 62
- m+ 2m’
Subtracting m’v? from this, and equating the result to the work done by
the tension, we get at once

2
mm'v3+ 2\ (m + 2m") (%— cos®0—a+a aino)

.
+m'a*e.

62 -
m’ (m+2m’) a* — 2a°'m’? sin% @
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Differentiating, and putting 0 = 30°,

A (m+2m") { a(m+im)— “T, m } /3 +mmv3, /3

.0. =
- atm’ (m+ 3w’ )3

7 oe . ..
Now, when ¢ = 30°, m;:m z=,/303+0;

/

whence, substituting, we have, when 6 = 30°,

X _“1 N ’
o 2mm’v +A{ 7 (m + gm’) ~ 2am }
V3 (n +3m' Y3
Let R be tho stress along either rod, then ‘-‘di:; - R./3,

2mm’v? + A { %-2 (m + §m’) —2am’ }
therefore R=m

a (m+3m’)?
= o 4mm W3+ an {2am + (9a—40) m'}
al (2m + 3m’)*

7494, (By W. J. C. Suarp, M.A.)—Show that
1 gn-m (zz_l)n dn+m (xﬁ_])n T 92n+1 ne
j_, dgn-m T dgn+m = (=1) 2+ 1 (.

Solution by D. EDWARDES ; BELLE EasToN ; and others.
Let y = (1—2%", and D= % Then, integrating by parts,
- [Dn+m-lyDn-My_Dn+m-zyDu-m+ly+
oy DDty | () [ Dy Dry e,

Now, if P, be the coeﬂ‘ic‘ient of z in the expansion of (1 + 22z +2%)~1, by &
+ — i)
well-known theorem j P, P,dz = ".‘_-2.'._1, where P, = Dr(A-2Y" p1e0

-1 2T (n+1)° ’
from the equation (1—22) %+2nzg =0, we find, when z=1 or ~1,
922n+1

Dry = 0[r<n]; hence u = (—)"'2”—‘*_—1 (n1)3.

7273. (By A. McMurcuy, B.A.)—Prove that, if radii be drawn to a
sphere parallel to the principal normals at every point of a closed curve of
continuous curvature, the locus of their extremities divides the sphere
into two equal parts.
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Solution by the Proroser ; Professor Matz, M.A. ; and others.

Let d0 be the angle between two consecutive osculating planes, then
the angle in the spherical polygon formed by extremitics of radii = » —d0,
and sum of angles/of polygon = Z|(’-<46); hence
Area sought = R*[2 (x—db)—(n - 2) x] = 2aR?—=d0.

But, in going right round, the curve 40 is as often positive as negative ;
therefore 346 = 0, therefore area = 2xR3 therefore &c.

7460. (By Professor WorstesnoLme, M.A., D.Sc.)—

If " = cos™ 6 +8in* 6,
prove that z-1 (%’: + x) = (n—1)(sin 6 cos 4)"-2.

Solution by J. S. Jenkins ; R. KNowiLEs, B.A. ; and others.
an-1 Z—'; = gin"~10 cos —cos®-10 8in g ;
and again, differentiating and multiplying each side by 2", we have
(n—1) a2-2 (gg)’+ a:"'-lz,—o; = (n—1) (8in"~2 6 + cos™-20) 2" — na®™;
whence, by transposing and reducing, we have

Zin-1 (%f +x) = (n—1)(sin®~2 0 cos™ 0 + cos™~2sin" @) = the result.

7471, (By D. Epwarpes. Suggested by Quest. 7434.)—If an ellipse
be inscribed in a rectangle, prove that the perimeter of the quadrilateral
formed by joining the points of contact is constant.

Solution by the Rev. T. C. Stmmons, M.A.; R. KNowLes, B.A.; and others.

Let E be any point of contact on a side AB 8
of the rectangle. Then an ellipse can be
drawn through E, as in the figure, to touch h
the sides symmetrically, and with its centre
at O. Also, since five conditions are given, viz., _
two consecutive points at E and three other - A
tangents, this ellipse is the only one that can ¢ ‘V
be drawn through E; that is, all the ellipses r
must be symmetrical with respect to the
diagonals. Hence it follows at once that the
quadrilateral joining the points of contact has its
sides parallel to the diagonals; hence its peri- o
meter is constant.



87

5421, (By Professor Caviey, F.R.8.) —BSuppose 8. =m, (r-a,),
mg (2 - ag), my (2 — az), my(z—a,) ; where, for any given value of z, we write
+, —, or 0, according’ ag the linearfunction is positive, negative, or gero,
and where the order of the terms is not attended to. If z is any one of the
values a,, a,, a3, a,, the corresponding Sis 0+ + +, 0———, 0+ + —, or
0+ ——; and if I denote indifferently the first or second form, and R
denote indifferently the third or fourth form, then it is to be shown that
the four 8's are R, R, R, R, orelseR, R, I, I.

Solution by W. J. C. Srarp, M.A.

. Ifa), a5 a3, @, be in ascending order of magnitude, then, ¢ 4 4+ 4
if the m’s be all positive, the S’s are I, R, R, I, being _ 0 + +
and the signs in each column will change sign with the corres- .. — ¢ +
ﬁ;nding m. Now a chaugo of sign in either outer column __ _ _

ves the result R, R, I, I, and one in either or both the
middle columns gives R, R, R, R; whilst these changes, in
addition to the change of one or both the outer columns, giveR, R, I, I.

7537. (By Professor Townsexp, F.R.8.)—An ellipsoidal shell being
supposed, by a small movement of rotation round an arbitrary axis passing
through the centre of its inner surface, to put into irrotational strain a
contained mass of incompressible fluid completely filling its interior ; in-
vestigate, in finite terms, the equations of the displacement line-system of
the strain.

Solution by (1) C. GrRABAM, ML A. ; (2) the ProPOSER.

1. Let o, ay, o, be the component angular velocities about the axis of
the ellipsoid, and V the velocity-potential referred to axes which at any in-
stant coincide with the axes of the ellipsoid ; then we have

aV e dV y 4V ¢
dz a2  dy 63 dz 2
= (wg—wg9) T+ (@sr—w2) L +my—epz) S

along the surface, and i P toa = 0 throughout the liquid ;
whence we easily deduce
@ @a),, @=
V=m B4 dra UG
which, by giving different values to V, represents a series of similar
and concentric hyperboloids, having their common centre at the centre of
the shell. Transform this system to its axes, and let its equation be
3 )
i:—+'—'2—-{--"’—=K,where K is the parameter; then the directions of
4
VOL. XLI. B

<)
P yz+ wg
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the velocity of any particle of fluid are given by the equations
- . P

%"%‘%y Or;mtegﬂltm& %-% -%;

a B v
where A, u, » are arbitrary, and a, B, ¥ known constants.
" 2. Denoting by a, 3, ¢ the three semi-axes of the inner surface of the
shell, by p, g, r the three components of the rotation with respect to their
directions, by , y, s the coordinates of any point of the fluid with respect
to the same, and by ¢ the potential of the strain; then since, as is well-
known,

B 3—al a5

$=r b’+o’y‘+q dra ot ap® = fyz+gzz+hay,

we have, therefore, for the differential equations of the line-system in
question, dz dy dz ; the complete integrals of which in

. yz+hy=hz+fz-fy+yz
finite terms are, as is also well-known,
b}

1 ]
a (hz+my+me)™ = oy (b7 +may +ng2)™ = 03 (52 +may +mg2)
‘where A;, Ay, Ay are the roots of the equation A —( 3+ g3+ A A —2fgh=0;
himm,, Ilgmgns, lymeny the corresponding values of /, m, » as given by the
equations Am + gn—IA =0, fn +hl—mAr =0, gl+fm—nA = 0; and ¢, ¢s, 3
any arbitrary constants the ratios of which are given for each particular
line of the system with any single point #/y’s’ of its course.

7538. (By Professor HaveuToN, F.R..(;;ghow that the law of pro-
2 dv)
— ==

pagation of heat in a solid sphere is % il b= Rl

Solution by C. GrarAM, MLA.
" "The general law of propagation of heat in an isotropic solid is
(2 )
at ’ )
where a depends on the conductivity and specific heat of the solid. Trans-
forming this to polar coordinates by the well-known transformation, it
dy d 2 dv 1dyw 1 d)\,
becomes E{"'(F T ar ' rae ﬂsin’oﬁ)'
but v is independent of 6 and ¢ since the solid is a sphere equally hot at
ints equidistant from the centre, therefore the equation reduces to the
orm given in the question.

7513, (By Professor Mincuin, M.A.)—Give a simple geometrical
proof of the existence and fundamental property of the Instantaneous-
Acceleration Centre in the uniplanar motion of a rigid body.
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Solution by C. GraARAM, M. A.

Suppose A and A’ to be two consecutive positions of the centire of in-
stantaneous rotation, 'and ‘P -any point! If the acceleration of P is to be
zero, we must have the velocity of P the same in direction and magnitude
when the body is rotating about the two points A and A’. Therefore, if
» and o’ be the angular velocities in these two positions, we must have
AP. o = A'P. o to make the velocities equal. Therefore P must lie on a
known circle, since the ratio of AP to A’P 18 known ; and to make the velo-
cities parallel we must have AP parallel to A'P’ when P’is the second
position of P, and therefore AA’sin (PA’A) = AP.¢ when ¢ is the small
angle through which the bady has turned in going from the first to its
second position. 'Fhis determines the angle PA’A, and therefore the
position of P on the circle already found. 8o we see there is one position,
and only one position, of P. -

Again, since the acceleration of P is zero, the acceleration of any point
relative to P is its absolute acceleration ; but, if Q is any point, its accele-

ration relative to P along PQ=PQ . #?, and perpendicularto PQ=PQ . Zit"’
and therefore the angle which the resultant acceleration makes with
PQis = tan-! (‘;’T': [ ), which is independent of the position of Q.

7483. (By Professor WorsteNuoLue, M.A., Sc.D.)—In WarTon’s
Mechanical Problems (3rd ed., p. 19, ¢ Centres of Gravity of Solids of
Revolution,’’ Ex. 10) it is stated that the centroid of tbe solid formed by
scooping out a cone from a paraboloid of revolution, the bases and vertices
of the two solids being coincident, bisects the axis; prove that (1) this is
true for the volume formed by the revolution of any segment, cut off by a
chord PQ, from any conic, about an axis of the conic, provided PQ does
not cut the axis ; also, more generally, (2) if PM, QN be drawn perpen-
dicular to the axis, and a sphere be described on MN as diameter, the cen-
troid of any part of the volume generated by the segment, intercepted
between two planes psrpendicular to the axis of revolution, is coincident
with the centroid of the volume of the sphere intercepted between the
same two planes.

Solution by T. Woopcock, B.A. ; Professor Matz, M.A.; and others.

1. Taking the axis MN for axis of #, and the
middle point O of MN. for origin, the equation
to the conic may be written y? = Az?+ Bz +C.
Let PM =4, QN =4, MN = 2a. Consider
two equally narrow stripg RL, R'L!, drawn
parallel to Oy, on opposite sides of it, and equi- -
distant from it, meeting the curve in R, R/, the
chord PQ in r, #/, and the axis in L, I/. Let
OL =A=0L". Wehave

k2= Aa?+Ba+C, A%= Aa?—Ba+C, RL?*<= AA?+BA+C.

—-— ’ —_— ,—
Also L=ty B+ h'; therefore RL?—rL* = C_’:'TAf(a’—A’).
3 a
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Similarly R’L/2—¢’L” is equal to the same quantity. Therefore the
volumes generated by the elements Rr and Ry, when the figure revolves
round the axis of, #, areequal. - Therefore the centre of gravity of the
volume generated from the segment PQ is at O.

2. If the circle on MN as diameter meet RL in 8, SL? = a3— A3, there-
fore RL?—rL2 varies as SL?. Therefore the volumes generated by the
elements R and SL are always in the same proportion. Hence the second
part of the theorem follows.

[Otherwise : 7 = [z (y?—y3)dr + (v —y,7) dz, and g'—y,? is &
quadratic function of z vanishing at P, Q, when z = z, or &y, therefore

g = M(J‘,——:r)ix, which is the expression for the centroid of the
[ e=x)(z3~2) dz

volume of the sphere on MN as diameter, either in part or whole.]

7413. (By the Rev. T. P. Kirxmax, M.A,, F.R.8.)—Prove that no
polyedron can have a seven-walled frame of pentagons.

Solution by the PRoPOSER.

It should have been added, if the ray-points of the frame are all triaces ;
but it is best to consider only selids whose summits are all triaces, and
whose least faces are pentagons. We have first to reproduce a theorem of
Evrer’s. Let a solid having only triad summits have a, triangles,
a, quadrilaterals, a5 5-gons, ...a, m-gons ... If from the four equations
6= s+ f—2, f=ag+a,+ag+ &c., 2¢ = 3s= 3ag + 4a, + bag+ &c., we elimi-
nate ¢, s, and f, ag disappears, and we get EULER’s result,

ag =12+ m+2 (ag—ag) + 3 (ag—az) + 4ay9 + ... + Mg + ... (8 > 4),
which, when a3 = a; = 0, becomes @; = 12 + Smag,, ,,,.

On all the edges of a (6 +7)-gon A draw 6-gons, making 6 + r summits
665, and 12 + 2r summits 665 with a circle of 12+ 2» pentagons, within
which draw 6+r more 6-gons collateral with a central (6 +r)-gon A’,
and making with the same 5-gons the like summits, We thus get a
(26 + 47)-edron P, which has no frame, but a circle Caa+2r) = 1.

If a (6+7)-walled frame F is possible, F can be imposed on the
(6 +r)-gon A’, and equally well on any (6 + r)-gonal face of any polyedron.
Let F be imposed on A/, a face of P. The frame F will have a contour
€1y €y ooe Coapy C64ry (6mS 0). The 6-gonal wall which carries cm ray-
points becomes a (6 + ¢,x)-gon, which will contribute by EuLer’s theorem
cm pentagons to the a; of the completed solid : that is, if ¢; + 63+ ... =R, the
(6 + r) walls will contribute to that sy R pentagons. The (6 +r)-gon A,
the only non-pentagon > 6 besides these walls will contribute to that ag
r pentagons, and the compl: ted solid can have no morethan a;=12 +r+R
pentagons. In imposing F we have made no change in the 12 + 2r penta-
gons of I, and we have added to them not fewer than R meore.

If follows that 12+2r+R$ 124+r+R; QE.A,, if r>0.
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7535. (By R. Lacnran, B.A.)—Prove that, if a< }x, and # be posi-

© .
tive and « 1, j yoL&en = _ M‘,
o 1+20cosa+2? sinnr sine
and J" an-Viz - sin(!-n)a-
o 1+2zcosa+a? sinnw sina

Solution by Professor WoLsTENHOLME, Sc.D.; R. KnowLes, B.A.; and others.
© on-1
By a well-known formula, j o dr 2l if n>0<1 ; for
o Z+a Sinnr
all values of @, real or impossible. Putting a = cosa+¢sina, and there-

== %‘, and denoting the integrals ‘proposed by
U, V, respectively, we have

U+(cosa—iging) V= -2
sin nx

fore

[cos (n—1) a+igin (n—1) a];

w L3

whence U+chm:-si cos (1-n)a, Vsinu-s,

nnw in nx
whence the results stated.

In these results, « is an angle determined as cos-1 (cosa), and the
limits are accordingly 0 and = ; but, since writing —a for a does not
alter either member, the results will be true froma =— xtoa = ».

Both results are included in

sin (1-n)a;

® an-1 dp = - sin (1-ma
_L Z3+2r cosa+1 sinny sinag
if we take %n>0<2, a>-w<w.

‘Writing z* for z, % for n, and pa for a, we get

® o -ldx T sin (p—;t)a
L %P + 247 coB pa + 1 psin ¥ 8in pa
»

where p is positive, #>0< 2p, and pa > —x < x; and in this form, which
is not really more general than the one proposed, the result will be found
in WoLsTENHOLME'S Math. Problems [1919 (60)].

If we put a = — 7w or = (in U or V), both members become o, but pro-
bably the limiting ratio of the two members as a tends to = is not one of
equality. [Sce De MorGAN’s Calculus, p. 666.]

7439. (By R. Rawson.)—Two inclined planes of the same height and
inclination a, B, are placed back to back, with an interval between them
(2a). Two weights P, Qare placed one on each inclined plane, and kept at
rest by the connection of an inextonsible string, indefinitely long, passing
over two small tacks, one at the top of each inclined plane. A weight w,



42

having a vertical velocity (¢), is then placed on the string by a emooth ring
at a point midway between the inclined planes. Show that the system
thereby put in motion will come to rest at a point determined by a root of
the q tic .
(4P%gin? a—w?) 83 — %(49¢Puinu+we’)c— (2P¢sin¢ + '—:c;’) w'__c_ =0.

Solution by D. EDwARrDES ; Professor Marz, M.A. ; and others.

Let a fixed horizontal plane below the system be taken as plane of
reference, referred to which, let V be the original potential energy of the
system P, Q, and 4 the common altitude of the wedges. Then the whole

energy at first is V+wh+§ -2 % Now, since the ring is smooth, the ten-

g

gion is the same throughout, and w descends vertically. Let r be the dis-
tance it describes before reaching its position of instantaneous rest. Then
the sum of the distances described by P and Q along the wedges is
2[(2%+ 4%t —a]. There is evidently no impulse on the weights, and there-
fore no energy lost. Also, since the weights P and Q are in equilibrium
at first, Psina = Qsin B. Hence the increase of potential energy of P
and Q is 2P sin a [(#?+a?)t —a]. Therefore

V4wh+}-Z 62 = whole potential energy at last
= (h—2)+V + 2P sina [(2* + 6} —a],
or }-:;c‘+wz- 2P sin a [(2? + a2)t —a],

which, when rationalized, gives the required result.

7396. (By D. E»pwarpzs.)—Prove that
j"j"F(l-sinoeow) 8in 0 d0 dp = hr[«‘(u) du.
0 Jo [}]

Solution by ArTHUR HIiLL Curtis, LL.D., D.Sec.

The limits of integration show that the integral is extended to the sur-
face of a quadrantal trianglo trac.d on a sphere of radius unity, or, taking
as axes of z, ¥, ¢ the radii of the sphere drawn to the angular points of the
triangle, and supposing the radius vector to any variable point on the
surface to make with these axesangles a, 8,7, we have a = 6, cos 8 =sin 6cos ¢,
cosy = ein 0 8in ¢ ; therefore, if 40 denote the element of surface,

]" ¥ F (1—sin 0 cos ¢) sin 0 do dgp = j"J"Fu—cosp)m
0o Jo 0 Jo

-jlrr'F (1—cos B) sin BdB dx =J’:'.‘:'F(2 gin?}8) 2sin }Bcos §B dddx,

o Jo
or, putting 28in*§{8 = 4, = ‘r r' F (1) du dy = {rr F () du.
0Jo ]
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7399. (By Asrosn Mukmeripuyiv.)— A sphere is dederibed round
the vertex of a cone as centre; prove that the latus rectum of any section
of the cone,’made by any’variable tangent plane to the sphere, is equal
to the diameter of the sphere, multiplled by the tangent of the semi-
vertical angle of the cone.

Solution by ArTaur HriL Curtis, LL.D., D.Sec.

It is geometrically evident that, if two given surfaces of the second
degree touch along a conic, any plaune cutting them both will cut the two
surfaces in two conics which have double contact along the line in which
this plane cuts the plane of contact of the two given surfaces; if, therefore,
the plane touch one of the surfaces at one of its umbilici, it will cut the
other surface in a conic with which this point of contact, an evanescent
circle, will have (imaginary) double contact along the line in which this
tangent plane cuts the plane of contact of the two given surfaces, or the point
of contact is a focus of the conic and the line a directrix. It is therefore
evident that the foci of any plane section of a right cone of revolution will
be its points of contact with the two spheres which can be described
touching it and touching the cone along a circle whose plane is perpen-
dicular to the axis of the cone. Let then from O, the vertex of the cone,
the perpendicular CD (p) be drawn to the plane of the conic, and let a
plane be drawn thro CD and EF (the line drawn from the centre of
either of the spheres described as above indicated, to the point in which it
touches the plane section), cutting the cone
in the lines CA, CB; with the usual notation ]
we have, in the triangle ACB,

gin? }C = (s—a)(s—b) _ (¢—a)(s—8)sin O,
ad p.c ’

hence we have
Pammeter_AF.FB (8 —a)(s—5) = iptaniC;
4 AB [4

therefore Parameter = 2p tan $C, but 2p is the
diameter of the sphere referred to in the A F D
question.

7383. (By G. G. Morrice, B.A.)—If | A,, By, C; | be the reciprocal
determinant of | ay, bs, ¢ | , prove that

(1) = (a2 +a5 +a?) (Al + A+ AyY) .
=3 | ay, by 05| 2+ 22 (% +ag? +a5?)(By0) +Byry + byey)?
=8 (By0) + bytg + byea) (c1) + 38 + caag) (415 + aghy + axds).
(2) a1 (Ag—Aj)+a; (Ag—4A)) +a3(A—4Ay) ¢
= (B + by + B5) (01681 + o33 + C4g) — (¢ + 0 + C3) (3,15, + GgBy + azdy) «

Solution by the PROPOSER.
. (A + A+ AT (a2 + a5 + ag%) — (Aray + Agag + Agay)?
= (33A3—03A9)% + (134, — @A) + (3,43~ 6,4,)3,
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But a;A3—agA; = a3 (5iey—doey) —ay (bye)—By5)

= by (0503 + ascy) — ) (Agbs + aghs) = b (416, + agta + ayes) =y (15, + aghy + aghy).
Adding the two similar expressions for (z3A, —,A,) and (@A, —as4,),

we get (2), and by squaring we get (1).

7475, (By J. O'Recan.)—The figures 142857 are arranged at random
a8 the period of a circulating decimal, which is then reduced to a vulgar
fraction in lowest terms; show that the odds are 119 : 1 against the
denominator being 7. ‘

Solution by A. MarTIN, B.A. ; Rev. T. C. Stumons, M.A. ; andothers.
There are 6 ways in which the denominator can be 7, viz., when the
- decimal is ‘142857, -428571, *285714, *8657142, 571428, -714285. In all
other cases the denominator is not 7. But thereare 720—6, or 714, of these
cases ; hence the required odds are 714 : 6, or 119 : 1,

7236, (By the Rev. T. W. OrensHAW, M.A.)—On AB, a chord of an
ellipse, as diameter, a circle is drawn intersecting the ellipse again in
C, D; if AB, CD are parallel to a pair of conjugate diameters: show that
the locus of their intersection is 5z + a’y = 0.

Solution by the PROPOSER.

AB and CD must be parallel to equi-conjugate diameters, therefore
their equations are of form éz+ay+k = 0, bz —ay+ Kk = 0; equation to
conic through A, B, C, D is (b2 + ay + k)(bo—ay + k') =1 (a®y3 + 633 —a23),
the condition that this is a circle gives ! = ::+ a:; the coordinates of the

—a
b(k+ k) (M- ¥ —k)(33—a?) ., . o s
{ +4alb(’ a’), a( 442§, 4 ); if this is on bz +ay + k=0,

wtztg;t (¥ +%) b3 = (¥ —k) a3 ; whence, eliminating %, #’, the locus is a8
8 .

centre are

7522. (By W.J. C. Smare, M.A.)—Prove that (1) any two conics
are polar reciprocals with respect to a third ; (2) the same triangle is self-
reciprocal with respect to all three, and the equation of the auxiliary
conic, referred to this, may be derived from those to the other two by
taking each coefficient proportional to the geometrical mean between the
corresponding coefficients of the reciprocal conics ; (3) the analogous pro-
position is true of quadrics.
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Solution by Professor WoLsTENHOLME, M.A., Sc.D.

Referring the two conics to.their common self-conjugate triangle, we
may suppose their equations to'be

and, if we take another conic 2234+ my2+ 522 =0 ...cvvvvrvirnnnnniininnenns (3),
with respect to which the triangle is self-conjugate, the reciprocal golt.rs
of ,( 1), (2) with respect to (3) will be respectively 722 +m2y?+n%8 =0,
2,2

12_,2 + + 22 = 0. Hence,if L: =" "—2, either of the conics (1),
P P ,2 s 7" 3

(2) is the reciprocal polar of the other with respect to (3). Thus there
are four such auxiliary conics (a well-known result). Obviously, we
shall have exactly similar equations for conicoids, and there will be eight
auxiliary conicoids with respect to which either of two given conicoids is
the reciprocal polar of the other. [The conics ¢ and F are polar recipro-
cals with respect to the same conics a8 U and V. And in space r and T
and 7’ and T are polar reciprocals with respect to the same quadrics as
Yand V.]

" 7530, (By R. Kvowres, B.A., L.C.P.)—From a point A a perpen-
dicular AD is drawn to a straight line BC given in position, and the in-
scribed circle of the triangle ABC passes through the orthocentre; prove
that the maximum value of its radius is one-half of AD.

Solution by the Rev. T. C. Stmmons, M. A. ; R. LacHLAN, B.A. ; and others.

Let O be the orthocentre, and I theincentre; then JO? = 23— AQ.OD
(Reprint, Vol. 39, p. 99) ; therefore, if IO = r, ¥2=A0.0D; and, since A
and D are given, the maximum value of r is half of AD.

%458, (By Professor WorsTenHOLME, M.A., D.8¢.)—If n, r be positive
integers, and o'y = sinw, a** %ﬁ =2,

prove that, according as » + » is even or odd,
ntr ntr-1
$= (—1) 2 angine, or (—1) ? a"coss.

. dr . L3
[The results may be wnttend_—:r = g"sin {(n+1) ?+4‘}~]

Solution by J. HAKKOND, M.A.; G. B. MaTHEWS, B.A.; and others.
If D= gz-, we have, by the conditions of the question,
a"Dn*r (avy) = ansin[(n+r) ix +2], Dr(an*rDry) = Dre...(1, 2),

and it only remains to prove that anD"+r (z7y) = Dr (z0+" Dny).
VOL. XL ¥
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But, by Leme~ir2’s theorem, we have
Dr (zn#r])ny) - ghtr anry.', (,._', r) raner=1 Dn*r-ly
+r ) WPy ﬂlr___—;),.."-m.m-,,,, o = VD (o).

7155, (By T. Woobcocg, B.A.)—If P, Q be the points in which the
plane through the optic and ray axes intersects the circle of contact PQ of
a tangent plane perpendicular to an optic axis of the wave surface of a
biaxal crystal, and if a, ¢, the greatest and least axes of elasticity, be given ;
prove that, O being the centre of the wave surface, ﬁl) the triangle POQ,
(2) the circle of contact PQ, (3) the angle POQ will have their greatest
values respectively, when the square of the mean axis 4 is (i) the
arithmetic, (ii.) the geometric, (ili.) the harmonic mean of a2 and #2;
and the cone whose vertex ia O and base the circle PQ will have its
maximum volume when 5% = } [a%+¢? + (a* + 14433 + e9)}].

Solution by the PROPOSER.

In the accompanying figure let BPB’ be a circle of
radius 4, and AQC an ellipse with axes 24, 2¢; and let A
D = semi-conjugate of 0Q; then we have 8 Q

PQi=0Q*~ 0P’-a’+o’—D’—b’-a’+c’—5;§-’—b’, P

& maximum when 5 = ae,
53 .PQ? = (a%+¢c?) b7~ a%2 - b4
a maximum when 252 = a3+ 63, 0 cs
“’; cﬂ—%’— 1, a maximum when 2 (a? + o") - 2a%3,
The quadratic in 3, got by making the cone’s volume a maximum, is
5% (a? + 0%) + a%62—34* = 0, therofore, &o.

tan? POQ =

7431, (By Professor WovrsteNBOLME, M.A.,D.Sc.)—If 2s=a+ B+ +3,
prove that

sin } (8—7) sin § (a—3) [sin (s —B) + sin (¢ —+y) —gin (s —a)~—sin (s - 3) ]2
+8in} (y—a)sin } (B—3) [sin (s—9) +sin (s—a) —sin (e—B)—sin (s—3)
+8in § (a—B) sin } (y—3) [sin (8—a) +8in (¢—B) —sin (s— ) —sin (¢ - 3)J2 -
& ~ 16 8in§(8 —) sin§(a— 3)sin }(y—a) sin § (B —3) sin §(a— B) sin §(y—3).

Solution by G. Hepper, M.A.; G, B. MaTHEWS, B.A. ; and others,

In a rough way this may be said to be shown by observing that the
left-hand member vanishes when 8=+, and when a=3. It is,however, a
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little troublesome to find the constant multiplier. A fuller and more
satisfactory proof is obtained by putting )
sin § (B —¥)/=/4;/ cos ¥ (8t 7)== w,Chin } (a—3) = », cos} (a+3) =2/,
sing (y—a) = v, cos}(y+a) =¢, sin§(8—3) =gq, cos} (B+3) = ¢,
sing (a—B) = w, cos} (a+B) =/, sin}(y—3) =r, cos}(y+3) =7r;
then, if U = left-hand member, we have
U = 4pu (gv +¢'v) (rw’ —r'w) + 4qv (rw’ + r'w) (pu’ —p'w)
+4rw (o' + ') (a0’ —g0),
U = rw’ [pg (w0’ + /o) + uv (pg' ~2'q)] ~ r'w [qu (pv/ +p"0) —pv (g0 — )]
+rw (pu +p'u) (gv' —'v).
Now the following identities hold good :—
w'+w'v =—wcosy, p¢—p'q=wcos3s,
pY+pv=rcosa, qu'—g'u=rcosB;
therefore ‘——q— = — pqu’ co8 y + uvw’ cos § — qur cos a + pvr’ cos B
il +(p¥ +9'u) (g9'—q'v)
= pg [W'v' —w cosy] +uv[w cos §—p'q]
+qu [ p'v — ' cosa] —pv ¢’ -+’ cos 8],
and every one of these four terms = — pguv, therefore U = — 16pgruvew.

7343. (By Berre Easton.)—If a debating society has to choose one
out of five subjects proposed, and 30 members vote each for one subject,
show that (1) the votes can fall in 6% ways, and (2) the chance that up-
wards of twenty votes fall to some one subject will be 5-%.

Solution by W. W. Tayror, M.A.; Saran MARKs; and others.

1. Let v, w, @, y, z represent the subjects, then the possible combinations
of votes and the relative probability of each combination will be repre-
sented by the coefficients in the expansion (v + w + 2 + y +2)* ; and the sum
of these coefficients is (1 +1+1+ 1+ 1)% = 5%,

2. Tf upwardsof 20 fall to one subject, 21 is the least numberof votes that
can be recorded for that subject; the remainder of the votes is 9. These
can be given in 5° different ways, and the one subject can be chosen in
five different ways ; so, the conditions of this part of the problem can be
satisfied in 6 different ways, and therefore the chance required is 5-20,

6907. (By 8. TeBay, B.A.)—If A, B, C can do similar pieces of work
in a, b, ¢ hours respectively, (2 <b<c¢); and they begin simultaneously,
and regulate their labour by mutual interchanges at certain intervals, so
that the three pieces of work are finished at the same timo: find the num-
ber of solutions.
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Solution by the ProPosER ; SARAH MARKS ; and others.
The parts done by each in z hours are —:—"-, %, % . Suppose now that

B and C change works, while A continues. In y hours more they have
done £, XL, Y. Therefore the work remaining to be done by each is
e a’ o

_E_Y _EZ_¥ _®_Y
a « 1] [4 [ b

There are two ways of completing the work according to the question,
which may be set down as follows :—

A finishes B’s or A finishes C’s,

B ” A's i c ” Ah,

., Cs, B , Bs
Thus, if the times be equal, we have

(1-52) Se (13- 2) «o(-2-5)

z Y z z
o(1-5-4)=2(1-5-%) =a(1-2-)-
Putting 8 = bo+ca + ab, ¢t = a+ b +¢, these equations give
83— 3tade 8—3ab .
= a(a—b)(o—b) y Y= : (c—b) B civiiiiiiiianenne (l) H
83— 3tabe o ac—s
ec - (- 8(c—0)
In the same way we have the following combinations. Reasoning as
above, let C and A change works, while B continues ; then let
B finish A’s or B finish C’s,
A ” B,s ” C ” B,e)
¢c , Cs,, A , As
These arrangements give

__ 82—3take - - s—3ab
z_a(b—a)(c—u) 3 a(c—a)“ .................. (3),
82— 3tabe 3be—s
z = TG—a)o—0) 6 Y= c(c—a)“ .................. (4)-

Again, let A and B change works, while C continues ; then let
A finish C’s or B finish C’s,
C ” A’s ”» C ” B’SD
B , Bs, A , A’

These arrangements give

83— 3tabe 8—3ac
= s8(b—a)(c—a) 4 y= i (b—a) 7 (6),
83— 3tabe 8—3be
= i@ b, Yy = N (6).

Now % - 3tabe l:B always positive; and, since a< b<e¢, it will be seen that
(1) and (6) are inadmissible. It is also evident that (2) and (6) cannot be
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both relevant. The whole work is done in 3s-1ad¢ hours. If ¢ and y be
both positive, we must have z+y<3s-labe. Applying this test to (2),
(8), (4), (8), e find
2be>a (b+¢), 2ab<c(a+b), 2ac<b(a+c), 2ac>b(a+d)..(2, 5, 8, 4).
Here (2) and (6) are both possible, but only one is applicable. (3') and

(4') are inconsistent, one only beiug applicable. There are therefore only
two possible solutions.

2ac : Lo 2ac
Ifs< et (2) and (4) are applicable; if & > o (8) and (5) are
applicable; if b = ‘3“—00, (2). and (6), and also (3) and (4), are identical,

the work being completed in 4 hours.

Eramples.—The harmonic mean between 4 and 12 is 6 ; so that,if a=4,
b =6, c=12, the whole work is finished in 6 hours; A and C changing
works at the end of 3 hours.

Take a =4, b =5, ¢ = 12; then
= 2% hours, y = 1y; hours; z = 2743 hours, y = 2/; hours...(2,4),
the whole work being completed in 5§ bours.
Take a=4, b =17, ¢ =12; then
x = 23} hours, y = 237 hours; z = 234 hours, y = }4 hour...(3, 6),
the whole work being completed in 6 hours.

7552, (By the Epiror.)—In a road parallel to a range, find, by ele-
mentary geometry, a point at which the sounds of the firing and of
the hit of the bullet would be heard simultaneously.

Solution by (1) D. Bioore; (2) A. H. Curris, LL.D., D.8e.

1. Let A be the firing-point, B the target, CD the road, and AF the
distance the sound will travel before the bullet reaches B. Draw BC at

»
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right angles to AB; on AB the semi-circle AGHQB; CI with radius
BC; IL perpendicular to AB; FG with radius AF; and GK perpen-
dicular to ABy\/\Draw LMQ)with radius BL, and KH with radius BK.
Join HB cutting LMO in M, and draw MN parallel to HA, that is, at
‘right anglesto HB. Make NP =}AB, and draw PQ at right angles to
AB, cutting the semicircle in Q. Join BQ, and make QR = $AF.
Finally, with radius BR, draw RS, cutting CDin 8. Then AS=BS + AF,
and 8 is the required point. .

For it will readily be seen that by construction, and the properties of
circles and right-angled triangles, if AB=1, then AK=AF? BL= BC3,
and BP = BQ?.. Now, BR = BS, and BQ = BS + }AF; therefore
BP = (BS+4AF)%. But BP = BN +4{AB?; hence we have

BN = (BS+ }AF)?—}AB2
But BMaBL=BC? and BN : BM=AB : BH=AB*: AB?-AF?,
therefore (BS+}AF)2—}AB?: BC? = AB*: AB?-AF?,
BCs \%
iBaF) WP
which is the identical value arrived at from the equation
(BS*—BC:)}+[(BS+AF)? BC?)! = AB.

Consequently, since it is plain that (BS?—BC?)i 4 (AS”—BC’")* = AB, it
is equally evident that AS = BS + AF, and & is the required position.

whence BS = (}AB’ +

2. The question is immediately reducible to the , E
following :-—Given, of a plane triangle, altitude, c
base, and difference of the other two sides, to
construct it. Let ACB be the triangle, FE the
diameter of its circumscribed circle, which is per-
pendicular to the base AB, and CG parallel to
AB, then EG.DF + GD.DF, = ED.DF = AD*= A D B
}AB?, is known, and EG.DF, = 4 (AC—-CB)?, is \J/
known ; therefore GD.DF is known, and GD,=
altitude, is known ; therefore DF is known, and F
therefore GE. If therefore at D, the middle point of AB, we draw a
perpendicular and measure off DF, DG, GE, on FE as diameter
describe a circle, and through G draw GC parallel to AB; GC will
intersect the circle in the required point C, and in another point C’ which
is excluded, as, if B be the target, BC is the smaller side. [Question 7265
is related to this problem.]

(o

'7416. (By R. Rawson.)—In the Royal Society’s Transactions (Part
IIL, 1881, pp. 766, 767), Mr.J. W. L. Grasner has shown, by the
assumption of XA, ™+ for all positive integral values of r, that (AU + BV)



51

is the generalintegral of ———a’ ——(-L)o where
1\ 1 a’z’ 1 atzt
U= prpd i ST o~ &e.
{ r—1 2"2 - D(p-pral }’
1 _a%22 1 at 24
V=2r+d 14 = -
{ p+3 2 +(p+-§)(p+§)2‘2'+&c }

Show that the restriction imposed upon s is unnecessary, and that, if
m = n—2p, the general integral of the above differential equation is

an-p {l+ i + atzt +&c.}
(n+2)(m+1) (n+4)(n+2)(m+3)(m+1)

" ma‘l A°z"""{1+ n-2)(m 3) (n—4)(n— 2;4(1:4 5)(m— 3)+&c.}

O-Ao

Solution by the PROPOSER.

Let w =0 () =3A2¥*#
=af[Ag+A 2%+ Agat + &e ]+ 2f-2[A + A2~ 2+ Agz* + &c.].. (l)
Differentiate (1), then

d

@ +p-1 ﬂ”
7 Z(2r+B8) Ay a?r Y

= 3(2r+8) (2r+B8—1) A, a¥r+#-3,

-fl(-’;;‘—‘l @=3—p(p+1) A 2303, —atw = I—ath, R

& 1
hence E‘: —d%w = }l(—’;:—lm .............................. (2),
if 2r+B+p) (2r+B—p—1)A, = a?Ap g ccciiviennnniinnnnen, (3),

the summation extending to all positive and negative integral values of r.

The general integral of (2) is, therefore, ¢ (), which must be of such a
form that the coefficients of #2+#-2 and 227 +# ghall satisfy (3).

Put ne=pB+p, 80d M=B—pP =5—2p..ccccceiiiriirrnnnn (4).
Equation (3) may now be written
B+2r) (m+2r—1) A, = a®A 1 cooieeiireiianennnne. (6).

From (1) the following values of A;, A, &c., A_y, A_j, &c., may be
readily obtained :—

- a?A, A a?A, - a‘A,
L a2 . mel 3 nrt.mi3 nts.ni2.mid.mel
2 GA
A A a*Ay &o.;
3T 6. m+6 ntb.n-d.nt2.m+b6.med.me1l’
-1 —2.m—3.A._ -2.n.m—3.m=-1,
A_‘s”(ma)A°,A_2=” m23A|_n nm‘ m IQ
a a P
A_’=n—4.m-2—5.A_, n—4.8—-2.n, m—sﬁ .m—3.m—1, Ao &.
a a

Substitute these values in (1), then (w) is the value assigned in the ques-
tion. By making # = 0, ar.d m = 1, successively, there results the two
particular solutlons obtained by Mr. GraAIsHER.
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7393. (By W. J. McCrELLAND, B.A.)—If from any two points in-
verse to each other with respect to a given circle, perpendiculars are
drawn on the sides|of an inscribed polygon; show that the polygons
formed by joining the feet'of the-perpendiculars are (1) similar, (2) to one
another as the distances of their generating points from the circle’s centre.

Note by T. A. Fixcr, M.A.

This is incorrect in every case, except for a triangle, in which case it be-
comes Mr. McCay’swell-known theorem. The Proposer seems to have over-
looked the fact that aZZ corresponding lines in similar figures must be in the
same ratio ; that this condition is not fulfilled, can be easily seen by taking
the ratios of the lines joining the feet of the perpendiculars from the in-
verse points on any two sides of the polygon which do not intersect on
the circle.

7389. (By C. Lrupesporr, M.A.)—If O, I are the centres, R, r the
radii, of the circumscribed and inscribed circles of a spherical triangle
ABC, and P any point on the sphere ; prove that

cos OI cosr . .9
= - AP

onIP = oR ~ fm§ (arbrg nosi i (AP)

+ 8in b 8in? § (BP) +sin ¢ 8in?} (CP)].

Solution by D. EDWARDES ; SArRAH MARks ; and others.

If a, B, 7 be the angles subtended by the sides at the pole of the cir-
cumscribed circle, and P any point on the sphere, it is easy to show that,
since a + B+ 7y = 2,
cos PA sin a +cos PB sin 8+ cos PC siny=4cos OPcosR sin {a 8in § Bsin { .
Applying this to the triangle DEF formed by joining the points of contact
of the inscribed circle, and putting a, &c. for the angle FIE, &c., we have
cos PD sin a + cos PE gin 8 + cos PF sin y =4 cos IP cos rsin {a sin {8 sin 7.
Now a = 2AIE ; whence, by the right-angled triangle ATE, we get

sina = 2 cos (s—a) sin (s—a) sin (s—5) 6in (8 —¢) -+ sin r sin b sin ¢,
and similarly for 8 and 9. Also
sins sin (s—_a\ sin (c—_b\ sl.n(c—c), since tan # =
8in 7 cos* 7 sin & 8in & 8in ¢ sing,
hence cos PDsin a cos (¢ —a) + cos PE sindcos (s—5) + cos PF sin ¢ cos (¢ —¢)
— 2c08IPsins
cosr
But, from the triangle PBC, we have
. cos PD sin ¢ = cos PB sin (s—¢) + cos PCsin (s—3) &c.
2cosIP sing
cosr

sin e sin §B8in iy =

Hence cosPAsina+cos PBsind+cosPCgine =

Also (TopBRUNTER'S Spherical Trigonometry, Art. 144),

2 cos Ol sin &
cosRcosr’

. cc—?.%—;To:—:[sinaain’}AP+sinbsin’iBP-‘-sincain'iCP]=eosl'P.

sing +8ind +8in ¢ =
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7567. (By Professor Syrvester, F.R.8.)—Let nine quantities be
supposed to be placed at the nine inflexions of a cubic curve, then they
will group themselves: in-|twelye, sets of triads, which may be called
collinear, and the product of éach such triads may be called a collinear
product. From the sum of the cubes of the nine quantities subtract three
times the sum of their twelve collinear triadic products, and let the func-
tion 8o formed be called F. With another set of nine quantities form a
similar function, say F'. Prove that FF’ will be also a similar function
of nine quantities which will be lineo-linear functions of the other two
sets, and find their values. [The inflexion-points are only introduced in
order to make clear the scheme of the triadic combinations, so that the
imaginariness of six of them will not matter to the truth of the theorem.]

Solution by R. RusseLL, B.A.

The expression denoted by Fmay symmetrically be written down thus:—
F=a34+8+3+B+m+ 13+ 2%+ y3 + 28— 3abe - 3lmn —3zyz — 3ale—3hmy

— 3onz— 3a (mz + ny)—3b (nx + 1) —3e (ly + M) ..ooeeenn... (1).
A little consideration suggests the transformation (where w® = 1)
a+b+ec=a, l+m+n =2, THy+z =}
a+bwt+ew? =B, l+mw+nw?=ny, z+yw+zw’--n} .. (2),
a+bwdrow =1, I+muwle-nw=r, c+ywltzw =

which reduces F to the very simple form,

aBy +Aur + il —art —Bun—y»{ or F = |a, », 9
$ B A
# by
and proves the remarkable property that any determinant of the third
order can be reduced linearly, as in (2), to the form of expression given
in the question.

F can be expressed similarly ; and FF', being also a determinant of the
third order whose corstituents are lineo-linear functions of the two
original sets of nine letters, can by the above be reduced at once to (1).

[The theorem is the analogue to Eurer’s theorem that the product of
one sum of 4 squares by another is also a sum of 4 squares. In a precisely
similar way, any determinant of the second order is reducible to a sum of
4 squares, with the aid of @® = —1.]

4925, (By the late Professor Crirrorp, F.R.8.)—Iet U, V, W =0
the point equations, and «, v, w = 0 the plane-equations of three
quadrics inscribed in the same developable,and let % + v + w be identically
zero. ‘Then, if a tangent plane to U, a tangent plane to V, and a tan-
gent plane to W, are mutually conjugate in respect of au +dv+cw = 0,

s U W
they will intersect on (b—c)*+ (o—a)2+ @ =0,

which passes through the curves of contact of the developable with
at + bv + cw and one other quadric.

VOL. XLI. G
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Solution by W. J. C. Suarp, M.A.
Let MmZ+BY+y e+ 8w =0, Z+By+7z+8; =0,

and ayz + Byy/ ¥ Y33/¥ 33w/=) 0, be the, three tangent planes, and let ),
(V), (W) denote the values of U, V, and W, when the coordinates of the
intersection of the planes are substituted for (¥, ¥, 2, w). Also let u,, %gq
%33, &c., denote the values of u, &c., when (a;, B), 71y 31)s (a2 By 7a» 32)s
{as, B3 73 8 are substituted fora, B, v, 3; and s, thoy Uan Y1z &ec.,
the conditinns that these planes should be conjugate with respect to
u, v, &c. Then, by the conditions, we have

tyy =0, 0y =0, wyy =0, Qthyg + byg + cwys = 0
Qlhy + bvgy + Wy = 0, @iy + bog + ctoy = 0
U+ o+ Wy =0, Uggt Vgat ey = 0, tig3+ 33+ W3 = 0
U4 Oig 0y = 0, oy + Op3 4 10,3 = 0, tp + 0y + o0y =0
And. ), tggthyg + 2tk thyg gy — iy tgs® — thog g * —Ugg t” = A7 ()= ifa=1,
V11 Vza Vsg + 201203 U3y — 911 037 — I ¥i% — 0g 01" = A" (V) = (V)
if A’=1; and if A”=1, then
1049059 tgy + 21019 0ga Wy — 10y Wy® — 010y, 7 — W3 Wy = A" (W) = (W).
But, from the equations (A), we have
(c—a)ugt? + (b—c) vg3i® = 0,
(a=B8) 0y teg? + (6 —a)3 10,y 10553 = O and (B—c) wyt0g? + (a—8)  thgtey = 0,
and Qutygtigy gy — i thay? — s th® = (U);
20,5005 =031 02g? ~ 53038 = (V), 203900ty — 101 g3 — ey = (W),
(0) + (4] + Wy _ 9 { thategtls) | 1370 "n w':w._au*,,} =0,
(6—¢)? (c—a)® (a—b) U (b—ep  (c—a)? (a —h)3
SinCe  tg: g Wiy = Yy & Vg Wy = &C. = b—cic—ala—b.
And if Tand T be the ordinary covariants of U and V (4 and A’ still
being = 1), the point equation to » +Av = 0 is
U+AT+ATY + A3V = 0uevcvnnnnnnniincennncnnenes (B),

and, since 40 +w =0, —W = U+ T+T +V; also, at the points where
%+Av = 0 touches the developable, the equation (B) gives equal values
for A, and therefore T+ 2A'1" + 3A2V = 0 and 3U +2AT + ALY = 0, and
therefore along the curve of contact

U+V+W, 3a2V, 3U | =0, or —3A2(U+V+W)+3ATV (2A—A%)

o (A),

1, 1, 2 +3U(2A-1) = 0,
1 2, A or UMA=12+Va(A=1)2+ WAl = 0,
e e s . . U \ W

and this is identical with =9 S+ (a—a)*+ @by =0,

if Al (A—1p=(b-0c)?: (c—a)*: (a—b)} or A ‘a——Z’

and %+ Av = 0 thé same a8 au+dv +cw = 0.

7571, . (By Professor Havenron, F.R.8.)—A solid body is bounded by
two infinite parallel planes kept constantly at the temperature of melting
ice, and by a third plane, perpendicular to the first two planes, kept con-
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stantly at the temperature of boiling water. After the lapse of a very
long time, show that the law of distribution of temperatures will be repre-
sented by the equations (between the limits y = + )

v =ae-*cosy+be-%cos 3y +&c., 1= acosy+bcosdy+&e.

Solution by T. Woopcock, B.A. ; Prof. Nasu, M.A.; and others.

‘We have to find v in terms of z and y, knowing Zl'_’_ + %',’, =0, also
»: 2
v=0when y=4 i, and v=1 when 2=0, as well as when 2 = ».

Try v = 3 4 cos ry, where u is independent of y. We must have r = an
odd integer = 2m +1 say, and also %’ -1 =0; ... u=Ae" +ae-r.
Now, when « is infinite, v=0; .. A=0; ... vy =Zae-(@n+1) cos (2m + 1)y»
the summation extending over all positive integral values of m. Putting
z =0, we have 1 = Zacos (2m + 1) y, the limits of y being + }w.

7579. (By R. A. Romerts, M.A.)—Two uniform spherical shells
attract according to the law of the inverse fifth power of the distance ;
show that, if they cut orthogonally, they will be in equilibrium under the
influence of their mutual attraction.

Solution by Prof. Townsexp, F.R.8.5 J. A. Owen, B.8c.; and others.

The attraction, for the law of the inverse fifth power of the distance, of
a thin uniform spherical shell, upon a particle in its space, either external
or internal to its mass, being directed towards the point of its surface
nearest to the particle, and varying directly as the radial distance from
its centre and inversely as the sixth power of the tangentianl distance
from its surface ; it follows at once that, for two such shells intersecting
at right angles in a common space, if an elementary cone be supposed to
diverge from the centre of either, it will intercept on the surface of the
other two elements of mass, whose attractions by the former pass in
opposite directions through its centre, and are to each other directly as the
cubes of the radial distances from its centre, and inversely as the sixth
powers of the tangential distances from its surface—that is, directly as the
cubes of the radial distances from its centre, and inversely as the cubes of
the perpendicular distances from its plane of intersection with the latter ;
and the two attractions being consequently equal in magnitude and
opposite in direction, therefore, &c., as rcgards the property in question.

7569. (By Professor TownsenD, F.R.8.)—In a tetranodal cubic sur-
face in a space, show that—

(4) The four nodal tangent cones envelope & common quadric,

(6) Their four conics of intersection with the opposite faces of the nodal
tetrahedron lie in a common quadric.
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(¢) The two aforesaid quadrics envelope each other along a plane having
triple contact with the surface.

Solution by Professor MALET, F.R.8.; Prof. Nasu, M. A. ; and others.

The vertices of the tetrahedron of reference being the four nodes, the
equation of the cubic is of the form% + % + f + % = (; and the
equations of the four nodal tangent cones are

el-]-ﬂ.p.yf-o, Q+:_10+y_t_o_0,

ab  ac  be ab ad  bd
zs 2w yo .
et RrtErLCY
which envelope the quadric
LA AFU B ye yw -0
(a+b+a+d) 4(«5 ettt ) ’
and each of which meets the opposite face of the tetrahedron of reference
Y %2 LY T YL o
lnacmncmtuatedonthequadncab-r +ba+ad bd+dc

Now the plane %+%+%+% = 0 is a triple tangent plane to the

cubic, the points of contact being (s, 6, ~¢, —d), (s, —5, —¢, d),
(a, —b, ¢, —d) ; therefore, &c.

Nore oN INvERsE-CoorDINATE CURVES, WITH SoLUTION OoF QUEST. 6969.
By R. Tuckeg, M.A.

The general discussion of the properties of these curves is given in
Sarmon’s Higher Curves (1st ed., p. 238, &c.; 2nd ed., p. 244). e have

zx’a yy’= o3, whence tan 8 =cot ¢/, i.e. 0+ 0’ =§xand r’ sin 20=2¢2 (1, 2).

m.r, then i -c. c. [i.e. inverse-coordinate curvetllls z =my, i.e a
line &.ro ugh the origin has for i.-c. c. & line through the origin equally
inclined to other axis (rectangular axes). Therefore, if any number of
points on one curve are collinear with the ongm, there will be the same
number on the i.-c. ¢. collinear with the ori

If y=mz +, then i.-c. c. i8 bzy =2 (z—my). Hence, if parallel chords
be drawn to the primitive curve, the corresponding points on “i.-c.” lie
on hyperbolas, the locus of whose centres 1s a straight line through the
origin orthogonal to the above system of chords.

If Y has the usual meaning, then cot y’ ~ coty =cot 20 ~ cot 26’ =2 cot 26.

This enables us at once to solve the following Question (6969):—
¢If, in a parabola vertical chords AP, AP/, complementally inclined to
the axis, make angles y, ¢’ with the tangenta at P, P,

then cot §'~ cot y = 2aAPP’ [ 12’
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The parabola y? = 4az will be its own “‘inverse” if ¢ = 4a =L,
then 24 APP' = AP.AP sin PAP’ = r cos 20 = 23 cot 20 = 3242 cot 20
="F2(2 cot 20) = L3 (cot y' cot ).
Similar properties are readily obtained for other curves which are their
own i.-c. ¢. a8 2ry = a2 (a? = 26%), 23 = ay? (¢ = a), &c.
[Another solution of Quest. 6969 is given on p. 114 of Vol. 37 of the
Reprint.]

7194. (By Professor WoLsTENHOLME, M.A., Sc.D.)—In the examina-
tion for the Mathematical Tripos, January 2, 1868, Question (6) is as
follows :—¢‘If there be n straight lines lying in one plane so that no
three meet in one point, the number of groups of » of their points of in-
tersection, in each of which no three points lie in one of the n straight
lines, is § (#—1).”” Prove that this is not true; but that, if ‘¢ n-sided
polygons ”’ be written for ¢ groups of » points, &c.,”” the result will be
tiue : and calculate the correct answer to the question enunciated.

Solution by W.J. GREENSTKREET, B.A. ; A. MacMurcxy, B.A. ; and others.

Denote the n straight lines by 1.2.3...n. Make a group of » intersec-
tions in this way :—1 and 2, 2and 3, ..., n—1and », nand 1. Then there
are two, and only two, points on each straight line. Hence we must tuke
two points on each straight line, for if not there would be more than two
on some line or lines. 8o that we merely require now the number of
. ways the n intersections may be arrunged in a ring, that is (s —1)!

7247. (By Dr. Cvrrs.'—Two magnets, whose intensities are I,, I,
and lengths a,, a, are rigidly connected so as to be capable of moving
only in a horizontal plane round a vertical line, which passes through the
middle point of the line connecting the two poles of eunch magnet; if 2a
denote the angle between the lines of poles of the two magnets in the
direction of opposite poles, while 6 denotes the inclination.to the magnetic
meridian of the line bisecting this angle, prove that (1) the positions of .
stable and unstable equilibrium (discriminating between them) are given
by tan 6 = (I,a, + Igv) tana/ (J1a;—Ig4,) . and hence (2), if the intensitics
of the two mugnets be invirsely proportional to their lengths, the posi-
tions of equilibrium will be such that the lines of poles of the magnets
will be equally inclined to the magnetic meridian.

Solution by W. M. Coates, B.A. ; BeLLE EasTON ; and others.

The moment of the fiist magnet is I,»,, and the angle its axis makes
with the magnetic meridian = 6 —a«: therefore the moment of the couple
tending to turn it is proportional to I,a, sin (6-- a). -

Similarly the mument of the couple tending to turn the second magnet
in the opposite direction is proportional to Igr,sin (60 +a). Hence, when
the system is in equilibrium, I,e, sin (§—a) = I,a,sin (6 + a), whence
tan 6 = (La, + Liagtana) / (I,a, - Igv,). [Whether the sign of the right-hand
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side of this equation be positive or negative, as the angle 8 is sought from its
tangent, there will be two solutions 6,, 8,, whose difference is 180°. The
stable position/is/that |in{ which”the magnetic axis of each needle, in the
direction of its north-seeking pole, makes an acute angle with the meri-
dional line in its northerly direction, as in such position, if the system be
turned through a small angle, the moment tending to return it to its
original position i8 increased, and the opposite one diminished. The unstable
position is derivable from the stable by turning the system through 180°.]
If the condition I,a, = 4, be fulfilled, 8 =90° from which it follows at
once that the axes of the magnets are equally inclined to the meridian.

7508. (By Professor Syrvester, F.R.8.)—If m, # be any two square
matrices of the same order M = (mn—nm)3,
N = (m?n — nin")(n3m — mn®) - (w?m — mn?) (m3n —nm?),
P= l m3, mn+nm, n?|; and D the determinant to the matrix

2 2
m, me+nm, 0 aM +8N ++P:
m3, mn+nm,

prove that D is an invariant to m, #; that is, remains unaltered when
(supposing p¢’-p'q = 1) pm+gn and p’'m+¢'n are substituted for m
and 7.

Solution by the PROPOSER.

Let m become m + en where ¢ is infinitesimal ; then the increment of P
divided by e is mn +nm, mn+nm, n3
mn + nim, Mm%+ nm, n? m?, 2n3, n?
mn +nm, mn+nm, 23 m2, 213, n?

Again, for N, call (w31 —nm%)=A, (n2m—mn?) =B; then N=AB-BA,

m3, 213, n? |, d.e., O.

+

and 8;‘m(mnﬂtm)n—n(»ma-m») = B, £=n’.n -n.M=0;
€ €

hence 3N =3A.B-B3A = (B:-B%) 3¢ = 0.

Finally, & (mn—nm) = ¢(n—-n) = 0; hence aM + BN ++P is unaltered
by the change of m into m + en and in like manner of 7 into » + en; whence
it follows, by the same reasoning as in the theory of ordinary invariance,
that m and # may be changed into pm + gn and p'm+¢'n, provided
29— p'q=1 without aM + BN + 4P undergoing a change, and consequently
without its determinant changing, 8o that this latter is & binary invariant
of the matrices m, #, as was to be proved.

[Professor SYLVEsTER calls attention to the immense new horizon in the
theory of Invariants opened out by this question, which forms part of a
general theory of Matrices, including the algebraical theory of Quaternions
as an insignificant single case; and in which he counects the subject with
the ordinary concomitants of Ternary as well as of Binary forms, and in
such a manncr as to react upon the ordinary theory of Invariants. The
theorem in the question is part of the solution of the prodigiously difficult
subject of Involution of Matrices, now happily accomplished, cr brought at
least within a stone’s throw of accomplishment.]

~
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7558. (By W. J. o' Suare, M.A)—If A/, B/, ¢/, D/, be the feet of
the perpendiculars from any point on the four faces of a tetrahedron
ABCD, show that AC?—BC’ w AD’2—~BD", &c., and conversely.

Solution by W. G. Lax, B.A.; MARGARET
T. MeYER ; and others.

Join AP, BP, where P is the point from
which the perpendiculars are drawn; then,
since PC’B and PC’A are right angles,

AC: -BC? = AP:-PC:—BP2+PC?
= AP?-BP3,
Similarly, AD’2- BD”? = AP:—BP?,
therefore AC*—BC'? == AD"?—BD"3,
and so on, and conversely.

7364, (By W.S. M:Cay, M.A.)—-If the line joining two points on
two circles subtend a right angle at a limiting point, prove that the locus
of the intersection of tangents at the points is & coaxal circle.

Solution by T. A. FincH ; Sarau Marxks; and others.

Let A and Bbe two circles, PN the
chord subtending the right angle at
F. Let PN meet the circles again in
M and Q, and draw PL, ML, NL
and QL perpendicular to L the
radical axis of the circles and com-
plete the Figure. Then
RP _ sin RNP _ cos BNM
KN~ sn RPN  cos APQ

2BM ° PQ

- FM .FNsin MFN AP

FP.FQsin PFQ ' BM’
and, from right angle, sin MFN = cos PFM ; sin PFQ = cos NFQ, also
LPFM = £NFQ (since angles MFN and PFQ have esame bisectors)
therefore
RP? _FM2.FN? AP? BF.ML.BF.NL AP? _BF!.AF!
RN? ~ FQ?.FP?"BM: AF.QL.AF.PL BM2 AP BM?
Therefore, &c. [The Proroser remarks that this proof is much more

elegant than his own. The theorem was originally derived by reciproca-
tion from Question 5395, solved in Reprint, Vol. xxix., p. 23.]

= const.
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1945. (By the late C. W. Merririerp, F.R.8.)—Find a rectangular
parallelepiped such that its edges, the diagonals of its faces, and the
diagonals of the solid, shall all be integral.

Solution by AsrosH MukHOPADHYAY.

Let z, y, # be the edges of the solid ; then the diagonals of its faces
are (23 +y-)}, (8429, (3+23)} ; also, the diagonals of the solid are equal
to one another, and represented by sz’+y’ +2z9)l, We have, accordingly,
to investigate whether it is possible to find positive integral values of
z, ¥, 2, which make r, g, 2, (22+ ¢, (y2+ 23, (B+20, (B+y2+ 9 all
integral. Let 2%+y*= (B2+1)3 g+ = (F+1)h.ooiiin, (1, 2),

242t = (m3+1)3 29+ e (24100 (3, 4).

Then it is well-known that the solutions of (1, 2, 3) are

z =2k } y =2 } 2 =2m }

y=k-1f{ 2=0-1§ z=m?-1§"
Now, substituting in (4) from (2), we get 23+ ($#+1)3 = (n3+1)2. There-
fore z = 2n, I + 1 = n3—1, therefore n*— ¥ = 2; hence the solution of the
original problem depends on an equation of the form (z+y)(z—y) = 2.
Now, a moment’s consideration shows that this equation has no positive
integral solution ; for, assuming z, y to be positive integers, and since
(z+y) (#~y) = 2, (8+y), (r—y) must be each a positive integral; and
since the composition of 2 is unique (2x1), we must have z+y = 2,
z—y =1, which give =4, y = §,—fractional values. Hence, it is
demonstrated that the original system of equations has no positive integral
solutions, and it is impossible to find the rectangular parallelepiped in
question.

7573. (By Professor Hubson, M.A.)—Parallel forces act at the angular
points of a triangle proportional to the cotangents of the angles. Caa
they be in equilibrium ?

Solution by (1) B. RevNoLps, M.A.; (2) W. J. Banrox, B.A.

1. Yes: if a®+42 = 3¢3, and if ¢
BD'= DA = bcos A,
CD’ being the direction of the forces. 8 % 5—A

For cot C = cot A +cot B,
cotC_ _ sinC o8 s
sinC  smAsnB c0s C ab’ d cotA
or 2abcos C = 2%, whence a3+ 43 = 303,
Next, if BD'= z, we have 2cot B = (¢—2) cut A,
cot A cos A sin B cos A sin B
- = = bhecos A.
~cot A+cot B sin (A + O) sin C
2. For equilibrium, one of the forces (at A say) must act in the
onosite direction to the other two, whence cot A = cotB + cot C;
also, if the direction of force at A produced backwards cut BC in D, then,
taking moments, DO : BD = cot B : cot C; and, if these conditions are

or z=¢
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fulfilled, there is equilibrium and not otherwise. A particular case is
when one of, the jangles. (B say) is-a right angle, so that the force of B
vanishes ; then ‘'we must have A = € = ir, and forces at A and C act in
opposite directions along the hypotenuse.

[Mr. Revy~oLps states that he ‘‘inadvertently made the angle BCA
obtuse, whereas it should be acute, since ¢? < a2 + §2.”°

Professor HupsoN remarks that ¢‘the figure is manifestly impossible ;
for, C being obtuse, cot C is —,and a force cot C in the opposite direction
to cot A, cut B, isreally in the same direction and cannot counterbalance
them.

¢“In the case supposed by Mr. BarTon, the forces are proportional
to cot A, 0, —cot C. Since for equilibrium one of the forces must act in
the opposite direction to the other two, the proper imference is that the
triangle is obtuse-angled.

““The condition of equilibrium is cot A +cot B + cot C = 0, therefore

sn(A+B) cosC 8in*C sin?A + sin*B - 8in2C

——= = 0, theref =0
simAsnB snG - oo GnAsinB Z6in AFB ’
therefore sin? A + sin? B + sin% C = 0, which is impossible].”

7495, (By 8. Temay, B.A.)—Show that the mean length of the
¢ Sailor’s Knot,” or geographical mile, in latitude A, is approximately
1-1666 (1—-00667 cos? A) mile.

Solution by the PROPOSER.

If the ellipsoid (1—e%)(22+y2)+22 = 4% be cut by & diametral plane
passing through a point in latitude A, and inclined to the plane of the
meridian at an angle 6, the equation to the section is

(1 —e?cos?A) 22— 2¢3 sin A cos A cos 6zy + (1 —e3 + ¢” cos? A cos? 0) y? = 33,

Let this be written Ax®—20zy + By? = b2,

Differentiate twice with respect to z ; thus
Az—Cy—Czp+Byp = 0, A—2Cp-Cyg+Bp?+Byg = 0.

Hence at a point on the meridian, putting y -Oandm=-§-y we have
2y 2
Ay )T
A Al 1+p%8 ( Al
p=7' 1750 AB-0); p=t qu) = IB-o’

{ _s‘sin’Acos’Asin’O}i
L’{ 1—-63(2—¢%) oos’A} 1—¢2(2—¢2?) cos® A

b 1—e3cos?A 1—¢63cos? A 5in3 @
a? (1—nsin? 6)} .
=5 L suppose,

1
21

+ (m'-%m’n+%§-}mn’+ 313 %}tn‘) sin‘0+&c.}.

- H‘f;» { 1+ (m—4gn)sin3o + (m’—gmn-p- ;n’) gint @

VOL. XLIs n
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Let this be written p=H ‘i’» (14N, sin?0 + N, sint 6 + Nysin®0+...);

. i =1''n<3 n=b6
then, since ]o sin” 6 -’-'—”—- . :—_5 oy e } 4=, (n even),
the mean value of p is
tid 2 3.1 5.3.1
f - (j pdo) +iv =t (l+§N,+m N4+6.4.2N,+&c.)

2 .
= lb- (1 —¢* cos? A + §¢# sin®A cos® A + %% 8in? A cos? A + ...), nearly.

Thus the mean value of p at a point on the equator is 4. Take
6 = 3962-824, b = 3949-585 miles;
then the mean length of the knot at a point on the equator is
b . a0 o !
To800 ™ 1-14889 mile = 1 m. 1 fur. 42 yds.

Approximately, the length of the knot is

i()ts_o = 11566 (1 —e3cos® A + 34 6in® A 008" A +&5¢® 8in? A cos? A)

= 1:1566 (1 —+00667 cos? A).

At 30° 45° 60° we have, respectively, p’ = 3956:460, 3962881, 3969°5,
and length "of knot 1- 1508, 1°15627, 1* 1547 mile.

7581, (By O. Leunesporr, M.A.)—If A+B +C = 180°
(y—21cot }A + (z—2) cot B+ (z~y) cot 10 = 0,
(y3—23) cot A + (82— 23) cot B + (22 —y?) cot C = 0;

Y +23—2yzcos A - 234+ 29—2:2 cos B I 2zvcosC

hat
prove t oin? A sin? B s O

Solution by W, J. BarToN, B.A,; MARGARET T. MEYER ; and others.

Let a, 3, ¢ be the sides of a triangle baving opposite angles equal to
A, B, C; then we have
2 (b=-0)cot §A o 3 (sin B—sin O) cot $A e« 38in{ (B—C)cos {A
« Xsin} (B-C)sin § (B+C) « X[sin § (2B) —sin § (2C)] = 0...(1),
Z (6°—e3) cot A o« X 8in (B +C) sin (B—0) cot A « Zsin (B—-C) cos(B+ C)

« 3 (8in 2B —8in 20) = Ou.vcvvnrens vererennens (@);
therefore, from (1) and (2) combined with the given equations,

b-0o _¢ a_a- b B—c? 2—a? a3—P2

yoz iz -'v—'l and by g p s SLUE (3),

therefore % -t -5—; therefore a triangle can be constructed with

Yy
#, ¥, % for sides und A, B, C for angles; hence we obtain

P 4232 24 43— 92 B
T o const. = LHEI—2yzcos A 5f+a?—2zrcos
pin? A sind A sin? B = &o.
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3835, (By the Eprror.)—The sides of a triangle ABC are BO = 6,
CA =5, AB = 4; and Q, R are points in AC, AB, such that CQ = 2;
BR = 3. \Show\/(1) by(aCgeneral| solution, that the distance from B to a
point P in BC, such that 2 CQP = BRP, is BP = § (6014 —13) = 3-83843;
and (2) give a construction for finding the point P.

Solution by D. BIpDLE. ; Prof. Marz, M.A., Ph.D. ; and others.
1. Draw (Fig.1) PM, QS parallel to A
AB,and PN, RT parallel to AC; then
the triangles QMP, RNP will be R,
similar, and PN : PM = NR : QM; N,

but PN = AC.BP 5 AB.PO Q

AB.PT AC.SP,
NE =55 M="F5 § 5P T
Fig. 1.
therefore AC.BP:AB.PC=AB.PT: AC.8P,
BP ; PO = AB* PT : AC2.8P;
but PC = BC-BP, PT = 20-BR_pp, gp - pp+ 24-3C _po;
..BP: BC-BP=AB.BC.BR -AB BP ; AC’BP + AC.BC.CQ - AC'BC,
AC.BC.CQ-AC?BC + AB*BC+AB. BC.BR
and BP+ AT A BP
_AB.BC.BR,
ACi—AB* °’
whence
(AC.BC.CQ-AC?BC+ABIBC+AB.BC.BR)?) §
2(AC*—AB )BP = +4(ACT—ABY) AB.BC. BR "
—(AC.BC.CQ-AC*BC+AB?BC +AB.BC.BR).
In the given case, BP = } (6014 —13)] = 383843,
2. Draw (Fig. 2) QD perpen-
dicular to BC; make DE = QD; y
join RE; make CF = BF (that F
is, from the mid-point of BC
draw a perpendicular thereto).
Draw EH parallel to BF, to meet Q
ABinT; then TRE will be a triangle
with an angle T = ABF = ABC—
ACB, and the circle RPE, drawn
round this triangle, will cut BC in
the point P required, so that
¢ CQP = BRP.
For £ 8QD =SED = SRI,
£CQD—BRI = ABC~ACB,
.. SQC—BRS = ABC—-ACB; R
and, by construction, we have Fig. 2.
LPER+PRE = ABF = ABC-ACB; but £PER = PQS8,
. LPRE +PQS = ABC—-ACB = 8QC—BRS,

o
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and PRE + BRS = SQC-PQS,
hence LBRP = CQP.
[If BC = @)/ CA/#= b, AB(= ¢,BR|=<m, CQ = n, and BP = 2, wo have

m-—rcos B n—(a—2z) cus C
= T = P = _—
cot BRP zsin B cot €Q (a—x)8in C

therefore 2 cosec B —a—”z cogec C = cot B—cot C, which gives
z _

. . me n ccos B—bcosC  ¢2—4%,
the quadratic equation e e 3 T

whence, putting, for shortness’ sake, k=nb + mc—5%+¢3, we obtain the

generel value z = 2—(0.:‘_—&.“) {% £ [B—4me (-0} },

which, with the numbers in the question, gives the specified result.]

7159. (By R. Knxowres, B.A., L.C.P.)—In a parabola whose latus
rectum is 4a, if @ be the angle subtended at the focus 8 by a normal chord
PQ, prove that the area of the triangle SPQ =a?cot {6 (tan 46 + 4 cot }6)2,

Solution by J. 8. JENKINS ; SARAE MARks; and others.
Let (27, ¥'), (2", y”) bethecoordinates =
of P and Q, and let 8 = £ PSQ; then it
can be readily shown that
OM = o = & +20)
zl

QM =" =2 (%)*(z';za),

APSQ =2 (%)'(a”')a...(l);

APSQ =3 (a+2)(a+2")sing =} (a+2) (M) siné...(2);
z
4(ax)V(@6+2) 8oy .
Py e e LR y'=4acot 16, and 2/ =4acot?}0.
This value of 2/ substituted in (1) gives the area
i 1+4cot?§6\2
AP S=2(;‘_) tacot? }6)? = a3 (____)
Q Tacot 39 (a + 4acot? 16)% = a?cot 10 oot 36
= a* cot 30 (tan 36 + 4 cot 16)%.

. 8ing =

7578. (By the Rev. T. C. SimmoNs, M.A.)—If a number have the sum
of its digits equal to 10, find under what circumstances twice the number
will have the sum of its digits equal to 11.
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Solution by MARGARET T. Mever; C. W, H. GReAVES; and others.

If all the digits arelunder| §; the double number will clearly have the
sum of its digits =20. If two of the digits are 5 (therest of course all = 0),
the double number will have sum of digits = 2. In all other cases, the
sum will be 11 (or 20—9). [This is included in Quest. 7634, solved on
P. 28 of this volume.]

7542. (By Professor MarTIN, M.A., Ph.D.)—Prove that for n = =,

x 1 +..4 ! = log, 2.
27 )1+ +/2sin (}n’-}--l) 14+ ¥2sin (}ﬁﬁ!)
2n 2n

Solution by Professor WorLsTENHOLME, M.A,, Sc.D.

i dz _ ir dz
,L 1+sinz +cosz _‘o 2 cos 3 (c0s 4z + sin §z)
ir 1gec? Lrdr +
= T B e =[] 1 1 v _
jo e = log (1+tan Jo)] = log 2.
‘Writing this in the usual way, dz = n/2n, and the limit of the series in
the question, when # is «, is log 2.
Since Jh — % dy= Jh _ jm—z — dz,
o 1+sinz+cosz o l4+cosz+sinz

Ld z
19 —_— dz = .
vege jo 1+ 4/2sin(£1r+z)dz drlog2;
and this integral may be written
the limit of : + R
" 1+¢2sin(h+1) 1+,/2sin(h+33)
2n 2n
et n

Lo/2sin (4r+27) }
2n
when # tends to @ is — log 2. Tbis is not new, being only another way
of getting at the well-k:own definite integral
J:'log (1+tan z) dz = Jw log 2.

7592. (By 8. TeBay, B.A.)—Find an integral value of @ such that
(m*+n%)2+a and (m?+n%*—a shall be rational squares; m and » being
positive integers.
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Solution by Moroan Jexxivs, M.A.
If (M4 29 46 = (h+ k)2 and (w?+n7)2—a = (A—L),

then a = 2kx, and (m?+#%)2 = A?+x?. One solution of the last equation
is h = m3—n? x = 2mn, whence a = 4mn (m?—n?); and
(m2 + n%)2 L4mn (w2 —n°) = (m2—n242mn2.
The total number of primitive ways of expressing, as the sum of two
different squares (zeros excluded), a number that contains no odd prime
factors, and no power of 2 higher than 2}, is 2¢-1, where ¢ is the number of
different odd prime fuctors which = 1, mod. 4, and which are contained
in the namber.  Hence the total number of solutions may be found
when the mode of separating m? + 2 into facturs is given ; thus, if
miynd =22 X2 o% . B%.9"...,
where X is an odd number all of whose factors are of the form 4p+ 3, and

a, B, 7 ... are ¢ prime factors, each of the form 4p+1 (it being known
that all the prime factors of X must be of even degree), then
(2 +07)2 =28 Xé. o™ . g¥. 9 .,

and, if 42+ »% ba one of the 2¢-! primitive representations of a®™. 8%. 9>...
a8 the sum of two squares, A = 2*. X3u and £ = 22 . X%. 8o, if p?+?
be one of the 2¢-1 primitive representations of a™-2.p%.4® .. as the
sum of two squares, we have A = 2* . X?au, k = 2* . X3a», and 80 on; but
the number of primitive representations of a%8°y* ...will be only 2¢-%, and
of a%8%2%... will be only 2¢~3. Thus the total number of solutions will
be the sum of the coefficients in the product

F+al+at+...a®™)(F+ B2+ B +... Bk + 3 + .. + %) L. x 2],
-1
omitting the first term in the product, viz., 2f7 or }, if we reject the

solution ¢ = 0; and therefore the total number of solutions will be
2t-1(u+3)(o+1)(0+1)... —% or $[(2u+1){204+1)(2w0+1)...—1].

[Bince 101 = 102 + 13, if we take m = 10, # = 1, we have a = 3960, and
1012+ 3960 = 1192, 1012—3960 = 79-. ]

7351, (By Professor Syrvester, F.R.S.)—Let » be the number of
ways in which any number # can be composed with any ¢ positive inte-
gers (all unequal), and let X, represent the sum of the terms vz*, which
will be an n/inite series. Also, let »; be the number of ways in which
any number # can be composed with any ¢ positive integers all unequal
as before, but now none greater than j, and let X; ; represent the sum of
the terms 2" which will be a finite series. Prove that

X.',j = (1-2) (l—wf‘l) v (1=2-+) X,

Ex.—Let ¢t = 2, j = 3; then

Xy =2a%+244 205+ 28+ 327 + 328+ 429+ ...

and X, = B+at+25 = (1—-2%)(1-28) X;.
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Solution by W. J. C. Suare, M.A.

1. Evidently X; is [the)coefficient of z¢ in the expansion of the infinite
product (1 + z2)(1 +z°2)(1 + 2%) ..., 80 that thisis 1 + X,z + X2 + X323 + &c.;
but, if 2z = y, the same product
= (1+9) (1+ay) (1 +3%) (1+2%) ... = (1+5) (14X, y+ Xeg?+ &o.)
= (1 +22) (1 + X, 2z + X, 2%3 + X3 2%3 + &c.) ;
hence, equating coefficients, X, = (1+ X,) 2, X3 = (X, +X;) 23, &c., &c.,

X; = (X;_1+X,) 2%, 8o that X, = I ""x, &c.,

1 2 UGS
an X, ) =

X=X 1-2)(1=2%) .. (1-2Y)
[a value obtained in a different way in Art. 2]. Similarly X ; is the
coefficient of ## in the expansion of (1 +2z)(1 +2%) ... (1 +£’z), so that this
product = 1+ X, ; 2+ X;,; 8* + X3, ; 28+ &c.; and if, as before, 2z = y, this

l+y ) J
1727y (1 +2y)(l +2%) ... (1 +29y)

fll%fx—. { 1+Xy,; 22 + Xy, j 2% + X3, ; 2% + &e. } ;
and, multiplying by 1 + 27*1z and equating coefficients,
214Xy = (1+X;) 7, 21X ;+ X5 = (Xy,5 +Xa,;5) 2% &e.,
. —~af
HNXiy 4K, =(Xior, s+ Xi, ;) 2% 60 that Xy = ﬂll—:) &,
i+l
X ;= z‘!l—xf—‘”) Xiy,; = z 2 (1=2)(1—ai-1)...(1=2/—¢1)
1-2f (1=2) (I-29) ... (1—a)
= (1=2i)(1~29-1) ... (1 —i=$*1) X,
2. Evidently X, =a+22+2%1 24+ &e. = 1—"?
and Xy o 28+ 24 + 245 + 225+ 327 + 328 + 429 + &e.
a3 (1 +2) 23
= 28 (1 1 4 6 ) = a .
(1 +2)(1 +222 + a4+ 4a8+ &c.) =2 ~ 0=2)(1=5
Now X; = (23 + 2%+ 29 + &c.) X;; for, if », be the coefficient of 2 in X,
and u, thatin X,, », is made up of u,_s, the number of solutions of
P+¢+r = nin which one vulue is 1(p, ¢, and r being all unequal in-
tegers) ; of uy.g, the number of solutions in which one value is 2 and
L X, - ———eee and
1—2a8 (1—a)1—2%)(1 - 28)
a repetition of the same argument leads Lo the result above stated.

product =

none 1, and so on. Therefore Xj =

7377. (By Professor Syrvester, F.R.S.)—Integrate the equation in
differences - ty.y = Uy +n (n—1) 16,14+ (20— 1) wy,
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where w, denotes the product of n terms of the fluctuating progression
1, 38,63 6, Teeu..

Solution by W. J. C. Suarp, M. A,

The equation %, ,;=u,+% (3—1) u,_; is remarkable, as, though it is of
the second order, when solved by successive substitution it only involves
one constant. The solution i8 %, = w,a. This is easily verified as
follows :— '

Let # = 2p—1, then m,,a+n’n-1)§,._la=l.l.3...2p—3.2p—1.a
+2(p—-1)(2p-1).1.1...2p-3.p-3.0a
=1.1.3.3 ..20—-3.2p—1.2p—1a = wn.18.

Let n=2p, thenw,a+n (n—1)ws16=1.1.3...22-1.2p—1.a
+2p(2p-1).1.1.8...2p—-1.a
=1.1.3.3...2p—1.2-1.29+4+1.8 = w,,10.

The solution of the given equation may therefore be put in the form
%n = Wyq G+ v,, Where v, is the value of u, obtained by putting a =4, = 0.
Then v, =0, vy = 1, ¢3 = 4, v, = 25, v; = 136, vg = 1041, v, = 7596, &c.
I have been unable to find a functional expression for v,

[The reduction in the number of constants only applies when %, &c. are
integers, and seems to be due to the fact that, for such values, two
successive equations, (# = 1) u; = uy, (#=0) %, =uy, are of the firat order.]

7544. (By the Eprror.)—Construct a triangle, having given the base,
the vertical angle, and the ratio of the segments of a given chord of the
circumscribed circle drawn parallel to the base, cut off between the cirele
and the sides of the triangle.

Solution by Marcarer T. Mever; D. BipnLe;
and others.

On the given base AB construct a segment
of a circle containing an angle equal to the
iven vertical angle; and let QR, parallel toAB,
e the given chord. Produce the chords QA,
RB, to meet in O; divide ABin the given ratio
at 8, and through 8 draw OC, cutting the
iven chord in I, and the circumference in C.
'hen ABC will be the required triangle. For,
let AC, CB meet QR in H and K ; then, since
QR is parallel to AB, we have

AS:SB=QI:IR=HI:IK=QH:KR.
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7536, (By Professor Syrvester, F.R.S.)—If 3n—2 points are given
on a cubic curve, and through 3n—3y—2 of these an (#—»)-ic be drawn,
cutting the\/cubié. in)two) additionall points, and through these and the
remaining 3v given points a third curve of order »+1 be drawn, prove
that its remaining intersection with the given cubic is a fixed point.

Solution by W. J. C. SrARP, M.A.

This theorem is a consequence of Professor Syrvester’s theory of
Residuation (Reprint, Vol. 34, p. 34). Taking any 3» points, if Aand B be
the additional intersections of an (»—w»)-ic through the other 3n—3»—2
points, and C that of the (v + 1)-ic, is through the 3» points and Aand B, the
3n— 3y —2 other points are coresidual to Cand the original 3» points. If
A/, B, ¢’ be corresponding points obtained by taking another (n—:?-io
through the same 37 — 3v—2 points, the 3» points and C are coresidual to
the same 3» points and C’, and C and C’ denote the same point. This

point is the single point coresidual to the original 3#—2 points, for the

n+ 1)-ic system composed of the first (»—w»)-ic and the corresponding
v + 1)-ic is such that the 3» —2 points are residual to A, A, B, B, and C.
Also the n-ic through the 3n—2 points and C will meet the cubic in a
residual point P, which is, therefore, coresidual to A, A, B, B, and there-
fore residual to C, C (i.e. it is the tangential of C); and the 3n—2 points
are residual to P and C, and therefore coresidual to C, which is therefore
the same, however the 3s—2 points may be taken.

The theorem alluded to by Professor SYLVEsTER is given in SALMoN’s
Higher Curves, Art. 164, p. 131, and is shown to be a consequence of Pro-
fessor SyLvesTER's theory of Residuation, Art. 160, p. 135 ; it is identical
with Mr. J. J. WALKER’S Quest. 7068.

It » = 3 and »=0, the theorem becomes :—*¢ If cubic curves be drawn
through seven points on a given cubic, the lines joining the two remaining
intereections of any of these with the original cubic will all pass through
a fixed point upon it.”

If n = 2 and » = 1, it becomes :—“ If four points be given on a cubic
and through any one of these 3 straight line be drawn meeting the cubic
in two other points, the conic through these and the other three
original points meets the cubic again in a fixed point; and, as & particular
case of this, ¢ If a conic osculate a given cubic at a given point A and
touch it at B, it will pass through the single point coresidual to the tan-
gential of B, and three coincident points at A.”’’ In this way innumer.
able theorems may be deduced.

7512, (By Professor Townsenp, F.R.S.)—An ellipsoid and any in-
scribed polyhedron of maximum volume, or circumscribed polyhedron of
minimum volume, being supposed to bound two solids of uniform .density
in their common space ; show that both solids have the same principal
axes at their common centre of inertia.

Solution by the ProPosER ; O. GRAHAM, M.A.; and others.

The polyhedron, whether inscribed or circumscribed, being always
regular in the particular case of a sphere, therefore, for both solids,
3 (yzdm) =0, X (zxdm) =0, Z(rydm)=0, for every triad of recte

VOL. XLI. I
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angular planes passing through the common centre, in that particular
case. And every triad of such planes for any mass or system of masses,
transforming/\into' .l (triad)| for)whichl X (yz'dm) = 0,” 3 (¢’ dm) = 0,
X (¢4’ dm) = 0, in every transformation for which ' = Az, ¢’ = uy, 2’ =ws,
where A, u, ¥ are constants; therefore, &c., for the general case.

7230. (By the Epitor.)-—On a square (A) of a chess-board, a knight
is placed at random : find the probability that it can march (1) from that
square (A) to a given square (B), as, for example, to one of the corner-
squares, within ¢ moves; und (2) over 4 squares in Jess than ¢ moves, for
instance, over the four corner-squares of the board.

Solution by D. BipDLE.

In 8)lving this problem, it is well to remember three things :—(a) That, -
according to his position, the knight's command of squares varies. When
on one of the 16 central squares, he commands 8 squares; when on the
16 which flank the borders of the 42 central set, he commands 6 squares ;
when at the corners of the 62 set, he commands 4 squares, and when on
any of the 4 middle squares of each side also, he commands 4 squares ;
when on a border square adjoining the corner on either side, he commands
3 squares ; and when on a corner-square, he commands only 2. Con-
sequently there are—

16 squares on which his range is 8,

16 ” ” 6,
Qg ” 1) g:
1 ’ 'y

4 ” ” 2,

and his average range is 5.

(5) That, as he moves from his original square 1, 2, 3 moves, his range
undergoes a branching process; and his command of squares from one
position overlaps that from another, being often partially similar, though
never entirely the same. Thus, from either of the 4 central squares there
are 8 once removed, but, instead of 8 times 8 twice removed, only 26.

(¢) That the chess-board is so far symmetrical that an examination_ of
the knight’s progress from 10 out of the 64 squares is sufficient to give
us data for the whole board. The 10 squares referred to are those which,
roughly speaking, are included within the right-
angled triangle whose hypotenuse is half a dia-
gonal of the board starting from either corner.
Each of those on the half-diagonal represents 4
similar ones, including itself; each of the other 6
represents 8 similar onev, including itself. Or,
dividing the board into quarter blocks of 16 squares,
E=B, I=C, N=D, K-G, O=H, and P=M.
The only squares that have none corresponding in
the same block are A, F, L, Q.

glalw|»
Hle|"|lmw
BlolR]| =
o|w|o|=
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The following table gives a precise account of the num*er of squares that
can be reached by the knight from each of the 16 in 1, 2, 3, &c. moves:—

Original Reached | Reached | Reached | Reached | Reached | Reached
Square. 1 muolve. 2 n;gves. 3 ml;lﬁes. 4 ml:ves. [ ml;lves. 6 n:;lves.
A 8 26 24 b
B 8 22 21 9
C 6 20 26 11
D 4 16 24 | 15 4 )
E(=B) 8 22 2 | 9
F 8 19 24 12
G 6 17 25 14 1
H 4 14 23 ‘ 17 5
I(=C)| 6 20 26 11
K(=Q) 6 17 25 14 1
L 4 13 26 18 2
M 3 12 23. 19 G
N (=D) 4 16 24 15 4
O (=H) 4 14 23 17 5
P(=M) 3 12 23 19 6
Q 2 9 20 21 10 1
o) |8 269 | 384 | 226 4 1
5% 1613 24 14} 2% 18
Average | out of out of out of out of out of out of
63 63 63 63 63 63

1. From the forcgoing table we find that the probability of (A) and (B),
both taken at random, being within one move is i3z = {3; Wwithin 2
moves, ,4%% ; within 8 moves, g ; within 4 moves, {4 ; and within
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6 moves, {iﬁ;} The opposite extremities of either diagonal are the only
positions which take the knight sz moves to march between. The chance
of his being placed on|a ¢ornersaquare_is 4 = v4; and the chance of his
‘having to march to the opposite corner, zy. Consequently, 1-31—63 = -1_010—8
is the probability of his having to take 6 moves in marching from one
position to another,and this is the remainder left by 1 — 4§37 already found.

But, in the question as stated, (B) is given, and (A) alone taken at random.
Moreover, one of the corner-squares is specially selected for (B). Now in
our table Q is the corner-square, and we are able to state that if ¢ =1
move, the probability is 2, ; if a=2moves, §}; if a=3moves, 3}; ifa=4
moves, §3; if a=>5 moves, §3; and if a=6 moves, then (’f& =1, or certainty.
The sum of the figures in the table, opposite the letter denoting the square
selected for (B) (according to the question), up to and including those in
the column devoted to the number of moves selected for 4, will always be
the e’r'xiumera.t.or, and 63 always the denominator, of the probability re-
quired.

2. The second part of the question is more complicated, since it is im-
possible to tell which of the & squares may be nearest to (A); and the
number of moves will vary not only according to the distance of (A) from
the series 4, but also according to the order in which the & squares are
taken, unless, a8 in the instance given in the question, they are symmetri-
cally placed. 'We can, however, discover the average moves taken by the
knight in crossing from one position to another, both taken at random, by
multiplying the sum totals given in the table by the numbers given at
the head of the several columns; then taking the sum, and dividing by
1008 (their original grand total). Thus

T30 (84 + 638 + 1152 + 904 + 220 + 6) = 2-881 nearly,

or $8%4. And this multiplied by b will give the average number of
moves taken by the knight in marching from (A, to the series 4 and through
it ; because, though 4+ 1 = the number of squares marking the several
positions of the knight from (A) onwards, yet the number of intervals = &
only. Of course, ¢ must always equal or exceed 5.

In the instance given, of the 4 corner-squares, we know that ¢ must
equal or exceed 15, to come within the range of probability, because 5 iy
the lowest number of moves taken by the knight in moving from one
corner to another ; and we will even allow that (A) may be itself a corner-
square. In any case, the distance of (A) from a corner-square never ex-
ceeds 3 moves. Consequently, if ¢ be 18 or more, the probability = 1 or
certainty ; and if ¢ be 14 or under, the probability = 0. There are 16
squares from which the knight can reach one or other corner in 3 moves ;
36 from which he takes 2 moves; 8 from which he takes 1 move; and 4
which are corner-squares, and in which the move must be reckoned 0.
Therefore, if ¢ = 17, the probability = 3, that is ‘i"_g:_""‘; if ¢ = 16, the
probability = &, that is 46;48 ; and if ¢ =15, the probability = yi,

or 4. Of course, if (A) cannot under the circumstances be a corner-
sqm;re, the probabilities for 17, 16, and 15 will be }}, ¥, 8nd 0 respec~
tively.
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7622, (By Syama Cuaran Basu, B.A.)—PSQ is a focal chord of a
bola ; tangents PR, QR intersect in R. Show that the third tangent
parallel to RSQ\bisects RS)at right angles.

Solution by Cur1sTINE LADD FRANKLIN, M.A.; KaATB GALE; and others.

Any line parallel to PQ is at right angles to RS. That the parallel
tangent bisects RS is a reciprocal of the proposition that a ckord of agircle
is bisected by the diameter perpendicular to it. Thus:—

A line through any point on a The tangent parallel to a focal
circle cuts the circle again in a chord passes through the fourth
point which is fourth harmonic to  harmonic to the point at infinity,
the first point, the point atinfinity, the pole of that chord, and the
and the intersection of the line with  focus.
the diameter perpendicular to it.

6053. (By the Rev. A. J. C. ALren, B.A.)—A prism filled with fluid
is placed with its edge vertical, and a beam of light is passed through an
infinitely thin vertical slit, and is incident normally on the prism infinitely
near its edge. The emergent beam is received on a vertical screen.
If the rcfractive index of the fluid varies as the depth below a
horizontal plane, find the nature and position of the bright curve formed
in the screen.

Solution by J. J. WALKER, M.A.

Let AB be the edge of the prism, ABB’A’ the ’ z
face on which a ray of the beam, as PS'S, isincident
(at the point 8’) perpendicularly, emerging from
the other face ABOS at the point 8. The points of
incidence lying on a line 8’0’ parallel to the edge AB,
and consequently the points of emergence in another
parullel 8O, it is immaterial whether these points
be supposed infinitely near the edge or not. Let
8Q be the emergent ray, SN being the normal to
the second face of the prism. Let YOZ be the
horizontal plane to the distance of S from which the
refractive index at S is proportional, OY being
normal to and OZ lying on the face of the prism.
Then, taking OSX, OY, OZ as axes, the equations to

8Q are (0S =2/) @ =2/, ysin QSN = zcos QSN,
and (£SAS'=q) sin QSN = ¥«'sina = &’ [ %, suppose ;

8o that, eliminating 2’ and £ QSN, there results y2c? = 2* (k¥¥—a?), as the
equation of the surface generated by the emergent rays, and the bright
curve formed on the vertical scxecen y = mz +# will be a quartic curve.
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%543, (By Professor WoLsTENROLME, M.A., Sc.D.)—In arectangular
hyperbola, PQ is a chord normal at P, and T is its pole : prove that CT
will be at Yight/ungles(to| OF;/thatlis, T is the extremity of the polar
subtangent drawn from the centre C. [Otherwise : if O be the mid-point
of PQ, the angle OCP will be a right angle.]

Solution by (1) J. A. Owex, B.8c.;
(2) MargareT T. MEYER.

1. By a known theorem, PQ is equal
to the diameter of curvature at P, or P

PO = radius of curvature at P 0

= CP?/CY; /< N
thatis, OP:PC =PC:CY,
and the angles OPC, PCY are equal ;
hence the triangles OPC, PCY are
gimilar, and the angle PCO is there- R
fore a right angle ; and also the angle
PCT.

2. Let TC meet PQ in O, and PC meet the curve again in R; then
QO = PO, RC = CP, hence TO is parallel to QR. But, since the hyper-
bola is rectangular, the angle QRP subtended by PQ at the other
extremity of PCR, the diameter through P is equal to the angle between
PQ and the tangent at P, that is, since PQ is a normal chord, QR is
perpendicular to CP; hence CT is at right angles to CP, or OCP is a
right angle.

7545. (By J.J.WaLker, M.A., F.R.8.)—Prove that the points on a
right line have a (1, 1) correspondence with the rays of a pencil in the
same plane; show that the lines drawn from the points so as to make a
given angle with their corresponding rays all touch a parabola, which is
also touched by the given right line. [A generalisation of a theorem of
STEINER’S. ]

Solutions by (1) Prof. WoLsTENHOLME, Sc.D. ; (2) the ProPOSER.

1. If the ray corresponding to any point X on the right line
meet the right line in X’, the points X, X’ will have a (1, 1)
correspondence, and there will be a definite point O on the right line
such that OX (OX’+4) will be constant (c*), & being a definite con-
stant. Take O for origin and the right line for axis of z; and let
(a, ) be the vertex of the pencil ; then, if :o—_:; =Y ;_—z be any ray, and a

S sin
the given angle, the straight line drawn through the point corresponding
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. . . ? .
to this ray will have for equation y =tan (6 + a) (x TTh—Foat o),whwh
involves tan/g/\in/the)sécondCdegree, so that the envelope is a conic;
and, since the straight line is altogether at infinity when a + A= cot 6, this
conic must be a parabola.

The following further generalisation is obvious : —

If the points on a right line have a (1, 1) correspondence with the
rays of a pencil, the straight line drawn through any point on the
right line so as with its corresponding ray to divide a given segment in
a given cross ratio, will envelope a conic, touching the given segment and
the given right line.

2. The question may be solved more in
the Steinerian manner as follows:—Let Q, Q’
be corresponding points on the right line
which subtend at P, the vertex of the pencil,
an angle equal to the given angle (a); X, X’
being any other corresponding points: viz.,
let PQ’, PX’ be the rays corresponding to
Q, X. Let XK, making with PX’ the given
angle (a), meet PQ in Y ; and QL, meeting
PX’ in L, make with the given right line the
same angle (a). Then we have

QY. QX =sinX :8inY

= (PL + LX')sin L : PX’sin Q'PX’

= PQsin PQL + QX’ sina : X'Q sin Q'

= PQsin PQL- 0Q sina+ OX'sina : OQ’ sin @'~ O0X'sin Q' ;
O being the point on the given range corresponding to the parallel-ray,
and PO’ the ray corresponding to the point of the range at infinity; for
which OX'. ’X = ¢ = 0Q’. 0’Q. Hence, multiplying both terms of the
latter ratio by 0’X, 0’Q, and substituting, there results

QY : QX =4.0X +0'Qsina . QX&inQ),

where ¢% = 0'Q (PQ sin PQL — 0Q sin a), or QY sin Q' =#0'X + 0'Qsin a,
or, if 0" is a point on PQ such that Q0”sin Q' = 0’Q sin &, then 0”Y : Q’X
is a constant ratio; and consequently XY touches a given parabola, to which
O’X and O”Y are also tangents.

[The parabolic envelope manifestly touches the given straight line, and
its axis makes with the straight line that joins O to the vertex of the
pencil an angle equal to the given angle. CurIsTINE LADD FRANKLIN
remarks that, if we revolve the pencil through an angle equal to the given
angle, the construction becomes the ordinary projective construction for
a parabola,—which is, in fact, one of the two cases given by STeINER, Viz.,
when the lines are drawn parallel to the rays of the pencil or perpen-
dicular,—but he does not seem to haye seen his way to the general case,
though why it is difficult to conjecture.]

7611. (By B. Rey~orps, M.A.)—A man, having to pass round the
corner of a rectangular ploughed ficld, strikes across the ficld diagonally,
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at 45°, dpon nearing the corner, to save time. If his velocity on the
" beaten path is %, and that on the field is ¥ —x, where z is the perpendicular
distance of thé/path | ¢hosen)|from| the[corner, find (1) where he should
leave the beaten path, and (2) what value of  will make either route
occupy the same time.

Solution by W. G. Lax, B.A.; C. MoraaN, B.A.; and others.

1. Let Z and # be the lengths of the sides of the
field adjacent to the angle the man cuts across ; then

14
time from A to C = b+l—2 2"':+—23-, /
“ “—2z pa

and, for this to be a minimum, we have AT P B

—2/2  2(u—2)+22
+
% (4—2z)*

= 0, whenece znu(l—

v3)
vl
2. Time round corner B = !-1—,, and, for this to be same as across,

I+}'-2.~/2z+ 2z =£+~l_” 2/2z_ 22 =0, andz=a(l——1—).
Lz u—z “ u u—x V2

[The Proroser remarks that he is ¢ afraid that the assumed law of
diminution of velocity is & very unscientific one, especially because #
involves time, and x does not. If we make # = 120 yards per minute, the
law seems reasonable, but with the same velocity, denoted as 2 yards per
second, the law seems ridiculous. 1t seems also a pity for the diminished
velocity (¥—z) to have a possibility of becoming zero or negative.”’]

7391, (Bythe Eprror.)—Find the area of an inscriptible quadrilateral
whose sides are roots of the equation 24+ pz3+g¢23+rz+k = 0, and de-
duce therefrom a solution of Quest. 7330 (Reprint, Vol. 39, p. 111).

Solution by Dr. Curtis; 8. GRBENIDGE, M.A.; and others.
If s=3(a+b+ec+d) =— ip, we have
(Area)? = (s—a)(s—5)(s—c)(s—4), i
=#—(a+b+c+d) s+ (ab+ac+ &ec.) 83— (abe + &c.) s+ abed
=—gt+qd+re+k =—~2”-:+"27—:q—%r+7;.
‘When % = 0, one side of the quadrilateral vanishes, the quadrilateral de-~
generates into a triangle, and we obtain the result in Quest. 7330.

7601. (By Professor Hunson, M.A.)—The lenses of a common astro-
namical telescope, whose magnifying power is 16, and length from object-
glass to eye-glass 84 inches, are arranged as a microscope to view an
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object placed § of an inch from the object-glass; find the ma,
power, the least distance of distinet vision being taken to be 8 inches.

Solution by B. H. Rau, M.A.; SArAR MARKs; and others. .
Let F and f be the focal lengths of the object- and eye-glasses of the

telescope. Then, by question, F'+f = 8} in., and % = 16; therefore

F = 8in, f=4}in. Whenarranged as a microscope, these glasses are in-
terchanged in order.

Let O, E, PQ, pg, be the centres of the ]q
obgect-glass, eye-glass (of the telescope), the & P £
object viewed, and its image, respectively. =~ Tm~-o___ 1. P

Then Op = F = 8in.; PE = §in., T

i+l = L whence L. B = 4. Now the magnifying
EP Ep f' EP g§-%
power = pq + PQ P2 8 _8 pE_

distance of distinct vision Op 'PQ 8  PE

7605. (ByJ.J. WarLker, M.A., F.R.8.)—Referring to Question 1585,
show that (1) the circles drawn on 'the common chords of three mutually
orthotomic circles as diameters have not a common radical axis (as
erroneously stated in that Question), but have the same radical centre as
those circles ; and (2) their common chords are equal to one another, and
(3) respectlvely parallel to the radii of the circle through the centres of
the orthotomic triad, drawn to those centres.

e —

Solution by Astross MUKHOPADHYAY,

My solution to Quest. 1585, is incorrect; the z-coordinate of C being
in reality —bcos A cos B, so that the first term of equation (3) should be
(z + 5 cos A cosB)3, Equatxon (4) is correct. But, subtracting (8) as cor-
reoted from (1), we get, not the same equation as (4), but

—zcosA+ysin A = §(¢ccosC+bcos B—acosA)............ (5).

Hence, the circles have not the same radical axis, Solving for # and y
from (4) and (5), we get for the coordinates of the radical centre of the
circles (1), (2), (3), # =0, y = {cosecA (¢cosC+5cosB—acosA).
But these are well known to be the coordinates of Q. Hence, the three
circles on the common chords of the orthotomic triad as diameters, instead
of radical axis, have the same radical centre as the three
onguml mntually orthobomxc circles. [This can otherwise be proved by
reasoning similar to what is followed in TownseND’s Modern Geometry,
Vol. i., Art. 183, Cor. 3.]

Again, if P be the circumcentre of the triangle ABC, its coordinates

VYOL. XLI, K




78

are easily seen to be —3a+5co8C, acot A ; but Cis (2cos C, 0); hence
the line PC is

z—bcos O AL n
y ~4acot A

This is obviously parallel to (4), which is the radical axis of (1) and (23;
ence, we infer that the radical axes of the circles on the common chor
of the mutually orthotomic circles as diameters are parallel to the radii
of the circle passing through the centres of the orthogonal triad, drawn to

these centres. .

Again, we see that (4) and (6) differ only in this, that the intercepts
they make on the axis of z are on opposite sides of the origin ; hence, it
follows, from elementary geometry, that the portions of these lines which
form chords of (1) are equal,—as, indeed, can be shown by direct calcula~
tion, since (chord)? = 4becosBcos C—(ccosC+bcosB—acosA)S, in
both c::.les; this interprets that the common chords of the three oircles
are equal. .

5 -or-z'cosAl'+ysin A = bcos CcosA ...... 6).

7593. (By R. Knxowwres, B.A., L.C.P.)—A circle passes through the
ends of a chord PQ of ths parabola y’ﬂ— 4ar and its pole (Ak); prove
2_
that (1) its equation is 23+y3— I—‘—a2—“z— ; (a—h)y+h(2a—h) = 0;
(2) if PQ is perpendicular to the axis, the focus is the centre; (3) if the

circle cuts the parabola again in 0D, the middle point of the line joining
the poles of PQ and CD, with respect to the parabola, is the focus.

Solution by Marcarer T. MeYir; B. H. Rav, M.A.; and others.

The equation to PQ, the polar of (A, £) with respect to the parabola
y? = 4a» i8 ky—2az —2ah = 0. The equation to CD must be of the form
ky +2az+1 = 0 (since PQ and CD are equally inclined to the axis of the
parabola), and that to any conic through P, Q, C, D is

y3—-4dan+ A (ky—2az—2ah)(ky + 24z + 1) = 0,
and if this represents a circle, we have
(1 +Ak?) + A .4a% = 0, whence A = — (k3+44%)-1;

hence the equation to the circle is

(%2 + 403) (y* — 4az) — k3y? + 40353 + 2ah (ky + 2az) 1 (ky — 202 —2aR) = 0,
and /=24 (2a—£), because the circle passes through (%%). Thus the
circle becomes ﬁ+g:_’ﬁia2£ z—-’i— (@=h)y+h (26—h) =0. If PQis
gerpendicular to the axis, k=0, and the centre is the point (g, 0), i.c. the
ocus. The pole of CD, f.e. ky+2an+ 2a.(2a—laz =0, is the point
(24—h, —k). The coordinates of the mid-point of the line joining the

poles of PQ and CD with respect to the parabola are % (A +2a—4) and
(k=Fk), t.e. (a, 0), i.e. those of the focus.
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7204, (By A. McMurcryY, B.A.)—Without knowing the angles of a.
triangular prism, show that its refractive index can be determined by
observing the minimum deviations of rays passing in the neighbourhood
of the three angles ;' andif these deviations be denoted by 2a, 28, 27, then.

p is given by u3—u3 (cosa +cos B+ cos y)
+ u[cos (B+7) + cos (y +a) +cos8 (a+ B)]—cos (a+B+v) = 0.

Solution by D. EpwarDEs ; Professor Nasw, M.A. ; and others.

If 9, ¢, ¥ be the angles of the prism, and 2a the minimum deviation at
one angle, then it is known that sin (« +46) = u« sin }6, and similarly for
28 and 2y. Also, since 0+ ¢ + ¢ = 180°,

tan §0tan {¢ +tan ¢ tan Yy +tan §ytango =1,
and tan §0 = ’%, &c. &c., whence, substituting and reducing, we
- CoB @&

have the result in the question,

%373, (By R. Russern, B.A.)—Determine 6 (#) and ¢ («) where
they are of the form Ga : D % that, by putting y = 6 (¢) or ¢ (z), the
quartic (abede)(x, 1) = 0 and its Hessian may turn into the quartic
(abede)(y, 1)* = 0 and its Hessian.—(a) The determination of 6 (r) and
¢ () depends on the solution of a cubic. (4) The roots of the quartic
may be represented in the form a, 0 (a), ¢ (a), 0 [¢ (a)].

Solution by the Proroser ; Professor Marz, M.A.; and others.

If X, Y, Z be the quadratic factors of the G-covariant of the quartic,
we know that X2+Y*4+Z2=0, AX3+uY?+»Z2 =T, and that X, Y, Z
are connected harmonically in pairs. Hence (by the Question I have
proposed), if we transform (abede) (z, y)* by any of the substitutions,

(- 94X U ¢ .
a
2 (), v L2), % { (3),
__ 49X ) 4 - Z
n ox or or

the quadratics X, Y, Z retain exactly their forms, and therefore the-
transformed quartic is (abede) (¢, 1.

7504. (By W. J. C. Suare, M.A.)—If the circle inscribed in the tri-
angle ABC touch the sides at the points D, E, F respectively, and P be
the point of concurrence of the lines AD, BE, CF ; and aguin, if I/, B/, F,
P’ be the corresponding points for the escribed circle opposite A,
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PD PE P&
—E'Pﬁ;iﬁ—l ...... (1,2)

[In the second, result, the lines are considered as signless magnitudes; if
regard were had to the signs, the —'should be omitted.]

showthat = +=-——=+-—m=1,

Solution by BrLLe Easton; B. H. Rav, M.A. ; and others.
1. This is true of any three straight lines AD, A
BE, CF passing through a common point P.
For PD _ aBPD _ ACPD _ ABPC €
AD  ABAD ACAD AAB(C
%-&e., 12‘-&0.; 7

CF D
8

PD PE_PF _ ABPC+aCPA+4APB _ AABC _,

S .

ap 'BE'CF 2ABC 2ABO

2. Since P is on the side of BC remote from A,
—APBC + APCA + APBA = AABC;
PD PE, PF 1

hence we have _A_D...ﬁ.;.ﬁ-

hence

75641, (By Professor WorsTeNHOLME, M.A., Sc.D.) —The coordinates of
a point being -z = a (m3+ m=2), y = a (m—m~-1), where mis the parameter,
according to the usual rule the locus should be a quartic, since we get
four values of m for determining the points in which the locus meets
any proposed straight line. Nevertheless, the locus is the parabola
y?=a (x—2a). Account for the discrepancy. Also, with the same values of
(x, y), the equation of the tangent is m®z—2m (m3—1) y+a (m*—4m?+1)
= 0, which would make the class number 4.

Solution by W. J. C. Suarp, M. A, ; R. KNowLEs, B.A. ; and others.

The explanation is that m3+m-3 = (m—m~t)3+2 = ¢3+ 2, suppose, and
80 the equations may be written z = a (£#+2), y = at, which of course
represents a unicursal curve of the second order; also the equation to the
tungent may be put in the form 2—2 (m—m-1)y +a(m?—4 +m—I’2 =0
or z—2ty + a (£ —2) = 0, so that the curve is of the second class. a be
the inclination of the tangent at (r, y) to the axis, m = —tan {a or cot }a.

[The proper resultant of the two equations is (y?*—az +24%)2 = 0, s0
that the parabola should be considered as doubled, every straight line meet-
ing it in two pairs of coincident points; and every tangent counting as 2.
Every Point on the curve and every tangent is given twice (for the values
k, —k~! of m): this implies that every point of the locus is a node and
every tangent a bitangent, which can only happen when a curve is double.
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Of course the change of notation adopted above obviates all difficulty.
Hence, writing down both resultants as determinants, it follows that

a,/\0)/\/' &, 0, Ca, CO} =|a 0, 2=z, 0|2
0, a0 0, -z, 0, a, 0, @ 0, 2a—z
o, 0, 4 0, —2z, O, 0, a, —y, 0
@ —Y, —G, 0) 07 0, 0: 0) @y -y

0, a4, —y, —4,0, 0,
o, 0, &, —y, —a, 0O,
0, 0, 0, e —y, —a,
90 0, 0, 0, a, —y, —

= ot (y3—az + 243)%].

[KROoOocooaoo

7492, (By W.J. C. Baarp, M.A.)—Show that at an inflexion on the

curve U = 0, | %4y, 19, %, | = 0. [This is an application of the form of
thyg, tgay Yg the Hessian suggested at the end of
%), tg, O the Solution of Q.ueatxon 6762.]

Solution by G. B. MaTurws, B.A. ; J. O'REGAN ; and others.

At an inflexion we have by EvLer’s theorem,

0= | uy, thy, g | = | thy thye Tty +Ytha+ 2t thyy thy, (n—1) 0,
Ugyy Uzg, oy Usyy Ugyy FUg + YUgy + Uy thayy thysy (B—1) 4y
Uy, U tgg Ugyy thggy Bty +Yugy + 2thgg Ugy g, (W—1) 4y

= “m “m (n=1) %,

n—1)uy
("- 1) ), (”- 1) us, (n—1) E‘-‘“x +yug+aug] |
similarly - “m Lt é”— N |;
thay n—1) ug
(n— l) 4y, (n—1)tg, n(n—1)u
or, since % = 0 at all points on the curve, the stated result follows.

%523, (By S. Tepay, B.A.)—Find the mean value of the radius of
curvature for all points of an ellipse.

Solution by B. H. Rav, M.A.; A. MuxBOPADHYAY ; and others.

The radius of curvature at the point @y of the ellipse i’--l»— -1 is

a o2 »
P= ( l—e? — "l )‘. Let ¢ be the complement of the e(centnc angle
of the point zy ; then z = asin¢g, and y = acos ¢ ; therefore

p= :—g (1—¢%8in? p),
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The mean value of p is M; and @ a(l—c?sin’ﬂ';
- fas a4
v am 4aJ*'(1-c-sint¢)u¢ = 2% (1= 3P =t —ohe...),
(]
fparms £ (" -ctuinrordp = 2L 11§09,

. l=£ -2+ 3 £ _
R S P ¥ S W S S (1 =3+ 336 + g +...)-

7587. (By Svama Cmarax Basu, B.A.)—If
a B\f% i) -
(B+a)(¢ +b +4 =0,
where a, B are the roots of a3+ a3+ ¢ = 0, show thata = 8 = 2.

Solution by Marcarer T. Meyer ; B. H. Rav, M.A.; and others.

Since LA -“LB, therefore we have
¢ aB

(5+8) (S22 28) m s, (28, £ o) (228, o),

B a af  a+PB B a+B— & a+B
(a8 B \* ((e+B)} o \T_ . . o
{ 8 (a+a)‘} +{ a (a+a)‘} =0 arh=f=d,

and, since a+ 8 is not zero, we havea = 8 = 2,

7576. (By the Eprror.)—Two houses (A, B) stand 760 yards apart
on the side of a hill of uniform slope, and at the respective distances of
AC=0600 yards and BD =150 yards from a brook that runs in a straight
line CD along the foot of the hill. A man starts from the house A to go
to the brook for water, which he is to carry to the house B. Supposing
he can only walk 2 miles an hour in going up hill with the water, but
4 miles an hour in going down hill to the brook : show that (1), in order
to perform his work in the shortest possible time, he must strike the
brook at a point P such that CP = 546-124 yards, the distance he will
travel is AP+ PB = 811°494 + 159:298 = 970°79 yards, and the time
the walking part of his journey will take is 6:916 + 2:715 = 9:631 minutes;
also (2), if he start from B to return likewise to A, he will have to take
the water at the mid-point (Q) of CD, the length of his return journey
will be 450,/6 = 1006°23 yards, the time will be %8, /6 = 14293 minutes,
and the two parts BQ, QA of his path will be perpendicular to each other.
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Solution by D. BiopLe ; W. J. BarroNn, M.A.; and others.

1. This is equivalent to finding the shortest combina-
tion of straight lines from A to CD and through B to EF
(parallel to/CD and equidistant ‘with-it from B). And
the position of P is identical with that of the point of
equilibrium, when a body capable of free movement
along CD (but in no other direction) is under the in-
fluence of forces operating from A and B, and when the
force acting along AP is half that acting along PB.
In other words, cos APC = 2cos BPD; and if AC and
BP be produced to meet in &, then PG =2AP. Accord-
ing to data, it is readily seen that HB=AC.

Let BD (=150 yards) be tho unit of length, and put
CP = z; then, since AC = 4, we have

(22 +CGEH = 2 (a2 + 16)},
whence CG2 = 323+ 64; also CG :z = CG+1: 4,
whence CG = z -+ (4 —2); thus we have
(323+64) (4—2)% = 23,

or 324—242% + 1112251224 1024 = 0......... (a).
There are two real roots of this equation, and the one
required is # = 3:6408273, whence the stated results follow.

2. Regarding the return journey in the particular 4
instance, we can find the point Q by bisecting AB in R, f‘ R

A

and with R as centre, and RB as radius, drawing the
semicircle AHQB, which will touck CD in Q, since a8
RQ = $AB = BD + }AH = the shortest distance from #
R to CD. Thus RQ is perpendicular to CD and parallel r D
to AC and BD; moreover ZAQR=CAQ, £/ BQR=DBQ,
and AQB is a right angle; also CQ = QD = 2BD = $AC = }CD; and
cos BQD : cos AQC = cot BQD = 2, or cos BQD = 2 cos AQC, as required
by the minimum condition ; hence the stated results follow.

[Putting », 2v for the respective velocities up and down hill, and 6, ¢
for the angless PAC, PBD, the conditions of part (1) of the problem are
expressed by either of the two following sets of equations :—

4tanf+tan¢ = 4, 2s8e0 6 +8eCc ¢ = minimum ......... (8, 7)
(@2 +16) + 2 [(4=2)3+ 1]} = minimum ........... s (3).
Differentiating (8), (y), and dividing one result by the other, we get
BN O = 28I ¢ ooovenniininniiiiiini (e).
Differentiating (3), we bave — % = —2(4=2) (©).

(#34+16)  (27—82+17)}
Of these equations, (e) is equivalent to cos APC = 2 cos BPD, and ({)
reduces to (a) above.
In part (2) of the problem, if DQ = «, the equation of condition is
(@*+ 1)+ 2[(4—2)?+ 16]* = minimum,

whence ° _._2(4=2) , which is satisfied by 2 = 2, thus
(=2+1)}  [(¢—ax)3+16]

length of path = BQ + QA = 3,/5 = (as unit is 160 yards) 100623 ydas, ;

also BQ? + QA2 =25 = AB? so that AQB is a right angle.]
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7533, (By J. J. WaLker, M.A., F.R.8.)—Prove that the common
centre of the surface-mass of the four faces of a tetrahedron is the centre
of the sphere inscribed in that determined by the four centres of the
faces ; and hence'\prove the obvioiis anglogue in tri-dimensional space of
Professor Hupson’s Question 7488—which is true in any position of the
point O, for forces proportionsal to OA sin A, OB sin B, OCsinC.

Solution by B. HANuMANTA RAau, M.A. ; J. O'ReGAN; and others.

Let A’, B’, C’, D’ be the centres of gravity of the
faces opposite to the corners A, B, C, D of the tetra-
hedron ABCD, and let AB’, AC’, AD"meet CD, DB,
BC at their mid-points F, G, E; then, since

AC AR _AD'_ .
AG AF AE ’
therefore = AB'C'D'= $AGEF = }a BCD.

Hence the mass at A’= 9AB'C'D’, and the dis-
tance of H, the common centre of surface mass of
the faces, from the plane BCD is equal to

mass at A’ x perpendicular from A’ on B'C'D’
sum of the masses at A’, B’, C’, D’
_ 27 x vol. of tetrahedron A’'B'C'D’
B 9 x sum of the faces - ?

a symmetrical result. Hence H is the centre of the sphere inscribed in the
tetrahedron A’B’'C’D’.

As to the generalization of Question 7488, the ProrosEr remarks as
follows :—Through any point O let forces act along the lines OA’... OD’,
proportional to OA’x B'C’'D'...0D’x A’B'CY, their resultant will act
along the line drawn to the common centre (H) of masses placedat A’... D’
and equal to the surface-masses B’C’D’... A’B'C’ respectively; and this
resultant will be proportional to OH x surface of A'B'C’'D’. But this
mass-centre has been shown to coincide with the centre of the sphere in-
scribed in A’B’C'D’.]

7556. (By W. Nicuorrs, B.A.)—Two cubics U and V have the same
points of inflexion. Show that the intersection of the tangent at any
point on U and the polar of that point with respect to V lies on U.

Solution by G. B. Marraews, M.A.; SarAB MARKSs; and others.
Let the cubics be U =23+ y*+23+6lrys, V =23+y3+4%+6mays,
where (, 9, {) is any point on U ; then the tangent is
&8+ 200) 2+ (n° + 2UCE) y + ((*+ 2Un) 2 = 0
and the polar line of (¢, n, ) with respect to V is
EB+2ml)z+..+...=0;
hence the intersection is
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zy+z= |92+ 200¢ C+2n | .= Fn" =)+ (C-8) +{ (-1,
2 +2m{E, 3+ 2mEy
on reduction
But this point lies on U ; it is, in fact. the tangential of the point (, , ¢).

[See CaYLEY’s Memoir on Cubics, or Sarmon’s Higher Plane Curves.]

%631. (By the late Professor CrLirrorp, F.R.S.)—A point moves uni-
formly round a circle while the centre of the circle moves uniformly with
less velocity along a straight line in its plane ; find the nodes of the curve
which the point describes.

Solution by G. Hepper, M.A. ; G. B. MaTHEWS, B.A.; and others.

Let the path of the centre .
be the axis of z, and let the | m=2 18

point be always supposed to
start from the radius per- /

pendicular to this, which is
the axis of y. Then, if m be
the ratio of the velocities, and
the radius of the circle is

taken as unity, the curve is
given by y = cosf, £ = m0 +

sing. Hence the form of the
curve depends solely on m.
In the limit, when m = 1 the
curve consists of a series of “———mEr a5 < 5
cycloids. The condition of a

node is that m6+ sin 0 = m (2kx—6) +sin (2kx —0), or sin 0 = m (kxr—86).
Now first suppose a line of nodes on the axis of z, then

m=ls+w

6 = §x, m (kx —}x) = 1, therefore m = (71‘:—217-
- x
Again, % = =202 and this becomes infinite if 008 6 = —m. Henos,

if loops touch at all, they touch below the axis of #, and the conditions of
touchiny are that sin § = m (kx—0) ; cos @ = —m. Solving this approxi-
mately, if & = 1, m = -217; if & = 2, m = -129.

‘We thus arrive at the following results: m = 1, a series of cycloids;
between 1 and }x, one line of nodes below axis of z; m = }, one line on
axie; between {= and ‘217, one above; m = -217, one above and loops
touching ; between ‘217 and 3, two below, one above ; m = §x, one below,
one on axis, and one above ; between = and ‘129, one below, two above ;
m = ‘129, one below, two above, and lcops touching ; between *129 and
$=, three below, two above, and so on.

The figure gives four examples for different values of m.

(Mr. HeepeL thinks that some of the curves obtained in the way
suggested in the Question might be utilized for Art-purposes.]

YOL. XLI. L
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7597, (By Professor Townsenp, F.R.8.)—A system of plane waves,
propagated by small parallel and equal rectilinear vibrations, being
supposed to/traverse|in(any direction an isotropic elastic solid, under the

-action of its internal elasticity only ; show that the direction of vibration
is necessarily either parallel or perpendicular to that of propagation, and
determine the velocities of the latter corresponding to the two cases.

Solution by the PROPOSER.

Denoting by &, 9, { the small displacements at any point @, y, 2 of the
‘solid, by u and » its coefficients of resistance to compression and distortion
respectively, and by p its density supposed approximately constant through-
out the motion ; the squations of motion of any small disturbance pro-
pagated through it by virtue of its internal elasticity only are, as is well

Tl @1 _ iy 2
kn.own, Pop (n+ 1) i +vva, PR (“'+h)dy +vVsn,
di¢
Paa
where w is the cubical dilatation % + 91+ % and v, the familiar
dz dy dz

sylrp‘;wl of operation (%)2+ (;;)’+ (d%)” at the point z, y, s of the
solid.

= i3 +rvig,

Supposing now these equations to be satisfied for a system of plane
waves propagated asin the question, and represented in consequence by
the equations, ¢ =1Zkcosa.f(lx+my+nz—vl) = kcosa.f (o),

n =kcosB.f(¢), { = kecosy.f(e),

where @, 8, 7y are the direction angles and % a small constant representin,
the absolute magnitude of vibration, /, m, n, and v the direction cosines an
the velocity of propagation, and f any arbitrary periodic function oscil-
lating between extreme limits of finite magnitude, and representing in
consequence vibratory motion; we get, by substitution in the equations
of propagation, the three following equations of connection between the
several magnitudes involved, viz.,

pvicosa = (u+4») l(Icosa+mcosB+ncosy) +vcosa,

pv2cos B = (u+4»)m(lcos a+mcos B+ cosy) + v Cos B,

pvicosy = (u+4v)n (Icosa+mcos B+ ncosy)+vcoBy,
which give a, B, y and v, when determinable, in terms of 7, m, n, u, »,
and p, which are supposed to be all given or known.

By elimination of ¢? between these latter equations in pairs, we get
immediately the threc following equations of connection between a, 8, ¥
and , m, n, viz.,

(m cos y—ncos B) (Icosa+mcosB+ncosy) =0,
(n cosa — Icosy) ({cosa+mcos B+ncosy) =0,
(! cosB—~mcosa) (lcosa+mcosB+ncosy) =0,
which show at once that, either
cosa:cosBicosy=1l:m:m, or lcosa+mcosB+ncosy =0,
and establish in consequence the first part of the question.
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Solving for +? in the two cases respectively, and denoting the cor-
responding velocities by v, and v, as corresponding to normal and to trans-
versal vibrations respectively, we get, in answer to the second part of the

question, that (ve)? = X3 and that (v)? = 2~; which show that the
[4 P

former depends on the two coefficients x and v, and is always greater than
the latter, which depends only on the coefficient » of the substance.

That v; should depend only on », and that.v, should on the con-
trary depend on both u and », would appear also d priori from the
obvious consideration that, while transversal vibrations can from their
nature produce only change of form, normal vibrations, when other than
those of the entire mass as a rigid whole in its space, must on the con-
trary produce at once changes of volume and of form in the molecules of
the substance. R

7638. (By the EpiTor.)—If from a given point O, in the prolongation
through C of the base BC of a given triangle ABC, a straight line OPQ
be drawn, cutting the sides AC, ABin P, Q ; show that, R being any point
in the base, the triangle PQR will be 8 maximum when a pa,ra.uely Qs to
AC through Q cuts BC in & point 8, such that OS is a mean proportional
between OB and OC.

Solutions by (1) A. H. Curmis, LL.D., D.Sc.; (2) G. Heprer, M.A.

1. Let 8 be the point such A
that 082 = OB . OC ; then,
if 8Q be drawn parallel to
CA, SP will be parallel to
BA, since

0qQ:or

=08:0C=0B:08;
and, if OP’'Q’ be any other
cutting line, we have 0 R s 8

ASQP = SQ'P>8SQF’;
hence the triangle PSQ is the maximum of all triangles that have a com-
mon vertex at 8, their base angles on AC, AB, and their bases passing
through O ; moreover, AP'RQ’ : P'SQ’ = distance of R from I’Q’ : dis-
tance of 8 from P'Q’= OR : OS = a known ratio, hence these two tri-
angles are together maxima.

2. Draw PT parallel to CB, and let it meet QS, the parallel through Q
to AC, in T; then, putting OB=$, 0C=¢, AC=4, O8 =2, the maximum
value of APQR depends upon that of QS.OR—PC.OR, or on that of
QS—-PC, or QT. Now we have

Qs = h(bb—x?’ and QT = h(b—z)(z~0) .
-

@¢—c)z ’
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hence the maximum value depends upon that of b+ o— bf-z, or of
(b‘ - c‘)’ —(bidz - I‘), :

and this evidently occurs when z = ct, or o= bc, that is to say, when
08 is a meun proportional between OB and OC.

7644. (By W.S.McCay, M.A.)—Prove that the three lines that join
the mid-point of each side of a triangle to the mid-point of the corres-
ponding perpendicular meet in a point.

Solutions by (1) A. H. Curtis, LL.D., D.8c.; (2) HaroLn Harrey, B.A.

1. The trilinear coordinates of the middle point of the side ¢, the axes
being the sides of the triangle, are 4¢sin B, ic¢sin A, 0, whilethose of the
middle point of the corresponding perpendicular p; are ip;cos B,
{p3c08 A, {p;, and the equation of the line joining these points is

zsinA-ysin B—zsin (A—B) =0 ...ccovvenniinniinnanns (1),
while those of the two corresponding lines are
y 8in B—2 8in C—z8in (B—C)=0, 28inC—z sin A—ysin (C—A)=0...(2, 3).

If we multiply (1) by sin 2C, (2) by sin 24, (3) by sin 2B, and add, the
coefficients of z, y, ¢ vanish identically ; hence the lines meet in a point.

Again, if we add (2) and (3), we obtain zsin B—ysin A =0.......... (4)
as the equation of a line passing through the intersection of (2) and (3),
and obviously through the vertex C, while

y8in C—z8in B = 0 and z8inA—2z8inC =0 ......... (3, 6)
are the equations of the two corresponding lines through the common
point of (1), (2), (3), and the vertices A and B. The form of the equation
(4) shows that the line which it represents makes with the side a the same
angle which the bisector of the side ¢ makes with 4; and hence it follows
that the point of intersection of (1), (2), (3) isthe second focus of the ellipse
[Brocarp’s ellipse] inscribed in the tiiangle, and having for its first focus
the point of intersection of the three lines joining the $hree vertices to the
middle points of the opposite sides.

2. Let D, E, F be the mid-points of the sides of the triangle ABC, and
@G, H, K the mid-points of the perpendiculars from A, B, C on the sides
of the triangle DEF; then, since ED is parallel to AB, therefore the
right-angled triangles CEK, BFH are similar ; hence we have

EK_EC_b F&_o DH_a,
FH BF ¢ DK &' EG &'
therefore DH.FG.EK = DK.EG.FH; whence, by Ceva’s theorem,
D@, EH, FK meet in a point.
Mr. Tucker remarks that the theorem in the Question is given in §11,
p- 7, of NEuBERG'S paper ‘‘Sur le Centre des Médianes antiparalléles,” the
point of intersection being what is known as the Point de Grébe, or Sym-
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median point, of the triangle,—a fact unknown to the ProPosEer, who ob-
tained the theorem from the three rectanglesin Question 7612 having a com.
mon centre (the Symmedian point). The property in the question may be
niore generally enuncidted a8 follows:-¢! If the mid-points of the portions
intercepted on any three concurrent lines from the vertices of a triangle,
between these and the opposite sides, be joined to the mid-points of the
corres} onding sides, the three connectors will pass through the same point,”
—ua theorem which may be proved thus :—I1f D, E, F be the mid-points of
thesides and AG, BH, ( K any three concurrent lines meeting the sides in
@G, H, K, and g, A, & be the mid-points of AG, BH, CK; then g, %, k lie on
EF, FD, DE respectively, and Fg = {BW&, ¢E = $GC, Ek = }A#%,
kD = KB, &c. But BG.CH.AK = GC.HA.KB; hence Fg.Dh.E4
= gE . AF . kD, thercfore &c.]

4516. (By the late T. CorreriLL, M.A.)—In a spherical triangle, of
the five products-

cosacos A, cosbcosB, coseccosC, cosacosbcose, —cosA cosBcosC,

one is negative, the other four being positive. In the solution of such tri-
angles, what parts must be given that the affections of the remaining
three can be determined by this theorem P

Solution by J. J. Warxse, M.A., F.R.S.

(1) If cosa, cos b, cosc are all positive, and a >b>¢; then cos A alone
may be negative, since both cosé, cose > cosa and therefore @ fortiors
>cosccosa, cosbcosa, But —cos AcosB cosC is opposite in sign to
cos A. Hence either the first or last of the five products alone will be
negative.

(2) If cosa alone is negative, then cosB cos C are both positive, but
cos A is negative. Hence of the five products cosa cos & cos ¢ alone will
be negative. .

(3) If cos @, cos b are both negative, but cos ¢ is positive, 2 > &; then cos A
must be, and cos B may be, negative, cos C must be positive. Hence, of
the five products, either cosd cos B or —cos A cos B cos C alone will be
negative.

(4) If cos a, cos b, cos care all negative, then cos A, cos B, cos C are all
necessarily negative. In this case, of the five products, cos a cos b cos ¢
alone cun be negative. .

It follows from this theorem that, @, 3, ¢ being the given parts, if all are
< §, then one only of the three angles can be> ix ; but if , alone, >},
then 2 must be >, B, O < {x; if two only of the given parts, as a, b, > i,
then one of the two angles A, B must, both may be, > 4= ; if all three of
the given parts are >}, then all threo of the angles A, B, C must
also be > {=.

The same things may be predicated vice versd of angles and sides, save
that, if two only of the given angles are obtuse, the opposite sides must
also be obtuse, otherwise three of the five products would be negative,
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. In the other cases of solution, in which the theorem gives some clue to
the affections of the parts to be found, the reservations are too numerous to
make its application useful. . . . “ His saltem accumulem donis. . .. "’

7550. (By J. Grirrrras, M.A.)—If ¢ =}+%snu.s0(K-u) and

ir de
modulus = 3 K-j ———————; show that
V3, o (l—}sin’ﬂ)i, w
dt

=9 e-se-ap

Solution by G. B. MaTHEWs, B.A. ; D. EDWARDES ; and others.

t—j=3omusn(K—u) =3 DEDYE a_ 7,00 o _i%sn*u(l —s0lu),

dn u 1-%enu
~2)(t-5) = B - 20— o g (2=
(t=2)(t—56) = B8—Tt+10 = &5 138 2 & F7Res

(=-3)(t—-4) =8~Tt+12 = T%.Lqi:—ﬁ)-* - T,t(z_d::.n):’

therefore  [(£—2)(t—38)(t—4)(t—5)]} = 3 “;"g.‘_‘“_’l-

but dt -3 (cn?u—sn3u) dndu+4%sndu cnlu

du dnlu
- *(1—2")(1—%") +32 (1-4%)
1—

= 42 gy @023 o -ty ay(e-a)e-6)]

Otherwise :—Referring to Mr. GrirrrTs’s paper in the Proc. Math. Soc.,
Feb. 8th, 1883, putting therein a=5, B=4, y=2, 3=3, then k=gi/3,
¥ =4}, and cn 4= 0, therefore #y=K mod. } +/3; also M=2 and

t=4—3cnucn(K~-u),
or, since cnt cn (K—u) = ¥musn (K—u), ¢t = j—3snusn (K—u),
and dt+ (t—2.t—8.¢—4.t—5) m —du.

[Or, again, by putting a=5, B=4, y=3, §=2, the formula
dy - 2 i d¢
[(W-a)y-By-Ny-3T [@—nB-3F (1-ksinte)l’

k’:—L——B_ '“_8.
a~y.8~3
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7511, (By Professor WorsTENHOLME, M.A., S8c.D.)—A, B are the
given centres of two circles; Pp, P’y the external common tangents,
Qg, Q¢ \the intérnal common) tangents, P, Q being on the same
side of the axis; Pp, Q'¢’ intersect at right angles in V, and Py,
. Qg at right angles in V’: prove that (1) P, Q, ¢’, »’ lie on one straight
Tine, P, Q’, ¢, » on another straight line, whose directions are fixed, and
these two straight lines and VV’ meet in one point O ; (2) the common
tangents Pp, Py’ are equal to the sum of the radii, and Qg, Q’q’ to the
difference ; (3) the points of contact lie on four fixed circles, and the com-
mon tangents pass through two fixed points; (4) PQ’, P'Q, pg¢’, p'g all
intersect in one fixed ﬁoint C bisecting AB; (5) PQ, P'Q/, pq, p'q’ are
all of equal length, and the ratio P»’: Qq’ is the duplicate ratio of
Pp:Qq; 26) the ratios OP : 'O, 0Q : Oq’ are equal, and are equal to
the ratio of the radii of the two circles ; (7) the common tangents and the
two straight lines through the eight points of contact all touch the same
parabola, focus C, and directrix VV’.

Solution by W. J. C. SHarp, M.A.

Let AB meet Pp and Qg in K and K’
respectively, and let Qg meet Pp in W' ;
then the points P,p, Q,¢, V', W’ are
the reflexions of P, p, Q, ¢, V, W with
respect to AB, — for the one - half of
each circle is the reflexion of the other
« with respect to the same line ; and, if C

be the middle point of AB, the circle
with centre C, passing through A and B,
will also pass through V and W and their reflexions V' and W/, for VB
bisects the angle ¢’ Vp, and VA bisects ¢'VA, and AVB is a right angle;
similarly AWRB is a right angle. Hence W W' passes through C, and it
and PP, pp’, QQ/, 9¢’, and VV’ are all perpendicular to the line of centres.

Now let VK and VW’ be the positive directions of the rectangular
Cartesian coordinates, and a, b, ¢ be the radii of the circles with centres
A, B, C, so that (2¢)3= (a—8)2+(a+5)* = 2(a*+583) or 262 = a2+ 43,
then the equations to the circles are

2 +y3+20r—20y+at=0=A, 2l+y?—2b2-2y+53 = 0=B,
~and 22+y3+(a-0)z—(a+b)y=0=C,

and therefore W is the point — (¢ —5), 0, and W’ is 0, & + b, and the polar
of W with respect to A is bo—ay + ab = 0, which is also that of W’ with
respect to B, and PQg’p’ is a straight line, and therefore its reflexion
P'Q'gp, the polars of W with respect to B and of W’ with respect to A,
6z + by —ab = 0 and these meet on (a—5)y = (a+b) z, the perpendicular

VOV’ from the originon y =4 = — :%g(x—b), the line of centres and at

the point O where these meet. This proves (1), and (2) follows at once from
the values of the coordinates of the points of contact.

Evidently the circle through any two of the points P, Q, ¢, #’, and with
its centre in AB, passes through the reflexions of the two points, and there
-are six such circles, the two given circles being two of them (3). VB cuts
the polar of V with respect to B (p¢) at right angles, and, as they are the
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diagonals of the square VpBg', bisects it ; then pg’ passes through C, and
similarly so do PQ/, P'Q, and p'q (4). Again, AW = BW = ¢,/2,

APLPW| Coimbc —9Bp . Wp_, ab
therefore PQ '= 2 WA 20‘/2 and pq = 2 WB _2c/2’

therefore PQ = pg, and these are equal to their reflexions P'Q’, p'¢’.

And OP:%0 =PK:p'K =a:},
0Q: ¢0 = QK' : K'g = a : b, which proves (6),
and PyY:PO=a+b:aand Qf : Q0O =a-b:a,

therefore Pz’ : Q¢ = (a+3) PO : (a-?) QO,

and PO : QO = Pp : Qg because the triangles PpO, QgO are similar,
therefore Pp’: Qq :: Pp?: Qq? which completes the proof of (5) and
shows that the lines PQ7'p’ and pgQ'P’ cut at right angles, and there-
fore touch the parabola in (7), as do the common tangents for the same
reason.

The property, that the circle on the line of centres passes through the
four points of intersection of the common tangents to two circles, which
are not centres of similitude, is true at whatever angle the common tan-
gents intersect.

The middle points of W'V’, W'V, WV’, WV all lie on the radical axis
of the two circles, which is the tangent at the vertex of the parabola.

C is the centre of the circles PP'p’p and QQ’¢q’, two of the four circles,
gince WV and Pp and W'V’ and Py’ are bisected in the same points as
are VW’ and Q'¢’ and V'W and Qgq.

Again, Cq:Co'=i WV : { WV + Vo =a—b:a+d::Qq:Pp,

and Cq:Cp = O : Op = CQ: CP’ = CQ’: CP,
also VOV’ is the polar of C with respect to B ;

therefore BO. BC = 5 and therefore BO = l':_,
and AOQ.AC = (AB—~AQ) BC = 223 52 = a?;

and WW is the polar of O with respect to A, and O and C are inverse
points with respect to both circles; therefore, bty Question 7209, the four
circles described upon the common tangents all pass through these points,
and the circles A and B will reciprocate, about either of these points, into
confocal conics.

7648. (By D. BippLr.)—A series of isosceles triangles, beginning with
the equilateral, is such that each in succession has two-thirds the vertical
angle and two-thirds the base of its predecessor. Show that, when the
base and vertical angle reach zero, the height of the last in the series is
to the height of the first as 24/3 : «.

Solution by W. G. Lax, B.A. ; SArRAH MARKS ; and others.

Let 2a be the base of the first triangle, its vertical angle being §»
and height = acot 3= ; then the height of the (n+1)th triangle of the
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aerieg = ()" a cof [(§)" 3], and therefore the required ratio is
1 (3)na cot [ (i)"ﬂl LTt (6 cos [ (i)"ﬂ]
ne acotFr e<gin[(§)"3x]  cot »
-l gt @ 6 _2/3

» V33w ""Tsin[(5)*37] w3 x

[The ProPosER remarks that, if a series of sectors of any circle be taken,
with angles similarly diminishing to zero from 60°, the arcs will bear the
same rati> to one another that the bases of the triangles in the question
do ; so that, if we suppose the height of the last of theseries of triangles

to correspond with the radius of the circle, = 1, the base of the first in
the series will be 4= and its height }=,/3 ; thus the ratio is

1:3w/3=2,/3:7.]

%7635. (By Professeur AxgELOT.)—Démontrer que
tan-!} + tan-!} + tan-! & +... + tan-! %é +...ad. inf. = }=.

Solution by R. KnowLks, B.A., L.C.P.; J. O'REGAN; and others.
It is easy to prove that the respective sums of 2, 3, 4 ... r terms are

tan-13, tan-1%, tan-139,... tan-‘;ﬁ ;

hence the sum to infinity = tan-11 = .

7628. (By R. Knowres, B.A., L.C.P.)—If , 5, ¢ represent the sides
of a triangle, and s, = s—a, &c., prove that

be~8,3 = ac—s? = ab—sd =7 (r)+ra+1y).

Solution by CHRISTINE L. FRANKLIN, B.A.; and W.J. GREENSTREET, B.A,
From r = sytan B, r, = g3 cot 1B, &c., we have
7 (ry+ gt 7g) = 8385+ 858) + 883 = 883+ a8y
= § (ab+bc+ca)—% (a3 + 8%+ ¢3) = bo—s? = &e.

7623. ns y the EprTor.)—If a knight is placed in & given square on a
chess-board, show (1) how to move it 63 times, so that it may not occupy
any square twice; and (2) how to solve the same problem when the
number of squares is 49 or 81.

I. Solution by M. JeNkINs, M.A.

In the problem of the knight’s move I propose to show how to
correct an imperfect arrangement of the moves by a method which I have

VOL. XLI. M
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never found to fail in any example where the side of the square has more
than 5 places.

I have been\told|thatthe automaton at the Crystal Palace would, off-
hand and very quickly, move the knight in the required manner, starting
from any square which the spectator chose.

This would seem to indicate that the automaton had a simple rule for
avoiding a false move.

The nearest approach I can make to such a rule in the case of the
ordinary chess-board is “ Start from a corner, and keep to the outside, not

oing into a corner unless the inlet and outlet are both unoccupied.”
%'his would give us 48 of the moves in the annexed square (F.g. 1), which
shows an unbroken chain of moves. Since the 64 is a knight’s move from 1,
it we could commit the order of the numbers in Fig. 1 to memory, we could
imitate the automaton. There is a defect in the tactical rule as stated,
since it would lead us to go from 48 into 53 rather than into 49 ; but it
would guide us fairly well from 49 to 64, if, for the purpose of ascertain-
ing the outside, we suppose the ruws and columns which have been com-
pletely filled to be cut off.

I will now cxplain the method I have referred to, which will help us
where the imperfect rule fails. .

Fig. 2, taken from the Illustrated London News, shows a broken chain of
moves, which may be divided into 2 endless chains, viz., from 1 to 32, and
from 33 to 64.

If we call two squares which are a knight’s move from each other a
link, there is a link in one of the two chains which may be connected with
a link in the other chain, viz., 26, 27 with 59, 60. If therefore we pass
from one chain to the other by means of the links, following the figures
in the order indicated by the arrows appended to the circles accompanying
Fig. 2, we shall obtain a single endless chain (Fig. 3).

‘or the square whose side has 6 places, if we start from & corner and
keep to the outside, subject to the corner rule, we shall be able to move
34 moves without hindrance ; the two squares which are left happen to
be in connexion with the first corner. Joining them on and moving the
figures two places backwards, we obtain a single broken ckain, which can
be divided into two endless chains, and then converted into a single end-
less chain (Fig. 4) just as in the previous example.

It the first trial 1s a bad one consisting of several chains broken or end-
less, with several detached singlo squares, I have found no difficulty in
reducing these down to a single endless chain in the case of a square whose
side has an even number of places >4, or to a single broken chain in the
case of a square whose side ﬁas an odd number of places > 5.

A knight could not move in a single endless chain in a square whose
side has an odd number of places, because on a chequered board the colour
of the square changes at each move. In a square of 49 places, the 49
would be of the same colour as 1, and could not therefore be a knight’s
move from it.

For the square of 49 places, starting from a corner as before, I get the
square (Fig. 5) filled up with a broken chain 1 to 45, a link 46, 47, and
another link 48, 49. The link 46, 47 can be connected with the link 32,
33, and the link 48, 49 with the link 36, 37, whence we obtain the single
broken chain (Fig. 6). .

For the square of 81 places, I first obtain Fig. 7, containing 3 broken
chains, viz., from 1 to 73, from 74 to 77, and from 78 to 81. The ex-
tremities 81, 78 of the third chain may be connected with the first chain
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by means of the link 16, 17, and the second chain with the first chain by
means of the link 69, 70, thus obtaining Fig. 8, which is a single un-
broken chain,
26 23 38 9 36 21 48 7
39 10 26 22 53 8 36 20
24 27 12 37 60 49 6 47
11 40 63 52 57 64 19 34
28 13 66 59 50 61 46 5
41 64 51 62 565 58 33 18
14 29 2 43 16 31 4 4b ‘
1 42 156 30 3 44 17 32 With Figs. 2 and 3.
Fie. 1.

48 57 22 27 50 656 20 29 38 29 22 59 36 31 20 61
23 26 49 56 21 28 b1 b4 23 26 37 30 21 60 35 32
58 47 24 17 60 53 30 19 28 39 24 17 58 33 62 19
26 16 69 46 31 18 61 52 25 16 27 40 63 18 57 34
36 46 2 156 62 43 32 9 50 41 2 16 56 43 64 9

3 14 37 44 1 8 63 42 3 14 49 42 1 8 55 44
38 3 12 5 40 33 10 7 48 51 12 § 46 63 10 7
13 4 39 34 11 6 41 64 13 4 47 52 11 6 45 654

Fia. 2. Fi1e. 3.

9 30 19 38 7 28 17
20 39 8 29 18 37 6
31 10 43 49 47 16 27
40 21 32 45 42 5 36
11 44 41 46 48 26 15
22 33 2 13 24 3 4

1 12 23 34 3 14 25

62 63&\
n

18 156 20 29 36 13
21 30 17 14 7 28
16 19 22 1 12 35
23 2 31 8 27 6
32 9 4 25 3¢ 11

Fic. 4.

Fie. 6.
‘With Figs. 5 and 6.
9 30 19 42 7 28 17 L 4s
20 43 8 29 18 41 6 2 44
149
31 10 47 40 33 16 27 | F e

4421 32 49 46 5 38
11 48 45 34 39 26 15 e
22 35 2 13 24 37T 4 7 s

1 12 23 36 3 14 25 The loop marks the starting~
Fia. 6. point of a chain.
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18 28 41 64 11 26 39 62 9 With Fig. 7.

£2 55 12 27 40 53 10 25 38 L on

20 14 57 '68 81 75’6318 51 L S
66 43 16 74 64 73 80 37 2¢ S S
16 30 67 58 69 62 76 50 7 1 e N

44 17 70 66 60 79 72 23 36 '

31 66 59 78 71 77 61 6 49

18 46 2 33 20 47 4 35 22  Theloop marksthestarting-

1 32 19 46 3 34 21 48 & point of a chain.
Fi1a. 7.

13 32 45 58 11 30 43 56 9
46 59 12 31 44 67 10 29 42
33 14 61 72 17 76 67 8 656
60 47 16 77 68 81 18 41 28
16 3¢ 71 62 73 66 756 64 7 Fic. 8.
48 21 78 69 64 19 80 27 40
35 70 63 20 79 74 65 6 83
22 49 2 37 24 51 4 39 26
1 3 23 50 3 38 25 52 6

II. Solution by D. BipDLE.

(1) If A represent th(:iscolum:lt in 16 45 30 65 18 43 32 7
which the knight stands, and B P 9
the row, then A+ 1, B;l;2,’orA;|:2, 29 4 17 44 31 _6 19 42
B+1 will represent the position 46 15 62 59 52 556 8 33
g:,nthe next move. The annexed 3 98 53 66 61 58 41 20

iagram (Fig. 9) shows how on an
ordinary | choss.board the knight 14 47 60 63 54 51 3¢ 9
may proceed to every square once, 27 2 256 12 657 38 21 40
and return to the square from
which ho started, which may bein ‘o 1o 64 37 6023 10 35
any position, the cycle being com- 1 26 49 24 11 36 39 22
glebe. If we denote the columns F1a. 9.

y the first figures and the rows by
the second figures in a series of numbers, we obtain the following :—

11, 23, 15, 27, 48, 67, 88, 76, 84, 72, b1, 43, 22, 14, 26, 18, 37, 58,

71, 85, 73, 81, 62, 41, 33, 21, 13, 25, 17, 38, 57, 78, 86, 74, 82, 61,

42, 63, 71, 83, 75, 87, 68, 47, 28, 16, 24, 12, 31, 52, 64, 56, 35, 54,
66, 45, 53, 65, 46, 34, 56, 36, 44, 32,

in which each figure up to 8 occurs 8 times as first and 8 times as
second, and in which the successive numbers are formed by the addition
of 4(1042) or £(20+1). Now (10 +2) is added 9 times and deducted 9
times ; (10—2) is added 9 times also and deducted 9 times; (20+1) is
added 8 times and deducted 8 times (if the knight completes the cycle by
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returning to its original square) ; and (20—1) is added 6 times and de-
ducted 6 times. The figures denoting change of column amount to
46— 46, thode\denoting (change 6f rowto 50— 50. The balance is perfect.
But, since the arrangement is unsymmetrical, it is evident that a differenco
in the course can be effected by simply starting from each of the 4
corners in rotation, by tuking either of the two directions which lead out
of the corners, and also in each of these 8 cases by reversing the course.
Thus from one primary arrangement we obtain 16 distinct routes by
which the knight can complete the round of the bourd and return to the
square from which he started. 'We need not here consider the number of
primary arrangements that could be made of this kind. But we may
point out that to fulfil the requirements of the problem, as regards the
ordinary chess-board, it is not necessary to be able to rétum to the
original square. In Fig. 1 it is easy to see that by going forwards from
1 to 27 and then backwards from 64 to 28, we could finish on a remote
square and yet traverse the whole hoard as required. Similarly, we
could finish on 12, 44, or 58 ; and it is not improbable that, by modifica-
tion of some one of the several primary arrangements (each with its 16
distinet routes), we could begin and end on any two specified squares of
different colours.

(2) Where the number of squares on the board is odd, as in the given
instances, 49 or 81, a complete cycle seems impracticable; that is, the
knight cannot return to the square from which he started. The balance
between the outgoing and return moves is necessarily imperfect, where
there cannot be an equal number of each. But it is quite possible to comply
with the requirements of the problem in regard to a 7¢ board, so far at
least as 25 out of the 49 starting-points are concerned. The following
diagrams (Figs. 10, 11) give two arrangements from which the 25 tours
mentioned can easily be mapped out :—

27 16 5 46 26 14 3 19 4 29 6 21 8 11
6 47 26 156 4 45 24 28 37 20 39 10 31 22
17 28 35 40 37 2 13 3 18 b6 30 7 12 9
48 7 38 1 3t 23 44 36 27 38 17 40 23 32
29 18 41 36 39 12 33 45 2 47 26 48 16 13
8 49 20 31 10 43 22 48 35 44 41 14 33 24
19 30 9 42 21 32 11 1 46 49 34 256 42 15
Fie. 10. Fie. 11.
No. of similar
Routes. starting-pointa.
1—49 (Fig. 10) ... .. o ..l N
1—49 (Fig. 11) 4
49—1 (Fig. 10) ... .. .. 4
49—1 (Fig. 11) 8
27—49, 26—1 (Fig. 11) ... .. 4
43—1, 44—49 (Fig. 11) .. . 4
25

Treating the squares in the two arrangements as we treated Fig. 1, wo
find that, in Fig. 10, (10 +2) is added 6 times and deducted 6 times, also
(20 +1) is added 6 times and deducted 6 times; but (10—2) is added 7
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times and deducted only 5 times, and (20—1) is added 5 times and deduc~
ted 7 times: balance = —22 = 22— 44 (the terminal squares in the chain).
In Fig. 3 (10+2) jis |added7 times and deducted 4 times; (10—2) is
added 10 times and deducted 7 times; (20 +1) is added 4 times and
deducted 5 times; (20—1) is added 5 times and deducted 6 times:
balance = + 20 = 31 -11. About this latter there seems no regularity,
which leads one to imagine that there is no real reason why the knight
should be unable to complete his course from the remaining 24 squares of
the 72 board. But these tours are certainly attended with greater diffi-
culty.

Oi turning to the 92 board, we find that we can divide it into two por-
tions, a central set of 52 squares, and an outer fringe two squares deep,
and that these two portions can each be entirely traversed by the knight,
without crossing the boundary line between the two, provided he start

- from a corner square. In Fig. 12, the simplest arrangement is laid down,
and this would serve for a great number of distinct routes, with but
slight modification, In Fig. 13 the two portions are used conjointly.

13 26 39 52 11 24 37 50 9
40 53 12 25 388 b51 10 23 36
27 14 59 76 71 66 61 8 49
64 41 70 65 60 77 72 35 22
15 28 75 58 81 62 67 48 7 Fie. 12.
42 55 80 69 64 73 78 21 34
29 16 57 74 79 68 63 6 47
56 43 2 31 18 46 .4 33 20
1 30 17 44 3 32 19 48 §

71 54 27 40 69 652 25 38 67
28 41 70 53 26 39 68 51 24
66 72 63 4 9 14 61 66 37
42 29 10 15 62 66 8 23 50
73 56 5 64 3 60 13 36 81  Fig. 13.
30 43 16 11 68 7 2 49 22
17 74 67 6 1 12 69 80 36
44 31 76 19 46 33 78 21 48
75 18 45 32 77 20 47 34 79

7040. (By Rev. T. R. TerrY, F.R.A.8.)—If p and ¢ bo two positive
intcgers such that p > g, and if » be any positive integer, or any negative
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integer numerically greater than p, show that E
18 ypsaribipol cg=__ __rGoD g,
p—g+1 ptr-1 (p—g+1)(p—¢+2) " (p+r-1)(p+r-2) ’
=0z _p*r |
» p—g+r

[This identity has been suggested by Professor SyLvesTER’s Quest. 6978,
but a proof may be given independent of the theorem in that Question.]

Solution by W. J. C. Suarr, M.A.

It is easy to see that the equation holds for all values of ¢ if =0 or 1, and
for all values of r if ¢ = 0 or 1. Supposc it to hold when ¢—1 and r—1
are written for ¢ and ».

1 g—1 r—1 . (g—=1)(g~2) . (r-1)(r—-2)
p-g+2'p+r-2 (p-q+2)(p—g+3) (p+r-2)(p+r-3)
_p—g+ 1 p+r—1

y p—g+r

l-—9q T 7(g—1) . r(r—1) -
p—q+1 p+r—1 (p—q+1)(p—q+2) (p+r-1)(p+r-2)
_—l—a r xp—q+l.p+r—l=p;q. p+r
p—g+l prr—1 » p—q+r p p—gq+r’

and therefore by induction it holds for all positive values of ¢ and » so
long as ¢<p.
Again, if » be negative, = — s say, the formula becomes
1——14 . 8 + g(g—-1) 8(s+1) — &
p-q+1 s—p+l (p—g+1)(p—g+2) (s-p+1)(3-p+2)
P9, &P
py s+q-p
which holds for all values of ¢ > pif g =0o0r¢ =1, Suppose it to hold
for g—1 and s+ 1, put for ¢ and s; therefore
__q-1 s+l (¢—1)(g—=2) L (+1)(s+2) — &,
p—g+2 s—p+2 (p~g+1)(P—q+2) (s—p+2)(s—p+3)
p—q+1l s—p+1,

therefore p  s+q-p’

1— ¢ L g(g-1) s(s+1) —&o.
(p—g+1) s—p+1  (p—g+1)(2-q+2) (s—p+1)(s—p+2)
ml——1 .8 p—g+l s—ptl _p-g s—p

p—q+1 sa—p+1 p Ts+g-p p s+g—p

. and the toymula. holds for all values of 8 > p; therefore, &c.

6878, 7422, '7653. (By B. H. Rau, M.A.)—Given a concave spherical
mirror, a luminous point, and the position of an eye perceiving one of the
reflected rays ; find the point of incidence and reflection on the mirror.
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Solution by D. BionLe ; BELLE EasToN; and others.

Let A be the luminous point, F
B the point 'through which the
reflected ray is to pass, CD the
concave spherical mirror, and E
the centre ot its curve. Then
LAPE=BPE, and AE, BE are
similar chords of the circles EPA,
EPB of which EP isa common
chord. Draw AF, BF at right
angles to AE, BE, and GH tan-
gential to the reflecting surface
of the mirrorat P. Then, since
EPG, EAG in the one circle, and
EPH, EBH in the other circle,
are right angles, the centres of
the circles must be at the mid-
points of EG, EH. Moreover,
since AE, EB are similar chords,
the diameters of the circles must
bear the same ratio,

EG : EH = AE : BE,
and the complementary chords
also must bear the same ratio,
AG : BH=AE : BE.

We also have, given, ZAEB; and AB, with the perpendiculars
drawn to it, EI, FN; also AN and BN. Moreover, /ALE=APE,
and £ BKE =BPE. Consequently, EKL is an isosceles triangle and
EI bhisects KL. Again, ELG and EKH are right angles; and
LEGL=EAB, and /EHK=EBA. Wherefore, the triangles ELG,
EKH are similar to EIA and EIB, the sides being severally as EL : EI;
and EM, the prolongation of EI, cuts off cqual portions of each, and joins
the apices of two triangles EGH, MGH, which have the same base GH,
the height of one, EGH, being the radius EP of the curve of the reflect-
- ing surface. Now EI.EM=EL?. Consequently, if EM be found, and
a circle be drawn on EM as diameter, L and K will be its points of inter-
section with AB. Then G and H can be readily found, and GH will
touch the reflecting surface in I, the required point.

Let EM = z, then, since £IEL = AEG, therefore we have
EA:EG=EI: EL =EL: rand EA?: EA?+ AG® = Elcr: 2?=EI ; z,
_ EIL(EA?+AGY) |

hence EAT H
thus, putting AG =y, EA=1, EB=aq, then, by drawing perpendiculars
to AB from G and H, we find

GH2={AB—(A—N—+B—N—“)!/}=+ FN FNa)’yi’.

A¥ " BF AF  BF
AN . BN« FN FNa.
Let S=aFtEp ™M= EF BF’

then GH?=(AB—fy)? +¢%2 Moreover, EG3=1 +y*and EH?= (1 + y)%a?.
Now, the area of the triangle EGH :
= 1 (2EGEH?+2EH:GH?+ 2GH'EG?— GH*— EG'—EH4,
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But the area of EGH = § (GH. EP), also. Therefore
GH.EP = } (2EG'EH? + 2EH’GH? + 2GH!EG?—~GH¢— EG¢—EH¢)},

and 4EP?[(AB—/f¥)? +g%%] = 243 (1 +4%)%+ 24% (1 + 43) [(AB—fy)% + g%1]
+2 (1+4) [(AB~fy)2 +9%%] ~[(AB—fy)*+ g%* P— (1 +¢yN) — (1 +3%) a*;

- [2 (L+a?) (8 + %) — (1 —a)?— (B +47)°] 4 — 4ABS[(1 + a%) — (B2 4+ 4%)]
+2[(1 +a%)(fi+9%) - (1—a%)3+ (1 +a%) AB?—(3/3+¢%) AB?
~2(f1+4) EP1]g?
—4ABf[(1+4%—(AB?+ 2EP%)]y + {AB?[2 (1 + 4% — (AB?+ 4EP?)]
—(1—a%)2} = 0.
This equation enables us to find G in any given instance, and then, if we
draw a circle on EG as diameter, the reflecting surface is cut in the
regruired point P.
hus, to give an example, let AE=1, EB='5429, AB=1'4143, and
EP=-5367; then AF=1'5143, BF =1-7286, FN =14429, AN="4429,
and BN =-9714, whence f=:5976, g=-4780, and sa=EB=:5429. Our
equation then yields the following result, after reduction :—
4 — 3:5458y8— 2529y + 63971y —2-3881 = 0;
whence y='416=AQR, and BH=¢AG =2253. Find G and H by thess,
join GH, and the perpendicular EP will give P.
[A solution by Dr. Curris is given on p. 59 of Vol. 39 of Reprints.]

7669, (By Professor Townsenp, F.R.S.)—A thin uniform spherical
shell being supposed to attract, according to the law of the inverse fifth
power of the ce, & material particle moving freely in either region
of its space external or internal to its mass; if, in either case, the cur-
rent velocity of the particle be that from infinity under the action of
the force, show that its trajectory will be an arc of a circle orthogonal
to the surface of the shell.

Solutions by (1) A. H. Curmis, LL.D., D.Sc.; (2) the ProPosER.

1. If a denote the radius of the sphere,
p the distance of the centre of the sphere
from the attracted point, and r the distance of
this point from any particle of the shell, and
if V denote the function which, differentiated
with regard to z, y, ¢, will give the corres.

ponding components of attraction,
v__*jj&_ﬁ__}r u2wa®sin 040
" o [a3+ p3—2ap cos 6]3
- Bxa { 1 1 } - uxald .
4p L(a—p? (a+p)*) (a2=p?)?

As this expression involves only p and constants, it shows, as also appears
VOL. XLI. N
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@ priori, that the total battracﬁon passes through the centre of thq sphere,
and for the orbit we must have

3 av uwad
— d = | — = - ——
i s el
no constant being brought in by integration, as the velocity is that from
infinity ; or the equation of the orbit may be written p? ~ a? = kp. This
curve will lie in a plane passing through the centre of the sphere and the
line of initial velocity of the particle, and is plainly a circle as radius of
curvature % = k, and, when p = 0, p = a, therefore this circle cuts the
section of the sphere made by its plane at right angles.

2. The potential of the attraction, for thé law of theinverse fitth power
of the distance, of a thin uniform spherical shell of mass m and radius a,

at the distance  from its centre, being = _*(_ﬂL—a«")?’ and the square of
the velocity from infinity at the same distance under the action of the

force being consequently = § (r’:.—a_’_)’; therefore, equating the latter to

its equivalent 2 in the trajectory of the particle, we have, for therelation
between the p and » of the trajectory,

i 7 =22 gy = - ey
which represents, as is well known, a circle, the tangential distance of

whose circumference from the centre of the shell = @, and the reciprocal
of whose diameter = % ; and therefore, &c., a8 regards the property.

7404, (By Professor WovrsTeNmOLMB, M.A.)—In a triangle whose
sides are of lengths 5761367, 50178-48, 34134:03, prove that the inscribed
circle passes through the centre of the circumscribed circle and through
the orthocentre.

Solution by GroreE Herrer, M.A,

In & triangle of the kind suggested, we must have IO = IP =y, Now

let = (cos A) = 4, % (cos A cosB) =9, cosAcosBcosC =w. Then
r=R(u-1), I02=R2(3-2u4), IP?= 4R?(1—u+v—2w).
Also, since A +B+C = 180°% u?—2¢v+2w—1 = 0. These equations give
u=y2 v=31(6-2/2), ©=1(3-2,2);
and cos A, cos B, cosC are the three roots of
B—/223+% (6-2,/2)z—}% (3—2,/2) = 0.

Here #—} is a factor, and, solving the remaining quadratic, the three
cosines are -5, *8080488, -1061648. The angles are 60°, 36°5’39”:4,

83° 54’ 20”-6. It will be found that the given triangle has its sides in the
ratio of the sines of these angles,
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The angles of the triangle are 60°, 60° - a, where cos a = /2—}; the
ii of the several circles of the triangle are : -

R = 2897066 'r/= 12000, r;-='63789°81, 7, = 40970-55, r; = 23121-88,

and the distance between the orthocentre and the circumcentre is

23479-64.]

7603. (By the Eprror.)—If on a rectangle AOBZ two random points
(P, Q) be taken, P on the base OB, and Q on the surface OZ, show, by a
general solution, that, OA remaining constant, (1) as OB increases in-
definitely from zero to infinity, the probability that the triangle OPQ is
acute-angled decreases from 4 to 0 ; and (2) in the cases when OB = OA,
OB=30A, OB=204A, OB=40A, the probability will fall short of } by
the approximate values 2, &%, &% &, respectively.

Solutions by (I.) D. BiopLe ; (IL.) the ProrosEr.

I. The point Q, in order to form with OPan 4 R Z
acute-angled triangle, must be between the
%a.ml.lols AO, RP, and outside the semicircle S Q

SP. The average length of OP=40B, and the
chance of Q being in the variable space AP (OB
being fixed) is also §. Consequently the chance 3
of Q being in position to form with OP an acute-
angled triangle is }, when the space enclosed by the semicircle vanishes
a8 it does when OB has diminished to zero. When OB is infinitely
greater than OA, the semicircle absorbs on the average the whole of the
space AP, and leaves no room for Q in the requisite position. Conse-
quently the chance is then 0.

The actual chance at any limit of OB and any pesition of P is repre-
sented by the ratio subsisting between that portion of AP not included
by the semicircle, and the entire rectangle AOBZ. And when the whole
of the semicircle lies within the rectangle at all positions of P, that is,
when OB does not exceed 2A0, the mean area of the semicircle can be
deducted from the mean area of AP, and the remainder, in the ratio it
bears to the entire rectangle, gives the required chance.

In these instances OA.. OP —4x . OP? gives the area of the space in
question for any single position of P, and the mean area for all positions

of P = 0B.OA (}-; . 51%1: , 80 that the probability of Q being in

this space falls short of % by 1309 = 2-29 when OB = OA, by

168
10636 =225 when OB ~304, and by 2618 = 2238 when OB =204
In the fourth instance given, viz., when OB = 40A, the case is
materially altered, since the semicircle (on OP when OP >20A) extends
beyond the boundaries of the rectangle. However, we have already ob-
tained the mean area of the said space whilst the semicircle is within the
rectangle, that is, in the present instance, when OP <$0B. Therefore
8:’ hav% %imply to find the area of the space left by the semicircle, when
> $40B.
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. - 'This area, for any single position of P, is OP . OA — (3w . OP* — segment).
The segment of the semicircle when OP = OB = 40A is easily found,
since its height =OA. The sector is accordingly just  of the semicircle
and the segment /= .(OP*<0A(OP?—40A2)). From thisit diminishes
to zero when OP=40B. To the same point, the mean area of the rect-
angle is 20B. OA, and of the semicircle §. }x.0OB2. Consequently, the
mean required space for that portion of the series is

OB.OA (}—f Y N ?TE) + mean segment.

And the mean required space for the other portion of the series will be
OB
0B.0OA (&-,1,. i OA).

The mean between these two will bear the same ratio to OB.OA that
the required chance bears to unity.
The mean segment can be found from & series ranging from } diameter
to zero in height, and each multiplied by 4 / (1— 24)? since we have
A = (}0P—-0A) /OP, and OP?: QA2 = 40A2: OA?(1-2A).
This gives a result of ‘6696 OA2? as the mean of the segments extending
beyond the rectangle when OP > $OB. Hence we have

0B.OA ({-g.y. 8—‘?) +-6696 = 2876,

OB.OA (}-,\,.h.g‘—‘i)--um,

4 (2876 + °4764) = ‘382 = mean space required for Q.
Now 4, 382 = 168 : 16-044 ; thus the chance is
16:044 _ 1 _67:956

168 2 168

II. Otherwise :—The triangle OPQ will be acute-angled, if Q fall any-
‘where on an area (8, say) contained between the convex circumference
of the semicircle OSP, the two tangents OA, PR, and the side AZ
of the rectangle. Hence, for every position of P, the probability of an
acute-angled triangle will be the ratio of the area (8) to the entire area
of the rectangle on which Q must fall. Also the probability of P’s
falling on any portion of the side OB will be the ratio of that portion to
the whole length of OB. Let the breadth OA of the rectangle = unity,
its length OB =2a, and OP=2z; then, putting 8,, 8, for the respective
values of S when #<1 and >1, we have

8, = 22— §ma?, By = 22—23cosec— z— (z’—l)‘.
Hence, putting p for the probability that the triangle APQ will be acute-
angled, and, supposing the length of the rectangle not less than twice
its breadth (A not <1), we shall have

1 1 A
8 2dv (8, 2z
- | 12 = 2% = | Bidz+| Sdz ...... .

’ Ln 2A+J’:2A N L ' L : (@)
Baut, if (2) the length does not exceed twice the breadth (A not »1), we

A
have only to consider 8, ; and then 2A%p = [ 8,d7 i (8)-
o
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1
Now we readily find J.Sldo; = 2%—}nsd, ]’ 8,dz =1<}r;
0

j 38, dz = 823— 2z (22— 1)} — 23 cosec-1 z + log, [z + (a3 — 1)} ;

A
I 8;dz = A3—1—#a (A3 — 1)t + 3r— JA% cosec—1 A +§ log, [A +(AT— L)}].
1
Hence, when the length is not less than twice the breadth (A not >1),

(«) gives » = § — (%I)*— A cosec=1A+ & log, [A +(A3=1)1] ...... (),

an expression which, by putting A = cosec @, may be written
» =}-—-4cosa—Facosec a+}sinla.log.cotia ......... (a”).

When the length is four times the breadth (A=2, a=}x), then, from
equation (a’) or (a”), we have

2=} (3~4/3)—ggr + gy loge (2+4/3), or p = 09166 = g nearly.

‘When the length is not greater than twice the breadth (A not >1),
equation (B8) gives P = =g A T in e erseenane (B).

‘When the length is equal to twice the breadth (A=1), then, from equa-
tion (8"), we have  p = }—yiyr, or p = & nearly.

‘When the rectangle is a square (A =4), then we have

? = 4— o4, or p = 3, nearly.

It we suppose the side OB (or 2A) to increase without limit, the side OD
remaining constant, then p decreases without limit, and becomes zero
when A is infinite; and, as OB decreases without limit, p increases up to ,
which is its limit when A is zero.

7676. (By J. J. WarLker, M.A., F.R8.)—If F(zyz) =0 is the
equation to any surface referred to rectangular axes, show that the equa-
tion to the curve in which it is cut by the plane 2 cos a+ y cos B +zcosy =p,
referred to the foot of p as origin, and the line in which the plane is cut
by that containing the line p and the axis of 5, and a line at right angles
thereto, as axes, i obtained by substituting for #, y, 5, in F (zyz) = 0,

pcos a+ (y cos B—zg COB 7y COB a) COBEC 7,
pc08 B—(y cosa + 308 B CO8y) COBECy, pCOSY+28in7y.

[Tt may readily be verified that these formulms give, e.g., a8 the equation
to the section of 22+ y3+53—13 = 0, Y2+ 22— 124 3 = 0.]

Solution by W. J. CurraN Suare, M.A.

In a paper ¢ On the Plane Sections of Surfaces, &c.,”” read before the
London Mathematical Society, in December, 1883, I have shown that,
it (‘Th Y1 ‘l)r (“’2’ Y2 82), (’b Ys zl) beo any three Pomtﬂ,‘ﬂnd if
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?ﬂk{#{:—”ﬁ, &c. be substituted for @, &o. in the equation to a surface,
M

the resulting equation!in Au» is the equation, in areal coordinates, to the .

section of the surface by the plane ﬂ-}“’ngh (21, 15 21)5 (@9 93, 'ﬂo@o Y5 %3),
theso being the vertices of the triangle of reference. iﬂ.r ALKER’S
origin ot"npﬁane coordinates (A) is the point (p cosa, p cosB, pcosvy), and

his axes are the lines —— = _L-Z—_f‘&l-,,
cosa cospB sin?

pcosa—m _y—pcosB _ s—pcosy
- o =g,

cos 8 cosa
and let the two points B and O, which with A determine the plane, be
chosen in these lines, in the negative direction, so that for B p =1,
and for C ¢ = s. Then AB = (r—p)tany and AC = ssin vy, also A, g, »
being the areal, and n and  the rectangular coordinates of any point in
the plane, A : u ¢ » = 24ABC+AB.9+AC.(:—-AC.(:-AB.y
= (r—p) stanysin y + (r—p)tan y.p+ssin y.(: —ssiny.{: —(r—p)tany.n
= (r—p)ssiny+(r—p)n+scosy.{:—scosy.{:—(r—p)n.
Therefore the points (2), 1, 1), (2o Y2 %), (%3 Y ’x) being .
(?m‘l) PcosB, pcosy), (rcosa, rcospB, o &in y—r tan y siny),
and (pcosa—scosB, pcosB+scosa, pCo8y),
Z = (A2y + uzg + ¥2y) + (A + p+ ¥) = {[(r—p)ssiny + (r—p)n + sc08y. (] pcosa
—s(cosy .7 cos a—(r—p) n (p cosa—scos B) } +(r—p) ssiny
= p c08 a+ (n cos B— (o8 a CO8 ) COBeC 7,
y= (Ay1 + pys +vy5)+ A+ pu+)
= {[(r—p) #8in v + (r—p) n +5( cosy] p cos B—s cosy . r cos B
~(r=p)n (pcosB+acosa)} +(r—p)ssiny
= p cos B~ (n cos a+ ( cos B cosy) cosec vy,
s = (A +usg+vz) +(A+pu+v)
={[(r—p) s8iny + (r—p)n + s(cos ) pcosy —scos y(psiny —»tanysiny)
~(r—p)n.pcosy}+(r—p) ssiny
=pcosy+(einy;
and the metrical properties of the sections of surfaces may be investigated
by means of this transformation, as I have attempted, in the paper above
mentioned, to study the projective properties by the help of the transfor~
mation from which I have derived this.
A solution may be effected by Quaternions as follows : —
£ 1, J, ¥ be unit-vectors in the directions of the axes of z, y, ¢ respec-
tiv:lai, and v, s/ ¥ others in those of p and the plane-axes of —2’ and —y/,
as taken in the question, then
fmcoBa.t+0C08B8.7+C08y. K, k= cosy.i'—siny. s,
therefore 5' = cosecy (cosacos~y .+ cos Bcosy .j—ein?y . &),
therefore X = #'j' = cosec y [ —cos -y (cos® a + cos? B—sin? y)
+ (—cos B8in? y —cos B cos® y) i + (COB a cos? oy + co8 a 8in? y) 5
+ (co8 & cos B cos y— cos a cos B cos ) k]
= —Co8 3 cosecy . f+Co8acosecy.j.
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Now, if p be the vector from the original erigin to any point on the
given plane, we have
o\ 25 ek (b PR YR
= [ pcosa+ (y cos B—2 cos acos ) cosecy] ¢
+ [ pcos B—(y’ cos a+#' cos B cos 7) cosec y] 5
+[pcosy+ 7 siny] k;
whence the relations in the question follow at once.]

7619, (By M. Jenxins, M.A.)—Prove that the coefficient of 2* in

o=y * P RAMIIHEGmI+ B4 (6-R (),

where E ::—) is the integral quotient, and R ( %) the remainder, when
n is divided by p.

Solution by the PROPOSER,

The required coefficient is the number of indefinite partitions of » into

3 parts, say. #Py; and by dividing these into groups whose least element
is 0, 1, 2, ... respectively, or by dividing the expansion of

by 1—a?® synthetically, it may be shown that
lPa=nP2+n-8P2+n-0P’+-n &o.
Now Py = 1+E (in),
o wPg=[1+E@{n)]+[1+E} (n—3)]+... repeated 1+ E (4n) times
=14+E(@{n) +[E (in) + E}(n—6) +E{ (n—12)to 1 + E (}n) terms]
+[Ei(#-38)+E} (n-9)+... to 1+ E } (n—3) terms];
whence, writing ¢ for E (3), » for R (}n),
wPs=1+20+E(A)+[3¢+E (i) +3(¢~1)+E (ir) +... 3 (0) + E(37)]
+[B8(¢-1)+E§(r+3)+3(¢—2)+E4(r+3)+...3(0)+E}(r+3)
+E{ (r-38), the last term being taken only if r > 3, whence it
may be denoted by E } (r +1)],
<o wPs=1+20+E(4)+349 (9 + 1) +(1+9)E(Ar)+34¢(¢~1)
+¢E}(r+3)+E} (r+1)
=1+2¢+3¢7+¢[E(ir)+Ei(r+3)]+E@r)+E@)+E§(r+1).
Now E(ir)+E } (r+3) = r+1; and, by trial of all cases from r = 0 to
r =5, we may substitute r+E 3 (6—7) for 1+ E(ir) + E(3r) +E}(r+1),
therefore oPy = 29+ 3¢3+¢(r+1)+r+E} (6-r)
=(@Bg+n) (1+9)+E}(6-7),
which proves the theorem, since 3¢ +r = § (67+2r) = } [n+R (3n)].

1,
(1-2)(1-22)

7506. (By S. TepAy, B.A.)—Find (1) the form of a when 2%+ and
23— q are rational squares; also (2) deduce the simple values
" e =(k=0p+48, a =8l (k-30)(k2-P);
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and (3) give a neat method (with examples) of calculating corresponding
nnmgricﬁ values of # and @ when a onll;' is integral.

Solution by G. B. MATHEWS, B.A.; the PROPOSER ; and others.

—m3
“2,”'”, and 2?—¢ =

Lot a?—6am3+mt = (a—%m’) ; then mi=m 21”‘(,—"__13—’)
Take @ = -2'1’5:‘;;—’) 83, B being any arbitrary quantity ; then
_ 21(k=3]) (k=02 +4p
m yo] 5 and = Y b.
Take b = 2 (), then # = (k—03+47, and a = 8 (k—37) (B—).
Again, let 2—’{,5_-_‘—:—’) -:T’:beaﬁ-wﬁoninitslowesttorms; thus

a=pg (qitb)’.

a¥— 6am? + m*

Let 2*+a = (z+m)?; then z = v

-, - I it L
Take 5 ‘,thena pg, and & oot
Ezample I.—Let k= 7,1 = 2; thena=,w-;'::b’. Thusp = 1,

g=>5, 8=2, t=3; therefore 6 = pg = 5, and z = 4} ; thus the two
squares are (34)?, ($9)%

II.—Let ks 8,l=1; theng = }3% =
@ =6, z = §, and the squares ({)’, (§)".

]
:';,b’; a8 before, ¢ = 15, z = 11,

1.12

T 4*; and wefind, as before,

IIl.—Let k=9,7=1; then 6 =
and the squares (1)?, (31)2.
{If we assume 22+4 = (m+n)3, 22—a = (m—n)?, we have a4 = 2mn,
2% = m? 4+ n? = [ ; hence we may take m = (k3— ), n = 2ki; then
£m= R4+, a=4ki(k2-0).
If l= 2V, k= (K—0), we have 2 = (K — V)3 +409,
6= 82 (K=0) (K +7) (K—80) = 87 (W—3F) (K2=107).
As an example, if 2 = 101 = 102+ 13, we may take
k=10, I=1, a=40.99 = 3960.
Bee also solution of Quest. 7468, on p. 119 of Vol. 40 of Reprints.]

7598, (By Professor WorsTexroLME, M.A., 8c.D.)—1. Circles are
drawn with their centres on a given ellipse, and touching (a) the major
axis, (8) the minor axis ; prove that, if 24 be the major axis, and e the
eccentricity, the whole length of the arc of the curve envelope of these
eccentricity, the whole length of the arc of the curve envelope of these
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— in-1
circles is 4a (l +1 6’ log ﬁ), 4a ((l-s")‘-(- 25_"13_’) ...... (a, B).

2. Circlés aré drawn|with theircentres on the arc of a given cycloid,
and touching (a) the base, (8) the tangent at the vertex; prove that the
curve envelope of these circles is (a) an involute of the cycloid which is
the envelope of that diameter of the generating circle of the given cycloid
which passes through the generating point; (8) a cycloid generated by
a circle of radius }4 rolling on the straight line which is the "locus of the
centre of the generating circle (radius @) of the given cycloid.

8. Circles are drawn with centres on a given curve and touching the

axis of z; prove that the arc of their curve envelope is z—2 f y 46, where
«, y are the coordinates of the centre of the circle, and % = tané.

Solution by A. H. Curtis, LL.D., D.Sc. ; Professor Rav, M.A.; and others.

The curve, envelope of circles described as in each of the cases included
in this question, is by Quetelet’s construction (see Saimon’s Higher
Curves) an involute of the caustic by reflexion of the curve due to rays
perpendicular to the fixed line which the moving circle touches. In (1),
(=) and (B), it is required to find the length of a certain involute of the
curve which is the caustic of the ellipse due to rays
parallel to an axis. ¢

1. Let the figure represent the ellipse, let DE be
any incident ray codirectional with the ordinate y,
EF the normal and EG the reflected ray, making
respectively with the axis major the angles ¢ and 4,
and G be the corresponding point on the caustic ;
if, then, DO be perpendicular to the tangent at E,
C is a point on the envelope sought ; denoting EG by ¢/, the radius of
curvature of the ellipse by y, and the chord of curvature along EG, or
ED, by ¢, by the figure,

¢+¢—0 = ix, therefore ix+ 6 = 29, and therefore do = 249,
while, from the formula  + L = %, 887 =w, ¥ = 4o, therofore, with

'
. . B2 oy’ 3y
the usual notation 7 = 4¢ = }ysing = i 3{’

Now, if de be the element of the locus of C, we have '
ds = CGdo = (7 +y)db, and s = sJ"(ﬂ+y’)do=sJ" (é_‘;’zn) v,
, o )

sin ¢ .
-_— Ty

or, as

i 524213 . ir [a30% 23\ .
a=8j singpdgp = 4 ———+—)sm
o ] oo o\ p o
- 4.[*' a3h?sin ¢ do +8Jl' b2 gin ¢ do
1

o (a%cos?o +b3sin? )l Jo (a3cos?¢p + 4% sin3 )t
= 4a%2 r' #d (tan? ¢) 82 dcos ¢

0 @ +Ptantg)l  Jo [k (@—1)cote]
1-&

= da? l) (__) ( +6 )
4a ( . +4a . log l:) , by the formula
VOL. XLI. (]
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j(lﬁ-:)*'log[“(l“:)*]’ or a=4a[1+.1_75i2108(:%:)]'

The discussion\of (2) ig similar) the difference in the form of the result
from case (1) being due to the fact that the formula now employed is

j 9 _ _ gin-1s.
1-2%)}

2. This depends upon the fact that the caustic by reflexion of a cycloid
due to rays perpendicular to its base consists of two cycloids as in figure,

rd
Py o G D A

each touching the given cycloid, and having for base one half of its base,
and that this caustic is the envelope of the diameter referred to. This
may be shown geometrically thus :—
Let ABA’ be the given cycloid, DE any incident ray, GEK the
generating circle in the corresponding position, and C its centre, draw
perpendicular to ECE/, and on GC as diameter describe a circle
GHCH/, then £/ DEG = (¢ CGE = £ CEG, and therefore CE is the re-
flected ray and the radius through E of the generating circle in the corres-
ponding position, and arc GH, subtending 2 GCH at circumference of
circle GHO = arc GE, subtending same angle at the centre of the circle
GEK, therefore = line GA ; hence the locus of the point H is a cycloid
to which HG is a normal, CE a tangent, and AO the base; thus (2, «) is
proved. (2, B) appears from the fact that B is obviously a point on the
locus, and it is therefore evident from the figure that the particular in-
volute, in this case, is the cycloid stated in the question.

7699. (By R. Knowies, B.A., L.C.P.) —Prove that in any triangle
cosA | cosB cosCG _ 1 . )
s5mB TasnC ThemA TR e .

Solution by Maurick PoNTONNIER ; J. BRILL, B.A.; and others.

. b . be . ae
A=2% B=2 -2
Qna b sin R’ ¢ sin T asin O R’
. 2RcosA , 2Rcos B | 2Rcos C 1 .
donc (1) vient o Y w T m —E
d'olr: acosA+bcosB+ccosC -=;%;

348 a2
mais cosA = b +:’ZJ, cosB =...... ;

«;
-
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on a alors : ~at — b —ct + 20302 + 2a%2 + 2632 =“2$,

ou 4533sin? A & a’l;o“’ ou s—i_z.x = 23,

formule connue, donc (1) est vérifiée.
cosA+ . _8Cc08A+...  acosA+dcosB+ecnsC 1
esinB T 24 a.RcosA+d.RcosB+d.RcosC R’

7602, (By Professor Hupson, M.A.)—A ray proceeding from & point
P, and incident on a plane surface at O, is partly reflected to Q and
partly refracted to R : if the angles POQ, POR, QOR be in arithmetical

progression, show that the angle of incidence is cot-1 (%Z ) .
“

Solution by C. MoreaN, B.A.; J. A. OweN, B.Sc.; and others.

Let a, a’ be the angles of incidence and refraction ; e
then POQ=2z, POR = x—a+a’, QOR = x—a—a’, P
and, since these angles are in arithmetical progression,
we have 2a’= 3a—a'—w, and a —a’= }x. But, if u be
the index of refraction, sin a= u 8in a’=u sin (a—60°),
whence the stated result follows. R

4904 & 6884. (By Dr. Harr.)—Find the equation of the Cayleyan
of the cubic a% +y%+2%x+ 2mayz = 0, and compute the invariauts of
this cubic.

Solution by W. J. CurraN SHARP, M.A.

For this form of the equation to a\cnbic, the Hessian, the discriminant

of the polar conic
Y23 4oy + 22?4+ 2 (mx 4+ y) Y7 +2 (my +2) 2’0’ +2 (mz+ 1) 2y’ = 0
is m? (2% + Y% + 232 + 2mayz] — (33 +y3 + P —3ayz) = 0,
and therefore, when this meets the curve,
(z+y+o) (D +y3+ 2 —yz—zzx—2y) = 0,

an equation which represents one set of inflexional axes, of which one is
real and the other two imaginary, and, since the discriminant
4 (32— 6m +4m*)? of the binary cubic determining the real inflexions is
positive, the cubic cannot be cuspidal. In other cases the reduction to
this form may be effected by identifying the inflexional axes with the above

lines, and the curve is reforred to such axes that (y, s), (s, 7), (z, y) lie
upon the curve, and each is the tangential of the one after it in cycli
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order, and therefore its own third tangential. The Cayleyan is the con-
dition that az + By + 9z = 0 should cut the conics

U, =2+2mys+ 20y, Us= 23+ 2ys+2mez, Uz=y3+ 222+ 2may,
in points in involution, sief,
a3+ B3 + 92— 3aBy — 3m (a38 + B3y + y%a) + 2m?(ab? + By® + a¥y) — 4mPaBy=0.
The invariants are

=— (m*+3m) and T =— (8mé+ 36m*+27)

(and therefore the cubic cannot be cuspidal); the discriminant is
27 (8m3+27). 8o that, if the cubic be nodal, m? = Tij"- and T is positive,
s.0. (Quarterly Journal, Vol. xvi., p. 192) it is crunodal.

7427, (By Professor Townsenp, F.R.S.)—A lamina, setting out from
any arbitrary position and moving in any arbitrary manner, being sup-
posed to return to its original position after any number of complete
revolutions in its plane ; show that—

(a* All systems of points of the lamina which describe curves of equal
area in the plane lie on circles fixed in the lamina ;

(5) All systems of lines of the lamina which envelope curves of equal
perimeter in the plane are tangents to circles fixed in the lamina ;

(¢) The two systems of circles, for different values of the area in the
former case and of the perimeter in the latter case, are concentric, and
have a common centre in the lamina.

Solution by G. B. Marurws, B.A,

The motion is determined by the rolling of & curve in the lamina upon
a curve in the plane; thus the results at once follow from Kempe’s and
McCay’s theorem [given on pp. 82 to 86 and p. 101 of MiNcHIN'S
Uniplanar Kinematics].

7574, (By Professor WoLsTeNmoLME, M.A., Bc.D.)—If we denote
by F (z,n), the determinaut of the nth order

z,1,0,0,0, ... prove that F(z, 2r+ 1) = 2F (23-2,7),
1,2100,0 .. F(z, 2r)=F (22— 2,7) +F (:3-2, r—-1
Ol 100 . @ 2)=F(@ T,f) ( ,?: )
vee b eee F (2, n)E(x-2oos——)(a;-—2cos—)
0,0,0.....1, n+l ntl
0,0,0... 0,1z x (z—ﬂcos———a' )...(x—Zcos—”' )
n+1l n+l

Solution by B. HANUMANTA Ravu, M.A. ; Prof. Nase, M.A.; and others.

By expanding the determinant, it is easily seen that
F(z,n)=2F (z, n—=1)+F (2, n=2) = 0........oc.oe (1)
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and, therefore, F (z,n) is the coefficient of y* in the expansion of

© (1—zy +y%-! in ascending powers of y. Let o = 2cos8 and ;‘L“ =a,

then (1—2co86, y +y%)~! = (1—-ye*)~1 (1 —ye~%)=1

e% (1 —ye—9) — =5 (1~ ye* 1 c. . .
- (e (o) (1 = 8_2) - m[smo+zsm2o+x’mn30+...],

F(o,n) = 2O+ gnsin (0.4.0) i (0+20) ... 8in (0-+1)...(2).

But sin (6 + ) 8in (0 + #a) = gin (8 + a) sin (a—0)
= gin?a—8in? 0 = cos? @ —cos®a = (co8 6— o8 a)(c0O8 §—CO8 na),
and so on. Therefore
F (#, n) = 2" (cos 60— cos a) (cos §— cos 2a) ... (cos 6 — cos na)
= (r—2cosa)(x—2cos2a) ... (x—2 cos na).
If n = 2r+1, then cos (r+1)a =cosir =0,
and (z—2cosa)(r—2co8na) = (03—4 cosla) = (22—2—2 cos 2a),
. F(z, 2r+1) = 2 (22— 2—2 co8 2a) (23 —2—2 cos 4a) ...

=g (:c’—2—2cos;%) (x‘*—2—2cos;‘ill o= aF (22, 7).
Again, from (1),
F(z,2r+1)~2F (2, 2r)+ F (z, 2r—-1) = 0,
2P (x,2r)=F(2,2r+ 1)+ F (z, 2r—1) =z F (23— 2,7) + o F (22— 2, r— 1),
therefore F (2, 2r) = F (#2=2, r) + F (222, r—1).

7410. (By W. J. C. Sgare, M.A)—If N : D be a fraction in its
lowest terms, and D = 25, 6%. a*. b™. 8 ..., where @, b, ¢, &c. are prime
numbers, the equivalent decimal will consist of % or % non-recurring figures
(according as % or k is greatest), and of a recurring period, the number of
figures in which is a measure of a*-1(a—1) . dm-1(b—1).e"-1(c—1)...

Solution by Georce HeppEL, M.A.

Let the equivalent decimal have » non-recuwrring and ¢ recurring
figures. Then N : D = K : 27.57.10¢9-1. Hence, obviously, » must be
equal to the highest index of either 2 or 6 in the factors of D. Also, sup-
posing D to have but one other prime factor 4, then, from FrrmaT’s
theorem, the maximum value g can have is a—1. If g has any smaller
value, then, since in actual division we have remainder 0 after every g
nines used, and we have remainder 0 after using (& —1) nines, therefore
g measures a— 1. Now, if D contains a factor a*, suppose that the result-
ing period is one of ¢ digits, and let 10¢° = C. Then / measures C—-1,
therefore it also measures the following :

(a—=1) (¢e—1)+a or (a—1)C+1,
(a—2) (C?-C)+(a-1)C+1 or (a—2)C*+C+1,
(6=-3)(C*~C* +(a—2)C*+C+1 or (a-3)C+C2+C+1.
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Proceeding in this way, we see that ! measures Co-1+Ce-2+ ... +C+13
therefore it measures C*—1 or 10"—1, or ¢ repeated ac times. Hence,
the maximumperiod ifor 4-being (4 —1), for a? it is a (a—1); for 43 it is
a’(a—1), and so on. Consequently the greatest possible period for D, as
given in the question, must be a!-1 (a—1).4m-1(5—1).e*-1 (0—1)...,and
from the reasoning given above, the actual period always measures the
maximum period.

765%7. SBy J. CrockPR.)—If an ellipse be described under a force f to
focus S and f, to focus H, and SP = », HP = r, ; prove that

af, _df S _h
d_rl, dr=2(r —;'t- .

Solution by D. EpwarDEs ; W. G. Lax, B.A. ; and others.
Resolving along the tangent, we have

P
v%’=(f'—j)%orv:—r”=f’—f ...... . t
" . 5 A ¥
Again, "7-(f+f’)ﬂmSPT=(f+f)W—7,,
that is, 0’=(f+f')%-

Differentiating this with respect to r, and remembering that dr’ +dr = 0,
rr cdf _df'\ , f+f
(Fi—f) =T (L _4L -
2wW-n="7(5-0) -,
by (1). Putting r+¢’ for 2a and reducing, we have the stated result.

[In a paper by Dr. Curtis “ On Free Motion under the action of several
Central Forces’ (Messenger of Mathematics, New Series, No. 109, May
1880), this question is discussed, as a subordinate case, and the condition

% %‘ (Fr)—- %‘;"'7 (') = 0, deduced, which is equivalent to the above.]

7547. (By R. Tucker, M.A.)—PFR, QFS, are two orthogonal focal
chords of a parabola, and circles about PFQ, QFR, RFS, SFP cut the
axis in points the ordinates to which meet the curve in P/, Q/, R/, §':
prove (1) locus of centres of mean position of P, Q, R, 8 is a parabola,
(latus rectum L) ; (2) 3 (FP') + 2L = 2% (FP) ; and (3) if also normals at
three of the points P, Q, R, 8 cointersect, then y;! 33 y-1) = ~24L-2/
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e Solutions by the Proroser.
2 i .
tiof;e:o ?nd ] s2am,, &c., be the coordinates of P, Q, R, i ; then equa-
(my+my) y— 22 = 2amym,...... (1),
with condition
(1—m,3) (1~m,®) +4mmg = 0...(2).
The equation to PR is F
(my +my)y — 22 = 2amymy ...... (3),
and it is a focal chord, .. mmg = —1,
similarly memy = —1 ......... @; s
(1) 2y = G (my+mg+my+m,), 4z = aZms,
and Z(Memy) = —6 it (5).
therefore 4y? = 4a (z—3a), thatis, y? = a (53— 3a);

hence locus of mean centres is a parabola whose latus rectum = }L.
(2) The equation to circle round PFQ is
21+ 3~ a (my? + mPB) 2—2a (my + mg) y + a3mymg (4 +mymy) = 0,
therefore abscissa of P = ammg (4 + m;m;) and FP'= a (m2+my?) by (2);
therefore 3 (FP') + 2L = 24 [4 + Zm?] = 23 (FP).
(3) The equation to the normal through any point (z, y) is
amd+ (28—2) m—y = 0, therefore Z(m) =0 for P, Q, R,
1 1 ¢ 1 3 1 6
amd L33( 1) e SUR. B N Yy, ey
v 1\y % g " Bgg T Taa W O =2
Or, (1) thus :—The equation to PR is y = k¥ (z—a4),

therefore Tty 24(1+%), y,+y,-ik‘f.
Similarly Zg+ x4 = 2a(1—-243), yo+y,=—4ak,

therefore 4]-zy-4a(%—k),i.c.,§=a(_};. _.k)’

)

— -1
z=a(1+k’+ 7),

alhl

therefore lg.-k’+%—2= -3,

@
ie., Y = a (z—3a).
[This is also the locus of the intersection of two orthogonal normals
(see Smrru’s Contos, p. 104).] .

7658, (By 8. ConstasLe.)—The vertex of a triangle is fixed, the
vertical angle given, and the base angles move on two parallel straight
lines ; construct the triangle when the base passes through a fixed point.
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Solution by Arrare Hor Cexnis, LL.D., D.Sc.

Por greater gencrality, let the lines not be
parallel, let A'be 'the' fixed vertex'and 'OBE, OCP
the fixed straight line on which B and C, the
extremities of , move, D being the fixed point
on base; draw AE, AF, AG perpendicular, re-
spectively, to OB, OC, BC, then A
LEGF=AGE + AGF = ABE + ACF=BOC+BAC, £ F
and therefore known ; hence one locus of G is a seg-
ment of a circle on EF containing this known angle,
while another locus is a circle on AD as diameter ;
the intersection of the two loci gives point G, and o
determines the required base BC.

7476. (By D. Epwarpzs.)—If zyz = (2—2) (2—y) (2—2), show that
1

1
= 6
I=[°jozphdy -5 1

Solution by G. B. Marugws, B.A.; Saram Marks; and others.
From the cquation, and then by putting 1—z for z, we have

= r r (2—3!(2".'/)1'!/“@_“'1]1 (l—j)(l;ﬂhdy

0 2-z—y+ay odo l+ay

! l( y, 1 l—%)
- 1- -7+ — d,
o( w’)d.r]' z z’+l+cy Y

[

0

- ':,dx(l—z’) {—2%+zl;+(%—-;—3)log(l+z)}
rl
- odx (1-29) { —i+;ﬂ+(%——:3) (c—}a:’+§.r’—...)}

rl
- dz(l—z’){l—{x+{m’—i.¢.’+...—§+}z—§.t2+...}

70

1
1 z [
- 2jodx(l-1’) {m-m+m—r6+... }

1 1 1 1
'4(1?.3'-' 2’.4*+3”.5‘3_4’.6=+"')'
ESUTRL R TE O O 1SN B
'(1’*3‘-’ i3] \ete 4 \etn5s

»?
[T R

L
T
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76868. (By Professor Hauanrox, F.R.8.)—Prove the following formula
for finding the Moon’s parallax in altitude in terms of her true gzenith
distance, viz., sinp = sin P sin z + } sin? P gin 23 4 § sin3 P sin 3z + &c.

Solution by D. Epwarpes; J. A. OwEN, B.8c. ; and others.
If Z be the observed zenith distance, ' ’
sinp =sin PsinZ or sinp =sinPsin (z+p),

1—ginPo-#2

therefore VP = TosnPos’

Taking the logarithms, and expanding the right-hand member, we have

2 = sin P sin s + § sin® P sin 2z + § sin3 I sin 3z + &c.
Now, if p be very small, sinp = p approximately.

7564. (By D. Enwarpes.)—If the sides, taken in order, of a quadri-
lateral inscribed in one circle, and circumscribed about another, are 4, 4,

¢, d@; prove that the angle between its diagonals is cos-! :ﬁ: ZZ

Solution by J. A. OWEN, B.Sé.; R. KnNowwes, B.A. ; and others.

Let %, % be the diagonals, A the angle between 4 and ¢, and 6 the
required angle; then the area of the quadrilateral is }Aksing =

. . . ad +be . . HM—_d_"
3 (ad+3c)sin A, .-, sind “+MﬂmA’b“ff°°sA 2(bc+ad) ’

hence, remembering that ¢ + 4 = 4 +d, we have

4abed 4abed } U
’

; ac~ bd
(ad + be)?’ (ac+bdy

8in? A = hence cos 8 = { 1- cos0 = )
ac+bd

7575. (By Professor WorsTeNHOLME, M.A., Sc.D.)—wa normals

_ at right angles to each other are drawn respectively to the two (confocal)

parabolas 3 = 4a (v +a), y? = 4b (2 +8); prove that the locus of their
common point is the quartic
2y = (ah +0) [2-2 (aB)i Tt + (o — B4) [+ 2 (aB)ITS,
which may be constructed as follows :—draw the two parabolas
y2 = (a+b)x—4ab & 2 (abd)t (z—a—b),
and let a common ordinate perpendicular to the axis meet these parabolas
in P, p, Q, g, respectively, then the quartic bisects PQ, Pg, »Q, pg. Also
the area included bewcen the quartic and its one real bitangent is
%a%m? (m+ 1) (m—1)3, wherc @ = bm4, and @ > b. These results will only
VOL, XLI. 2
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be real when ab is positive, or when the two confocals have their con-
cavities in the same sense, but in all cases the rational equation of the
quartic is (g2~ ax/+ 2ab) (42— b ¥ 2ab)+ ab (a —b)? = 0.

[The quartic is unicursal, but has only one node at a finite distance
(z=a+b, y=0); there is singularity at o, equivalent to two cusps. The
class number is 4, and the deficiency 0, so that 25+ 3k = 8, §+x = 3, or
=1,k =2]

Solution by B. H. Rav, M.A.; Professor NasH, M.A. ; .and others.

The equations to the normals to the confocal parabolas y3=4a (z + a),
y*=4b (x +b), are respectively
- y=mr—a (md+m), y=ma—b(mB+m)......ccc...... 1, 2).

becomes y=——:T+b(i +L) ........................... ®).
From (1)-(3), = (M+ L)—am’ (m+ l) -2 (m+ _1-) =0;
m m
therefore am®+ S z;
me
therefore aim + % = [0+2(ab)i}}, and aim- % = [#=2(ab)1]}.
Eliminating 2 from (1) and (3), we have y = % —am,

2y =2 (% —am) = (ab + 34) [2—2 (B)A]H + (ak — 84) [+ 2 (aD)i]3,

since the radicals may be taken with either the positive or negative sign.

The quartic may be constructed with the help of the curves

y=(at +4t) [x—~2(ab)i]} and y = (at —0}) [z +2 (ab)i]},
which are the parabolas given by the equation
2= (a+b)x—4ab x 2 (ab)} (z—a~1d).

Squaring the equation to the quartic, we have
4y?= (a+b+ 201 58) (. —2abd}) + (@ + b — 2ab B4) (2 + 2ak B¥) + 2(a — ) (22— 4ad)} ;
or [24%— (2 + b) z + 4ab]2 = 4 (a—b)? 22— 16ab (a—b)?,
or- (y2—ax + 2ab) (y*— bz + 2ab) + ab (a=b)° = 0,
which is the rational equation to the quartic.

7287 & 7353. (By ProfessorWoLsTENHOLME, M.A., D.Se.)—(7278.) Two
circles have radii a, §, the distance between their centres is¢, anda>b+e¢;
prove that, (1) if any straight line be drawn cutting both circles, the
ratio of the squares of the segments made by the circles has the minimum
value

e {{(a+ 82~ + [(a =02~} i 0 {[(a +2)?~ )} [(a—0)2— T}
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and (2) the distances of the straight line corresponding to this minimum
from the centres of the two circles will be in the same ratio.
(7353.), Prove that,the maximum-and minimum values of
— a?—a3
“= o (z—ccos 6)¥
where z, 8 are both variable, a, b, ¢ are given positive constants, and
a > b+ ¢ are the roots of the quadratic w?43—u (a3 + 62— ¢%) + a3 = 0.

Solution by D. EDWARDES.
(7353.) The conditions %—Z =0, 0 lead to z=u (z—¢ cos 6),

do
8in 0 (r—ecos 6) = 0. Also the sign of ‘;——; %—(%)’ is the same

a8 that of wcos20. If #—ccos@ =0, then » =0, 6 = odd multiple of
{=, and « is positive, so that this solution must be rejected. We have
then ging = 0 and » = .rL:l:c' Either sign gives the same quadratic for
%, by the elimination of 2, viz., %3~ u (4% + 43 —c%) +a? = 0.

Moreover, both roots of this equation are positive, so that they are

real maximum and minimum values, since % cos 26 is then positive. The
minimum value is

@+ B—3—[{(a+bp-t}{(a—B)I—} o
263

or a [(a+8y—P_[(a—b)2—o}
b [(@+bp—alt+[(@~tp—a]

(7278.) The foregoing value solves this Question, @, b being the radii of
the circles, and z the perpendicular from the centre of the larger circle
upon the cutting line. And 4 = —=— or —Z— when « isa minimum
x—oco8 0 r—e
by the above work, 6 being the inclination of the cutting line to the line

xr

joining the centres. But 7=ocond is the ratio of the perpendiculars in the
Question. - )

7448, (By R. Kvxowres, B.A., L.C.P.)—(Suggested by Question
7385.)—In an equilateral triangle ABC a circleis inscribed, and a tangent
to the circle meets the sides CB, CA in the points A’, B’; the line join-
ing the orthocentre of the triangle A’B'C with the centre of its circum-
scribing circle meets BC or AC in D; prove that, in either case, as A'B’
varies, the maximum and minimum values of DC are respectively two-
ninths and two-thirds of a side of the equilateral triangle. :

Solution by G. Heerer, M.A. ; G. B. MaTuews, B.A. ; and others.
Let a = side of trianglo; CA’=2z; CB'= y; A'B'=u.
Then W= (a—z—y)* = BT—ay+y%;
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whence y = 9-("————). In triangle A’BC,

R-yufj; Sin A'= ’—’-‘ﬁ; sin B'= M

2 2
COBA’'= %-—1, cos B'= "2“'

Hence, with ‘C as origin and CB as axis of z, the orthocentre is

Yy 2x—~y z 24—z .
{22J3} and the circumcentre is {22J3}' Forming the
equation of the joining line and putting y = 0, we bave

Tty _ _a%—3s%
DC 3 " 3 (2a—3a:)

This i8 & maximum or minimum when z=3}s, or 4, and these give tﬁa
and {4 as the values of DC. The first must be a maximum and
second lgclmmmum, for, when 4 = 0 or }a, DC = }a; and when z =
or w, = o0

7499 (By R. Tucker, M.A.)—OA, OB are two fixed lines, A is a
ed peg, and B a peg movablealong OB ; an inextensible endless string,
p&ssmg round AB, 18 kept stretched by a pencil C; find the envelope of
the loci of the curves traced out by C, on the pla.ne AB, by varying the
position of B.

Solution by ArTHUR HLr CurTtis, LL.D., D.8ec.

Let the length of the loop be 2/; then, as the distance of a focus of a
conic from the remote extremity of the major axis is half the sum of the
major axis and the distance between the foci, it follows that, if with A
as centre and radius / a circle be drawn, this circle will touch, at the
remote extreniity of its axis major, each of the ellipses defined ; consequently
it is the envelope required.

7401, (By R. Russery, B.A.)—Find (1) A;, Ay Aj... Ages), such
that A, (:c-a,)""’+A, (—ag)?* 14 ... 4+ Agus1 (T—agn.1)?+!
= P(z=a)(#=ay) ... (Z—mns1);
and (2) show that A, is an invariant of the equation whose roots are the
quantities a;, ay, ... azn+1 leaving out a,.

Solution by the PrROPOSER.
The answer is
1,8, (z=a)* 1+ L4 (z—a)* 1 + ... = P (z—a))(Z —ag)e.. (T—a2n 1),
whére A, = product of differences of alt the roots leaving out a,, I, = the
invariant formed for the same roots which corresponds to
2 (a—B)? (03 (e~()?
for a sextic, and P = the product of differencos of a;a; ... age+1.



121

7734, - (By J. Crocxer.)—IfA and B are fixed points ; find, on a fixed
circle, a point P such that AP +PB is a minimum,

Solutions by B. H. Rav, M.A.; Dr. Curtis; and others.
This is another form of Questions 6878,
7422, 7653, for, if P be such that PA and
PB make equal angles with the tangent
to the circle at the point P, and we take ¢
any point Q on the circle, and j join QA,
QB, the latter meeting the tangent at R,
then we have
AQ+QB>AR+RB>AP+PB,
hence AP+PB is a minimum. [See
Reprint, Vol. 39, p. 69, and Vol. 41.] A B

5522, (By Professor Asapn Hari, M.A.)—If a planet be sphetical
and ¢ be the angle at the planet between the Earth and the Sun, and «
the radius of the sphere ; prove that the distance oi the centroid of the

planet’s apparent disk from its true centre will be m’i«p when the
planet is gibbous, and — cos“ 4¢ when the planet is erescent.

Solution by the Rev. T. C. Simmons, M.A.

Take the case of the planet being gibbous; we
have then to investigate the centroid of a figure con-
sisting of a semicircle radius & joined to an ellj
whose semi-axes are @ and acos¢. Let O be true
centre of dise, G, and G, the centroids of the semi- ‘

circleand semi-ellipse ; then OG, = ;ﬁ’ 0G,= 4a;os? .
L 13
therefore if z denote distance from O of centroid of

apparent disc
40 ma® _4acos¢p malcoso
5= 3" 2 3w 2 = 4a l—cos’f sin? ﬂ

{wad +imaicos ¢ = 3% T+cose 31
‘When the planet is crescent, we obtain
— _4a l—cosl¢ _ 82 g2 ®

T 3x 1—cosp 3x 2

7683. (By R. Tucker, M.A.)—LSP and LHL/ are a focal chord and
a latus rectum respectively of an ellipse, and the circle LL’P cuts the curve
again in Q (¢) ; prove that tan? § (¢p) = (1 +¢)3 [ (1 —e)3.
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Solution by W. G. Lax, B.A.; J. S. JeNKINS ; and others.

The circle through LPL’ cuts the curve again
in Q, where/ QNP'is | perpendicular -to ‘the major
axis. Produce NQ to cut the auxiliary circle in
Q/, and join Q' to C, then ZQ'CH = ¢. Let a be
(z, y) ; then, by combining the equations to the
ellipse and to L'Q, we get

ae (3 +¢%) l—cosp _ (1+e)®
=— tan?ie = - —C08¢ .
e 3e2+1 "’ ol ls l+cosp (l—e)?

3873, (ByJ. B. Sanpers.)—The horizontal section of a cylindrical
vessel is 100 square inches, its attitude is 36 inches, and it has an orifice
whose section is {; of a square inch; find in what time, if filled with a
fluid, it will empty itself, allowing for the contraction of the vein.

Solution by A. MarTIN, M.A.; Prof. Evans, M.A.; and others.

Put 100 = K, 36 =4, y; = k, v = velocity, and x = altitude of the
surface of the fluid at any time 7.
Then (WaLTON’8 Problems, Hydrodynamics, p. 142),

i
0= ( 2”’;,), and kvdt = —Kdz ooovvrn.. a, 2).
-5
B\
K(l1-=) dz
Therefore dt =~ %‘—"— = @- ..................... (3).

k(2g2)}
Integrating (3) between the limits #=0, =4, we have
K (1-E ) o (K 1)a
k (29)* (29)*
taking the coefficient of efflux = 0'62.

tm

= 11 minutes 365 scconds,

, 1688, (By Arrma.)—Two guns are fired at a railway station at an
interval of 21 minutes, but a person in a train approaching the station
observes that 20 minutes 14 seconds elapse botwecn the reports ; suppos-

ing that sound travels 1125 fcet per second, show that the velocity of the
train ig 29064 miles per hour.



123

Solution by B. ReyNoLps, M.A.; W. J. GREENSTRRET, B.A. ; and others.

Space traversed by train during the interval between the hearings of
the two reports/=46.x/1126ft. ; ‘hence the velocity of train
= (46 x 1125) +1214 ft. per second = 29-064 miles per hour.

7660. (By R. Knowres, B.A., L.C.P.)—From the angular points of a
triangle ABC, lines are drawn through the centre of the circum-circle to
meet the opposite sides in D, E, F, respectively ; prove that

Solution by W. G. Lax, B.A.; J.8. JeNKINS ; and others.
Let O be the circum-centre ; produce AOD to D',
and join CD’; then we have
LBAD = BCD'= {x-C;
_ ¢8in ABD _ ¢sin B
sin ADB  sin(B+90°-C)
_‘ esinB_ _ 2RsinCsinB,
cos (C—=B)  cos(C—B) '’
1 cos (C—B)

1
LS, LA\ duid B 2 B
AD " 2RsinCsnB ~ 2§ (1 +o0t B eotO)
1 1 1 1 1 2
A—ﬁ+ﬁ+6ﬁ=ﬁ[3+2(cothotC)] -ﬁ(3+1) E.
[In the solution to Question 7694 (p. 80 of this volume), it is proved that
OD . OE , OF AD-R , BE-R , CF-R
00 s 2y ey =1
A TBETCOFT UMM X5 *TBE tor
wherefrom the result immediately follows.]

AD

7633. (By Professor GeNese, M.A.)—A circle is inscribed in a seg-
ment of a circle containing an angle 6: the point of contact with the base
divides it into segments A, k. Prove that (1) the radius of the inscribed

circle is k"_kk cot 10; and hence (2) that the inscribed circle of a triangle
T

touches the nine-point circle.

1. Solution by G. HerreEL, M.A, ; J. A, OWeN, B.Sc.; and others.

(1) Let AB be the base of the segment, O and P the centres, and cand
r the radii of the original and inscribed circles. Draw PC and OD per-
pendicular to AB, then AC = %, CB =4, AD = ¢s8in6, OD = % ccos¥,
h+k =2c8in6. Also PO%= (¢sin 6—A)2+ (r~ccos 6)? = (¢—r)? whence
we obtain the stated result.
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" (2) In any triangle ABC, where 4 is >¢, let A’ be the mid-point of BC
D the foot of the perpendicular from A, and H the point of contact of the

inscribed, cisele withOBC, C(Then” BD = §a — ";"; BHe}o—}(b—0);

BA’= }a. And these are in order of magnitude, for 4+ ¢ > a, and there-
fore H is always between D and A’. Applying the result just obtained to
the segment cut off by DA’ from the nine-point circle, whose radiusis {R,
o , DA’ _ 8~ _sin?B—sin?C_ . o
we have 8in 0=3DA’+ {R = R " %R - smA —on (B-C);
; cpmB? b _y (=9,
hence 6 =B—-C; also A=} (b—c¢); k % ) 20’
whence the radius of the circle touching the nine-point circle, and touch-
ing BOin H, is 8, (b—¢)cot § (B—C) [/ (b+¢) = s tan }A = r.

11. Solution by MorGAN JENKINS, MLA.

Professor GENEsE’s result may be put in the following geometrical
form:—

(1) If a circle be inscribed in a given segment, the diameter of this circle
is equal to the product of the segments of the chord divided by the height
of the supplementary segment.

It I be the centre of the in-circle touching the
segment at E and the chord ABat C; and H, M, L,
the mid-points of the arc of the given segment, the
chord, and the supplementary arc, respectively ;
then EC passes through L, and EI through O, the
centre of the circle AHBL;
and IC _EC _EC.CL _ AC.CB.

OL LE LE.LC LM.LH’
AC.CB [
10 = .
therefore O=% ML,

(23 Let I be the in-centre of the triangle K
ABC, KA'L the diameter perpendicular to A
B(, A’ being the mid-point of BC, IH, AD
perpendiculars on BC, AN parallel to BC, vIu
parallel to BC cutting KL in v, AD in u.

Then Tu.Iv ; AN? = TA .IL : LA2 o 1,

= KL.r: LN.LK,

Ju.Jo ; LN. KN =KN.r : LN.KN; 8 A T

therefore Iu.Io = KN.r. \J K

Now, the centroid of the triangle ABC being

the internal centre of similitude of the circum- L

circle and the nine-points circle, NK = 2n%, where nk is the height of the

segment A’kD of the nine-points circle, on the opposite side of A’D to I.

A’H.DH
2nk

N

= r, and therefore the in-circle touches the nine-points
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" XI.—Differential Equations,

”» XII.—Plane Coordinate Geometry.
y»  XIII.—8olid Coordinate Geometry.

Vol. II. is in preparation, and will be devoted to Applied Mathematics and
other branches of Pure Mathematics.

The work is designed for the use of University and other Candidates who may be
reading for examination. It forms a digest of the contents of ordi E treatises, and is
ar d s0 as to enable the student rapidly to revise his subjects. this end, all the
important propositions in each branch of Mathematics are ﬁmasen_tet_l within the compass
of a few pages. This has been accomplished, firstly, by the omission of all extraneous
matter and redundant explanations, and secondly, by carefully compressing the demon-
strations in such a manner as to place only the leading steps of each prominently before
the reader. Great pains, however, have been taken to secure clearness with congiseness,
E;gnnc"ml:ioo inbut:;;’ md.b ]E:;ml ma.re prinlt;dhin a l;a.rg:htype (Pioa),l the Ftorm‘:llf

ing i in etter specially chosen for the purpose of arresting the
attention. The whole is intended to form, when completetf a permanent work of
reference for mathematical readers generally.

OPINIONS OF THE PRESS.

“The book before us is a first section of a work which, when complete, is to be a
Bynopsis of the whole range of Mathematics. It comprises a short but well-chosen
collection of Physical Constants, a table of factors up to 99,000, from Burckhardt, &o.
&c. . . . We may signalize the chapter on Geometrical Conics as a model of compressed
brevity. . . . The book will be valuable to a student in revision for examination purposes,
and the complet: of the collection of theorems will make it a useful book of reference
to the mathematician. The publishers merit commendation for the %) ce of the
book. The paper is good, the t, and excellent.”’—Joursnal of i A

“ mn? carefully read the mle of the text, we can say that Mr. Carr has embodied
in his book all the most useful propositions in the subjects treated of, and besides haa
given many others which do not so frequently turn up in the course of study. The
work is printed in a good bold type on paper, and the figures are admirably
drawn.”’—Nature. ., .

‘‘Mr, Carr has made a very judicious selection, so that it would be hard to find any-
thing in the ordimu-g text-books which he has not labelled and put in its own place
his collecti The trical portion, on account of the clear figures and compressed
proofs, calls for a special word of praise. The type is exceedingly clear, and the
printing well done.” —Educational Times.
qf“ The compilation will prove very useful to advanoced students.”—The Journal

3

Demy 8vo, price 58. each.

TRACTS relating to the MODERN HIGHER MATHE-
MATICS. By the Rev. W. J. WrrenTt, M.A.

Tracr No. 1.-DETERMINANTS.
» No. 2.—TRILINEAR COORDINATES.
» No. 3—INVARIANTS.

The ohject of this series is to afford to the young student an easy introduc-
tion to the study of the higher branches of modern Mathematics. It is pro-
posed to follow the above with Tracts on Theory of Surfaces, Elliptic In-
tegrals and Quaternions.



Feap. 8vo, 176 pp., price 2s.
AN INTRODUCTION TO GEOMETRY.

FOR THE USE OF BEGINNERS.
CONBISTING OF

EUCLID'S ELEMENTS, BOOK 1.

AcCOMPANIED BY NUMEROUS EXPLANATIONS, QUESTIONS, AND EXERCISES.

By JOHN WALMSLEY, B.A.

This work is characterised by its abundant materials suitable for the train-
ing of pu(fuils in the performance of original work. These materials are so
graduated and arranged as to be specially suited for class-work. They fur-
nish a copious store of useful examples from which the teacher may readily
draw more or less, according to the special needs of his class, and so as to
help his own method of instruction.

OPINIONS OF THE PRESS.

“We cordially recommend this book. The plan adapted is founded upon a proper
apg:leeu.tion of the soundest principles of teaching. We have not space to give it in
detail, but Mr, Walmsley is justified in saying that it provides for ‘a natural and
continuous training to pupils taken in c! . P—Atheneum,

“The book has been carefully written, and will be cordially welcomed by all those
who are interested in the best methods of teaching Geometry.”’—School Guardian.

““Mr. Walmsley has made an addition of a novel kind to the many recent works intended
to sim‘plify the teaching of the elementsof Geometry. . . . The system will undoubtedly
help the pupil to a thorough comprehension of his subject.”—School Board Chronicle.
““When we consider how many teachers of Euclid teach it without intelligence, and
then lay the blame on the stupidity of the pupils, we could wish that every m{oung
teacher of Euclid, however high he may have been among the Wranglers, would take the
trouble toread Mr,Walmsley’s hook through before he begins to teach the First Book to
young boys.”’—Journal of ation.

‘“We have used the book to the manifest pleasure and interest, as well as progress, of
our own students in mathematics ever since it was published, and we have the greatest
pleasure in recommending its use to other teachers. The Questions and Exercises are
of incalculable value to the teacher.”—Educational Chronicle.

WORKS BY J. WHARTON, M.A.
Ninth Edition, 12mo, cloth, price 2s. ; or with the Answers, 2s. 6d.

LOGICAL ARITHMETIC : being a Text-Book for Class

Teaching ; and comprising & Course of Fractional and Proportional
Arithmetic, an Introduction to Logarithms, and Selections from the Civil
Service, College of Preceptors, and Oxford Exam, Papers. ANswers, 6d.

Thirteenth Edition, 12mo, cloth, price 1s.

EXAMPLES IN ALGEBRA FOR JUNIOR CLASSES.
Adapted to all Text-Books ; and arranged to assist both the Tutor and
the Pupil.

Third Edition, cloth, lettered, 12mo, price 3s.

EXAMPLES IN ALGEBRA FOR SENIOR CLASSES.
Containing Examples in Fractions, Surds, Equations, Progressions, &c.,
and Problems of a higher range.

THE KEY ; countaining complete Solutions to the Questions in

the ¢ Examples in Algebra for Senior Classes,” to Quadratics inclusive.
12mo, cloth, price 3s. 6d.

In Three Parts, Price 1s. 6d. each.

OLUTIONS of EXAMINATION PAPERS in ARITH-
METIC .nd ALGEBRA, selected from the Papers set at the College

of Preceptors, College of Surgeons, London Matriculation, and Oxford and
Cambridge Local Examinations. (Longmans, Green, & Co.)
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